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ABSTRACT. We investigate final coalgebras in nominal sets. This allows us to define
types of infinite data with binding for which all constructions automatically respect alpha
equivalence. We give applications to the infinitary lambda calculus.
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2 NOMINAL COALGEBRAIC DATA TYPES WITH APPLICATIONS TO LAMBDA CALCULUS

1. INTRODUCTION

We investigate types of infinite data with binding. A leading example is the infinitary A-
calculus. To construct explicitly a domain of infinitary A-terms, one usually starts from finite
A-terms and then applies two constructions: Metric completion to obtain infinite terms and
quotienting up to a-equivalence. Although each of these constructions appear to be routine,
we show that their combination is more subtle than one might think at first. For example,
one either needs to assume uncountably many variables or find a solution to the problem
that, in the case of countably many variables, metric completion does not commute with
quotienting by a-equivalence. On the other hand, general principles suggest to construct
infinitary A-terms more abstractly as final coalgebras in the category of nominal sets. It
allows us to treat infinitary data types with binding in general and provides a principle of
definition and proof by coinduction. We also show that the syntactic approach of completing
and quotienting agrees with the semantic approach of final coalgebras in nominal sets.

To summarize, the paper contributes to coalgebra, to nominal sets, and to the infinitary
A-calculus. To coalgebra, by showing that as for coalgebras over sets also over nominal sets
we obtain from finality a definition and proof principle of coinduction. To nominal sets,
by investigating limits and introducing notions of safe maps and bound variables. To the
infinitary A-calculus by clarifying the fundamental constructions in the case of countably
many variables and by showing that the informal reasoning with a-equivalence classes of
infinitary A-terms is indeed mathematically precise.

In the remainder of the introduction we outline the contents of the paper.

Nominal sets were introduced in [GP99], but see also [Hof99, [FPT99b| for related pro-
posals. Roughly speaking, a nominal set is a set X equipped with an action of a set of
permutations on some countably infinite set

V

of ‘names’ or ‘variables’. One can then define the support of some z € X as the smallest
set of variables on which x depends (we review the precise definitions in Section , thus
giving an abstract account of the ‘free variables’ in x. It is characteristic of nominal sets
that all elements have finite support. In other words, modelling syntax in nominal sets
requires us to only consider terms with finitely many free variables. But, and this is one of
the themes of this paper, it is possible to have terms with infinitely many bound variables.
(The question what may constitute an abstract account of bound variables in nominal sets

will be discussed in Section [5.5])

Variable binding in nominal sets can be described by a type constructor X +— [V]X which
can be understood as a quotient

VxX—=[VX
identifying elements (v,z) up to a-equivalence, that is, up to renaming of the ‘bound’
variable v. For example, whereas A-terms are given by the initial algebra of the functor

LX=V+VxX+XxX (1.1)

it was shown in |[GP99|] that A-terms up to a-equivalence are given by the initial algebra of
the functor
Lo X =V+ VX +X x X (1.2)
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a-structural recursion [Pit05] [Pit06, [Pit11] is the induction principle that ensues from
syntax as an initial algebra in the category Nom of nominal sets. For example, the classic
definition of substitution in the A-calculus [Bar84]

ylr:=N] = N ify:,x
y  otherwise
(1.3)
(PQ)z:=N] = (Plz:= NQf = N))
(Ay.P)[z:=N] = Ay.(P[z:= N]) if y & fv(N) U {x}

is not an inductive definition in the usual sense. Because of the side condition, substitution
is only a partial function on raw terms. But, as explained in detail in [Pit05], is an
inductive definition according to . Moreover, [Pit05], establishes a general induction
principle for inductively defined data types with variable binding, explaining when partially
defined functions in Set give rise to totally defined functions in Nom.

a-structural corecursion introduced in this paper is the analogue of a-structural re-
cursion for coinductive datatypes. For example, in the study of the infinitary A-calculus
[KKSdV95l [KKSdVIT, [KdV03], which we review in Section (3| one is interested in the fi-
nal coalgebra of L,. We describe the corecursion principle ensuing from final coalgebras
in nominal sets and show that is indeed a coinductive definition of substitution for
infinitary A-terms.

Infinitely many free variables in a term (Section which do appear if we take
the final coalgebra of L in sets, pose a problem. To see this, note that becomes an
inductive definition by choosing a suitable representative Ay.P such that y & fv(N) U {z}.
This approach is not immediately viable for the infinitary A-calculus, because we may have
terms that exhaust all the available variables, so that we cannot find a fresh y. For example,
consider the term allfv = xo(x1(z2(...)) € A which contains all variables from V. In the
following (-step

(Azoz1.2oz1)allfv =5 (Az1.2021)[T0 1= allfV] (1.4)
we have that x; € fv(allfv) and, therefore, the 1 in Az;.xpx; should be replaced by some
fresh variable, which is impossible because allfv contains all of them [Sal01].

Restricting to finitely many free variables, as opposed to allowing V to be uncountable,
is the solution adopted in this paper (but we will come back to infinitely many free variable
in Section [6.6). That is, in our example, we will consider the set

Ag, = {M € A* | fv(M) is finite } (1.5)

of A\-terms with finitely many free variables, avoiding terms such as allfv. On the one hand,
finitely many free variables are sufficient in order to capture the infinite normal forms of
terms representing programs, since the limit of an infinite S-reduction sequence starting from
a finite term has always a finite number of free variables. On the other hand, restricting to
finitely many free variables has the advantage of allowing us to work with nominal sets.

Infinitely many bound variables must be allowed, since additional fresh variables may
be needed at each S-reduction step to avoid capture. For example, consider the finite term
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Pinfbv = fix(Afxy.zy(f(xzy)) which has the following reduction sequence:
Pinfbv  —»g Azy.ay(Pinfbv(zy))

=4 Azox1.zox1(Pinfbv(zoz))

—»5 Axox1.20z1(Ay.zoz1y(Pinfbv(zoz1y)))

=4 Azox1.2021 (Ax2.202122(Pinfbv(zoz122)))

—»3 Axox1.2021 (Az2. 2oz 122 (Ay.Zoz1 22y (Pinfbv(zoz122Y)))

=q Azox1.20x1 (Az2.2ox122(AT3. 2021 223 (Pinfbv(zoz12223)))

The limit of the above sequence is the infinite term:
infbv = Azg. A\z1.2021 (Az2. 20T 122 (AT3. 201 2223(. . .))))
The term infbv has an infinite number of bound variables. All the terms in its a-equivalence

class have also an infinite number of bound variables.

The different classes of A-terms arising from the discussion above are summarised
in the following picture, which is one of the contributions of our work. Previous work on
infinitary A-calculus either assumed uncountably many variables or did not make the careful
distinctions discussed below.

A A > A
| |
A%/=a () Af/=a (1.6)

| I

Af=o —— (A=) +— (A/=a)

In the diagram, A denotes the set of finite A-terms. Vertical arrows —» denote quoti-
enting by a-equivalence. Infinitary A-terms are constructed by metric completions —— .

The rightmost column arises from maps <+—— that restrict to terms with finitely many
free variables. Going first right and then down in the diagram means to first complete to
infinitary terms and then to quotient by a-equivalence, whereas going first down and then
right, means to first quotient and then to complete. If both ways of constructing infini-
tary terms up-to a-equivalence coincide, then we say that metric completion commutes with
quotienting by a-equivalence. The two main results here are the following.

e The vertical map in the middle column A>® — (A/=4,)> is not onto (Example[5.20),
hence metric completion and quotienting by a-equivalence do not commute for terms
with countably many free variables (as opposed to the case of uncountably many
variables, see Theorem [5.19)).

e The vertical map AF, — (A/=4)§ in the right-hand column is onto [KPSdV12,
Theorem 22], in other words, restricted to terms with finitely many free variables, the
two operations of metric completion and quotienting by a-equivalence do commute.
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Nominal coalgebraic datatypes for a binding signature (Section generalise (/1.6])
to the diagram below (where we omitted the middle row obtained from epi-mono factorisa-
tions).

Ts I° > (T2

| I a7

TE/:a — (TZ/:a)OO — (TZ/:OC)?SO
Y is a so-called binding signature [FPT99b] and 7% and 7% /=, are initial algebras. The

middle column of metric completions arises via unique arrows —— from an w-colimit

into an w®-limit as in [Bar99, Proposition 3.1]. In the right hand column, (T%/=4){ is
the final coalgebra in Nom and (73°)f can be defined as making the right-hand square
into a pullback. The theorem that metric completion commutes with quotienting by
a-equivalence then follows from one of our main technical contributions, namely that
pulling back the (not necessarily surjective) middle vertical arrow T3° — (Tx/=,)> along

(Tx/=0a)>® «— (Ix /=) yields a surjection (T¥°)ir — (T /=a)% .

Representing limits in nominal sets (Section provides the setting which enables
us to give a semantic proof of the result discussed in the previous paragraph. To see the
connection, denote by U : Nom — Set the forgetful functor and use the (well-known) result
that the middle column of arises as limits of wP-chains as depicted in

UXo UX, UX, limUX, «+—P
Lol | o | o
UYy Uy, UY; lim UY,, «—UlimY,

Similarly, the bottom right-hand corner of is given by the limit in Nom of the lower
sequence. The question whether metric completion commutes with «a equivalence now
becomes an instance of a more general question. Given an w-sequence of surjections
X, — Y, in Nom, can the limit lim Y,, in Nom be represented by a surjection P — U limY,,,
where P is defined to be the pullback ()7 A careful analysis of this situation is carried
out in Section In particular, the notions of safe squares, safe maps and of the bound
variables relative to a map are introduced and it is shown that P — UlimY,, is onto if all
vertical maps and squares in the chain are safe. We also explore the relationship between
safe maps and maps with orbit-finite fibres.

As applications, we give a general definition of substitution on the final coalgebra coming
from a binding signature. We also give corecursive definitions of various notions of infinite
normal form (Béhm, Lévy-Longo and Berarducci trees) on a-equivalence classes of terms.
We also show a solution, suggested to us by Pitts, of how to treat infinitely many free
variables in nominal sets.

2. PRELIMINARIES ON ALGEBRA AND COALGEBRA

Finite data types, or algebraic data types, can be studied as initial algebras for functors
on different categories. Consider an endofunctor F' on a category C and an object X of C.
An F-algebra (X, «) with carrier X is a C-morphism a : FX — X. Given two F-algebras
(X,a) and (Y, 8) an F-algebra morphism is an arrow f : X — Y such that foa = o Ff.
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The F-algebras thus form a category. One can prove the existence of an initial object in
this category under certain assumptions on the completeness of C and on the “size” of the
functor F. Assume that C has limits and colimits. Then we can consider the following
sequence, starting from the initial C-object 0.

| | 2)
0 Fo 12 2o £, F¥0 (2.1)

Above ! : 0 — F0 is the unique map from the initial object 0 to F0. When we reach a limit
ordinal a we define F'*0 as colimg<,f" $0. The colimit of this sequence, when it exists, is
the carrier of the initial F-coalgebra. Notice that for each ordinal ¢ we have a canonical
map from F*0 into the initial algebra. For example, if F' preserves colimits of w-chains,
then the initial F-algebra is F“0.

Colimits of w-chains are an example of a well studied class of colimits, namely filtered
colimits [AR94]. Recall that a filtered colimit is a colimit of a diagram J : D — C where D
is a category such that any finite diagram in D has a cocone. Functors that preserve filtered
colimits are called finitary. Finitary functors have an initial algebra and the computation
of the colimit of the initial chain stops after w steps.

Infinitary data types, or coalgebraic data types, are understood as final coalgebras for
suitable functors. An F-coalgebra (X, &) is defined as an arrow £ : X — FX. A coalgebra
morphism between (X, ¢) and (Y, () is a C-morphism f : X — Y such that F'/fo{ = (o f.
Similarly to the initial algebra situation, we can consider the final sequence

| |
1t F1 e p2y F1 (2.2)

where 1 is the final C-object and ! is the unique arrow from F'1 to 1. For limit ordinals we
compute the limit of the diagram constructed previously. The limit of the final sequence,
if it exists, is the carrier of the final coalgebra. Therefore, functors that preserve limits of
w®P-chains, sometimes called continuous, have a final coalgebra whose carrier is F“1. We
also have canonical maps from the final coalgebra to each F*1 for all ordinals ¢.

The metric completion of F“0 is given by F“1, see Barr [Bar99, Proposition 3.1]. In
more detail, if F'is an endofunctor on Set and F'0 is nonempty, then one can equip the set
F“1 with a metric and prove that it is the metric completion of the initial algebra F*0. The
metric on F*1 is obtained using the projections p, : F¥1 — F™1. Explicitly, for ¢, € F“1
we put d(t,t') = 2~ max{n| pnt=pat'}

3. PRELIMINARIES ON INFINITARY LAMBDA CALCULUS

3.1. Infinitary Terms as a Final Coalgebra. We assume familiarity with basic notions
and notations of the finite A-calculus [Bar84]. The set A of finite A-terms is defined by
induction from the grammar:

M:=z|(Az.M) | (MM) (3.1)
where = ranges over a given set V' of variables.
First we explain how the set A of finite and infinite A-terms can be constructed as the

metric completion of the set A of finite A-terms. Then we will briefly recall some notions
and facts of infinitary A-calculus [KKSdV97, [KAV03|. The notion of a-equivalence will be

given in Definition and
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The idea of putting a metric on a set of terms goes at least back to Arnold and Ni-
vat [AN8(]. To do so we define truncations.

Definition 3.1 (Truncation). The truncation of a term M € A at depth n € N is defined
by induction on n:

MY =«

x ifM=xecV (3.2)
M™M= ¢ Az N if M = \z.N
N"P"™ 4fM=NP
where * is any constant not appearing in the syntax of the A-calculus, for example ().

Definition 3.2 (Metric). We define a metric d : A x A — [0, 1] by
d(M,N) =27, (3.3)
where m = sup{n € N | M"™ = N"} and we use the convention 27> = 0.

In fact, (A,d) is an ultrametric space, since for all M, N, P € A we have d(M,N) <
max{d(M, P),d(P, N)}, as one can easily check.

The set A® of finite and infinite A-terms is now defined as the metric completion of
the set A of finite terms with respect to the metric d. Alternatively, A° can be defined by
interpreting as a coinductive definition. The fact that both definitions coincide is a
consequence of Barr’s theorem on final coalgebras for bicontinuous Set endofunctors.

