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| r(ξ̃) | (µr(ũ).φ)ξ̃ | (νr(ũ).φ)ξ̃

� � �� � 〈S, +, ?,0,1〉

� � 
 ��� � � �� � � � $�
L ⊆ L

� � 
 � � � � � � � � � 
 � 
 � � � �� ξ� � 
 � � � 
 � 
 � � 
 � � � 
 �� � � � �� �� � � � �

� 
 � � 
 � � �� 
 � �

f

� � 
 � � � �� 
 �� �� ��

� � � ��� � � ��� � � �� � � � $ � 
 �� ��

– p. 13/43



A logic for SHR & QoS

� � � 
 �� ��� � � � � �� 
 � � � $� � 
 �� � � � � � � �� �� � � � � � � �� � � � � �� � � � $� � 
 � � � �� � � � � � � � � � � � � ��
φ ::= nil | Γ(ξ) | L(ξ̃) | φ|φ | φ‖φ

| f(φ, . . . , φ)

|
P

u φ |
Q

u φ

| [
P

] φ | [
Q

] φ

| u = v
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The main step

x

x

q1

q2

q3
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Tau σ3

x

x

qθ

q
x yIN σ
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Tau θ3;σ3

θ2

θ3

θ2;σ  [*/y]
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 �
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 �� 
 � 
 � � � $ �
 � � �� � ��� �
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 � �
 � � 
 � ��

� � � 
 � �� � � �
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 � �� � � �
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Application level QoS

�� � $ � � � �� 
 � $ 
 �
 $ � 
 � � �� ��� � � �
 � �� �
 � � ��� � � � �� � 
 � � � ��� � � � �� � � " � �� �� �

�
 � �
 
 � � ��� � ���� � � 
 �� $ � � �

�� � � �� �� � 
 � ��� � �� 
 � �

�� � $ �
 �� � � � � ��� � � �� � 
 〈S, +, ?,0,1〉

��� � �� � 
 � � � � � � � �

0,1 ∈ S �� �

0 6= 1

�� �

+ : S × S → S ? : S × S → S

x + y = y + x

(x + y) + z = x + (y + z)

x + 0 = x

x + 1 = 1

x + x = x

x ? y = y ? x

(x ? y) ? z = x ? (y ? z)

x ? 1 = x

x ? 0 = 0

(x + y) ? z = (x ? z) + (y ? z)

� � � �
 � 
 � � �� �
 � � �� � �� #

a ≤ b ⇐⇒ a+ b = b

�

b


 � � � � � �� �  � � a

�

�  � � � � � �� 
 � � �� � � 	 � �

� � ��� � � �
 � 
 � �� 
 � � ���

� � �
 � 
 � �
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KoS syntax & semantics

� � � C � � � � � ��� � � � � � � � $ � 
 � � � � 
 �� �� � � 
 � $ � � � � �� �� κ

�

N,M ::=

0

| s :: P

| (ν s)N

| N ‖ M

| s
κ
_ t

P,Q ::=

nil

| γ.P

| (ν s)P

| P | Q

| !P

| · · ·

γ ::=

(T )

| 〈v1, . . . , vn〉

| ε κ [P]

�

t

| conκ〈t〉

| accκ〈t〉

| nodeκ〈t〉

T ::=

ε

| v

| ?x

| ¬v

| T, T
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KoS syntax & semantics

� � � C � � � � � ��� � � � � � � � $ � 
 � � � � 
 �� �� � � 
 � $ � � � � �� �� κ

�

N,M ::=

0

| s :: P

| (ν s)N

| N ‖ M

| s
κ
_ t

P,Q ::=

nil

| γ.P

| (ν s)P

| P | Q

| !P

| · · ·

γ ::=

(T )

| 〈v1, . . . , vn〉

| ε κ [P]

�

t

| conκ〈t〉

| accκ〈t〉

| nodeκ〈t〉

T ::=

ε

| v

| ?x

| ¬v

| T, T

N
α

−−→
κ

> M

� � 
 � �� � � 
 �

N

� � � 
 �� � � α �� � � 
 � �� �
κ


 � � � � � � � ��

M
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� � � C � � � � � ��� � � � � � � � $ � 
 � � � � 
 �� �� � � 
 � $ � � � � �� �� κ

