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e Logics for T-coalgebras are suitably described by endofunctors
on A
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e Functors having finitary presentation by operations and equa-
tions give rise to adequate logics for coalgebras

e Moving to many-sorted varieties is necessary in certain situa-
tions

e \We are interested in modularity. How can we describe the
logics for 15 o T»-coalgebras?
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Many-sorted varieties: notations

e S - a set of sorts and 2 -a finitary signature, which can be
regarded as a functor:

> : Set® — Set® (ZX)s=([] 2 f s X Xk)s
kEw?

E C Terms(X) x Terms(X) - a set of equations
e 2 many- sorted variety A := Alg(3, F)
e the forgetful functor U : A — Set® and its left adjoint F.

e a slight generalization of the notion of signature:

> :Set% - Set2  IX = ( [ Tiex XMses,

S
kwa



Finitary presentations for algebras

e A be a many-sorted algebra in a variety A.
e (5 iS an S-sorted set of generators

o = (Fs)scg, Es C(UFG)s x (UFG)s an S sorted set of equa-
tions

e A is presented by (G, F) iff A is the coequalizer of the following
diagram:
rf .
FE—— <FG A A

5

where the maps wﬁ,wg are induced, via the adjunction, by the
projections w1,m of E on UFG.



How can we define a finitary presentation for L : A1 — A7

e LA should be the generated by the elements of A using some
operations, encoded in a functor X : SetS1 — Set®2,

e What about the equations? If V is an Sq-sorted set of variables
we consider (Ey g)ses,:

By, C (UxFoX U F1V)?



A finitary presentation for L : A1 — A (1)

Definition. A functor L : Ay — A5 is presented by (X, E), if

(i) for every algebra A € Aq the algebra LA is the joint coequal-
izer taken after all finite sets of Sq-sorted variables V and all
valuations v : V — U7 A.

!
T
FQEV—;>FQZU1F1V

5

Fo> Upot

XU AA 1A

and ...



A finitary presentation for L : A1 — A» (2)

(ii) for all morphisms f : A — B the diagram commutes:

F>2 U1 A 14 LA

UL f Lf

XU B8 B



Alg(L) as an equational class

Theorem. Let A= Alg(X 4,FE ) be an S-sorted variety and let
L: A— A bea functor presented by operations >_; and equations
Er. Then Alg(L) = A|g(ZA + 27, E.A -+ EL)-

Proof.(Sketch) Define H : Alg(L) — Alg(Z4+ X1, E4+ Er) by
a.LA— A — HA

e the underlying set of HA is defined to be UA.

e the interpretation of the operation symbols of > 4 is the same as in
the algebra A;

e the interpretation of the operation symbols of > ; is given by

FSX UA® 1A%~ A

e H A satisfies the equations E4 and Ej



Alg(L) as an equational class

Conversely we define J : Alg(Z4+ >, E4+ Er) — Alg(L)

e Consider the map pa: > UA — UA defined by:

(0-(81...Sn;8)7 Lijyye-- 7:Ein) = 0 (s,...5,:5) ($i17 <. axin)
o
qa o 7Oéi4 T
FE; FSLUFV  pryy FEUf Ly Jf
i FE UB—"——~LB " :B
\_B_/

e We define J(A) to be ay.



A characterization theorem

Theorem. Let S1,S> be sets of sorts, A1 be an S1-sorted variety
and A, be an S»-sorted variety. For a functor L : A1 — A, the
following conditions are equivalent:

(i) L has a finitary presentation by operations and equations;

(ii) L preserves sifted colimits.
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Syntax with variable binders

e Cannot be captured as an initial algebra for functors on Set.

e But we can do it if we move to functors on a presheaf category
(Fiore, Plotkin and Turi).

e In particular, the lambda terms up to a-equivalence form an
initial algebra for a functor.



Canonical representatives for A-terms up to a-equivalence

e [ he method of De Bruijn levels.

1 <1 <n L1,y Tn, Tpg1 1t
T1,...,TntFx; T1,.--,Tn ALy 1.2
X1y.--,pnt-t1 x1,...,2n 12
T1,...,Tn - t1to

e Contexts stratify A-terms up to a-equivalence and can be re-
garded as a set of sorts.

e We only have to find the right notion to encompass contexts
and the operations allowed on them.



The functor-category Set™

e [ is the full subcategory of Set with objects n = {1,...,n} and
0=20.

o A=2Setl is a many-sorted unary variety:
e the sorts: objects of F
e operation symbols: morphisms of F

e equations: h(z) = f(g(z)) (when equality holds in F) or id,(x) = x

A

FiH|U

Set!