Indeed, interpreting coinductively amounts to taking as A-terms the elements of
the final coalgebra for the Set-endofunctor

LX=V+VxX+XxX (3.4)

Notice that the set A of finite A-terms constitutes the initial algebra for L. A closer look
at the proof of Barr [Bar99, Theorem 3.2 and Proposition 3.1] shows now that the metric
d on A of Definition [3.2] coincides with the metric induced by the final coalgebra. Hence,
by [Bar99, Proposition 3.1], the completion of the initial L-algebra A in the metric d is the
final L-coalgebra.

To summarise, the final L-coalgebra (A*°, unfold : A*° — L(A*)) is the Cauchy com-
pletion of A and we have a dense inclusion map ¢ : A — A®°. It is well-known that the
structure map of the final coalgebra unfold : A — L(A®°) is an isomorphism, hence the
set L(A®°) can be equipped with a complete metric. The map unfold : A — L(A®) is the
unique uniformly continuous map from A*> to L(A*) making diagram commutative:

A—= L(A) (3.5)
" LL()
A>® —— L(A>)
unfold
Having defined the set A of finite and infinite A-terms we now extend the usual
syntactic conventions for finite A-calculus to infinitary A-calculus. Terms and variables will
respectively be written with (super- and subscripted) letters M, N and z,y, z. Terms of the
form (M;Ms) and (Az.M) will respectively be called applications and abstractions.
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The truncation of an infinite term M € A°® at depth n is defined just as in Definition 3.1
by induction on n. Observe that (M™),cn is a Cauchy sequence in (A°, d) that converges
to M.

The set of free and bound variables of a finite term M is defined as usual and denoted
by fv(M) and bv(M) respectively. We extend fv(M),bv(M) to infinitary terms M € A
using truncations as below. Also, var(M) = fv(M) U bv(M).

fV(M) = UnGN fV(Mn) bV(M) = UnEN bV(Mn)

We define B-reduction on A* and denote it as —g in the usual way: the smallest
relation that contains (Az.P)Q —3 Plz := @] and is closed under contexts. The reflexive
and transitive closure of — 3 is denoted by —#g. For the definition of —% 3 that assumes a
sequence of reduction steps of any ordinal length, see for instance [KKSdV95|]. Terms of
the form (Az.P)Q are called redexes. Normal forms are terms without redexes and hence
cannot be changed by further computation.

The definition of infinitary A-calculus is completed by adding 1 -reduction, denoted by
— 1 : the smallest relation closed under context that contains M — | 1 for M belonging to
some fixed set U of meaningless terms. If and only if the set U satisfies certain properties,

the resulting infinitary calculus is confluent and normalising, in which case each term has
a unique normal form [KKSdV97, [KdV03].

3.2. Computing the Infinite Normal Forms using Corecursion. The normal form
of a A-term can be thought to represent its meaning, the maximal amount of information
embodied in the term, stable in the sense that it cannot be changed by further computation.
Note that this concept of meaning depends on the chosen set U of meaningless terms for
which there is ample, uncountable choice [SAV11].

For concrete sets of meaningless terms an alternative, “informal” corecursive definition
of the normal form of a term in the corresponding infinitary A-calculus can sometimes be
given. Three of them are well known.

In his book [Bar84], Barendregt argued that the terms without head normal forms
should be considered as meaningless terms. Any finite A-term is either a head normal
form (hnf), that is, a term of the form Azy ... Az,.2Ny... Ny, or it is a term of the form
Azt .. AZy (Ay.P)Q)N1 ... Ny, where the redex (Ay.P)Q is called the head redex. Starting
with a term M that is not in hnf one can repeatedly contract the head redex. Either this will
go on forever or terminate with a hnf, which represents part of the information embodied
in a term. In the latter case one can repeat this process on the subterms N; to try to
compute more information. This idea led Barendregt to his elegant “informal” definition of
the Bohm tree BT (M) of a term M, that we now recognise as a corecursive definition.

Az ... Az, yBT (M) ... BT(M,,)
BT(M) = if M =g Axy ... Axp.yMy ... My, (3.6)
L otherwise
The image of BT is denoted as BT and can be explicitly defined as follows.

Definition 3.3 (Set of Bohm trees). The set BT of Bohm trees can be defined as the maxi-
mal set that satisfies that whenever M € BT theneither M = L or M = Axq...xp.yMy... M,
where My, ..., M, € BT for some n,k > 0.
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Clearly, BT C A*°.

Taking for U the set of terms without hnf, one can show using the confluence prop-
erty that the normal forms of the corresponding infinitary A-calculus satisfy the equations
in . That is, the Bohm tree of a term M is the normal form of M in the infinitary
A-calculus that equates all terms without head normal form with L [Bar84 [KKSdV97].

Alternatively, as Abramsky has forcefully argued in [Abr90], one can take the set of
terms without weak head normal form (whnf) as set of meaningless terms. Any finite A-term
is either a weak head normal form, that is, a term of either of the two forms xMj ... M,,,
or Az.N, or it is a term of the form ((\y.P)Q)M; ... M,, where the redex (Ay.P)Q is called
the weak head redex. In perfect analogy with before, starting with a term M that is not
in whnf one can repeatedly contract the weak head redex. Either this will go on forever or
terminate with a whnf. In the latter case one can repeat this process on the subterms M; of
the tail of the whnf or on the subterm N of its body to try to compute more information.
This describes a lazy computation strategy, that postpones reduction under abstractions as
much as possible.

The normal forms of the corresponding infinitary A-calculus that equates all terms
without weak head normal form with L satisfy the equations that define the Lévy-
Longo tree LLT (M) of a term M corecursively [Lon83l Lév76l [AO93| [KKSdVI7].

yLLT(My)... LLT(M,,) if M —»5 yMy ... M,
LLT(M)=1{ \e.LLT(N) if M =5 \v.N (3.7)
1 otherwise
The image of LLT is denoted as LLT and can be explicitly defined as follows.

Definition 3.4 (Set of Lévy-Longo trees). The set LLT of Lévy-Longo trees can be defined
as the maximal set that satisfies that whenever M € LLT then M has one of the following
shapes:

(1) either M = L, or

(2) M = Ax.N for some N € LLT, or

(3) M =yMy ... M, for some My,...,M, € LLT.

The least set of meaningless terms that gives rise to a confluent and normalising infini-
tary A-calculus is the set of terms without a top normal form. Here a term M is a top normal
form (tnf) if it is either a variable, an abstraction or an application of the form M;jM; in
which M is a zero term, i.e. a term that cannot reduce to an abstraction. The well-known
term Q = (Az.xzx)(Az.zz) has no tnf. The normal forms of this calculus can alternatively
be characterised by the corecursive definition of the Berarducci tree [Ber96, KKSdV97]
BeT' (M) of a term M:

T if M —»gx
Ax.BeT(N) if M —»5 Ax.N

BeT (M) =
BeT(P)BeT(Q) if M —»3 NP and N is a zero term

(3.8)

1 otherwise

The image of BeT is denoted as Be7 and can be explicitly defined as follows.
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Term Bohm tree Lévy-Longo tree | Berarducci tree
M BT(M) LLT(M) BeT (M)
fix(\yz.zy) | Aey.21(Aze.xa(...)) | Arr.x1(Azo.z2(...)) | Ax1.21(Ax2.22(...))

Az L Ax. L Ax. L
fix (Azy.x) 1 AT A T2 T3 . .. AT1AT2AZ3 . . .
QO 1 1L 11
fix(Ay.yx) 1 1 (((...)z)x)x)

Figure 1: Examples of Bohm, Lévy-Longo and Berarducci trees

Definition 3.5 (Set of Berarducci trees). The set BeT of Berarducci trees can be defined
as the maximal set that satisfies that whenever M € BeT then M has one of the following
shapes:

(1) M = Ax.N for some N € BeT, or

(2) M =yM ... M, for some My,...,M, € BeT, or
(3) M = LM ...M, for some Mj,..., M, € BeT, or
(4) M = ((...)My)M; for some (M;);>1 such that M; € BeT for all i > 1.

Some examples of trees are shown in Figure

It is possible to formalise — using corecursion via the final L-coalgebra, pro-
vided we give concrete reduction strategies to compute the various forms used in the defini-
tions. However, in order to take into account a-equivalence, we will prove an a-corecursion
principle based on nominal sets.

4. PRELIMINARIES ON NOMINAL SETS

We recall basic facts on nominal sets [GP01]. Consider a countable infinite set V of ‘vari-
ables’ (or ‘atoms’ or ‘names’) and the group &(V) of permutations on V generated by
transpositions, which are permutations of the form (x y) that swap = and y. Consider a set
X equipped with an action of the group &(V), denoted by - : §(V) x X — X. We say that
u € X is supported by a set S CV when for all 7 € &(V) such that n(x) =z for all x € §
we have 7 - u = u. We say that v € X is finitely supported if there exists a finite S C V
which supports u.

Definition 4.1 (Nominal set). A nominal set (X, -) is set X equipped with a &(V)-action
such that all elements of X are finitely supported. Given nominal sets (X,-) and (Y,-), a
map f: X — Y is called equivariant when f(7-u) =7 - f(u) for all 7 € §(V) and u € X.
The category of nominal sets and equivariant maps is denoted by Nom.

A crucial property of nominal sets is that each element of a nominal set has a least finite
support, see [GP01]. Indeed, if two finite sets S; and Sy support u, then their intersection
also supports u.
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Notation 4.2 (Support and freshness). The smallest finite support of u is denoted by
supp(u). Ifx € V\supp(u) we say that x is fresh foru, and write x#u. More generally, given
two nominal sets (X,-) and (Y,-), u € X andv € Y, we write u#v for supp(u)Nsupp(v) = 0.
Given S, T CV, we write S#u for supp(u) NS = 0. We also write S#T for SNT = (.

An important property of supp is that for every equivariant f : X — Y and v € X, we
have supp(f(u)) C supp(u).

Example 4.3. The set of names V equipped with the evaluation action given by -z = 7(x)
is a nominal set.

Example 4.4. The finite subsets of atoms Pg, (V) form a nominal set with the pointwise
action 7 - X = {m(u) | u € X} for all X € Pg, (V).

Example 4.5. The set A of finite A-terms with the action - : §(V) x A — A inductively
defined by

m-x = w(x)
= Ar(z).(m- M) (4.1)
= ((m-M)(m - N))

is a nominal set. In this example we do not take into account a-equivalence, so the support
of a A-term M is the set of all variables occurring either bound or free in M.

Given a &(V)-action - on a set X, let X¢ denote the set
Xis = {u € X | u is finitely supported}. (4.2)
Then - restricts to a &(V)-action on X¢s and (X, -) is a nominal set.
Example 4.6. The set A* of finite and infinite A-terms can be equipped with the action
: G(V) x A — A defined coinductively by (4.1)). Alternatively, - (—) can be defined

using the universal property of the metric completion, as the unique map that extends

7i>) A — A®. Observe that (7 - M)" = w- M™ for all M € A> and n € N. Notice that

(A®°,-) is not a nominal set since the set of variables in a term, and hence its support, can
be infinite. But ((A*°), ) is a nominal set and supp(M) = var(M) for all M € (A™).

Definition 4.7 (Abstraction). Let (X, -) be a nominal set. One defines ~, on V x X by

(z1,u1) ~a (T2,u2) & (3 24 (21, U1, 22, u2)) (21 2) - up = (2 2) - Uy (4.3)

The ~q-equivalence class of (z,u) is denoted by (x)u. The abstraction [V]X of the nominal
set X is the quotient (V x X)/~,. The &(V)-action on [V]|X is defined by

T {x)u = (7 - )7 - u. (4.4)
Given equivariant f : (X,-) — (Y] ), we define [V]f : [V]X — [V]Y by
(x)u — (x) f(u). (4.5)

Definition 4.8. [Concretion] Let (X, -) be a nominal set. Concretion is the partial function
Q: [V]X xV — X with (y)u@Qz, the ‘concretion of (y)u at z’, defined as (y)u@Qz = (z y) - u
if z € V\ supp((y)u).

Notice that y#(y)u and ((y)u)@Qy = u. Moreover, concretion is equivariant. If z#(y)u then
mez#(m-y)m-uwand - ((y)uQz) = ((7-y)7 - u)Qr - 2.
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Definition 4.9. [Internal hom] Given two nominal sets (X,-) and (Y,-), we define the
internal hom [X, Y] as the nominal set of all functions f : X — Y that are finitely supported
with respect to the action

(- f)w) =7 f(x~" ).

Limits and colimits in Nom. Further, we recall some general results form [Pit03] that will
be necessary in the rest of the paper. The category Nom is complete and cocomplete. The
forgetful functor to Set creates finite products and all colimits. For example, the product
of two nominal sets (X,-) and (Y,-) is (X x Y,-) where

- (u,v) = (7 u,m-v).

Arbitrary products in Nom are computed differently than in Set. Given a family of nominal
sets (X, i)ier, we can equip the set of all tuples {(u;)iesr | w; € X;} with the pointwise
action given by
7 (ui)ier = (7 u;)ier- (4.6)
This is a &(V)-action, but some tuples may not be finitely supported. The product of
(Xi,i)ier in Nom is the nominal set ([] (Xj,-;))g of tuples of the form (u;);cr that are
el

1€
finitely supported with respect to the action of (4.6]).
The colimit of an w®-chain in Nom

X S X g ,
is the nominal set of finitely supported tuples (ui,us,...) such that for all i € w we have
u; € X; and fir1(uip1) = wi.
The initial object of Nom is the empty nominal set with the trivial action. In Nom, all
monomorphisms are strong and are precisely the injective equivariant maps.

Categorical properties of Nom. The category Nom is locally finitely presentable, see
[AR94]. This means that Nom is a cocomplete category and each nominal set can be
obtained as a colimit of finitely presentable objects. An object X in a category C is called
finitely presentable when the hom functor C(X, —) preserves filtered colimits. For example
the finitely presentable sets are the finite ones. A locally small category C is called finitely
presentable when it is cocomplete and it has a small set A of finitely presentable objects,
such that any object in C is a filtered colimit of objects in A.

We describe next the finitely presentable objects in Nom. First we need to define the
notion of orbit.

Definition 4.10 (Orbit). Consider a nominal set (X,-) and z,y € X. We say that x and
y are orbit equivalent when there exists m € &(V) such that 7 -2 = y. An orbit O C X is
an equivalence class with respect to this equivalence relation.

Remark 4.11. Let O denote an orbit in a nominal set and consider z € O. Then O =

{m-z|me&V)}.
A proof of the following proposition is in [Pet12), Proposition 2.3.7].

Proposition 4.12. A nominal set (X, -) is finitely presentable in Nom if and only if it has
finitely many orbits.
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Observe that a nominal set is the disjoint union of its orbits, and hence the directed
union of all its nominal subsets with finitely many orbits.

