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On Correctness of Digitwize Arithmetic

School of Computing and Mathematical Sciences, University of Leicester, University Road,

Leicester, LE1 7RH, UK

S. BALCO AND R. L. CROLE.
Mathematical addition of natural numbers performed by a human on paper, where columns of

digits are added up and carry and output digits computed, is always correct. Addition of natural

numbers, performed by an Arithmetic Logic Unit (ALU) in a computer processor, may or may not

be correct.

Generalising, one might consider other operations and their correctness. This paper explores

operations each of which is a form of addition or subtraction or negation. The operations are split

into two groups: one group has a feature commonly seen in ALUs, and the other has a feature

common to the way humans do digit-by-digit columnar computations. For each operation, a

correctness theorem is proven, where conditions may be required to guarantee correctness.

In hardware texts, one finds conditions for ALU addition correctness. However, the details

are often informal and incomplete. Mathematics texts tend not to discuss correctness. Our new

contributions are:

• the precise definition of a range of arithmetic operations, with some not usually considered

in the literature, together with an equational calculus;

• the precise definition of a range of comprehensive correctness theorems with full proofs of

correctness;

• a thorough analysis of how the theorems were originally derived;

• an exploration of modular approaches to proofs; and

• a representative selection of proofs of theorems by machine, in Isabelle/HOL.
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1 INTRODUCTION

1.1 Fundamental Ideas

In this paper, B
def

= { 0, 1 } is the set of Booleans, N is the set of natural numbers and Z

is the set of integers. We assume there are well defined notions of addition and other

operations.

In Java, as in many programming languages, one has Math.abs(x) which returns the

absolute value of an integer x. Except that it doesn’t. At least, there is an exception!

If x is equal to Integer.MIN_VALUE, the most negative int value, the output is again

Integer.MIN_VALUE which is incorrect. This exception arises due to the finite memory

assigned to int values: the correct absolute value in Z of the integer Integer.MIN_VALUE

is “too large” to be any int value, so if the return type of Math.abs(x) is int the lan-

guage cannot possibly return Math.abs(Integer.MIN_VALUE) correctly. The reason that

Integer.MIN_VALUE is (often) returned is explained later in this paper in Remark 4.7.

There is a clear mathematical definition of Z, and also of the unary operation abs on Z.

When we use a computer to compute abs, the user begins with an integer. This is converted

to a binary number, a (computer) representation. Computation of the absolute value (indeed

other operations such as negation and arithmetic) takes place in the computer processor

Arithmetic Logic Unit (ALU). This is an implementation of an (algorithmic) representation

of abs. The ALU output is then converted to an integer and returned to the user.

So we have a representation of data (inputs and outputs), a representation of operations

on the data, and as we saw above, in some cases the representations are incorrect.

The purpose of this paper is to present in a comprehensive and uniform way the theory

that underpins representational correctness for a small set of common operations.

Many text books on Computer Architecture discuss correctness. However, the accounts

are often informal, and certainly not comprehensive.
1
For example, the textbook account of

the digital logic tests for + performed by an ALU corresponds to the first of three parts of a

theorem in this paper (Theorem 4.9). The other two parts are seemingly never mentioned.

1
This paper came about after teaching Computer Architecture for a few years. I was never able to find an

all-encompassing treatment of this important subject. Neither could I find a research article that unified all

the key ideas from both mathematics and engineering.

Manuscript submitted to ACM

https://doi.org/10.1145/nnnnnnn.nnnnnnn


89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129

130

131

132

On Correctness of Digitwize Arithmetic 3

In the remainder of the introduction we give more details of these ideas, mainly by

informal example, so the reader has a good foundation for understanding the formal

approach of the paper.

At school one learns how to write down integers using a syntax/notation consisting

of sequences of the denary
2
digits 0, 1, 2, . . . , 9 prepended by +/−. This yields denary

representations of the integers. One learns to perform addition algorithmically by adding

up columns of digits and writing down remainders and carries. A trivial example is

2 8

+ 1 9

1 0

4 7

where the output is 47 and the carry is 10. We will refer to this algorithm as the Digitwize

Algorithm, DA, since it works digit-column by digit-column.