�

N,M ::=

0

| s :: P

| (ν s)N

| N ‖ M

| s
κ
_ t

P,Q ::=

nil

| γ.P

| (ν s)P

| P | Q

| !P

| · · ·

γ ::=

(T )

| 〈v1, . . . , vn〉

| ε κ [P]

�

t

| conκ〈t〉

| accκ〈t〉

| nodeκ〈t〉

T ::=

ε

| v

| ?x

| ¬v

| T, T

N
α

−−→
κ

> M

� � 
 � �� � � 
 �

N

� �� 
 �� � � α �� � � 
 � �� �

κ


 � � � � � � � ��

M

��� �� � � �

N
r εsκ〈P〉@t

−−−−−−−−→
κ′

> N
′

M
r link r′

−−−−−−→
κ′′

> M
′

κ
′
? κ

′′ ≤ κ

t 6= r′

N ‖ M
r′ εsκ〈P〉@t

−−−−−−−−→
κ′ ? κ′′

> N
′ ‖ M

′
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� � � C � � � � � ��� � � � � � � � $ � 
 � � � � 
 �� �� � � 
 � $ � � � � �� �� κ

�

N,M ::=

0

| s :: P

| (ν s)N

| N ‖ M

| s
κ
_ t

P,Q ::=

nil

| γ.P

| (ν s)P

| P | Q

| !P

| · · ·

γ ::=

(T )

| 〈v1, . . . , vn〉

| ε κ [P]

�

t

| conκ〈t〉

| accκ〈t〉

| nodeκ〈t〉

T ::=

ε

| v

| ?x

| ¬v

| T, T

N
α

−−→
κ

> M

� � 
 � �� � � 
 �

N

� �� 
 �� � � α �� � � 
 � �� �

κ


 � � � � � � � ��

M

��� �� � �

N
r εsκ〈P〉@t

−−−−−−−−→
κ′

> N
′

M
r link t

−−−−−−→
κ′′

> M
′

κ
′
? κ

′′ ≤ κ

N ‖ M
τ

−−−−−→
κ′ ? κ′′

> N
′ ‖ M

′ ‖ t :: P
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A motivating example

� 
 � � � � 
 � � � � 
 � � � � 
 �� 
 � 
 n � 
 � �
 � � � � 
 �� � 
 � 
 � �� � 
 � �
 m � $ � 
 � �� �� � �
 �� � 
 � � � $ �� ���� �

�� 
 $ 
 � � 
 � �� 
 � 
 � �
 � �  

� $ � 
 � �� �

ci

� �� � � 
 � �
 � � �

sj

� � � 
 $ 
 � � � 
 � 
 � � � �
 � 
 � � � 
 � 
 �

ci

��� � � 
 � � 
 � � 
 � �� �
 sj

� � � � � �� ��� � � � � 
 � 
 � � R

� �
 � 
 � � � � $ � 
 � � � � � 
 � � � � � 
 � � � �� 
 �
 $ $ 
 �� � � �
 � � �

ci :: 〈s1, κ1〉 | . . . | 〈sn, κn〉 | !Cδ

〈sj , κj〉

� 
 � � 
 � 
 � �� �� 
 $ 
 � �

κj


 � �� 
 � 
 � �
 � sj

� 
 � � 
 � �
 � �
ci

Cδ

�� �

R � � 
 �� � � �� 
 � 
 � � �� 
 � � 
 �

ci

�

Cδ
4
= (?u, ?v).εv[R]

�

u.conv?δ〈u〉.〈u, v ? δ〉

R
4
= (?x).〈x + 1〉 . . . actual request . . . (?y).〈y − 1〉

��� � �� �� 	� 
 � 
� � � �� � � �
 	 � �� � 
� � 
 ��� 
�� �� � � � � � 
 � � ���� ��� � 	� ci

� 
 
� 
 � 
� 
 �

� � � � � 
 � � 
 �� � � 	 � � �� 	 
 � � � � � 
 � 
 ��� � � � � � � �
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A motivating example2

sj

��� � 
 � � � � � 
 � �� �

sj :: 〈h〉 | 〈c1, κ
′
1〉 | . . . | 〈cm, κ′

m〉 | !(S c1 sj) | . . . | !(S cm sj)