Properties of the abstraction functor. The abstraction functor [V](—) : Nom — Nom
preserves all limits and colimits, see [Pit11]. The remainder of this section is only needed
in the proof of Lemma [5.57}

Proposition 4.13. The right adjoint of the functor [V]— : Nom — Nom is finitary.

Proof. By |Pit1l, Theorem 3.12] we know that [V]— has a right adjoint R : Nom — Nom
defined by
RX ={g e[V, X]| (Ve € V)zi#tg(x)}.

Above, [V, X] is the nominal set of finitely supported maps from V to X, as in Defini-
tion It was observed in [Pit11] that R does not preserve colimits, the counterexample
being the coproduct of two nominal sets. However we can show that R preserves filtered
colimits. Consider a filtered diagram D and a functor J : D — Nom. In order to prove
that RcolimgepJd ~ colimgepRJ(d) it is enough to show that each finitely supported map
gV — colimgepJd such that for all z € V we have z#g(z) factors through a Jd for some
deD

1% (4.7)

| X‘
gd|
Yooy
Jd —— colimgepJd

and the map g, is finitely supported and for all x € V we have z#g¢4(z). Let S denote the
finite support of g and let ¢ ¢ S. There exists dy € D such that g(xz¢) = [yo] for some
yo € Jdo. We used square brackets here to denote the equivalence classes needed in the
computation of filtered colimits. For all x ¢ S we have that g(z) = (o =) - g(z¢), thus
g(x) = [(x zo) - yo|. Notice that S = {z1,...,x,} is a finite set and for each z; there exists
d; € D such that g(z;) = [y;] for some y; € Jd;. We can assume without loss of generality
that for all 0 < i < n we have supp(y;) = supp([yi]), see [Pet12, Proposition 2.3.7]. Therefore
we have x;#y;. Since D is filtered, there exists d € D and and arrows u; : d; — d in D for
all 0 <i <n. We define g4 : V — Jd by

(x x0) -uo(yo) ifxegs
ga(z) = , , (4.8)
w;i(ys) fe=xforl<i<n

We have that z#g4(z) for all z € V (because the maps u; are equivariant and thus can only
shrink the support of the elements). We can show that g4 is finitely supported. To this
end, assume that 7 is any permutation that fixes all the names in the finite set S U {xg} U
supp(yo) U ... Usupp(yyn). Then we will show that 7 - g4(x) = ggq(m - x) for all z € V. We
distinguish two cases. First, if z = x; for some 1 < i < n we have that 7 - g4(x;) = ga(z;)
because 7 fixes all the elements in supp(y;). Since 7 fixes all elements in S we also have
that 7 - z; = x;, thus g4(7 - ;) = ga(z;). Second, if z & S then 7 -z ¢ S. Therefore we
have to check that m o (z z) - yo = (w(z) xo) - yo. This follows because 7 o (x zp) and
(m(z) xo) are equal when restricted to supp(yp), as one can easily check using that zo#yo
and m#supp(yo). Thus g4 € [V, Jd| makes diagram commutative and z#gy(z) for all
x € V. Therefore R preserves filtered colimits. []
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Lemma 4.14. The functor [V]— : Nom — Nom preserves finitely presentable objects.

Proof. This is immediate by the previous lemma. Let X be a finitely presentable nominal
set and let colimY; be a filtered colimit. Then

Nom([V]X,colimY;) =~ Nom(X, RcolimY;)
Nom(X, colimRY};)
colimNom(X, RY;)
~ colim([V]X,Y;).
This shows that [V]X is finitely presentable. 0

5. ALPHA CORECURSION PRINCIPLE FOR NOMINAL COALGEBRAIC DATA TYPES

In this section we introduce nominal coalgebraic data types as a means of studying infinitary
data up to a-equivalence. In Section [5.1] we describe final coalgebras of certain Nom-
endofunctors. We apply this result for functors arising from signatures with binding. We
prove that the set of equivalence classes of infinitary terms with finitely many free variables
is the final coalgebra of a Nom-functor. Our running example is the infinitary A-calculus,
and indeed the results of [KPSdV12] is a particular instance of the main theorems in this
section.

5.1. Final Coalgebras of Nom Functors. In this section we describe the final coalgebras
for certain endofunctors on Nom. It is well known that an endofunctor that preserves
limits of w°P-chains has a final coalgebra which is computed as the limit of the final chain.
Similarly, endofunctors that preserve colimits of w-chains have an initial algebra obtained
as the colimits of the initial sequence. We will generalise Barr’s theorem [Bar99] relating
final coalgebras and initial algebras to functors on nominal sets. To this end we need to
introduce nominal (complete) metric spaces.

Definition 5.1 (Nominal metric space). A nominal metric space is a tuple (X, -, d) such
that (X, -) is a nominal set and d : X x X — [0, 1] is an equivariant metric when the interval
[0, 1] is equipped with the trivial action.

Definition 5.2 (Finitely supported Cauchy sequence). A finitely supported Cauchy se-
quence in a nominal metric space is a Cauchy sequence (x,)n>1 such that there exists a
finite set of variables S C V that supports all elements z,,. A nominal metric space is
complete when every finitely supported Cauchy sequence converges.

Remark 5.3 (Nominal Completion). Given a nominal metric space (X, -, d) one can con-
struct its nominal completion (X,-,d) by adding the limits of all the finitely supported
Cauchy sequences. This construction has the following universal property. For any com-
plete metric space (Y, -, e) and any equivariant uniformly continuous function f : X — Y
there exists a unique equivariant uniformly continuous map f : X — Y extending f. The
proofs are straightforward.
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In what follows, Theorem and Theorem [5.5] show that the final coalgebra of certain
Nom-functors can be regarded as a nominal metric space and is the nominal completion
of the initial algebra. Theorem is an instance of Addamek’s generalisation of Barr’s
theorem from [Ad403]. The fact that T"is the nominal Cauchy completion of I is equivalent
to hom(B, T) being the Cauchy completion of hom(B, 1) for any finitely presentable objects
B € Nom. Nevertheless, we opted to sketch a direct proof below, not only for the sake of
completeness, but also because we can work directly with metrics on the initial algebra and
final coalgebra, paying attention to some extra conditions regarding equivariance and finite
support. Moreover, a careful inspection of the proof allows us to prove a small variation
of this result, see Theorem One crucial hypothesis in [Add03] is that the functor at
issue, say F, has the property that FO has an element, where 0 is the initial element in the
category. By this, it is meant that a morphism s : 1 — FO exists. However in the topos of
nominal sets, the axiom of choice doesn’t hold. So the fact that FO # 0 is not equivalent
to the existence of a Nom-morphism s : 1 — F0. As an example consider the functor L,
of where we can apply Theorem but not Theorem

We first formulate Theorem following [Ad403] in assuming that F preserves limits
of w-chains, monomorphisms and a morphism s : 1 — F0 exists. Note that we do not
assume that F preserves colimits of w-chains. The existence of the final coalgebra gives a
size constraint on the functor F that ensures also the existence of the initial algebra.

However, in Theorem [5.5] we will see that a variation of Theorem [5.4] in which we only
assume that FO £ 0 holds provided that F can be extended to finitely-supported maps.

Theorem 5.4. Let F : Nom — Nom be a functor that preserves limits of w°P-chains and
monomorphisms and such that a morphism s : 1 — FO exists. Then F has a final coalgebra
T and an initial algebra |, both of which be equipped with equivariant metrics. Moreover the
final coalgebra is the nominal completion of the initial algebra.

Proof. (1) Ezistence of final F-coalgebra and initial F-algebra. Since it preserves limits
of w°-chains, the functor F has a final coalgebra which can be computed as the
limit of the w®P-chain

| | 2)
L Fre e U T (5.1)

Since Nom is locally finitely presentable and F' preserves monomorphisms we
have that the initial F-algebra exists and is a subobject of T. For full details and
the general proof see [Ada03, Proposition 3.4]. The idea is to prove by transfinite
induction that for every ordinal i we have a monomorphism u; : F‘0 — F’1. For
example for finite ordinals we put u; = F?(u) where u : 0 — 1 is the unique morphism
into the final nominal set. Using the fact that Nom is well powered we obtain that
the initial sequence converges to the initial F-algebra, denoted by |. Moreover since
for all ¢+ > w we have F*'1 =2 F¥1 2 T there exists a monomorphism v : | — T.

0 FO F20 . F“0 . F40 = | (5.2)
r
lu ful fUQ fuw \[UL v
~ 4
1 F1 F21 F1 «—— ... F‘1 = T
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(2) Equivariant metrics on T and |. First we define a metric on T. Let p, : T — F"1
denote the projections of the limit in (5.1)). Put

d(x,y) = 2 merin | pae=pny} (5.3)

with the convention that 27 = 0. Considering the interval [0, 1] as a nominal set
with the trivial action the map d: T x T — [0, 1] becomes equivariant. This follows
easily since each p, is equivariant.

(3) T is a nominal complete metric space. Next we show that (T,d) is a nominal
complete metric space. Consider a finitely supported Cauchy sequence (x,), C T.
This implies that there exists a finite set S C V that supports all x,,. Without loss
of generality we may assume that for every n we have d(x,, x,11) < 27". Therefore,
we have that p,z, = pna,41 for all n, or equivalently, p,z, = F"!(pn+1Zn+1). Since
for all n we have supp(x,,) C S and p,, is equivariant, it follows that supp(ppx,) C S
for all n. The existence of such a common support is essential, recall how limits
of w-chains are computed in Nom. It follows that there exists an element z € T
corresponding to the tuple (p,z,),. We thus have that p,x = p,x, for all n and
this proves that z is a limit of (z,), with respect to the metric d.

(4) T is the nominal completion of 1. Since | contains F¥0, see it is enough to prove
that any element « € T can be written as the limit of a Cauchy sequence of elements
in F¥0.

Next we use the existence of a morphism s : 1 — FO. Notice that there exists
a unique (finitely supported) map into 1, therefore we have that lu;s = id;. We
define z,, € F¥0 as the image under the inclusion F**10 — F“0 of F"s(p,z). Notice
that the support of x,, is included in the support of x for all natural numbers n. It
is easy to check that ppu,x, = ppz, thus d(u,z,,z) < 27". Therefore the sequence
(zn)n is a finitely supported Cauchy sequence whose limit is x. ]

In order to relax the assumption that the map s : 1 — FO is equivariant we need to
require the functor F to be Nom-enriched. This means that for any two nominal sets X and
Y we have an equivariant map Fxy : [X,Y] — [FX, FY] which behaves well with respect to
composition [Kel82], where [X, Y] denotes the internal hom in the cartesian closed category
Nom, and consists of the finitely supported maps from X to Y, see Definition |4.9

Theorem 5.5. Let F : Nom — Nom be a functor that preserves limits of w°P-chains and
monomorphisms and such that FO # 0. Assume further that the functor F is Nom-enriched.
Then F has a final coalgebra T and an initial algebra |, both of which be equipped with
equivariant metrics. Moreover the final coalgebra is the nominal completion of the initial
algebra.

Proof. Notice that in Nom the fact that FO #£ 0 is equivalent to the existence of a finitely
supported map s : 1 — FO. Thus, if F can be extended to finitely supported maps, the
proof follows the same lines as Theorem with a small difference. The maps F"s are
finitely-supported rather than equivariant. Since F is Nom-enriched the support of F"s is
included in the support of s for any finitely supported map s. Therefore the support of the
Cauchy sequence (x,, )y is included in the support of x union the support of the map s. [

As a side observation, notice that F being an enriched Nom-functor with respect to the
cartesian symmetric monoidal structure of Nom is equivalent to the existence of a strength,
a notion that we will also use in Section
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One can easily show that functors obtained from the grammar (5.4) below have the
properties required in Theorems [5.4] and

Proposition 5.6. Endofunctors on Nom obtained from the grammar

Fu=VI|K|W|[[F|IFxF|VF (5.4)

preserve monomorphisms and limits of w°P-chains and are Nom-enriched. Above K de-
notes a constant functor, [[ F denotes at most countable coproducts, while [V]F denotes
precomposition with the abstraction functor introduced in Definition [{.7]

Proof. It is immediate that the constant functors ¥V and K, the identity functor Id preserve
all limits. Countable coproducts commute in Nom with limits of w®-chains and preserve
monomorphisms. Countable products commute in Nom with all limits. Finally, the abstrac-
tion functor [V]— : Nom — Nom is a right adjoint, see [Pitlll Theorem 4.11]. Therefore
[V]— preserves all limits, in particular limits of w°-chains and monos. The fact that [V]—
is Nom-enriched follows from [Pitlll Lemma 4.10]. The functors obtained from products
and coproducts can be easily proved to be Nom-enriched, see [Kel82]. L]

As a corollary, we can apply Theorem to any endofunctor of the form with the
additional property that a Nom-morphism s: 1 — F0 exists.

Similarly we can apply Theorem to any functor of the form with finite coprod-
ucts only and with the additional property that FO # 0. Note that the class of functors
with the latter property is not closed under countable products.

Example 5.7. Consider the functors F,, : Nom — Nom defined by F,(X) = P,(V) + X
where P, (V) is the nominal set of subsets of variables of cardinality n with the pointwise
action. Observe that for every n we have F,,0 # 0, but [[ F,0 = 0.

n<w

5.2. Nominal Algebraic Data Types for Binding Signatures. In this section we
will introduce binding signatures [FPT99b] and we will see how the set of finite raw terms,
respectively the set of a-equivalence classes of terms for a binding signature can be obtained
as initial algebras for Nom-functors. The results in this section are based on |[GP01l [Pit00,
Pit11].

Definition 5.8 (Terms coming from a binding signature). A binding signature is a pair
(X,ar) where X is a set of operations and ar : ¥ — N* specifies the binding arity of the
operations. The set of finite raw terms T, for a binding signature (X, ar) is defined by the
inductive rules

tleTE,...,tkETg

(zeV) (ar(op) =nq...nk) (5.5)
€Ty op((Z1)t1, ..., (Tk).tk) € Ty,
where in the second rule of (5.5) Z; denotes a list 7, . .. , ;" of of names of length n; where

n; > 0and 1 <i < k. If k=0, we write op() for representing constants. Note that (/5.5
defines raw terms, not quotiented by a-equivalence, but the intention here is to say that op
binds the names in the list T; in the scope given by the term ¢;.
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Example 5.9 (Lambda terms). The binding signature for A-calculus consists of two oper-
ations Abs (abstraction) and App (application) with respective arities
ar(Abs) =1
(5.6)
ar(App) = 0,0

The raw terms in this signature are the finite A-terms not quotiented by a-equivalence. For
example, Az.z is written as Abs((x)x) and (z y) as App(()x, ()y). Recall from that the
set of A-terms can be equipped with an action of the group &(V) and thus turned into a
nominal set.