One can do the same for other integer representations, such as sequences of the binary

digits 0, 1, that is, binary numbers (where we consider each one to have 𝑘 + 1 digits

in positions 𝑘 to 0 left to right). Here is an example with 𝑘 = 3 which illustrates our

terminology, where bold 1 is called the overflow digit (we explain why in due course):

Input/Operand 1 1 1

Input/Operand 0 1 0

Carry 1 1 0 0

Output (Remainder digits) 1 0 0 1

Remark 1.1. In this paper we are going to regard N and Z as semantic domains, in the

sense that users understand their data and operations as a natural language, so to speak.

Of course, when we write down say 28, strictly speaking this is a denary representation of a

particular element. None-the-less we will regard the translation of 11100 into 28 as giving a

semantics: 11100 denotes 28 ∈ Z.

This paper assumes knowledge of unsigned and signed (twos-complement) binary

number representations: In each case this is a sequence of 0s and 1s, and the semantics

maps a sequence into N and Z respectively. Examples of signed numbers are 1001 and

0110 with semantics −7 ∈ Z and +6 ∈ Z.

There are some obvious questions:

2
We refer to denary, not decimal, since we will not work with fractions (bicimals are binary fractions)!!
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4 S. Balco and R. L. Crole.

(1) Is each representation of the integers correct (in some sense)?

(2) Do digitwize algorithms give correct answers to addition, subtraction and negation

on the integers? Indeed, what exactly does correct mean?

(3) Are there algorithms which are always (ie totally) correct? Can we state precisely

when algorithms are conditionally correct? What are the exceptions?

1.2 Exploring theQuestions

In regard of Question (1) we do not say anything fundamentally new in this paper. However,

for completeness, we do give a formal statement of correctness of binary representations

in Theorem 2.3; for now we make the following remark which together with Theorem 2.3

provides an answer to Question (1).

Remark 1.2. For any integer𝑚 (for example −8) we will show that there is a canonical

representation 𝜌 (𝑚) as a binary number of least length (for the example, 1000), such that

there is an inverse function − ↦→ {−} returning the original integer𝑚 = {𝜌 (𝑚)} (for the
example, {1000} = −8). We will refer to the inverse as a denotational or semantic function.

Note that representations might not be unique: −8 is also represented by 111000. However

we will always work with canonical representations by specifying the lengths of the binary

numbers we work with. Typically a Theorem will involve 𝑘-digit binary numbers.

We now explore the other questions informally. We look at examples where the cal-

culations mimic the behaviour of an ALU; but also examples mimicking calculations as

taught to mathematics students. First we make a definition about overflow, since this

often causes confusion.

Definition 1.1. Overflow is defined as the logical negation of correctness. Thus overflow

is a synonym for incorrectness.
However, perhaps confusingly, if one has two 𝑘-digit operands, the carry digit in position

𝑘 + 1 will be known as the overflow digit.

Remark 1.3. In this paper, we will divide all of our theorems into those involving “maths-

operators” and those involving “ALU-operators”. Each operator is defined in terms of the DA.

Operands 𝑎 = 𝑎𝑘 . . . 𝑎1𝑎0 and 𝑏 = 𝑏𝑘 . . . 𝑏1𝑏0 are input. The DA always produces an output

(𝑐, 𝑟 ) where 𝑐 is the carry (sequence of carry digits) and 𝑟 is “the result of the operator”, but

we usually refer to the “output” 𝑟 . Maths-operator outputs take the form 𝑟𝑘+1𝑟𝑘 . . . 𝑟1𝑟0; and

ALU-operator outputs take the form 𝑟𝑘 . . . 𝑟1𝑟0, thus omitting leftmost digit 𝑟𝑘+1. We will

Manuscript submitted to ACM
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On Correctness of Digitwize Arithmetic 5

often denote operators by 2, and we will then write 𝑎 2 𝑏
def

= 𝑟 . Examples of such operators

are given next where we indicate leftmost digit 𝑟𝑘+1 using a superscript 𝑟 (ditto 𝑐).

1.2.1 Example Calculations by a Computer ALU. An example with 3-digit unsigned binary.

Consider 1 + 3 =N 4 and 3 + 5 =N 8. We assume that 1, 3, 5 have correct unsigned

representations. These appear as operands in the following digitwise computations, where

+𝐴𝐿𝑈 is an ALU-operator.