A-terms as presheafs

e [ he equivalence classes of A-terms over a countable set of
variables V = {z1,x5o,...} form a presheaf in Set': AV,.

o NVu(n) is the set of equivalence classes of A-terms with the
free variables contained in the set {z1,...,zn}.

o For any morphism p : n — m, AVy(p) substitutes the free
variables z; with ;.

e For an arbitrary presheaf of variables V, the A-terms over V
form a presheaf in Set!".



A suitable functor to describe the presheaf of A-terms

e A coproduct structure on F

1
Lnew
n tn41

where i is the inclusion and new(1l) =n + 1.

e [ he type constructor § : A — A for context extension:

5(A)(p) = A(p +idy) VAe A Vpe FMorph

o Let L : A— A be the functor given by
LX =6X+ X x X



The algebraic structure of AV,

Theorem.(Fiore, Plotkin, Turi) AV, is the free L-algebra on the
presheaf of variables V

e But Alg(L) is an equational class, and a presentation can be
obtained from:

e an equational presentation of A and

e a finitary presentation of L.



An equational presentation for A: the signature

We consider the following operation symbols:

sa={o’| 1<n, 1<i<n}U{wn | n>0}U{en | n>0}

with the intended interpretation:
U,(f) - the transposition (7,74 1) of the set n,

cn, - A contraction ¢, : n+ 1 — n, given by

cn(i) =1 Vi<n, ci(n+1)=n

wy, - the inclusion of n into n 4 1.




An equational presentation for A: the equations E4 (1)

-the equations coming from the presentation of the symmetric
group:

(Un.))z(x) = idn(x) 1<i<n
(J)(m)_a(ﬂ ()(m) i£it11<ij<n (E1)
( 7(12) 7(12_'_1))3(33) = idp(x) 1<i<n-—1

-the equations coming form the presentation of the monoid of
functions on n (Aizenstat):

Aot = 683 403 = (3.4,... n)A(3,4,...,n) =[(1,n)A]2 = A

(U(Q)A)Q — AO'(Q)A = (Ao fgz))Q
({2 (1,n)A4)2 = (4c8?(1,n))2

(E2)



An equational presentation for A: the equations E 4 (2)

-and some extra equations:

enot™ (y) = en(y) (E3)
cnwn(x) = idp(x) (Esg)
(llwn(:ﬁ) = wnar(b)(a:) 1<i<n (Es)
o >wn+1wn<x> = wy, 4 1wn () (Es)
0P en(y) = enot) 1 () i<n-1  (E7)
eno >a§21wn<x> = o Mw,_1c,-1(2) (Es)

01020;(3 ) = c10 (Eg)



A finitary presentation for L

e The operation symbols: lamn,appn, for each n € N; (semanti-
cally they correspond to A-abstraction and application).

e [ he respective signature functor 2y, : Set] s SetN is given by:

(ZLX)m — {lamm—l—l} X Xm—l—l + {Cbppm} X Xm X Xm

e For any presheaf V. € A let py : UV — ULV be the map
defined by

(lamy4q,t) — t VieV(in+1) = (6V)(n)

(appn, t1,t2) — (t1,12) Vt1,t0 € V(n)



A finitary presentation for L - the equations

e [ he equations Ej should correspond to the kernel pair of the
adjoint transpose ,0%/  F2UV — LV.

o5 (lamp41,8) = (lamp 41,057 1) [t]
wn(lamy,41,t) = (lamp4 0,0 g_l__zl)'wn_l_lt) [t]
cn(lamy,40,t") = (lamy, 41,0 7(331%+ ?(;_22 727}'__21)15’) [t]
o (appn, t1,t2) = (appn, o t1, 01 t2) [t1, to]
wn (appn,t1,t2) = (appn,wntbwntz) [t1, 2]

cn(appn, t1,t2) = (appn, cnt1, cnto) [t1, o]



Representing different implementations of A-terms

e If V is the presheaf defined by V(p) = p for all morphisms p in
¥, the free L-algebra over V gives an implementation of A—terms

by the De Bruijn levels method.

e How can we obtain different implementations for A-terms?



Representing different implementations of A-terms

e If V is the presheaf defined by V(p) = p for all morphisms p in
¥, the free L-algebra over V gives an implementation of A—terms
by the De Bruijn levels method.

e How can we obtain different implementations for A-terms?

e One possible approach: equip F with different coproduct struc-
tures!

e But this implies working with a different functor than L.

e Let’'s keep L and use different presheaves of variables!