We can define inductively a &(V)-action on raw terms for an arbitrary binding signature

m-x=m7(x ifxeV
(@) (5.7)
m-op((Z1).t1, . .., (Tk)-tk) = op({m - T1).-t1, ..., (7 - Tk).Lx)
where 7 acts pointwise on the lists x;, that is, if 7; = x7,.. S,z then 7 - T is the list
7-xy,...,m x,". Then we have that (T%,) is a nominal set. Notice that the support of a

term t € Ty, is then the set of all variables occurring in t.

Definition 5.10 (Free and bound variables). We can inductively define the set of free
variables in a term t € Tx:

fv(z) =z ifxeV
B - . . (5.8)
fv(op((T1)-t1, -, (T) k) = Uiz Fv(te) \ Ui i
The set of bound variables is defined similarly:
bv(z) =0 ifzey
(@) (5.9)

bv(op({F1).t1, .. ., (@e)-tr)) = Uiy bv(ts) UL, 73

For the binding signature in Example we obtain the usual definition of free and
bound variable in a A-term.

We will now proceed to define a-equivalence on finite raw terms for a binding signature.
We will use the fact that 7% is a nominal set. First let us recall the case of A-calculus.

On finite A-terms, a-equivalence can be defined inductively using the permutation action
-1 6(V) x A — A of Example see [GPO1].

Definition 5.11 (Alpha equivalence on A-terms). Let M, N, M’  N' € A. The relation =,
is the least equivalence relation closed under the rules:

M=,N M =,N

var
[L‘:ax( ) MM/ :a NN/ (app)
(:E Z) 'M:a (y Z) -N Z#($7y,MaN)
(abs)
Ax.M =, A\y.N

The relation =, is equivariant, that is, M =, N implies 7- M =, 7-N for all 7 € &(V).
Thus we obtain a nominal set (A/=,, ) where supp(M) = fv(M).
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Definition 5.12 (Alpha equivalence on terms coming from a binding signature). For an
arbitrary binding signature (X, ar), we can define a-equivalence on finite terms inductively:

(var)
T=q T

(T %) ti=a (Wi %) s €1,k for fresh z;
(op)

OP((TD)-t1, - (7)) —a OP((FT)-515 - - (TF)-55)

where each Z; is a list of distinct elements of length n; which are fresh for all the terms

involved. Also, by (7; z;) we mean the composition of transposition (z} z})... (" 2['").

The relation =, is equivariant, that is, ¢ =, s implies 7 - s =, 7 - s for all 7 € &(V).
Thus we obtain a nominal set (T% /=4, ). The equivalence class of a term ¢ € Ty, is denoted
by [t]o and we have that supp([t]a) = fv(t).

We can express the a-equivalence classes of terms in a binding signature as an initial
algebra for a Nom-functor. The next result allowed Gabbay and Pitts to formulate a-
structural induction and recursion principles, see [Pit11l, [(GP01, Pit06].

Theorem 5.13 (Nominal algebraic data types). The nominal set (Tx/=q,) of finite a-
equivalence classes of terms is the initial algebra for the functor F, : Nom — Nom given
by:

Fo X=V+ J[ M"Xx.. x[™X. (5.10)

opeX
ar(op)=nj...ng

On the other hand, the nominal set (7%, -) of finite raw terms is the initial algebra for
the functor F : Nom — Nom given by:

FX=v+ [ V"Xx..xy"X (5.11)

opeX
ar(op)=ni...ng

We can also obtain Ty as the initial algebra for a Set-functor. Indeed we define a

functor
F : Set — Set (5.12)

by the same formula as (5.11). The initial F-algebra is the set T%. Notice that F is an
extension of F' to nominal sets in the sense that the next diagram commutes.

Nom L Nom

UJ JU (5.13)

Set L Set

Remark 5.14. Notice that both functors F, and F are obtained from grammar (5.4)).

Example 5.15. Consider the binding signature for A-calculus of Example Then the
nominal set (A/=gq, ) is the initial algebra of the functor L, : Nom — Nom already men-
tioned in the introduction (|1.2]):

L X =V+VX+XxX
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while the raw A-terms for a nominal set which is the initial L-algebra for L : Nom — Nom
given by
LX=V+VxX+XxX.

An abstract account of a-equivalence. In the above example a-equivalence is the
kernel of the map A — A/=,. Using Definition we see that this map is induced at the
level of Nom-endofunctors by the natural transformation

Ox :VxX — [VIX (5.14)
defined by (z,u) — (x)u.

Consider an arbitrary F, : Nom — Nom obtained from grammar ([5.4)) or, equivalently,
from a binding signature . To F, we can associate a functor F : Nom — Nom in which
all occurrences of the abstraction functor [V]— are replaced by V x —. Therefore F is a

polynomial functor and the natural transformation ([5.14)) induces a natural transformation
q : F — F, given by the following inductive rules:

Fo =Id Fo=V Fo =K
F=I1d g=id F=V g=id F=K g¢=1id

Fo = [V]F, qd :F = F,
F=VxF g=00o(Vx{q)

(5.15)
Fo =F, xF/ qd:F —F, " F"—=F!
F—F = F" q=q xq"
Fo =11 (Fi)a g Fi— (Fi)a
F=TIF «¢=1la

Using the initial chain, this in turn gives a surjective map from the initial F-algebra
| = (Tx,-) to the initial F,-algebra |, = (T /=a, ). Indeed we have the following diagram

0 FO F20 . |
|
h—J&‘” l{—]&“ [ e (5.16)
0 Fal F20 . lo
where [7]((10) = idp and [*}(anﬂ) = QFno © F[—]&”). The horizontal arrows are defined as

in .

Since the functors F obtained from grammar ([5.4)) preserve surjections, we have that
all the maps [—]&n) are surjective. The compositions F"0 — F,0 — |, form a cocone, thus
using the universal property of the colimit | we obtain a unique map [—], : | — |, such that
diagram commutes. To show that [—], is surjective assume v,w : |, — B are two
equivariant maps such that v[—], = w[—]4. It follows that v and w equalize F"0 — F20 — I,

for all n. Using the universal property of |, it follows that v = w. Hence [—], is surjective.

Remark 5.16. We had to explain why the maps [—]&”) are surjections. In Set this follows

easily since all Set-functors preserve surjections (we just have to consider a right inverse).
In Nom we have equivariant surjective maps that do not have right inverses. E.g. the
unique map from V to the final nominal set {*} has no equivariant right inverse, because
the support of x is empty whereas all elements of V have non-empty support.
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Given a binding signature (X,ar) we described a-equivalence on finite terms in two
equivalent ways:
e syntactically, as in Definition [5.12
e semantically, via initial algebras, as in (5.16|).
While the latter presentation of a-equivalence may seem rather pedantic, the abstract
perspective sheds some light on the problems one has with defining a-equivalence and finding
representatives for a-equivalence classes in the infinitary case.

5.3. Problems with Alpha Equivalence in the Infinitary Case. To illustrate the
problems with a-equivalence in the infinitary case, let us first look at possible definitions
of a-equivalence for the infinitary A-calculus. We see that there are two possible ways of
defining a-equivalence classes and contrary to all expectations, they are not equivalent in
case of a countable set of variables V.

Recall that the set of raw infinitary A-terms A is the final coalgebra of the Set-functor
in . We define a-equivalence on the set A* using truncations. This definition is slightly
different from, though equivalent, to those used in [KKSdV95l [KKSdV97, KdV03].

Definition 5.17 (Alpha equivalence on infinitary lambda terms). We extend the notion of
a-conversion to the set A>° via

M =, N iff M™ =, N" for all n € N.
If M =4 N then M™ =, N". The notion of truncation can be extended via [M]} =
[M"]q to
A>/=,.
A second approach to define the set of a-equivalence classes of infinitary terms is to
consider the metric completion of the quotient A /=,.

Definition 5.18 (Metric on a-equivalence classes). We define d,, : A x A — [0,1] via
do(M,N)=2""T, (5.17)
where m = sup{n € N | M" =, N"} and we use the convention 27> = 0.
We have that d,, is a pseudometric on A and d,(M,N) = 0 if and only if M =, N.

Thus d, gives rise to a metric on A/=, denoted by abuse of notation also by d,. Observe
that d, extends to a pseudometric d° : A x A — [0, 1] also given by

do (M,N)=2"", (5.18)

where m = sup{n € N | M" =, N"} with the convention 27°° = 0. Then M =, N in the
sense of Definition if and only if d3°(M, N) = 0. Hence we obtain a metric, denoted
also by d3° on A>®/=,,.

We consider the metric completion of A/=, with respect to d, and denote it by

(A/=a)™.
Theorem 5.19. Let V be uncountable. Then we have that (A /=,,d>X) is isomorphic to
(A/=a)>
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We do not include the proof of this theorem, since in this paper we are only interested
in the case where V is countable. The idea of the proof is to show that (A>/=,,dS°) is a
complete metric space and then to use the universality property of the metric completion.
This argument fails when the set of variables is at most countable. Indeed, we can show
that for countable V the space (A*®°/=,,d>°) is not complete.

Example 5.20. Assume that V is countable, say V = {xg, x1, ...} and consider the sequence
([Men.zn(zo(. .. Tn—1))]a)n>1 in A /=,. This is a Cauchy sequence with respect to d3°, but
has no limit in A®°/=,. Indeed, assume towards a contradiction that the limit L exists.
On one hand we can prove that fv(L) = V, on the other hand L should be of the form
[Auu(zo(xy .. .))]o for some variable u. But this contradicts the fact that u is free in L.

The example shows that with a countable V the two possible definitions of infinitary
A-terms up to a-equivalence do not coincide. In other words, metric completion and quoti-
enting by « do not commute. We find the following formulation of this phenomenon useful
as well.

Remark 5.21. The canonical map
(ot A% = (A/=a)*
taking the a-equivalence class of an infinitary A-term is not surjective.

These problems of a-equivalence in the presence of countably many variables disappear
if we consider the set Af of infinitary terms with finitely many free variables.

Notation 5.22 (Restriction to finitely many free variables). Let X C A*°. Then AF, =
{M € A>® | fv(M) is finite }.

Remark 5.23. Note that A is different from the set (A%)s = ALY, defined in , of
A-terms with finitely many variables, bound or free. We do have that AT C AF, but the
inclusion is strict. Indeed, the following two terms belong to AZ but not to AL

® ogre = A\x1.\x2.\3. ..

e infbv = A\zg. Az 2021 (Az2. 202122 (AX3. 20T 1223(. . .))))
For ogre, we can find N € Ag® such that N =, ogre, e.g., N = Azr1.Ax1.Ax1 ..., whereas for
infbv this is not possible.

Remark 5.24. The equivalence relation =, (see Definition [5.17)) restricts to AF, but not
to AgY, as shown by ogre =, Az1.Axr1.Az1 ... where only the latter term is in AZ.

For all M,N € Af we have that M =, N implies 7 - M =, 7 - N. Hence we can
equip AF, /=, with a (V) action given by 7 [M], = [7 - M], and we can easily check that
(AF /=a, ) is a nominal set. Indeed, [M], € AZ /=4 is supported by the finite set fv(M).

The permutation action on A/=, can be extended to (A/=,)> as follows. For each
m € 6(V) we have that 7 - (=) : A/=4— A/=, is a uniformly continuous function with
respect to dy, thus can be extended to a uniformly continuous map on (A/=,)% using the
universal property of the metric completion:

A/:a (A/:a)oo

O
™) A= 7 (=)
™~
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Thus we have a nominal set ((A/=4)8,-). In [KPSdV12] we showed that this nominal
set is isomorphic to (Af/=q, -) and that they are the final coalgebra of the Nom-functor
Ly. Thus, for each a-equivalence class of infinitary terms with finitely many variables we
can find a representative. This means that we have a surjective map

[la AR = (A/=0)E (5.19)
whose kernel is the a-equivalence relation on Ag.
Remark 5.25. On the other hand, the restriction AL — (A/=4) to AL of (5.19) is not
surjective. For example the equivalence class of infbov € A is obtained as the limit of a
finitely supported (actually emptily supported) sequence:
[Azo.%]q
[Azox1.%]q

[/\1’0],‘1 '370*]04

and thus belongs to (A/=q)g. However, for the term infbv there is no NV € Ag® such that
N =, infbv.

To summarize, we have seen the following classes of A-terms

A A 0 AF AL
A /=, AR =a (5.20)

A= —— (A/=0)® — (A=a)E

with injections and surjections as indicated by the arrows. A and A/=, are initial algebras
for L and L, respectively. Similarly A and (A/=4)§ are the final coalgebras for the same
functors. But the coinductive situation is complicated by the fact that the canonical map

& = (A/=a) is not onto, that is, infinitary A-terms upto « equivalence do not arise by
quotienting, in Nom, the raw infinitary A-terms (which do allow only finitely many bound
variables). Instead of AZ’ we need to work with Ag, which is not a final coalgebra. Can

& be given a semantic characterisation? This is one of the topics of the next subsection.

5.4. Nominal Coalgebraic Data Types for Binding Signatures. The aim of this
section is to introduce nominal coalgebraic data types in their generality. We will generalise
the previous subsection to arbitrary binding signatures and give semantic characterisations
of all the vertices of . In particular, at the end of the section, we will have explained
the following diagram, which generalises (5.20]) (eliding the middle row of obtained
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by epi-mono factorisations).

T T > (Tt 2 (T2)ts

I A

Ts /=0 —— (T /=0)® +—— (Tn/=0a)f

Recall from Section the definition of Ty, and Tx/=,. Also recall that Ty and
Ts, /=4 are the initial algebras of Nom-endofunctors F, see (5.11)), and F,, see (5.10)), with

Ty, —» Tx,/=4 (being induced by a natural transformation F — F,) quotienting by «-
equivalence. Next, we define T%°.
Definition 5.26 (Infinitary terms coming from a binding signature). Consider a binding
signature (X, ar).

(1) The set of infinitary raw terms 7%° is defined coinductively by
t1 ETEO,...,tk ETEO

(xeV) (ar(op) =
00 — — p) =nNni... nk) (5.22)
zely op((T1).t1,- .., (Th) ty) € TS
(2) Truncation of raw terms at depth n is defined by induction on n:
v =«
(5.23)
gt T ift=xeV

op((T1).17, ..., (Tx)-ty)  if t = op((F1).ta, ..., (Tk)-tk)

where {*} is a terminal object in Nom.

(3) To define a-equivalence, let ¢ and s be two infinitary raw terms in 79°. We say
that ¢ =, s when the truncations at all depths are a-equivalent in the sense of
Definition that is, for all n we have t" =, s".