0 0 1

+𝐴𝐿𝑈 0 1 1

𝑐
0 1 1 0

𝑟
0 1 0 0

0 1 1

+𝐴𝐿𝑈 1 0 1

𝑐
1 1 1 0

𝑟
1 0 0 0

The ALU outputs are 001+𝐴𝐿𝑈 011 = 100 which is 4, correct, and 011+𝐴𝐿𝑈 101 = 000 which

is 0, incorrect. Note that the overflow digit
𝑐𝛿 equals 0 and 1 respectively. Of course it is

very clear for unsigned binary addition that ALU outputs are correct just in case 𝛿 = 0, so

we may state that overflow occurs just in case 𝛿 = 1.

Now an example with signed binary, using the same digitwise computations. Consider

1+3 =Z 4 and 3+(−3) =Z 0. The ALU outputs are 100 which is −4, incorrect, and 000 which
is 0, correct. Note that overflow occurred in computing 1 + 3 but the overflow digit equals

0. In fact we shall see that overflow for signed binary occurs just in case the overflow

digit, and the carry digit to its immediate right, are unequal. Since most computers would

operate with “integer inputs” (so to speak), and produce an “integer output”, this example

matches what one tends to see in Computer Architecture textbooks when the arithmetic

performed by the ALU is described. One also meets the so-called sign-bit (sign-digit)

conditions: the ALU is correct just in case the first digit of each operand is unequal (this

is the case when computing 3 + (−3)), or these digits are equal and also equal to the first

digit of the output. Neither is the case in computing 1 + 3.

Now in these examples, the binary operands and outputs are either all signed or all

unsigned. However, what might be true if we allow some mixing? For example, when

computing 3 + (−3), if we regarded the ALU output 000 as unsigned binary it would be

correct.

What about (+3) − (+5) =Z −2 where we regard this as a subtraction of unsigned binary

numbers? If the ALU output is also unsigned, it cannot correctly represent −2. The ALU

Manuscript submitted to ACM
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6 S. Balco and R. L. Crole.

computation, complement 101 and add 1, is

0 1 1

−𝐴𝐿𝑈 1 0 1

𝑐
1

𝑟

0 1 1

+𝐴𝐿𝑈 0 1 0

𝑐
0 1 1 1

𝑟
0 1 1 0

Then the output 110 is correct if it is understood as a signed number!

Finally, we are interested in integer negation, that is, sign swapping. The negation in Z

of −3 is 3. So we seek operators such as ¬𝐴𝐿𝑈 which (if correct) would yield ¬(101) = 011.

1.2.2 Example Calculations by aMathematician. Looking back at the unsigned calculations

of 1 + 3 = 4 and 3 + 5 = 8, the Maths outputs are 0100 which is 4 and 1000 which is 8. Thus

both calculations are now correct. If one picks two unsigned binary numbers of the same

length, and adds them, to ensure that the output is correct one always needs to include

the leftmost carry digit if it is a 1 (and including 0 is fine in any case).

However, with signed binary, Maths outputs may be wrong. Looking back at the example

of 3 + (−3) =Z 0, we have 011 +𝑀𝑎𝑡ℎ 101 = 1000, wrong since 1000 represents −8.
To finish our examples, look back at (+3) − (+5) where we regarded this as a subtraction

of unsigned binary numbers. In this case, the ALU output when regarded as signed binary

was correct. However we have 011 −𝑀𝑎𝑡ℎ 101 = 0110, and so the Maths output is always

wrong (it denotes a positive integer, signed or unsigned).

1.3 MakingQuestions 2 and 3 More Precise

Thinking about the examples above, we have

• N and Z, with representations using unsigned and signed binary; and

• operations on N and Z of addition + and subtraction −, with representations such

as +/−𝐴𝐿𝑈 and +/−𝑀𝑎𝑡ℎ .

Suppose that𝑚 and 𝑛 are integers, with canonical representations 𝜌 (𝑚) and 𝜌 (𝑛) which
are 𝑘-digit binary numbers. Suppose that op is a 2-argument operator on Z and 2 is a

2-argument operator on binary numbers. Suppose that we know𝑚 op 𝑛 =Z 𝑟 . Then we

formally regard the operator 2 as correct if 𝜌 (𝑟 ) = 𝜌 (𝑚) 2 𝜌 (𝑛).