〈ci, κ
′
i〉

� 
 � 
 � �� �� 
 � 
 � � � $ � 
 κ′
i

�� � � �� 
 � �
 �� 
 $ � � � �
 � � � �� ci

〈h〉

��� �� 
 �� � � 
 � � $ 
 � � 
 �

sj

S ci sj

��� � $ 
 � � � �� � �
 � �
 � ci

S c s
4
= (?l).〈l〉.If s l < max

then (c, ?v).accf(v,l)〈c〉.〈c, f(v, l)〉

S � 
 � 
 � �
 � $ � � � � � � � 
 � 〈h〉 �� � � 
 � 
 � � ��� � 
 � �� 
 $ 
 � � � 
 �� � 
 � �� 
 �� 
 � �
 � � � 
 � � � 
 � � 
 � ��

�
 � � 
 � �
 � � 
 � �� 
 � � �
 � ��� � �� 
 � c 
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KoS Operational Semantics

��� �� � �

s :: γ.P
γ@s

−−−→
1

> s :: P " γ 6∈ {nodeκ〈t〉, conκ〈s〉, accκ〈s〉}

��� �� �

N
s conκ〈t〉

−−−−−−−→
1

> N′ M
t accκ′ 〈s〉

−−−−−−−−→
1

> M′ 0 < κ ≤ κ′

N ‖ M
τ

−−→
1

> N′ ‖ M′ ‖ s
κ
_ t

��� � 	 	 �

N
s (T)

−−−−→
1

> N′ M
s t

−−−→
1

> M′ ./ (T, t) = σ

N ‖ M
τ

−−→
1

> N′σ ‖ M′
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KoS Operational Semantics2

��� �� � �

s
κ
_ t

s link t
−−−−−−→

κ
> 0

��� �� � �

s :: nodeκ〈t〉.P
node〈t〉

−−−−−−→
1

> s :: P ‖ s
κ
_ t ‖ t :: 0 " s 6= t

� � � � �

N
α

−−→
κ

> N′

if

{

bn(α) ∩ fn(M) = ∅ ∧

(addr(N ′) \ addr(N)) ∩ addr(M) = ∅N ‖ M
α

−−→
κ

> N′ ‖ M

� � $ 
 ��� �� � � � $ $ 
 �� � � � 
 � 
 � � � $ $ 
 � � �
 � � �

s
�
 � � 
 � � � � 
 t �� �� 
 � � � � 
 � � 
 � � � 
 �

� 
 � 
 �� � �
 � � 
 � �
 � � 
 � $ � � � �� 
 � s �
 t 
 �� 
 � ��� � �� 
 � 
 � � � $ � 
 κ 

�� 
 � � � 
 �
 � � � �� 
 �


 � ��� � � � � � 
 �
 � �� � 
 � � 
 � 
 � � �� � $ � � �� � �
 � 
 � � 
 � �
 � � � � � ��� � � � � � 
 � � 
 � 
 � 
 �� � ���� �

� 
 � 
 �  
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KoS Operational Semantics3

��� �� �� �

s :: εκ[Q]

�

s.P
τ

−−→
1

> s :: P ‖ s :: Q

�� � � � � �

N
r εsκ〈P〉@t

−−−−−−−−→
κ′

> N
′

M
r link r′

−−−−−−→
κ′′

> M
′

κ
′
? κ

′′ ≤ κ

t 6= r′

N ‖ M
r′ εsκ〈P〉@t

−−−−−−−−→
κ′ ? κ′′

> N
′ ‖ M

′

��� � � � �

N
r εsκ〈P〉@t

−−−−−−−−→
κ′

> N
′

M
r link t

−−−−−−→
κ′′

> M
′

κ
′
? κ

′′ ≤ κ

N ‖ M
τ

−−−−−→
κ′ ? κ′′

> N
′ ‖ M

′ ‖ t :: P

% �� � � � � � �� 
 � � 
 � � � � � �� �� � � � � � �  
 � � εκ[P ]

�

t
�� � � s 
 � � � � � � � � �� � �� � 
 � � � # �  � � � � � 	 � � � �� � � 
 � �

� � �  � � �
 � !� �� � � s � � t � 	
 � � � � � �� �

κ ���� �� � � � � � � � �� �  � �

P � � � �� �� �� � � � �
 � ! � � � � 
 � � �� � � �
 � � � � � � � r �� �� 
 � � � �  � � � �� � � �� � � �� � �� � � �
���� �	 
 � � �� � � 
 � �� �  � � � � �  � � # 
 � �  
 � � � � � � P


 � � � � �� � � � �

t � �� �� 
 � � � �  � � �  � � �
 � � � 	 � � � �  � �  � � �

� � �  �  � �  � � � � �� � � 	 � � 
 � � � � �� �  � � κ �
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Public links

�� � �� ��� KoS � � 
 � � � $ � � �

N
4
= s :: ε3[P ]

�

t ‖ s
1
_ r ‖ r :: con2〈t〉.ε2[Q]

�

t ‖ t :: acc2〈r〉,

s �� �

r � � 
 � � ���� � �
 � � � �� � � � 
 � 
 � � 
 � t

� �	� � � 
 � � �� �
 t 
 �� � �� � 
r

��� � � � � 
 �� � � � $ ��� � � � � � � 
 � � � � � � 
 � � 
 � � �� �

t � �� 
 
 � 
 � �� � � � 

�� � �� � $ $ � " 
 � $ � ��� �� � � 
 � � 
 �� � $ � 
 � �

N ′ 4
= s :: ε3[P ]

�

t ‖ s
1
_ r ‖ r :: ε2[Q]

�

t ‖ r
2
_ t ‖ t :: nil.

r
2
_ t � � 
 �� � 
 � � 
 � � � � �� � �
 � ���� � 3

� �� 
 � s �
 t " � 
 � � 
 � � ��� � � � �� � � " ��� �� � � "� � �� � � � �� � ��� �� � � �
 � 
 � � �


N′ τ
−−→
3

> s :: nil ‖ r :: ε2[Q]

�

t ‖ t :: P.

� 
 � 
 �
 � �� � " �� 
 � � �� � �� 
 � 
 �

P � � 
 �
 � �� Q

�
 � 
 � � � �� 
 � � 
 � � � � 
 �� 
 $ ��� � � � 
 � �
 � � � r� �� � 
 
 � � � 
 � � � P 
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Private links

� � � � � � 
 $ ��� �� � �� � 
 ��� � �
 � � 
 � 
 � $ � � � �� 
 � 
 � � 
 � 
 � � 
 � � � �� � � �� 
 �� � � 
 � � � � �
 �� � �� �� � 

� � � 
 � � � � �� �� � � 
 �� � � �� �� $ � � � � � � 
 �  

N
4
=s :: ε{r,s}[P ]

�

t ‖ s
{r}
_ s′ M

4
=s :: ε{r,s}[P ]

�

t ‖ s
{r,u}
_ s′

P � �� � � � �
 � � 
 �� 
 $ ��� � � � N

�	� � � 
 � �� 
 
 � 
 ��� M

� � � 
 � � � � �� �� �� � 
 � � � � � � � R = 〈℘ � � (S) ∪ {S}, glb,∪,S, ∅〉

X ≤ Y ⇐⇒ Y ⊆ X

� � � � � � �
 $ ��� � � 
 � �
 
 � �� 
 � 
 � 
 � s �� �
t � �� � 
 � � 
 �� � 
 � ��

(ν p)(s :: P ‖ s
{p}
_ t ‖ t :: Q)

– p. 26/43



Permanent and stable links

KoS

$ ��� �� � � 
 � �� ��� � ��� � �	� � � 
 � � �� 
 � � $ ��� �� � �� � 
 
 �� � $ � 
 � �
 � 
 � �

s :: !conκ〈t〉 ‖ t :: !accκ′〈s〉

� � $ � �� � � � � � � �� 
 � � � 
 � � � � $ 
 $ � � �� " �� � �� � � 
 $ ��� �� 
 �� � ���� � � � �� $ � �� �
 � �
 � � � �� 
 � � �

� � ���� � 
 � 

Stables G t
4
= !conκ〈t〉 | ε[While G do accκ〈s〉 od nil]

�

t
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Hypergraphs Syntax

� � �� 
 � 
 � �
 �
 � � 
 � �� � 
 � 
 �� �� � �
 � 
 � 
 � � �
 � 
 � � $ � � � �� 
 � 
 � 
 � �
 �

L : 3, L(y, z, x), •
y

•x L3

1

OO

2 •z

G ::= nil
∣

∣ L(x̃)
∣

∣ G|G
∣

∣ ν y.G

� �� � � � �� � � � � �
 � 
 � �

x1 : s1, . . . , xn : sn ` G " fn(G) ⊆ {x1, . . . , xn}

L : 3, M : 2

x : 1, y : 0 ` ν z.(L(y, z, x)|M(y, z))

•
0y

L

OO

��
�� @@

@@
M

pp

•x 1 ◦1z
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Hypergraphs Syntax

� � �� 
 � 
 � �
 �
 � � 
 � �� � 
 � 
 �� �� � �
 � 
 � 
 � � �
 � 
 � � $ � � � �� 
 � 
 � 
 � �
 �

L : 3, L(y, z, x), •
y

•x L3

1

OO

2 •z

G ::= nil
∣

∣ L(x̃)
∣

∣ G|G
∣

∣ ν y.G

� �� � � � �� � � � � �
 � 
 � �

x1 : s1, . . . , xn : sn ` G " fn(G) ⊆ {x1, . . . , xn}

�� 
 � � �� $ 
 �

L : 3, M : 2

x : 1, y : 0 ` ν z.(L(y, z, x)|M(y, z))

•
0y

L

OO

��
�� @@

@@
M

pp

•x 1 ◦1z
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Productions

� � 
 � � � �� 
 � � � �� 
 � 
 � � 
 � � � � 
 � 
 � �� � R = S ×N ∗ � �� 
 � 
 〈S, +, ?,0,1〉

� � � �� � 
 � � � ��� � �

� � 
 � � � �� 
 � χ . L(x̃)
Λ
−→ G

x̃

��� � �� � $ 
 
 � � � � � ���� 
 � ��� ���� �� ��� � 
 � � 
 � 
 � �� �

L : |x̃|

χ : {|x̃|} → S

��� �� 
 �� � $ � � � �� $ � � � �� � � �� 
 �

Λ : {|x̃|} → R

��� �� 
 �
 � � � � � � � �� 
 � �� � � �� 
 �

G

��� � �� �� � �  � fn(G) ⊆ {|x̃|} ∪ n(Λ)
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Productions

� � 
 � � � �� 
 � � � �� 
 � 
 � � 
 � � � � 
 � 
 � �� � R = S ×N ∗ � �� 
 � 
 〈S, +, ?,0,1〉

� � � �� � 
 � � � ��� � �

� � 
 � � � �� 
 � χ . L(x̃)
Λ
−→ G

x̃

��� � �� � $ 
 
 � � � � � ���� 
 � ��� ���� �� ��� � 
 � � 
 � 
 � �� �

L : |x̃|

χ : {|x̃|} → S

��� �� 
 �� � $ � � � �� $ � � � �� � � �� 
 �

Λ : {|x̃|} → R

��� �� 
 �
 � � � � � � � �� 
 � �� � � �� 
 �

G

��� � �� �� � �  � fn(G) ⊆ {|x̃|} ∪ n(Λ)

� 
 � $ � ���� � L �� ��

G

��� H

� 
 � � � � 
 � �� � �

H � � ���� � 
 �

�� 
 �
 � � � �� 
 � � 
 �� � 
 � � 
 � � �

χ 
 � �� 
 � � � � �� � 
 � �� 
 � 
 �


 �

L

=⇒
� � � 
 χ

��� � � ���� � 
 � ��� H " L(x̃) �
 � �

��� � �	� �
 � �
 �� 
 � 
 �� � �� � � � � 
 �
 � ��� �

Λ

��� �� 
 � �� �� � 
 � � � � �� 
 � �� �� � $ $ �� 



 � �
 � �
 � � 
 � �
 � �
 � 
 � 
 � ��� x̃
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Synchronised Rewriting

� �
 � �� �
 �

� �� �� � 
 � ��� � �� 
 � Sync

�� �

Fin

�  � 

Sync ⊆ Fin ⊆ S

1 ∈ Sync

� 
 � �� �� � 
 � ��� � �� 
 � NoSync ⊆ S \ Fin

�  � 

S ? NoSync ⊆ NoSync

0 ∈ NoSync
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Synchronised Rewriting