(4) The sets fv(t) and bv(t) of free and bound variables of an infinitary raw term ¢t € T9°
are defined as follows.

fu(t) = U, en V(1) bv(t) = U, en bV(t")
Remark 5.27. T3° is the final coalgebra for the Set-functor defined in (5.12)).
Definition 5.28. We denote by (T%/=,)> the metric completion of T% /=, with respect
to the metric d, given by
do([tlas [8]a) =27
where m = sup{n € N | t" =, s"}.
Notice that (T%/=4)% is equipped with a canonical permutation action, but it is not a

nominal set, since not all elements are finitely supported (namely those terms with infinitely
many free variables).

Remark 5.29. Going back to Section 2| and in the notation of (5.16), we have that
Ul = UF“0 = Ty, and Ul, = UFY0 = Ty, /=,. The completions 7%° and (7% /=4)> then can
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be obtained as limits of w°P-sequences:

1+—UFl+——UF%1 limUF"1 & TR°

l lU -8 iU -1 J[—]a (5.24)

1+——UFal «——UF21 —— ... «—— limUF21 = (T /=0)™

Moreover, the horizontal arrows in the diagram are precisely the truncations (with 1 = {x})
and the kernels of the vertical arrows capture the a-equivalence of Definition Since
all maps [—]((Xn) : F"1 — FJ1 are surjective, each element of F[)1 can be expressed as the

a-equivalence class of a raw term t € F"1. If [t], € F21 we have that supp([t]o) = fv(t).

The set lim UF1 = (Tx/=4)% appears to be a natural domain for infinitary terms up
to a-equivalence and it will reappear in Section [6.6] But it fails to have desirable properties.
Indeed, it is not a final coalgebra of a Set-functor in any obvious way, nor is it a nominal
set. Moreover the map [—]o : T° — (Tx/=q)™ is not surjective in general, as shown by
Example In the case of the infinitary A-calculus we solved this issue by restricting
our attention to terms with finitely many free variables [KPSdV12]. We do the same in the
case of a general binding signature.

Recalling from (4.2)) the notation (—), we now obtain from the rightmost edge of (5.24))
(T2%)is and  (Ts/=a) (5.25)

In the first case, we restrict to finitely many variables and in the second case to finitely many
free variables. More precisely, (Tx/=,)% consists of limits of Cauchy sequences ([t,]a)n of
a-equivalence classes of finite terms which altogether have only finitely many free variables,
that is, (Jfv(¢,) is finite. Similarly (7%°)ss consists of limits of Cauchy sequences (), of

n
finite terms which altogether have only finitely many variables.

Remark 5.30. According to Theorem we have that (T%°)s, respectively (Tx/=a)8,
can be taken to be the final F-coalgebra T, respectively the final F,-coalgebra T.

Just as in the case of the initial chains (see ), the natural transformation ¢ : F —
F. defined by induces a unique map T — T, from the final F-coalgebra to the final
F.-coalgebra. However, unlike in the initial algebra situation , the induced map [—|q
is not surjective in general, see Remark The aim of the remainder of this section is
to prove that, nevertheless, T, is the quotient by a-equivalence of the infinitary terms with
finitely many free variables for which we introduce the following notation.

Definition 5.31. Denote by
(T3 ) v (5.26)

the set of elements of Ty° having only finitely many free variables.

Notice that (T9°)s consists of limits of Cauchy sequences (), of finite terms which
altogether have only finitely many free variables. The definition above relies on the syntactic
notion of free variable. Proposition [5.33] shows that a semantic definition is possible. To
this end, we first give a semantic definition of the inclusion (Tx/=q)f—— (Txn/=4)® as
the map ¢ arising in (5.27)).
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Remark 5.32. As a final F-coalgebra, T induces a cone over the sequence (F"1),«, dual-
ising ((5.16|) This induces a unique map ¢ : UT — lim UF"1. In the same way, by finality of
Ta, one obtains ¢ : UT, = limUF21.

1 UF1 UF21 lmUF*1 « X UT
j l | Ho[ (+) jUHa (5.27)
1 UF,1 UF21 L. lim UF21+— UT,

Proposition 5.33. The set (I¥°)s, of infinitary raw terms with finitely many free variables
is the pullback of the maps to : UTo — UmUF21 and [—], : lim UF"1 — im UF21.

(Tgo)jf\,(—> lim UF"1
[_]al J[_]cx (5.28)

UTo —— limUF21

Proof. First we have to define the map [—|o : (T%°)i — UTq. Given t € (T%°)s, notice
that we can construct a finitely supported sequence in the sets F.1, by applying the map
n)

[—]((Jn) to the truncations at depth n of ¢. Indeed each [t”]((l is supported by the finite set
of free variables in t. We define [t], € T, to be the unique element whose projection in F21

is exactly [t”]&n) for all n. We can easily check that the square (5.28) commutes.
Consider a pair (¢,s) with ¢t € imUF"1 ~ T%° and s € UT, such that tq(s) = [t]a-

This implies that [t"],(ln) is equal to the projection of s into F.1, and thus the free variables
of each truncation t" are contained in the finite set that supports s. Therefore ¢ has finitely
many free variables, that is, t € (T3°)f, and s = [t]o. So (1%°)s, is indeed a pullback. []

To summarize, we can now give a semantic version of diagram ([5.21])

| ——— limUF™1 o P T

N

lo ——— imUF21 «— T,

with | and |, the initial algebras as well as T and T, the final (or terminal) coalgebras of
F and F,, and P being a pullback.
The commutativity of ((5.29) follows from the proof of the next theorem.

Theorem 5.34. Completing Tx, by Cauchy sequences (t,), such that Ufv(t,) is finite and
quotienting by a-equivalence commute. This means that

e the two equivalent diagrams below commute

U ——P Ty —— (TS0
| | o -1 530
Ul,——UT, Ty /=0 — (Ts/=a)§

semantic version syntactic version;
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o the map [—]o : P — UT, is surjective, or equivalently each element in (T /=q )¢
can be represented as an equivalence class of an infinitary raw term with finitely
many free variables.

Proof. The first bullet is easier to prove. We show that the semantic version of . It
is enough to show that diagram commutes. Since the square (x) in commutes
and P is the pullback of ¢, and [—], (by Proposition , it follows that the trapezoid-
shaped right hand side of commutes. It remains to show that the left hand side
square commutes:

| ——— limUF"1

|

lo = limUF}1

This follows from the uniqueness of the map from | to lim UF1 such that the following
diagram commutes in Set.

j FO F20
\: \Fl \I/:Ql a Iim UF™1 (5‘32)
VRN

1 Fal F21 . lim UF71

To improve readability we omitted writing the forgetful functor U : Nom — Set. Recall
that U preserves all colimits, but it does not preserve arbitrary limits. The back and
front vertical planes commute by (5.16) and (5.27). The top and bottom planes commute
by . Using induction and the naturality of ¢ : F — F, we can show that the vertical

squares ([5.33)) commute.

Fr0 —— F1

|

Fr0 — F21
A simple diagram chase shows that for all n,m we have that the composites
F'0 =1 — 1, = 1limUF,1 — F}'1
and
F'0 - | - limUF"1 — limUF;1 — F'1
are equal. Using the universal property of lim UF21 we derive that for all n we have
F'0 -1 — 1y = 1limUF,1 =F"0 = | = limUF"1 — lim UF}1.

By the universal property of the colimit | we get that the composites | — |, — lim UF}1
and | - im UF"1 — lim UF?1 are equal. We conclude that diagram ([5.29) commutes.
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The second part of the theorem, stating that the map P — UT,, in

1 UF1 UF?1 . limUF"1 +—— P
Lol | ] e
1+— UF,1 UF21 e ImUF1 +— UT,

is surjective can be proved by going back to the syntax as in [KPSdV12], just that this
time, due to generalising from A-calculus to binding signatures, the notation becomes even
heavier and quite unpleasant. Therefore, we will give a semantic proof in the next section,
so that surjectivity becomes a consequence of Theorem This, in turn, is a consequence
of a more general result Theorem about limits of sequences in nominal sets and will be
proved in the next section. ]

We state explicitly the most important consequence of the theorem as a corollary.

Corollary 5.35 (Nominal coalgebraic data types). The nominal set (1gS/=q,-) of a-
equivalence classes of infinitary terms with finitely many free variables is the final coalgebra
for the functor F, : Nom — Nom corresponding to a binding signature (X, ar):

Fo X=V+ J[ M"Xx.. x™X (5.35)
opeX
ar(op)=ni...nk

Remark 5.36. Let us point out that Diagram does not actually depend on the func-
tors F, F, arising from a binding signature and makes sense for any pair of Nom-endofunctors
F, F. and componentwise surjective natural transformation F — F, subject to some natural
conditions (which are satisfied bye functors that do arise from binding signatures), namely
that F preserves surjections and that both F,F, have initial algebras and final coalgebras.
Finally, we want the surjectivity of P — T, and we give next a semantic analysis of it in
the next subsection.

5.5. Presenting Limits in Nominal Sets. The motivation of this section is to give a
semantic proof of the fact that the final T,-coalgebra T /=, is the quotient by a-equivalence
of (T¥°)sfv, the infinitary terms with finitely many free variables. We move this proof into a
separate subsection because the semantic analysis depends leads certain facts on limits in
nominal sets and to a novel notion of ’bound variable relative to a map’ which may be of
independent interest.

5.5.1. Bound variables, safe maps, and safe squares.

In nominal sets, the syntax dependent notion of free variable is replaced by the seman-
tic concept of minimal finite support. What about bound variables? Consider [—], :
A — A/ =, and z(A\y.y) € A. Then the bound variables of x(Ay.y) can be computed as
supp(zAy.y) \ supp([zAy.yla) = {z,y} \ {z} = {y}. Of course, this calculation depends on
being able to assume that the bound variables and free variables of z(\y.y) do not overlap,
or, in the terminology of [KPSdV12], that z(A\y.y) is a-safe. The next definition gives a
semantic formulation of an element being safe wrt a map, which now does not need to be
a quotient by a-equivalence.
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Definition 5.37 (Safe element). Let f : X — Y be an equivariant function. We call u € X
f-safe when

[supp(w)| = max{ [supp(v)| | v € f~'(f(u))} (5.36)

Example 5.38 ([—],-Safe Terms). We consider the equivariant map [—], : A = A/ =,.
Then M is an [—]4-safe term if it has a maximal number of variables among all the repre-
sentatives of its a-equivalence class. The terms z(Ay.y) and A\z.xz(A\y.y) are [—],-safe but
z(Az.x) and Az.z(Ax.z) are not.

Remark 5.39 (a-safe Term). A term M € A is a-safe in the sense of [KPSdV12), Defini-
tion 19] if and only if M is [—]4-safe in the sense of Definition Intuitively, a A-term
M is a-safe when bv(M)Nfv(M) = () and M does not have two different \’s with the same
binding variable, i.e. if Ax and Ay occur in two different positions of M then = # y.

If a A\-term M is [—]n-safe then the set bv(M) of bound variables of M is equal to
var(M) \ fv(M) = supp(M) \ supp([M],). This motivates the following notation.

Notation 5.40. If f : X = Y is an equivariant map then we define
bv (1) = supp(u) \ supp(f(u)).
When no confusion may arise, we omit the subscript and write bv(u) instead of bvs(u).
Remark 5.41. Let f: X — Y be equivariant and u € X. Then supp(f(u)) C supp(u) and
|bvy(u)| = [supp(u)| — |supp(f(u))].
Lemma 5.42. Let f: X = Y be an equivariant map. Then u is f-safe if and only if
[bv s (u)| = max{ [bv(v)] | v € f7H(f(u))} (5.37)
Proof. Assume u is f-safe and consider v € Y such that f(v) = f(u). Then
[bvs(u)| = [supp(u)| — [supp(f(u))| = [supp(v)| — |supp(f(v))| = [bv(v)|
The converse is similar. []

Definition 5.43 (Safe map). Let f: X — Y be an equivariant map in Nom. We call f
safe when for all v € Y there exists an f-safe v € X such that f(u)=wv.

Example 5.44. The map [—], : A — A/ =, is safe [KPSdV12, Lemma 20]. But the map
U Phn(V) = {*} is not.

A diagram such as is a weak pullback if for all identified = and y, there is a z
witnessing this fact, that is, f(z) = g(y) = Jz.x = p(2)&y = ¢(z). In the following we will
need a similar but weaker condition, which, intuitively, requires the existence of a witness
only up to the renaming of bound variables.

Definition 5.45 (Safe square). A square

x 7

fl lg (5.38)
w < Y
is a safe square when for all f-safe u € X and for all v € Y such that f(u) = ¢(v) and

bv ¢ (u)#v
there exists a g-safe z € Z such that p(z) = u and g(z) = v.
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5.5.2. Representing limits in nominal sets.

Consider two w-chains in Nom and let lim X,,, respectively limY,, denote their limits in

Nom.
D1 P2

XQ X1 X2 . lim Xn

I
lfo Lfl lfz ! f (5.39)
Yo 0 Y - Y ... limY,,

By the universal property of the limits we obtain a map f : lim X,, — limY,. In the
category of sets, we have the theorem that if all the squares are weak pullbacks and all the
fn are surjective, then f is surjective. But in our main example where the f,, quotient by
a-equivalence, the squares are not weak pullbacks.

Recalling that U : Nom — Set denotes the forgetful functor, consider the limits of the
two chains in Set

UX, UX, UXy¢— .. limUX,+ % - UlimX,,
|
lfo lfl lfz 19 (*) lU f (5.40)
UY, UY; Uy; . limUY,, « .- UlimY,,

By the universal property of limits, there exists unique maps a : U lim X,, — lim UX,, and
b:UlimY,, — lim UY,, making the square (x) commutative. Again, the map ¢ : limUX,, —
lim UY,, induced in the limit may not be surjective in general, see Example

However we can prove the following general result:

Theorem 5.46. Assume that diagram (5.39) is such that for all n the square

Xy L Xnt1

lfn lfnﬂ (5.41)

Yn <T Yn+1
n
s a safe square and the f, are safe maps. Let P denote the pullback
mUX, +——— P

gl lh (5.42)

lim UY, T UlimY,

Then h : P — UlimY,, is a surjection.

Proof. We start with v € limY,,. Consider the projections v, € Y, of v obtained via the
projections of the limiting cone. Since g, (vp+1) = v, and g, are equivariant maps we have
that the following inclusions of finite sets

supp(vg) C supp(v1) C ... C supp(v)
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Thus the sequence stabilises eventually, that is, there exists n such that supp(vy,) = supp(v,1k)
for all natural numbers k. Moreover since v = (vg, vy, ...) we have that

supp(vn) = supp(vn41) = ... = supp(v).