Representing different implementations of A-terms

If W is the presheaf of variables defined explicitly by

Wn)=n W(lp)(1)=1 W(lpn)(i)=1—1;i>1
W(wn)(i) =1+ 1
W(og)) = oy

we obtain the presheaf AW, of A—terms implemented by the De
Bruijn indices method.
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Combining syntax and proof systems of two coalgebraic logics

e logics for T7-coalgebras L1 (31, E1)
e logics for Th-coalgebras Lo (3o, Eo)

e Logics for 15 o T7-coalgebras L=1Lrol"q ?



Combining syntax and proof systems of two coalgebraic logics

e logics for T7-coalgebras L1 (31, E1)
e logics for Th-coalgebras Lo (35, E>)
e Logics for 15 o T7-coalgebras L=1Lrol"q ?

e A finitary presentation for L = L, o L1 certainly exists, but can
it be obtained in a modular way?



The two-sorted composition of functors

e A coalgebra X — T>oTy(X) first goes to an intermediate state
T1(X) and then to the proper state T>(T7(X)).

Definition Given two functors L1 : As — A; and Lo : A; — As
between any two categories, the two-sorted composition of L4
with Lo is the functor L : A; x As — A; x As mapping A = (A;, As)
to ([_/A)s = LQ(Ai) and (EA)I = LlAs.



The two-sorted composition of functors

e A X — T>oTy1(X) coalgebra first goes to an intermediate state
T1(X) and then to the proper state T>(T7(X)).

Definition Given two functors L1 : As — A; and Lo : A; — As
between any two categories, the two-sorted composition of L4
with Lo is the functor L : A; x As — A; x As mapping A = (A;, As)
to ([_/A)s = LQ(Ai) and (EA)I = LlAs.

Proposition Consider categories A;, As which are Ifp and two
finitary functors L1 : As — A; and Lo : A; — As. Let L be the
two-sorted composition of L1 with Lo. Then the s-component
of the initial L-algebra is the initial L,L1-algebra.



A presentation for the two-sorted composition of two functors

e Consider A;, As - many-sorted varieties L1 : As — A; presented
by (X1, F1) and Ly : A; — As presented by:(3>5, E5)

o Define & : Set®1 x Set®2 — Set®! x Set°2 by
(iX)s = 22X
(iX)I =2 1Xs
where X = (X;, X5) denotes and element of Set”1 x Set°2.

e Equations are given by Fs = E>, E, = Ej.

Theorem Then (X, E) is a presentation of the two-sorted com-
position L of L1 with L».



An example: A, = As = BA

e v and s ¢ to assert that ¢, ¢ are formulas of sort i,s

e [ he formulas of both sorts are closed under Boolean operations

and for all n-ary operation symbols o; in >;, formulas are closed
under:

|_i¢17"°7|_i¢n I_S¢17"°7I_S¢TL
s 02(¢17' .- 7¢n) |_i 01(¢1,- . 7¢n)




An example: A, = As = BA

e [ he axioms are given by equations Eq, E», sortwise.

e [ he rules of the calculus are those of equational logic. The

only rules that make the two sorts interact are the congruence
rules:

Fi1 =Yy, e = 95 Fs ¢1 =7, bs dn = ¢y,

Fs oo(¥1, .., ¥n) = oWy, ..., ¢y) Hio1(@1, ... 0n) = o1(P7, ...

, n)



Logics for the sum of two functors

e the logic of T L
L.L L
e the logic of T+ T sA ‘L8 BA % BA 27 BA

e Here L, : BAx BA — BA captures the logic of 4 : Set x Set — Set
and has a finitary presentation:
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Complete logics for set-functors

Definition of L

L CA X)) T

o

Ao
where A is Ifp with a small subcategory Ag of finitely presentable
objects.

e We then define L on Ag as

LA = PTSA

and extend L continuously from Ay to A.

e [ preserves filtered colimits, whereas PT'S need not to do so.



Complete logics for set-functors

Definition of § : LP — PT.

PX LPX X _prx

Cj Lc; PTCE

~

A, LA, PTSA;
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Complete logics for set-functors

Definition of § : LP — PT.

PX LPX X _prx

Cj Lc; PTCE

~

A; LA; PTSA;
Lemma oy as defined above is injective.

Theorem. The logic given by L as defined above is complete
for T-coalgebras.



Thank you!



