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Logic from 1Logic from 1stst PrinciplesPrinciples

Reasoning on the behaviour of DPO graph Reasoning on the behaviour of DPO graph 
transformations transformations 
�� in the in the ‘‘graphs as objectsgraphs as objects’’ viewview

�� at the level of abstraction of concurrent derivations at the level of abstraction of concurrent derivations 
(up to shift(up to shift--equivalence)equivalence)

�� combining temporal and spatial aspectscombining temporal and spatial aspects

�� supporting reasoning on graph programs, their  supporting reasoning on graph programs, their  
preconditions, actions, and effects on the statepreconditions, actions, and effects on the state

�� retaining the graphical (visual) appearance of GT retaining the graphical (visual) appearance of GT 

Approach: derive logic from the inherent Approach: derive logic from the inherent 
structure of graphs and graph transformationsstructure of graphs and graph transformations
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�� an examplean example

�� an algebraic model of concurrent derivationsan algebraic model of concurrent derivations

�� an arrow logic with a spatial twistan arrow logic with a spatial twist

�� some open questionssome open questions

Example: Rules of ServiceExample: Rules of Service--Oriented Architecture Oriented Architecture 

Service

Provider

Service

Provider
Service

Requestor

Service

Requestor

Requirements

Service

Description

Publish

Service

Description

Service

Description

Service
Bind and

Interact

Query

Requirements
Request Response

Discovery
Service

Discovery
Service



A Categorical Model of Computation for 

Graph Transformation

Reiko Heckel, University of Leicester

ITU Copenhagen, 01/12/2006 3

<<service>>

pr:Provider

<<discovery>>

rg:Registry

d:Desc

<<specifies>>

publish

<<knows>>

Rules of SOA: Publishing a service descriptionRules of SOA: Publishing a service description
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Rules of SOA: Discovering a service descriptionsRules of SOA: Discovering a service descriptions
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<<component>>
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<<specifies>> bind
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Rules of SOA: Binding to a serviceRules of SOA: Binding to a service
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rq:Requestor

<<service>>

pr:Provider

d:Desc

<<specifies>>
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Want to say things likeWant to say things like

�� In a graph containing P, publish, find, and bind are applicable.In a graph containing P, publish, find, and bind are applicable.

�� In the resulting graph there is a connection between In the resulting graph there is a connection between rqrq and pr.and pr.
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Structured Categories of ComputationsStructured Categories of Computations

CharacteristicsCharacteristics

�� parametric in the parametric in the algalg. . 

structure of statesstructure of states

�� universal construction universal construction 

of cats of computationsof cats of computations

�� true concurrency for true concurrency for 

freefree

Four StepsFour Steps

�� statesstates

�� rulesrules

�� transitionstransitions

�� computationscomputations

Programs STrans Models

TS CM

U VExamples 

PT Nets: monoidal cats
Term Rewriting: cartesian 2-cats
Graph Transformation: double cats with finite horizontal colimits 
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PlacePlace--Transition Petri NetsTransition Petri Nets

states 

transitions

concrete abstract (algebraic)

multisets of 
tokens

free commutative 
monoid P CM

parallel steps free monoidal reflexive 
graph

rules transitions edges of heterogeneous 
graph over nodes in P CM

computations net processes free monoidal category

DPO Graph TransformationDPO Graph Transformation

states 

transitions

concrete abstract (categorical)

graphs free cat with finite colimits

parallel DPO steps free horizontal category 
with finite colimits 

rules DPO rules basic double cells

computations net processes free double category with 
horizontal finite colimits 
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DPO Step in FHC Double CategoryDPO Step in FHC Double Category

K L

D G

K R

D H

p/d

p

p:(L
K R)

G D H

d

d

d

l r
l

r

TheoremTheorem

�� Let C  be the set of Let C  be the set of ““rule rule 

squaressquares”” for a GTS for a GTS GG..