Fact 5.47. For each k > 1, there exists an f,-safe w1 € X4k such that p,ix(upir) =
Uptk—1 and fryk(Unik) = Vngk-

The proof is by induction on k. Let u,, € X,, be an f,-safe element such that f,(u,) =
V. Since supp(vp+1) = supp(vy,) we have that (supp(uy,) \ supp(vy)) Nsupp(vy41) = (. Since
all the squares are safe squares, there exists an f,1-safe element u, 1 € X, 41 in the
preimage of v,41 such that p,+1(tny1) = uy. This shows that the claim is true for k = 1.

For the inductive step k — k+1, notice that (supp(un+x) \supp(vn+x)) Nsupp(vp4k+1) =
() and that w,yp is f,ip-safe. Using the safe square property, there exists f,1xi1-safe
Untk+1 € Xptk+1 With the desired properties.

For m < n define w,, using the projection maps p,,pn—1,.... Now observe that
(up, uq,...) is an element of lim UX,, whose image in limUY,, is (vg,v1,...). This means
that

9((uo, u1,...)) = b(v).
Since P is the pullback of g and b, there exists w € P such that r(w) = (up,u1,...) and
h(w) =wv. Thus h : P — UlimY,, is surjective. O

Going back to Theorem and looking at (5.34), we find that so far we established
the following corollary of Theorem

Corollary 5.48. Let F,F, be endofunctors on Nom having final coalgebras, and let F — F,
be a componentwise surjective natural transformation, and P be a pullback as in (5.21).
Moreover assume that F preserves surjections. If

o the induced maps [—]&n) :F"1 — F21 are safe
e and the squares

Frle— Fril

1| [ (5.43)
Frl——Fntll
are safe squares,
then P — UT, is onto.

In the following we will prove Corollary by establishing the two bullet points
above. Let us briefly outline the structure of that argument. Recall that the maps [—](an)
are defined inductively as follows: [—],(10) = idy and [—]&"H) = QFn1 0 F([—],(ln)). Also recall
that the natural transformation g : F — F,, is defined inductively depending on the structure
of F and F, using the rules . Therefore, the argument will proceed by induction on n
and on the structure of F. To do this, we need some structural closure properties for safe

maps and safe squares. To this end, we also study a special case of safe maps, namely maps
with orbit-finite fibres.
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5.5.3. Some properties of safe elements and safe maps.

Lemma 5.49. If u € X is f-safe and 7 is an arbitrary finite permutation then m - u is
f-safe.
Proof. Suppose u € X is f-safe. Consider v € X such that v € f~1(f(x - u)). Then
71w e f71(f(u)) because f is equivariant.
[supp( - u)| = |supp(u)| > [supp(n~" - v)| = [supp(v)|.
L]

Lemma 5.50. Assume f: X — Y is safe. Consider v €Y and let S be an arbitrary finite
set of names. Then there exists an f-safe u € f~1(v) such that bv(u) NS = 0.

Proof. Since f is safe, there exists an f-safe u € f~(v). Let T = S Nbv(u). If T is empty
we are done. If not, let 77 be a finite set of names fresh for w,v, S which has the same
number of elements as 1. Let m denote a finite permutation that swaps the elements of
T and T" and fixes the remaining names in V. Then 7 -2 = z for all = € supp(v), thus
m-u € f~1(v). By Lemma 7w is f-safe. Moreover supp(7 - u) = 7 - supp(u) and thus
bv(m-u) NS = 0. []

Lemma 5.51. Assume f1 : X1 — Y7 and fy : Xo — Yy are safe maps. Then (uq,us2) is
(f1 X f2)-safe if and only if the following hold

u; 18 fi-safe fori=1,2
bv (u1)#us (5.44)
bv(ug)#u;.
Proof. Assume (uq,ug) satisfy and let v; denote f;(u;) for i = 1,2. We will show that
(u1,u2) € (f1 x fo) H(v1,v2) is (f1 x f2)-safe. First observe that
bv(ui,uz) = (supp(u1)Usupp(uz))\ (supp(v1) U supp(v2))
= (supp(u1) \ supp(v1)) \ supp(v2)U (5.45)
U (supp(u2) \ supp(vz)) \ supp(v1)
= bv(u1) W bv(ug)
The last equality holds by . Therefore
|bv(u1, uz)| = |bv(u1)| + |bv(usz)|. (5.46)

In order to show that (u1,us) is indeed (f1 x fa)-safe consider (uf,uh) € (fi x f2) 7 (v1, v2).
We have the inequalities

|supp(uf, uy) \ supp(vi,v2)| = [(supp(uj) Usupp(ujy)) \ (supp(vi) U supp(vz))|
< |(supp(u}) \ (supp(v1) U supp(vz)))|+
+ |(supp(uy) \ (supp(v1) U supp(vz)))| (5.47)
< |(supp(uy) \ supp(v1)| + [(supp(uj) \ supp(v2)]
< [bv(u1)[ + [bv(uz)]
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The last inequality holds because u; and wue are fi-safe, respectively fo-safe. Thus, us-
ing (5.46[), we can conclude that
|supp(uy, uz) \ supp(v, va2)| < [bv(u, us)l.
Conversely, assume that (u),ub) € (f1 X fo) 1 (v1,v2) is (f1 X f2)-safe. By Lemmam
there exist uy € f| 1(1)1) an fi-safe element such that

bv(ui) Nsupp(ug) = 0. (5.48)
Similarly, there exists us € fy 1(1)2) an fo-safe element such that
bv(ug) Nsupp(u) = 0. (5.49)

From and (5.49) we can derive (5.44]). By the first part of the proof we know
that (u1,us2) is (fi X fo)-safe and that the inequalities hold. Since (u},u}) is also
(f1 X f2)-safe we know that all the inequalities in are equalities. The last inequality
of being an equality implies that each v} is f;-safe. The second inequality of
being an equality implies that bv(u})# fa(u2) and bv(ug)# fi(u1). Using this and the fact
that the first inequality in is in fact an equality implies that bv(u))#bv(u}). Since
supp(u}) = bv(u}) Usupp(fi(u})) we conclude that bv(uf)#u). Similarly bv(u})#u)y. [

Lemma 5.52. Let f : X =Y and g: Y — W be equivariant maps. If u is gf-safe, then
u 18 f-safe.

Proof. Consider v € f~!(f(u)). Then gf(v) = gf(u). Since u is gf-safe, we have that
|supp(v)| = [supp(u)]-
]

Unfortunately safe maps are not closed under composition as the next example shows.

Example 5.53. Consider the set N of natural numbers as a nominal set equipped with
the trivial action and let Pg, (V) denote the nominal set of all finite subsets of V. Let
[+ Pan(V) — N denote the map which sends any finite set of names to its cardinal and let
g : N — {%} denote the unique map from N into the final nominal set {*}. Both f and g
are equivariant and safe, but their composition g o f is not safe.

Therefore we need a stronger notion of maps that still accommodates our examples but
with better closure properties. This is the purpose of the next section.

5.5.4. Maps with orbit-finite fibers.

Definition 5.54 (Orbite-finite fibers). We say that a Nom-morphism f : X — Y has orbit-
finite fibers when for all v € Y we have that f~!(v) is included in the union of finitely many
orbits of X.

Lemma 5.55. The following are equivalent:
(1) f has orbit-finite fibers.
(2) For allv € Y there exists a finitely presentable nominal subset X,, C X such that
) C X,.
(3) For all finitely presentable nominal subset Y' C'Y the nominal subset f~1(Y') of X
1s finitely presentable.
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Proof. (1) being equivalent to (2) is immediate. (2) implies (3): Consider Y’ C Y
a finitely presentable nominal subset. Then Y’ is a finite union of orbits O,, U... U O,, .
We have picked generators vy, ..., v, for these orbits. For each i there exists a finitely
presentable nominal subset X; C X with ffl(vi) C X;. Then for all # we have that
(7 -v) €7 X; = X;. Therefore f~1(0,,) C X;. Therefore, f~1(Y') C XjU...UX,,.
Since a finite union of finitely presentable nominal sets is a finitely presentable nominal set,
we conclude that f~!(Y’) is a nominal subset of a finitely presentable nominal set, thus
it is itself a finitely presentable nominal set. (3) implies (2): Consider v € Y. Put Y’
to be the one-orbit nominal set generated by v. By (3) we have that f~(Y”) is a finitely
presentable nominal subset of X. We obviously have that f~1(v) C f=1(Y"). O

Lemma 5.56. If f: X — Y is surjective and has orbit-finite fibers, then f is safe.

Proof. If two elements of X are in the same orbit of f~!(v) their support have the same
number of variables. Indeed if u,u’ € f~!(v) and «/ = 7-u for some permutation 7, we have
that supp(u') = 7 - supp(u), thus supp(u) and supp(u’) have the same number of elements.
By hypothesis f~!(v) is included in the union O; U...U O, of finitely many orbits of X.
By the above observation, for each 1 <17 < n the set

{Isupp(u)| | u € O; N f~H(v)}
is a singleton. Since we have only finitely many orbits, it follows that the set

{Isupp(u)| | u € £~ (v)}

has at most n elements, and therefore has a maximum. Thus f is safe. ]

Lemma 5.57. Functions with orbit-finite fibers are closed under (1) finite products, (2)
coproducts, (3) abstraction, and (4) composition.

Proof.

(1) Consider f; : X; — Y; for i = 1,2 with orbit-finite fibers. Consider (vi,v2) € Y7 x Y.
There exists finitely presentable nominal subsets X, C X; such that fi_l(vi) C X/
Then (f1 x f2) '(v1,v2) = f{ (v1) x f5 ' (v2) € X} x X5, But, since orbit-finite
nominal sets are closed under finite products, see for example [BBKL12, Lemma 2],
we have that X| x XY is orbit-finite, so we are done.

(2) That’s easy, component-wise.

(3) Consider f : X — Y with orbit-finite fibers. We want to prove that [V]|f also has
orbit-finite fibers. Notice that

(V1) (2)v) = {{2)u [ w e f7H ()}
There exist a finitely presentable nominal subset X’ C X such that f~!(v) C X'.
Therefore ([V]f)~1((z)v) C [V]X'. By Lemma we know that [V]X' is finitely
presentable.

(4) Assume f: X — Y and g : Y — W have orbit-finite fibers. We show that go f also
has orbit-finite fibers. Let w € W. Then g~ (w) C Y for some finitely presentable
nominal subset Y’ of V. By Lemmal5.55| we have that f~!(Y”) is finitely presentable.
Since (go f)~Y(w) = f~ (g7 (w)) C f~H(Y") we are done. OJ
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Example 5.58. The function fx : Vx X — [V]X has orbit-finite fibers. Indeed, notice that
6=1((z)v) CV x O, where O, is the orbit spanned by v. But V x O, is finitely presentable
so we are done.

Lemma 5.59. The maps qx : FX — Fo X have orbit-finite fibers.

Proof. This is done by induction on the structure of F, since the map ¢gx is obtained from
the identity map and fx, via products, coproducts and composition. We can therefore
apply Lemma [5.57

Proposition 5.60. The maps [—}&n) : F"1 — F21 have orbit-finite fibers and are safe.
©0) _

Proof. We use induction on n. The base case is clear since [—]o’ = id;. For the inductive

step, notice that [—](anﬂ) = gFn1 © F([—]&n)). By items (1) and (2) of Lemma we
have that F([— &n)) has orbit-finite fibers. Then we can apply item (4) of Lemma
and Lemma [5.59| to derive that [—](anﬂ) also has orbit-finite fibers. Since the [—]8‘) are
surjective, it follows from Lemma that they are safe. []

The maps with orbit-finite fibers have nice closure properties, but they are still not
strong enough to allow us to prove properties about the interaction of safe elements and
composition, as showed by the next example.

Example 5.61. Let P2()) be the nominal set of two-element sets of names and let f :
V + P2(V) — V + 1 denote the map idy+! where | denotes the unique map into the final
nominal set. Let g denote the unique map from V + 1 to 1. Notice that f, g (and therefore
their composition) have orbit-finite fibers and are safe. Nevertheless

e u €V is f-safe and f(u) = u is g safe, but u is not (g o f)-safe.
e {u,v} is (g o f)-safe, but f({u,v}) is not g-safe.

5.5.5. Properties of safe squares.

In the first part of this section we will show that safe squares are closed under products and
coproducts. Then we will show that also the ‘vertical’ composition of safe squares is safe
provided that some additional properties are satisfied by the maps at issue.

Lemma 5.62. Consider a safe square

fl lg (5.50)

Ifue X is f-safe, v € Y and S is a finite subset of V such that f(u) = q(v), bvy(u)#v
and bvg(u)#S there exists a g-safe z € Z such that p(z) = u, g(z) = v and bvy(2)#S.

Proof. By the definition of safe squares there exists a g-safe z such that g(z) = v and
p(z) = u. Let T denote the intersection S Nbvy(z). If T is empty we are done. Otherwise
consider a set T of names fresh for u, v, 2, S having the same cardinality as T and let 7
denote a finite permutation that swaps the elements of 7' with the elements of 77 and fixes
all the other elements of V. We will show that - z has all the required properties. By
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Lemma 7 - z is g-safe. In order to prove that g(7 - z) = v it is enough to check that
m-x = x for all x € supp(v). This is true because T C bv,(z) and bvy(z) N supp(v) = 0.
In order to check that p(m - z) = u, it is enough to show that 7 - x = z for all z € supp(u).
But supp(u) = bvy(u) Usupp(f(u)) C bvy(u) Usupp(v). This is true because T' C S and
S#bvs(u). [

Lemma 5.63. Safe squares are closed under finite products and coproducts.

Proof. The case of coproducts is easy. We show the closure of safe squares under finite
products. Assume
bi

X; e 7,
le J(h (5.51)
gi
for i € {1,2} are safe squares. We will show that
X
X1 X X2 M Zl X ZQ
fi le lQI X q2 (5.52)
W1 X W2 — Yi X Y2
g1 X g2

is a safe square. Consider f x fa-safe (u1, uz) and (vi,v2) € Y1 xY5 such that bv(uy, ug)#(v1, v2)
and f;(u;) = gi(v;). By Lemma we know that u; is fi-safe and that bv(uj)#bv(us).

Moreover we can compute that
bv(ui, u2) = bv(u1) W bv(ug).

Since bv(uy)#uvs and bv(ug)#bv(uz), by Lemma[5.62] we can find 21 € Z; such that

o bv(z1)#ve and bv(z;)#bv(us)

e 2 is gi-safe.

e qi(z1) =v1 and p1(z1) = ug.
Since bv(ug)#v1 and bv(ug)#bv(z1), by Lemma we can find zo € Z3 such that

e bv(z9)#v; and bv(ze)#bv(z1).

e 29 is go-safe.