� �
 � �� �
 �

� �� �� � 
 � ��� � �� 
 � Sync

�� �

Fin

�  � 

Sync ⊆ Fin ⊆ S

1 ∈ Sync

� 
 � �� �� � 
 � ��� � �� 
 � NoSync ⊆ S \ Fin

�  � 

S ? NoSync ⊆ NoSync

0 ∈ NoSync

� �� � � �
 � � ���� � �
 � � 
 � 
 �� � � 
 � � �

$ 
 �

Ω

� 
 � �� � �
 � � $ ���� 
 � 
 �
 � N ×R 

mgu(Ω) = {ũi = ṽi | ∃s, t ∈ S : (x, s, ũ), (x, t, ṽ) ∈ Ω ∧ 1 ≤ i ≤ |ũ|}

��� �� � � 
 �� 
 �
 � � � � �� �� �� �� 
 � � 
 �� 
 � � �

||Ω@x|| > 1 =⇒
∏

(x,s,ỹ)∈Ω@x

s 6∈ NoSync
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Synchronised Rewriting

� �
 � �� �
 �

� �� �� � 
 � ��� � �� 
 � Sync

�� �

Fin

�  � 

Sync ⊆ Fin ⊆ S

1 ∈ Sync

� 
 � �� �� � 
 � ��� � �� 
 � NoSync ⊆ S \ Fin

�  � 

S ? NoSync ⊆ NoSync

0 ∈ NoSync

� �� � � �
 � � ���� � �
 � � 
 � 
 �� � � 
 � � �

$ 
 �

Ω

� 
 � �� � �
 � � $ ���� 
 � 
 �
 � N ×R 

mgu(Ω) = {ũi = ṽi | ∃s, t ∈ S : (x, s, ũ), (x, t, ṽ) ∈ Ω ∧ 1 ≤ i ≤ |ũ|}

��� �� � � 
 �� 
 �
 � � � � �� �� �� �� 
 � � 
 �� 
 � � �

||Ω@x|| > 1 =⇒
∏

(x,s,ỹ)∈Ω@x

s 6∈ NoSync

Γ1 ` G1
Λ1−→ Γ′

1 ` G′
1 Γ2 ` G2

Λ2−→ Γ′
2 ` G′

2 ρ = mgu(Λ1 ] Λ2)^

x∈dom(Γ1)∩dom(Γ2)

Γ1(x) = Γ2(x)

Γ1 ∪ Γ2 ` G1 | G2

Λ1]Λ2
−−−→ (Γ1 ∪ Γ2)(Λ1]Λ2) ` (ν Z)(G′

1 | G
′
2)ρ
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Quasi-productions

� ��� �� �

QP � �� 	 
 � �
� �� � � 	 � � � �� � �� P

� � � �� �� 
 � �� � � �� � ��� � � P ⊆ QP 
 � �
χ . L(x̃)

Ω
−→ G ∈ QP ∧ y ∈ N \ new(Ω)

⇓

χ′ . L(x̃{y/x})
Ω{y/x}
−−−→ G{y/x} ∈ QP

� �� � �

χ′ : {|x̃|} \ {x} ∪ {y} → S χ′(z) =











χ(z), z ∈ {|x̃|} \ {x, y}

χ(x) + χ(y) , z = y ∧ y ∈ x̃

χ(x), z = y ∧ y 6∈ {|x̃|}

� � � � � � � � � �� � �� � � (QP ,Γ ` G)
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Graph transitions

� �� � �

χ . L(x̃)
Ω
−→ G ∈ QP ρ = mgu(Ω)

∧

x∈dom(χ)

χ(x) ≤ Γ(x)

Γ ` L(x̃)
Ω
−→ ΓΩ ` (ν Z)(Gρ)

��� � 	 �

Γ1 ` G1
Λ1−→ Γ′

1 ` G′
1 Γ2 ` G2

Λ2−→ Γ′
2 ` G′

2 ρ = mgu(Λ1 ] Λ2)
∧

x∈dom(Γ1)∩dom(Γ2)

Γ1(x) = Γ2(x)

Γ1 ∪ Γ2 ` G1 | G2

Λ1]Λ2

−−−→ (Γ1 ∪ Γ2)(Λ1]Λ2)
` (ν Z)(G′

1 | G′
2)ρ

� ��� �� Z = new(Ω) \ new(Ω)
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Graph transitions

