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coinduction

How to reason about infinite data/processes? An example:

Given zip : AN x AN 5 AN epen : AN 5 AN pdd o AN 5 AN

defined by
head(zip(lq,15)) = head(l1)
tail(zip(lq,15)) = zip(lo, tail(lq))
head(even(l)) = head (1)
tail(even(l)) = even(tail(tail(l)))
odd(l) = even(tail(l))
show that

zip(even(x), odd(x)) = x



example, contd

Given
head(zip(l1,12)) = head(l1)
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tail(even(l)) = even(tail(tail(l)))
odd(l) = even(tail(l))
show

zip(even(x), odd(x))) = =

head (zip(even(x), odd(x))) = head(even(x)) = head(x)
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explanation (bisimulation)

Coinduction Proof Principle: Two streams z,z’ € AN are equal iff
there is a relation R with Rz’ and for all y, v’

yRy = head(y) = head(y")
yRy = tail(y) R tail(y")

Remark: A relation R satisfying the two conditions above is called a
stream-bisimulation.

Example: Put zip(even(z), odd(xz))) R = forallz € AN

tail(zip(even(x), odd(x))) zip(odd(x), tail(even(x)))
zip(odd(x), even(tail (tail(x))))

zip(even(tail(x)), odd (tail(x))) R tail(x)

10



explanation (coinduction via finality)

Def: Anobject Z is final if for all objects X there is a unique arrow
X — Z.

Observation: AN — A x AN is the final coalgebra (for the functor
TX = A x X).

Fact: Tosaythat X — A x X satisfies the coinduction proof principle is
equivalent to saying that X — A x X is the final coalgebra.
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