® ¢2(22) = v2 and pa(z2) = ua.
By construction we have that bv(z1)#wva, bv(ze)#v1 and bv(z2)#bv(z1). It follows that
bv(z1)#22 and bv(z)#21. By Lemma [5.51] we know that (21, 22) is (q1 X g2)-safe. O

Next we will show that under some mild conditions safe squares are closed under verti-
cal composition. Safe squares resemble weak pullbacks. It is straightforward to show that
vertical composition of weak pullbacks is a weak pullback. However, in the case of safe
squares some additional constraints are imposed on the elements, such as f-safety. There-
fore, safe elements should behave well with respect to the vertical composition of the maps.
We will find the following definitions handy.

Definition 5.64 (Forward safe). Let f: X — Y and g : Y — W be safe maps. We say
that the pair (f, g) is forward-safe if for all u € X such that u is (g o f)-safe we have that
f(u) is g-safe.
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Definition 5.65 (Backward safe). Let f: X — Y and g : Y — W be safe maps. We say
that the pair (f, g) is backward-safe if for all u € X such that w is f-safe and f(u) is g-safe
we have that u is (g o f)-safe.

Lemma 5.66. Consider the following diagram

Xl(LXQ

o

¥ Yo (5.53)

gl (2) Jk

W1 <T WQ.

such that (1) and (2) are safe squares, the pair (f,g) is forward-safe and the pair (h,k) is
backward-safe. Then the outer square in (5.53)) is a safe square.

Proof. Consider u; € X; and wy € Wy such that uy is (g o f)-safe, bvgs(uy)#ws and
gf(u1) = s(we). Since (f,g) is forward-safe we have that f(u;) is g-safe. We also have that
bvy(f(u1))#w2, because bvg(f(u1)) € bvgr(ur). Since (2) is a safe square there exists a
k-safe vo € Ya such that k(vy) = we and q(va) = f(u1).

Moreover by Lemma we can assume that

bvy, (v2)#bv ¢ (u1). (5.54)
We can apply Lemma in this case because bvf(ui)#bvgy(f(u1)).

By Lemma up is f-safe. We also have that bvy(ui)#v2. This holds because
supp(v2) = bvy(v2) W supp(ws) and both bvy(ve) and supp(ws) are fresh for bvy(u;). The
former is by while the latter holds because bvs(u1) C bvgs(ui) and bvgr(ur)#ws.
Since q(v2) = f(u1), we use that (1) is a safe square to derive the existence of an h-safe
uz € Xo that satisfies p(uz) = uy and h(uz) = ve. Since (h, k) is a backward-safe pair of
maps, ug is h-safe and h(ug) = vy is k-safe, we conclude that ug is also (ko h)-safe and thus
satisfies all the requirements. ]

Lemma 5.67. If u is f-safe and x#bvs(u) then (x,u) is (0o (V x f))-safe.

(
|supp(z, u)|. We also have that |supp(y,v)| = |(y x) - supp(y,v)| = |supp(z, (y z) - v)
|supp(, u)

DRIA

Lemma 5.68. Backward and forward-safe pairs have the following closure properties:
(1) If (f1,91) and (fa,92) are forward-safe (backward-safe) pairs of maps then (f1 X
f2,91 X g2) is forward-safe (backward-safe).
(2) If (fi, gi) are forward-safe (backward-safe) then (1] fi, [ 9:) is forward-safe (backward-
safe).
(3) If (f,9) is a forward-safe (backward-safe) pair of maps then (V x f,6 0 (V x g) is
forward-safe (backward-safe).

Proof.
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(1)

Let us show first that (f1 X fa,91 X g2) is forward-safe. Assume (u1,u2) is (g1 X g2) ©
(f1 x fa)-safe. By Lemma we know that each u; is g; o fi-safe, bvy, , (u1)#us
and bvg,f, (u2)#ui. Since each (f;,g;) is forward-safe we have that f(u;) is g;-
safe. Moreover since bvy, (fi(u;)) C bvg,y,(u;) and supp(f(u;)) C supp(u;) we con-
clude that bvg, (f(u1))# f(u2) and bvg, (f(u2))#f(u1). Therefore we can apply again
Lemmato conclude that (fi(u1), fo(usz)) is g1 X ga-safe.

Next we show that (f1 X fa,91 X g2) is backward-safe when each (f;,g;) is. To
this end assume (u1,u2) is f1 X fo-safe and (f1(uq1), f2(u2)) is g1 X go-safe. We want
to show that (u1,u2) is (g1 X g2) o (f1 X f2)-safe. By Lemma we have that

— u; is fi-safe and f(u;) is g;-safe,

— bvy, (u1)#uz and bvy, (u2)#u1,

— by, (fr () () and by (F () 4 f ().

Since (f;,g;) are backward-safe the first item above implies that each wu; is g; o f;-
safe. The next two items imply together that bvy, ¢ (u1)#ug and bvg, ¢, (u2)#ui. By
Lemma [5.51] we conclude that (u1,u2) is (g1 X g2) o (f1 X f2)-safe.

As usual the case of coproducts seems trivial.

We first prove the lemma for forward-safe maps. Assume (z,u) is (fy o(V x g)o(V X
f))-safe. We will show that (z, f(u)) is (y o (V x g))-safe. By Lemma/5.52 we have
that (z,u) is (V x g) o (V x f))-safe. By Lemma we have that u is (g o f)-safe
and x#bv,r(u). Since (f,g) is forward-safe we have that f(u) is g-safe. Moreover
since bvy(f(u)) C bvgs(u) we have that x#bvy(f(u)). Therefore, by Lemma
we have that (z, f(u)) is (V x g)-safe. By Lemma we know that (z, f(u)) is
(By o (V x g))-safe.

Now let us prove this closure property for backward-safe maps. Assume (z,u)
is (V x f)-safe and (z, f(u)) is (# o (V x g))-safe. We want to show that (x,u) is
(0o (V xg)o(V x f))-safe. By Lemma 5.5 we know that u is f-safe and z#bvy(u).
By Lemma [5.52] we know that (z, f(u)) is (V x g)-safe, thus by Lemma[5.51] we know
that f(u) is g-safe and z#bvy(f(u)). Since (f,g) is backward-safe we have that u
is (g o f)-safe. We can also check that z#bvys(u). Thus (x,u) is (V x (g o f))-safe.
Applying Lemma we get that (z,u) is (A oV x (g o f))-safe.

[

Lemma 5.69. For every safe map f : X — Y the pair of maps (F(f),qy) is both backward-
safe and forward-safe.

Proof. The proof is by induction on the grammar of F, and Lemma [5.68 []
Lemma 5.70. If

x 2 7z

fJ lq (5.55)

W++——Y
g
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is a safe square then
YV xXp
Vx X+——VxZ

eo(vaﬁ/ \PO(VXQ) (5.56)

viw W VY

s a safe square.

Proof. We apply Lemma Note that the maps (V x f,0) and (V x g, 0) are forward and

backward-safe by Lemma (3). ]
Lemma 5.71. For all equivariant f : X — Y the square
FY «+——FX
QYl lQX (5.57)
FoY «—F, X
s a safe square.
Proof. This is proved by induction on F, using Lemmas and OJ

Proposition 5.72. For all n the squares

F1+— Ftl1

el e (5.59
Fil«——Frfll
are Safe squares.

Proof. We use induction on n. For the inductive step observe that the (n 4 1) square is
the composition

FF"1 «—— FFtl

| [Frger
FFo1«—— FF2t1 (5.59)

qFz1 l quZH 1

FoFl1 —— FoFrttl
By Lemmawe know that the upper square in is a safe square. By Lemmam
the lower square in is also safe. Moreover, by Lemmawe know that (F[—]&n), qFn1)
is forward-safe and (F[—]gﬂ'l), qFZ“l) is backward-safe. Thus, we can apply Lemma |5.66
to conclude that the outer square in is a safe square. L]
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We established the two bullet points of Corollary in Propositions and

Theorem 5.73. Let F,F, be endofunctors on Nom obtained from a binding signature and
q : F — Fq be the natural transformation defined in . Let P be a pullback as in (5.21)).
Then P — UT, is onto.

6. APPLICATIONS

In this section, we first give a general definition of substitution on the final coalgebra T,
of a functor F, coming from a binding signature. We, then, apply the general results given
in the previous sections to the infinitary lambda calculus by defining substitution and the
notions of Bohm, Lévy-Longo and Berarducci trees on a-equivalence classes of A-terms.

6.1. Substitution on an Arbitrary Coalgebraic Data Type. The following lemma
[Mos01, Lemma 2.1] allows parameters in coinductive definitions. It dualises the way in
which primitive recursion strengthens induction. In order to express substitution, the set
X will be used for the term N in M[x := N] which is not subject to recursion and the set Y’
will be used for the recursion.

Lemma 6.1. Let § : D — F(D) be a final coalgebra and g : X — F(X) an arbitrary
F-coalgebra. Then, there is a unique map f :Y — D such that for any h: Y — F(X +Y),
the following diagram commutes:

Y / D
al . I
poryy P

where g* : X — D is the unique homomorphism between (X, g) and (D,?).

We apply Lemma [6.1] to define substitution on the final coalgebra T, of a functor F,
coming from a binding signature.

Definition 6.2 (Substitution on a-equivalence classes of infinitary terms coming from a
binding signature). Substitution on T, is defined as the unique map such that the diagram
below commutes:

Tox VX Tae - subsa LT
hsubsal Junfold
Fo([id,subs,])
Fa(Ta+Tax VxTy) Fo(Ta)

where hgyps,, is defined in (6.1), (6.2) and (6.3).

In order to define the equivariant map hgyps, Wwe can use the properties of the functor
Fo. As observed in Proposition [5.6| such functors are Nom-enriched, or equivalently (see [])
strong. That is, there exists a natural transformation
Txy : FaX XY = Fo (X xY).

Each functor obtained from the grammar in (5.4)) can be equipped with a strength. Most
constructions are standard and if two functors are strong so is there composition, product
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or coproduct. The only interesting case is that of the abstraction functor. We define a
strength using the concretion of Definition Explicitly 7xy : V] X xY — [V|(X xY) is
defined by
((z)u, v) = (y) ((x)uQy, v)
where y is some/any fresh variable for x,u,v. By construction, 7 is a well-defined and
natural in both X and Y.
The map hgyps, is defined as follows.

e For tuples of the form (x,z, N) we define hgyps, (z, z, N) as the composite

F.,(inl
3 T, unfold Fo(Ta) M Fa(Ta+Tax VxT,) (6.1)

Tax VxT,

e For tuples of the form (y,z, N) with = # y or for tuples of the form (k,z, N) where
k is a constant, we define hgyps, (v, 2, N) as the composite

Fo(inl
Tpx Vx Ty— T, unfold g g ) Fafint) Fa(Ta+Tax VxTa) (6.2)
e For tuples (M, z, N) such that M is not a variable we define hgyps, (M, z, N) as the
composite:
hsubsa
TaX VXTe—- - - —>= SFa(Ta+Tax VXTy) (6.3)

unfold x V' x Tal TFa(inr)
Fo(Ta) x VX T, Fo(Ta x VxT,)

Since {(x,z,N) | x € V}, {(z,z,N) |  # y € V}, {(k,z,N) | k constant} and
{(M,z,N) | M ¢ V} are nominal sets that form a partition of T, x V x T, the map
hgupbs, is well-defined and equivariant, thus we can apply Lemma t prove the existence
of a unique substitution map subs,,.

TTo,VxTq

6.2. Substitution on a-equivalence Classes of Infinitary A-Terms. As an example we
spell out the concrete calculations for substitution on the nominal set of finite and infinite
A-terms with L. Adding the extra constant | is needed in order to write corecursive
functions that compute the Bohm, Lévy-Longo and Berarducci trees. For this, we consider
the functor

Lbe X =V +{L} + VX + X x X. (6.4)

Notation 6.3. We write N} for the final coalgebra of Lb,. We continue to denote terms
in A%, by M, N, but will denote terms in A3 by M, N.

The injections for the coproduct X + Y are denoted as inl*" : X — X +Y and
inr®Y 1Y — X +Y. But for the case of Lo(X), we denote them as

inbot™ : {1} — Lb,(X)
invarX : V — Lby(X)
inabs™X : [V]X — Lbu(X)
inapp™ : X x X — Lby(X)
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We drop the superscripts when they are clear from the context.
Since unfold is an isomorphism that partitions its domain N into four disjoint com-
ponents, see , we write typical elements of N3 as x, L, MiMa, Ay.M where

X = unfold ! (invar x)

1 = unfold ™! (inbot 1)

Ay.M = unfold ™! (inabs(y)M)

MiMy = unfold~*(inapp (M1, M>))
We use x to denote both an element in V and also its copy in N3 .

Example 6.4 (Substitution on a-equivalence classes of infinitary A-terms with 1). By
instantiating the definition of the map hgyps, given in (6.1)), (6.2)) and (6.3)) for the functor
Lb, we obtain hgyps, : A X V' x AP — Lbo (AL + AL x V' x A) given by

hsubs,, (X%, N) = unfold(N)

hgubs,, (%, y,N) = invar x if y #£x
hgubs, (L,y,N) = inbot L

haubs, (M1M2,x,N) = inapp ((My1,x,N), (M2, x, N))

heubs, (Ay-M;x,N) = inabs (z)(({y)M)@Qz, x, N) if z#(Ay.M,x,N).
To improve readability we omitted Lbyinr or Lb,inl in the definition of hgyps,. We obtain

the substitution function
subs, : A x VX NAT — AY

given by
subs, (x, x, N) =N
subs, (x,y, N) =X if y #x
subs, (L,y,N) =1 (6.6)
subs,(M1My,x,N) = subs,(Mj,x, N)subs,(Mz,x, N)
subs, (Ay.M,x,N) = Ay.subs,(M,x, N) if y#(x,N)

It should be pointed out that subs, defined in is the ‘semantic’ version of the substi-
tution map since it is defined on the (or any) final Lb,-coalgebra. It is Corollary that
allows us to identify the element Ay.M € AS° with the alpha equivalence class of an infinitary
term [Ay.M], having finitely many free variables. Thus we obtain a ‘syntactic’ version of
the substitution map which looks indeed just like a notational variant of the Set-based ,
but is now fully justified as a coinductive definition on a-equivalence classes of A-terms.

We can now define S-reduction using subs,.
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Definition 6.5 (S-reduction on a-equivalence classes). We define ,-reduction as the small-
est relation on AZ° x A that satisfies

(Ba) _ P8P
(Ax.P)Q =3, subs,(P,x,N) AP =5, AP’ (abs)
P 7 Ba P’ ( ) Q 7 Ba Ql ( )
—————— (app ———— (app
PQ =5, PQ PQ =g, PQ

We define the notion of -head reduction which contracts only the redex at the head
position and corresponds to the normalising leftmost strategy. This reduction is used to
define Bohm trees.