𝑚,𝑛
compute representations- 𝜌 (𝑚), 𝜌 (𝑛) compute binary operator- 𝜌 (𝑚) 2 𝜌 (𝑛) = 𝜌 (𝑟 ) compute semantics- 𝑟

Manuscript submitted to ACM
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On Correctness of Digitwize Arithmetic 7

Note that by Remark 1.2, since we work with canonical representations, we can equiva-

lently write correctness as

{𝑎} op {𝑏} = {𝑎 2 𝑏}
for all binary numbers 𝑎 and 𝑏 of the same length.

This provides a preliminary answer to Question 2 (what is correctness for operations?);

and in regard of Question 3, we shall soon formulate simple conditions (such as the

sign-digit and overflow-digit conditions, or perhaps single exceptions as was the case

with abs) that guarantee such correctness equations are true.

Summarising we have

Definition 1.2. Correctness Equations take the form

∀𝑎, 𝑏 ∈ B𝑘+1. {𝑎} op {𝑏} = {𝑎 2 𝑏}︸                      ︷︷                      ︸
Eq(𝑎,𝑏)

op ({𝑏}) = {2(𝑏)}︸                  ︷︷                  ︸
Eq(𝑏)

†

We sometimes refer to {𝑎} op {𝑏} or op ({𝑏}) as the correct integer answer, and to

{𝑎 2 𝑏} or {2(𝑏)} as the computer/maths integer answer (on the assumption the

expressions are calculated correctly!).

1.4 Our Contributions

The remainder of this paper is devoted to the study of correctness equations of the form

†. We will consider a range of choices for the operators op and 2, and for the semantic

function 𝜉 ↦→ {𝜉}, and investigate formally (stating and proving theorems) whether the

chosen correctness equation is true for all 𝑎 and 𝑏, or whether we can find a condition

Φ(𝑎, 𝑏) implying the equation holds.

• We develop a number of properties of our operators 2. These are given in Proposi-

tion 3.3. The properties amount to an equational calculus and are very useful for

establishing connections between operators, and are used in many of the formal

proofs of Theorems.

• Some of the equation instances are well known in the literature. For example, the

combination of signed integers, integer addition on Z, and ALU binary addition

+𝐴𝐿𝑈 , leading to the standard sign-digit conditions for correctness, is well known

to computer processor engineers (indeed, first year undergraduates). See Condition

Set 1 of Theorem 4.9.

• Condition Set 1 provides the standard overflow digit test and the sign-digit test.

Engineers usually only study these conditions for signed binary (hence “sign” tests).

Manuscript submitted to ACM
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Here, however, the word “sign” test is too suggestive: Similar conditions also work

for unsigned binary, and for Maths operators as well as ALU operators. These are all

defined and explored in this paper, and we believe these have not been worked out

before.

• In each theorem, Condition Set 1 states when a correctness equation holds. However,

in the failure cases, we give further Condition Sets that inform us how the correct

integer answer, {𝑎} op {𝑏}, can be computed in terms of 2. To our knowledge this

has never been fully worked out and documented before. We feel that this gives a

very pretty and uniform view.

• Some of the theorems are completely new. For example, the combination of un-

signed binary operands, subtraction with natural number operands, ALU binary

addition +𝐴𝐿𝑈 , but signed binary outputs. See Theorem 4.8.

• We also believe that this is the first time there has been a formal definition of

(recognition of) Maths-operators. As such, we believe that all the theorems in

Section 5 are new. Indeed, in one theorem we even see {0} op {0} = 0 ≠ {0 2 0}.
• All of the ALU-operator theorems are verified in Isabelle/HOL.

Remark 1.4 (Mathematical/Human Proofs by Hand). All of the theorems in this

paper have “typical” human proofs. By “typical” we mean that representative examples are

given for some but not all induction cases in a proof.

It is not essential to examine the proofs in detail in order to understand the Theorems. All

Theorems are easily tested with pencil and paper, by taking values for binary numbers and

performing simple calculations using the definitions in the paper. As such all formal proofs

are placed in an Appendix.