� �� � �

χ . L(x̃)
Ω
−→ G ∈ QP ρ = mgu(Ω)

∧

x∈dom(χ)

χ(x) ≤ Γ(x)

Γ ` L(x̃)
Ω
−→ ΓΩ ` (ν Z)(Gρ)

��� � 	 �

Γ1 ` G1
Λ1−→ Γ′

1 ` G′
1 Γ2 ` G2

Λ2−→ Γ′
2 ` G′

2 ρ = mgu(Λ1 ] Λ2)
∧

x∈dom(Γ1)∩dom(Γ2)

Γ1(x) = Γ2(x)

Γ1 ∪ Γ2 ` G1 | G2

Λ1]Λ2

−−−→ (Γ1 ∪ Γ2)(Λ1]Λ2)
` (ν Z)(G′

1 | G′
2)ρ

� ��� �� Z = new(Ω) \ new(Ω)

– p. 32/43



Induced communication functions

% � � ρ = mgu(Ω) �
�  � � � � � 	 � 
 � � �
 �� � 	 � � �
 �� 
 � � 	 � � � � � Ω 
 � �  � � 	 � � �
 �� Ω : dom(Ω) → R

� � � � � �

� �

Ω(x) =

8

>

>

>

>

>

<

>

>

>

>

>

:

(t, ỹρ), t =
Y

(x,s,ỹ)∈Ω@x

s 6∈ Sync

(t, 〈〉), t =
Y

(x,s,ỹ)∈Ω@x

s ∈ Sync

� � � 
 � � � � � � Ω(x) �
 � � � � �  � � �� �  � �� 
 � � �
 �� � � � �� 	
 � � � �� �� 
 � Ω@x � � � �� � 
 � � � � �  � ��� � � � 
 � 
 � � �� � � 	 � �
�

�  � � �
 �  �
 � � � 	 � � �
 �� 
 � � 	 � � � � � Γ � � �

Ω


 �

ΓΩ : dom(Γ) → S,

ΓΩ(x) =

8

>

<

>

:

1, x ∈ new(Ω)

Γ(x), ||Ω@x|| = 1

ΓΩ(x) = Ω(x)↓1 , otherwise

�  � � �
 �  �
 � � � 	 � � �
 �� � � � � 	 � �� �  � � � � � �
 �  �� � � �� � �  � � � � �� �  � � �� �  � �� 
 � � �
 �� � 
 � � 	 � � � � � Ω �
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� �� � � � � � � � � � �� � 	 � � � � � � � � �
 � � �� � � � �� � 
� �� � � � ��� � � 	 � � �� 	 �� � ��� � � �� ��

R

��
R // • R
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R

ZZ

l

===

l

���
R

[[

R

OO

R

ss

l

•

l �� � � � � �� � �� �� � � � �� � � � �� � � � � 	 ��� � � � � ��� � �� � � �� � � � � � � � � � �
�� � � �� � � �� � � � � � �

� ���

2 � � � �� � 	 � � 	 �� � �� �� � �� � � � � �� � � � �� � � �

� ��� � �� � � � � � � � �

l �� � � � �� 	 � � �� � �� � � � � � �� � � �� �� � � � �� � � �� � � � � �� �� �� � �� � � �

� ��� � � � � � � � � �� � � � � � ��� �� � � � � 	� �
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C-semirings for the ring case study

� ��� 	 � �� � � � � �� � � � �� � � � � � � � � � � �� � � �

HR

� �� � � � � � ��� 	 � � �� � � � � � � �� � 	 � � � � ��� � � � ��

� � � 	 � � � � � � � � � � � � 	 � �� � � � � ��

H = 〈H, +H , ?H ,0H ,1H〉� � ��� ��

H = {a, b, c,1H ,0H ,⊥}

� �� � ���

R = 〈ω∞, max, min, 0, +∞〉�

� ��� �� � � � � � � � �

H

	 � � �� � � � �� � � ��� �� � � � � � �� � � � � � �� �

R

� � �� �� � �� � � � � 	� � � � � � � � � � � ��

� ��� � � � � � � � � � � �
� � � � � � ��

� � � � � � � � �� � � �� � � � �� � �� �� � � � (1H , u) � �� �� � � � �� u

� � � ��� � � �
� � � � � � � � � � � �

� � � � � � � �� �� � � � � 	�

� ��� � � � � �� � � �� � � 	 �� � �� � � � � � �� � � �� � � � � � � � � � � �� �� �� � �� � � � � �

(b, +∞) � � � 	 � � �

	 � � � � � � � � � � � � � � � � �� � �
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Productions for the ring case study

Create Brother (n < u)

•x

• (a,n)x R

OO

R

OO

−→ •z l

• (α,+∞)y R

OO

•y

x : (0H , u),y :0 . R(x,y)

x 7→ (a, n)
y 7→ (α, +∞)

−−−−−−−−−→ R(x,z) | R(z,y) | l(z)

Accept Syncrhonisation R Accept Syncrhonisation l

• (b,+∞)x •x

R

OO

−→ R

OO

• (α,+∞)y •y

• (b,+∞)x •x

l −→ l

x : (0H , +∞),y :0 . R(x,y)

x 7→ (b, +∞)
y 7→ (α, +∞)

−−−−−−−−−→ R(x,y) x :0 . l(x)
x7→(b,+∞)
−−−−−−→ l(x)

� ��� �� α ∈ {a, b}
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Productions for the ring case study2

Create Gate (r > 0)

• (a,+∞)x l •
x

G // •
z

Ru
r EDBCeeJJJJJJJ

R

OO

−→ R

OO

• (b,+∞)y •y

x : (0H , u),y :0 . R(x,y)

x 7→ (a, +∞)
y 7→ (b, +∞)

−−−−−−−−−→ R(x,y) | l(x) | G(z,x) | Ru
r (z,z)

Init Ring

(r > 0)

•x

• (c,u)x R

OO

Ru
r

OO

−→ •z

• (c,+∞)y Ru
r−1

OO

•y

• (c,u)x •x

Ru
0

OO

−→ R

OO

• (c,+∞)y •y l

x :0,y :0 . Ru
r (x,y)

x 7→ (c, u)
y 7→ (c, +∞)

−−−−−−−−−→ R(x,z) | Ru
r−1(z,y) x :0,y :0 . Ru

0 (x,y)

x 7→ (c, u)
y 7→ (c, +∞)

−−−−−−−−−→ R(x,y) | l(y)

� ��� �� β ∈ {b, c}
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Productions for the ring case study3

Accept Synchronisation Init Accept Synchronisation Gate
• (c,+∞)x •x

R

OO

−→ R

OO

• (c,+∞)y •y

• (β,+∞)x •x

G

OO

−→ G

OO

• (b,+∞)y •y

x :0,y :0 . R(x,y)
x 7→ (c, +∞)
y 7→ (c, +∞)

−−−−−−−→ R(x,y) x :0,y :0 . G(x,y)
x 7→ (β, +∞)
y 7→ (b, +∞)

−−−−−−−→ G(x,y)

� ��� �� β ∈ {b, c}

– p. 38/43



The ring case study

� ��� � � � �� � � � � � � � � � � � � � � � � 2 � � � �� 	 � � � � �� � � � � � � � �� � � � � 	� � � � �� 5�

Ra,∞ a,3
��

•(1H ,5) • (1H ,5)

R
a,∞a,2

��

CreatBrother(u = 5, n = 2) × CreatBrother(u = 4, n = 3)

R 	 � � � �� � � � �� � 	 � � � � Create Brother u = 5

� � � � � � �� � �� 	 � �� � � � � � 5 ≤ 5

� � �� n = 2 � � � ��

R 	 � � � �� � u = 4

� � � � � � �� � �� 	 � �� � � � � � 4 ≤ 5

� � �� n = 3�
� ��� �� � � � � � �� � � � 	 � � � � � � � � � � �

� � �� � 	� � � �� �� � �� �� � � � � � � � ��� � �� � � � ��

(a, 2) = (a, 2) ? (a, +∞) = (a ?H a, min(2, +∞))
(a, 3) = (a, 3) ? (a, +∞) = (a ?H a, min(3, +∞)).
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The ring case study

•
1

Ra,∞

b,∞
<<

R
b,∞

a,∞
��

•(a,2) l
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Named sets & named functions
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Category of named sets and HD-automata
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Minimising HD-automata
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Convergence
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