Definition 6.6 (Head S-reduction on a-equivalence classes). We define (1-reduction as the
smallest relation on A x AZ° closed under

(Ax.P)Q —p, subs,(P,x,Q) (B)

P —3 P P isnot an abstraction P—pg P
/ (appr) > (abs)
PQ B P'Q x.P =1 x.P

A term M is in head normal form (hnf) if it is of the form Axj...x,.yNi...Np,.

We restrict the f-head reduction by not contracting S-redexes in the body of an ab-
straction and obtain the weak head S-reduction which is needed to define the notion of
Lévy-Longo tree.

Definition 6.7 (Weak head -reduction on a-equivalence classes). We define fsreduction
as the smallest relation on A2° x AS° closed under
(%P)Q =5, subsa(Pox,Q) (B2)  — 25 (appy)
X. — 3, subs, (P, x, 2 — (appr,
S PQ -4, P'Q
A term M is in weak head normal form (whnf) if it is either a head normal form or an
abstraction.

The reflexive, transitive closure of —3, and — 4, are denoted by —#3, and —#3,, respec-
tively.

We now define the notion of top S-reduction which only contracts S-weak head redexes
at depth 0 and it will be used to define Berarducci trees.

Definition 6.8 (Top S-reduction on a-equivalence classes). We define Bsreduction as the
smallest relation on A’ x A3 closed under

M —»52 ()\X.P)
MQ — 3, subs,(P,x,Q)

A term M is a top normal form (tnf) if it is either a weak head normal form or an application
of the form NP where N cannot reduce to an abstraction.

(B3)

The reflexive and transitive closure of — 3, is denoted by —#3,.
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Lemma 6.9 (Partial Functions). —»g,, —#, and —»g, are partial functions.

Proof. Suppose that M —pg, N1 and M —, Nao. We prove that N1 = Ny by induction on
the definition of —g,. Similarly for —3, and —g,. ]

6.3. Computing the Infinite Normal Form of a-Equivalence Classes of A\-Terms.
We now define the notion of Bohm tree, Lévy-Longo tree, and Berarducci tree using the
finality of unfold : A2® — Lby (AS).

Definition 6.10 (Bohm tree on a-equivalence classes). We define the Bohm tree of M as
BT, (M) where BT,, is the unique map such that

BT
A @ A

gBTaJ/ Junfold

Lba (A) —————— Lb, (AY)
Lb,(BTy)

commutes, with ggr_, : A2 — Lb(AS°) being defined as

unfold(N) if M =3, N and N is in hnf
geT, (M) =
inbot L otherwise

Definition 6.11 (Lévy-Longo tree on a-equivalence classes). We define the Lévy-Longo
tree of M as LLT,(M) where LLT,, is the unique map such that

LLT
A e A

gLLTal Junfold

Lba(A?) ~———— Lba(AY’)
Lba(LLT,)

commutes, with g1, : AX — Lbo(AS°) being defined as

unfold(N) if M =3, N and N is in whnf
gLLT. (M) = _
inbot | otherwise

Definition 6.12 (Berarducci tree on a-equivalence classes). We define the Berarducci tree
of M as BeT, (M) where BeT,, is the unique map such that

BeT,
A € A

gBeTal lunfold

Lba(AYY) ———— Lba(AT’)
Lba(BeT,)

commutes, with gger,, : AY° — Lbo(A) being defined as follows.
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unfold(N) if M =35, N and N is in tnf
gBeTa(M) = .
inbot L otherwise

Similar to the remark on the substitution map mentioned at the end of Example ,
the maps BT, ,LLT,, and BeT, are the ‘semantic’ counterparts of the maps that compute the
Bohm, Lévy-Longo and Berarducci trees. Corollary allows us to obtain a ‘syntactic’
version of these maps which look like a notational variant of the Set-based (3.6]),
and but are now fully justified as coinductive definitions on a-equivalence classes of
A-terms.

6.4. Sets of Infinite Normal Forms up to a-Equivalence. Recall the corecursive defi-
nitions for the sets of Bohm, Lévy-Longo and Berarducci Trees given in Definitions
and In this section, we define these sets on a-equivalence classes. For the first two ones,
we define two functors for which we can apply Corollary [5.35] However, for Berarducci trees
we would need to extend the notion of binding signature to include infinite products.

Example 6.13 (Set of B6hm trees). From Barr’s theorem on final coalgebras for bicontin-
uous Set endofunctors [Bar99, Theorem 3.2], the set BT of Bohm trees is isomorphic to the
final coalgebra of S' where

SUX) ={L}+V+ [, V¥ x (V x List(X))
We define the functor S}, by
SLX) ={L}+V+LIVFV x List(X))

The final coalgebra of S),, denoted by BT, exists and it is isomorphic to the set (BT ),/ =«
of a-equivalence classes of Bohm trees with finitely many free variables by Corollary [5.35]
The set BT, is the image of BT, i.e. we have the following;:

AP ——— BT o C AP
BT,

Example 6.14 (Set of of Lévy-Longo trees). From Barr’s theorem on final coalgebras for
bicontinuous Set endofunctors [Bar99, Theorem 3.2], the set LLT of Lévy-Longo trees is
isomorphic to the final coalgebra of S? where

S?(X) = {L}+V x X + List(X)
We define the functor S2 by
S2(X) = {L} + [VIX + List(X)

The final coalgebra of S2, denoted by LLT ,, exists and it is isomorphic to the set (LLT ),/ =«
by Corollary The set LLT 4 is the image of LLT,, i.e. we have the following:

Ao ———— LLT o C AZ
LLT,
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Example 6.15 (Set of Berarducci trees). From Barr’s theorem on final coalgebras for
bicontinuous Set endofunctors [Bar99, Theorem 3.2], the set BeT of Berarducci trees is
isomorphic to the final coalgebra of S3(X) where

S3(X) =V x X + {L} x List(X) + V x List(X) + Stream(X)
By Theorem the final coalgebra of S3 exists where
S2(X) = [V]X + {1} x List(X) + V x List(X) + Stream(X)

However, we cannot apply Corollary in this case because binding signatures do not
include infinite products, e.g. Stream.

6.5. Bisimulations in Lambda Calculus.

Definition 6.16 (Head Bisimulation). We define ~; the head bisimulation as a binary
relation on A, such that for all M and N, if M ~; N and M =3, Ax1...Axn.xMy...Mp, then
there are Np...Np such that N =5, Axy...Ax,.xNy... Ny and M; ~q N; for all 1 <4 < m.

Definition 6.17 (Weak Head Bisimulation). We define ~y the head bisimulation as a
binary relation on A, such that for all M and N, if M ~92 N the the following holds:

(1) M =g, Ax.M then N =3, Ax.N and M ~5 N.
2) M =3, xM1 ... My, then N =5 xNi...Ny and M; ~9 N; for all 1 <¢ < m.
B2 B1

The definitions of bisimulations given in the previous section are special instances of
the following categorical definition of bisimulation, which was introduced by [AMS&9], and
which applies to coalgebras of arbitrary functors S.

Definition 6.18 (S-bisimulation). Let S be a functor and let (X, fx : X — S(X)) and
(Y, fy : Y — S(Y)) be two S-coalgebras. A S-bisimulation between (X, fx) and (Y, fy) is
a relation R C X x Y for which there exists a S-coalgebra structure g : R — S(R) such
that the two projection functions 71 : R — X and my : R — Y are homomorphisms of
S-coalgebras:

Xe W p ™ Ly
Ix g ny
S(X)+——— S(R) —— S(Y)
S(?Tl) 5(71'2)

We call a S-bisimulation between a coalgebra (X, fx) and itself a S-bisimulation on X.
Theorem 6.19 (Bisimulations and its relation with the normal forms). We have the fol-
lowing:

(1) M ~1 N s the largest Sk -bisimulation on A,.

(2) M ~g N is the largest S2-bisimulation on A,.

Proof. We do the first case. We have that:

T T
A ~1 /\a

| 9 fn.

10, 1
(Aa) W Sa(~1) W Sa(Aa)

Iha
Sl
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We define fp, (M) =N if M —#g, N and N is in head normal form. ]

We also have that:
(1) M ~1 N iff BT, (M) =BT4(N).
(2) M ~g Niff LLT,(M) = LLT4(N).

6.6. Infinitely Many Free Variables. In this section we follow an idea given to us by
Pitts to treat the case of terms with infinitely many free variables. In Theorem [5.19 we
proved that (A®/=,,d>°) is isomorphic to (A/=4)% provided that V is uncountable. How-
ever, the isomorphism does not hold if V is countable (Example . Moreover, even if V
is countable and the set (A/=,)% can be equipped with a permutation action, (A/=4,)>
is not a nominal set, since the terms with infinitely many free variables are not finitely
supported. One way to deal with terms with infinitely many free variables, without leaving
the world of nominal sets, is to extend the calculus with constants and to regard the free
variables as constants.

Let C be a countable set of names. The sets A(C) and A(C)*™ are the sets A and A>
extended with a set of constants C. We can equip the set C with the trivial permutation
action and consider the functor L, + C : Nom — Nom. The following proposition follows
from [Pit11l Theorem 5.12], or [Pit06, Theorem 5.1, Remark 5.3].

Proposition 6.20. The initial algebra of Lo+C is the nominal set A(C)/=q of lambda-terms
extended with C-constants up to a-equivalence.

The following proposition follows from Corollary since Ly +C is a functor obtained
from a binding signature (see Definition and Proposition .

Proposition 6.21. The final coalgebra of Lo+C is isomorphic to the nominal sets (A(C) /=4
) and A(C)F /=a-

Proposition 6.22. Let p : V — C be a bijection. We have an isomorphism Tr between
A /=, and the set of closed terms in (A(C)/=a)°.

Proof. The map Tr: A — A(C)? is defined inductively as follows:

Tr(z) = plx)
Tr(MN) = (M)Tr( )
TiOeM) = Aa.Te(M)[o/p()
where Tr(M)[z/p(z)] is the result of replacing p x) by x in Tr(M).
It is easy to check that if M =, N then Tr(M) =, r(N). Hence, Tr can be defined

on equivalence classes and we have Tr A/=0— (A(C) / «)?. Note that the map Tr is not
finitely supported. For example, Tr((zy)-z) # (zy) - Tr(x) if p(z) # p(y). Hence, we cannot
apply Pitts’s alpha structural induction principle.

The inverse of Tr is defined as follows. Given an a-equivalence class [M], € (A(C)/=a)°,
we can find a representative M € A(C)Y such that the set of bound variables of M is disjoint
from the image under p~! of the constants occurring in M. We put Tr_l(M ) to be the
equivalence class of the term obtained by replacing each constant b occurring in M by

pL(b). [
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Proposition 6.23. The set (A/=,)> is isomorphic to (A(C)F /=a)°.

Proof. Given a Cauchy sequence in A/=,, the image under Tr is a finitely supported Cauchy
sequence in (A(C)/=4)", and thus also in A(C)/=,. Thus it converges to a unique element
of (A(C)E/=a)°. Conversely, given M € (A(C)F/=4)?, we consider the truncations M™.
Their translations Tr™*(M™) in A /=, form a Cauchy sequence and we map M to its limit. []

Substitution is defined on A(C)§, /=4 by instantiating Definition[6.2} Now, S-reduction
restricts to (A(C)§2 /=4)° and and can be defined via the translation Tr. We illustrate how
this works with an example.

Example 6.24. Consider the term (Azxoz1.zoz1)allfv where allfv = z(z1(z2(...)) given in
(1.4). Suppose C = {co,c1,...} and p(z;) = ¢; for all 4.
Then,
Tr((Azox1.zoz1)allfv) = (Azgx1.2021)allconst

where allconst = cp(c1(ca(...))). The translated term does not contain free variables, it
contains only bound variables and constants. It is important to stress the fact that the
constants represent the free variables of the original term. We can now safely perform the
(B-step

(Azoz1.2021)allconst —g (Azq.20x1)[ro := allconst] = Az .allconst ¢ (6.7)
This (-step is possible because substitution is defined on the set (A(C)§./=a). According
to Proposition the equivalence class [Az.allconst 1], translates back to an element in
(A/=a)° which is the limit of the Cauchy sequence [Ax,.xo(x1 ... (Tn-1 %)) Tpnla. Similar
to Example [5.20} it does not have any preimage under [—], : A® — (A/=4).

7. RELATED AND FUTURE WORK

The problem of having insufficiently many fresh variables does not arise if we use de Bruijn
indices [dB72, Dup00]. However, using de Bruijn indices does not give a nice corecursion
principle since we have to manipulate and update indices.

The works of [FPT99a, MU04] aim at modelling substitution but they do not show
recursion principles to reason on a-equivalence classes as we do in this paper.

In [HvOO03|, van Oostrom and Hendriks define a calculus with an operator called adb-
mal to deal with a-conversion. This operator removes the scope of a variable. It will be
interesting to extend this calculus for infinite terms. Using this operator, it would give an
alternative approach to dealing with the problem of having insufficient fresh variables.

Nominal Isabelle provides infrastructure for declaring nominal data types and defining
recursive functions over them [UB0§|. Proposal for co-data types in Isabelle are presented in
[TPB12]. It will be nice to include nominal co-data types in Isabelle in order to formalize the
proofs of some theorems on lambda calculus concerning Béhm trees and infinitary lambda
calculus.

Nominal extensions of typed lambda calculus have been proposed in [Pit10, [Che09| for
the simply theory of types, in [Chel2] for LF and in [WSAQ9] for the Calculus of Inductive
Constructions. It will be interesting to study typing that combines nominal syntax with
coinductive data types.

The corecursion principle presented in this paper cannot handle infinitary meta-terms as
defined for Infinitary Combinatory Reduction Systems (iCRS) [KS11]. It will be interesting
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to prove an a-coinduction principle that includes meta-variables and meta-terms. However,
it is not straightforward to define a-equivalence on them [FGOT].

It would be interesting to extend the notion of binding signature and Corollary to
include infinite products for representing the set of Berarducci trees up to « (see Example
6.15)). It will also be interesting to study a-corecursion principles for sets of infinitary terms
obtained from alternative metrics such as the 001 and 101-metrics 001 [KKSdV97] or the
metric that captures the infinite normal forms of reactive programs [SdV12]. Also, meta-
terms for Infinitary Combinatory Reduction Systems that satisfy the finite property chain
can be defined using an alternative metric (page 20 on [KS11]).
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