However, we have worked out strategies for the most efficient ways of conducting proofs,

and these are illustrated in the main text. We also point out some examples of modularity,

whereby we can use one theorem to prove another. For these reasons we do feel that the proofs

are of interest in there own right. We give more detail than is perhaps typical in a research

paper, since experience showed us how easy it is to make minor errors in this work. Indeed,

this is one very good reason for giving machine proofs in Isabelle/Hol.

Remark 1.5 (Machine Proofs in Isabelle/HOL). Proofs which are verified in Is-

abelle/HOL are labelled verified in hol. Please note that all theorems in Section 4.2, Section 4.3

and Section 4.4 are machine checked. Please visit

https://github.com/goodlyrottenapple/compArith/

Manuscript submitted to ACM
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and look at the README.md file.

1.5 Organisation of the Paper

Remark 1.6. The majority of this paper consists of the statement of correctness theorems

without proof, along with illustrative remarks and examples. The thought is that, so long as a

reader is familiar with the notation and results in Section 2 and Section 3, and also Section 4.1,

then the Theorems themselves can be understood fairly easily: one may simply plug and play

by computing with values of 𝑎 and 𝑏. Indeed, to some extent one can just dip in at any point

and there is no need to read every page.

The purpose of the proofs is to show that all the claims we make are verified both mathe-

matically and by computer: it is notoriously easy to make “small errors” with this material.

However we also feel that the proof methods, some of which are pure inductions, some of

which show how certain theorems can be proven by using instances of others, and some which

use an “equational binary calculus”, are intriguing in their own right.

In Section 2 we give the basic mathematical machinery that underpins our theorems.

There is a quick review of unsigned and signed binary. We then present the fundamental

theorem that describes the binary/denary conversions used in the paper, and some simple

formulas that arise from these conversions.

In Section 3 we formalise the Digitwize Algorithm for computing columnar addition

of binary numbers. We then formulate a variety of operations, which formalise the

maths/ALU operators given in the introduction, all defined using the Digitwize Algorithm.

Sections 4 and 5 lie at the heart of the paper. In Section 4.1 we outline the combinations

of unsigned binary, signed binary and the various digitwise operations we will study. In

Section 4.2 we present total correctness theorems for ALU-operators, and in Section 4.3

and 4.4 our conditional correctness theorems. In Sections 5.1 and 5.2 we move to Maths-

operator theorems, again looking at total and conditional correctness.

In Section 6 we present some elementary group-theoretic theorems. For example, the

group operation on 𝑘-digit binary numbers that yields an isomorphism with (Z
2
𝑘 , +, 0) is

precisely ALU addition. While such a result is folklore, we are not aware of such a precise

treatment in the literature.

2 BASIC DEFINITIONS AND THE FUNDAMENTAL THEOREM

Definition 2.1. Recall that B
def

= { 0, 1 } is the set of Booleans (Boolean digits). Let

𝑥 ∈ B𝑘+1. We write 𝑥𝑖 ∈ B for the digit of 𝑥 at position 𝑖 where 0 ≤ 𝑖 ≤ 𝑘 and sometimes

Manuscript submitted to ACM
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write 𝑥𝑘𝑥𝑘−1 . . . 𝑥0 instead of 𝑥 . We write 𝑥𝑖 for the sequence of digits 𝑥𝑖𝑥𝑖−1 . . . 𝑥0 where

0 ≤ 𝑖 ≤ 𝑘 ; so 𝑥 = 𝑥𝑘 = 𝑥𝑘𝑥
𝑘−1

and so on. If 𝑑 ∈ B then we will write 𝑑𝑥 for the sequence

𝑑𝑥𝑘 . . . 𝑥0, making𝑑 the head of the sequence. We write𝑑 for the complement of𝑑 . We shall

write : B𝑘+1 → B𝑘+1 for the digitwise complement function, that is, 𝑥
def

= 𝑥𝑘𝑥𝑘−1 . . . 𝑥0.

We will write [[−]] : B𝑘+1 → N ⊂ Z for the denotational function

𝑥 ↦→ [[𝑥]] ≡ [[𝑥𝑘𝑥𝑘−1 . . . 𝑥0]]
def

= +𝑥𝑘2𝑘 +
𝑘−1∑︁
𝑖=0

𝑥𝑖2
𝑖

We will write (| − |) : B𝑘+1 → Z for the denotational function

𝑥 ↦→ (|𝑥 |) ≡ (|𝑥𝑘 . . . 𝑥0 |)
def

= −𝑥𝑘2𝑘 +
𝑘−1∑︁
𝑖=0

𝑥𝑖2
𝑖 = −𝑥𝑘2𝑘 + [[𝑥𝑘−1]]

Given 𝑥 ∈ B𝑘+1 we call 𝑥𝑘 the sign-digit.