�� Then, there exists a Then, there exists a 

pseudopseudo--free FHC double free FHC double 

category over C whose category over C whose 

category of vertical category of vertical 

arrows are the shiftarrows are the shift--

equivalence classes of equivalence classes of 

derivations in derivations in GG..
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Spatial Spatial -- Temporal LogicTemporal Logic

spatial structure of statesspatial structure of states

�� q: X q: X �� QQ -- graph patterns as state formulae Sgraph patterns as state formulae S

�� exists x . Sexists x . S -- hidinghiding

�� S + TS + T -- gluinggluing

rulesrules

�� pp -- applicationapplication

temporal structure of computationstemporal structure of computations

�� pre Fpre F -- preconditionprecondition

�� post F  post F  -- postconditionpostcondition

�� idle Sidle S -- id computation on stateid computation on state

�� F ; GF ; G -- sequential compositionsequential composition
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Temporal Structure of ComputationsTemporal Structure of Computations

(c, a) |= pre F , if there is c: g (c, a) |= pre F , if there is c: g �� hh

with (g, a) |= F with (g, a) |= F 

(c, a) |= post F, if there is c: s (c, a) |= post F, if there is c: s �� tt

with (h, a) |= F with (h, a) |= F 

(c, a) |= idle S , if there is a state g (c, a) |= idle S , if there is a state g 

with (g, a) |= S and c = 1with (g, a) |= S and c = 1gg

(c, a) |= F(c, a) |= F11 ; F; F22 , , if c = cif c = c11 . c. c22

with (cwith (c11, a) |= F, a) |= F11

and (cand (c22, a) |= F, a) |= F22

Spatial Structure of StatesSpatial Structure of States

(g, a) |= q: X (g, a) |= q: X �� QQ , if ex. a* , if ex. a* s.ts.t. (1) commutes. (1) commutes

(g, a) |= exists x . S , if (g, a(g, a) |= exists x . S , if (g, axx) |= S) |= S

I G
gg

aa

I G
gg

X \ {x}

a| a| X \ {x}

X Q
qq

a*a*(1)(1)
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Spatial Structure of StatesSpatial Structure of States

(g, a) |= S(g, a) |= S11 ++ SS22 , if g, if g = g= g22’’ ◦◦ gg11 such that such that 

((gg1 1 , a) |= S, a) |= S11

((gg2 2 , a) |= S, a) |= S2 2 

g1

g2

g2’

g1’

I G2

G1 H
pushoutpushout in the in the 

horizontal category horizontal category 

of statesof states

RulesRules

(c, a) |= p , if c is an application of p at a(c, a) |= p , if c is an application of p at a

K L

D G

K R

D H

p/a

p

a

a

l

r
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Spatial Spatial -- Temporal LogicTemporal Logic

spatial structure of computations spatial structure of computations 

�� exists x . Fexists x . F -- hidinghiding

�� F + GF + G -- gluinggluing

propositional logic propositional logic 

�� F implies GF implies G -- implicationimplication

�� ……

Spatial Structure of ComputationsSpatial Structure of Computations

(g, a) |= F(g, a) |= F11 ++ FF22 , if c, if c = c= c22’’ ◦◦ cc11 such that such that 

((cc1 1 , a) |= F, a) |= F11

((cc2 2 , a) |= F, a) |= F2 2 

g1

g2

g2’

g1’

I G2

G1 H

I’ G2’

G1’ H’

pushoutpushout in the in the 

horizontal category horizontal category 

of computationsof computations
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�� an algebraic model of concurrent derivationsan algebraic model of concurrent derivations
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Want to say things likeWant to say things like

�� In a graph containing P, publish, find, and bind are applicable.In a graph containing P, publish, find, and bind are applicable.

�� P implies P implies pre(publishpre(publish ; find; bind); find; bind)

�� In the resulting graph there is a connection between In the resulting graph there is a connection between rqrq and pr.and pr.

�� post(publishpost(publish ; find; bind) implies Q; find; bind) implies Q

<<component>>

rq:Requestor

<<discovery>>
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r:Req

<<requires>>

d:Desc

<<matches>>
<<service>>

pr:Provider<<specifies>>

<<component>>

rq:Requestor
<<service>>

pr:Provider
Q:

P:



A Categorical Model of Computation for 

Graph Transformation

Reiko Heckel, University of Leicester

ITU Copenhagen, 01/12/2006 13

Some Open QuestionsSome Open Questions

Is this logicIs this logic

�� at the right level of abstraction ?at the right level of abstraction ?

�� are two derivations indistinguishable are two derivations indistinguishable iffiff they are shiftthey are shift--

equivalent equivalent 

�� supporting reasoning ?supporting reasoning ?

�� rules likerules like

c |= p + q c |= p + q c |= p + q c |= p + q 

c |= p ; qc |= p ; q c |= q ; pc |= q ; p

follow directly from the axioms of the modelfollow directly from the axioms of the model

�� completeness should follow from the free constructioncompleteness should follow from the free construction

What about What about ‘‘graphs as arrowsgraphs as arrows’’ view? view? 