We will make use of the functions

𝜎 : B𝑘+1 → B 𝜋𝜎 : B𝑘+1 → B𝑘+1

(strictly, there is one such function for each 𝑘) which return the sign digit, that is 𝜎𝑥
def

= 𝑥𝑘 ;

and swap the sign digit, that is 𝜋𝜎𝑥
def

= 𝑥𝑘𝑥𝑘−1 . . . 𝑥0.

The sign digit indicates whether the integer (|𝑥 |) is negative or non-negative. To be

precise, one traditionally proves

Lemma 2.1. Given 𝑥 ∈ B𝑘+1 then (|𝑥 |) is negative just in case 𝜎𝑥 = 1.

However, more generally sign digits indicate ranges of semantic values. The next Lemma

generalises Lemma 2.1 and is used regularly in this paper.

Lemma 2.2. Given 𝑥 ∈ B𝑘+1 then we have

0 ≤ [[𝑥]] ≤ 2
𝑘+1 − 1 where 0 ≤ [[𝑥]] ≤ 2

𝑘 − 1︸                 ︷︷                 ︸
if 𝜎𝑥=0

or 2
𝑘 ≤ [[𝑥]] ≤ 2

𝑘+1 − 1︸                     ︷︷                     ︸
if 𝜎𝑥=1

and

−2𝑘 ≤ (|𝑥 |) ≤ 2
𝑘 − 1 where −2𝑘 ≤ (|𝑥 |) ≤ −1︸               ︷︷               ︸

if 𝜎𝑥=1

or 0 ≤ (|𝑥 |) ≤ 2
𝑘 − 1︸                ︷︷                ︸

if 𝜎𝑥=0

There is a key theorem that states a number of useful properties of the denotational

functions from Definition 2.1. In order to state it, we first set up some notation and some

further definitions.
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Definition 2.2. We will use the following abbreviations for some simple ideas from

Abelian groups:

• 𝑍𝑢;𝑚 def

= { 𝑧 ∈ Z | 0 ≤ 𝑧 ≤ 2
𝑚+1 − 1 }

• 𝑍 𝑠;𝑚 def

= { 𝑧 ∈ Z | −2𝑚 ≤ 𝑧 ≤ 2
𝑚 − 1 }

• Z𝑚
def

= Z/𝑚Z = { [𝑧] | 𝑧 ∈ Z } where for any 𝑧 ∈ Z we have

[𝑧] def

= { 𝑧 ± 𝛼𝑚 | 𝛼 ∈ N }

and we write the quotient map as 𝑞 : Z → Z𝑚 with 𝑞(𝑧) def

= [𝑧]. Recall that 𝑞 is a
homomorphism of Abelian groups, that is 𝑞(0) = [0] and 𝑞(𝑧 + 𝑧′) = 𝑞(𝑧) + 𝑞(𝑧′).

The functions 𝜌𝑢 : 𝑍𝑢;𝑘 → B𝑘+1 and 𝜌𝑠 : 𝑍 𝑠;𝑘 → B𝑘+1, deliver unsigned binary and

signed binary (twos-complement) representations (the formal definitions, and proofs of

existence, appear in the Appendix on page 34. The proofs make use of basic number

theory and Abelian groups).

We define the following functions for any 𝑥 ∈ B𝑘+1 and 𝑧 ∈ Z

Δ−,𝑘 (𝑧) def

= 𝑧 − 2
𝑘

Δ+,𝑘 (𝑧) def

= 𝑧 + 2
𝑘

𝜙 (𝑧) def

= 0 ≤ 𝑧 ≤ 2
𝑘 − 1 ↦→ 𝑧

2
𝑘 ≤ 𝑧 ≤ 2

𝑘+1 − 1 ↦→ Δ−,𝑘+1(𝑧)
𝜓 (𝑧) def

= 0 ≤ 𝑧 ≤ 2
𝑘 − 1 ↦→ 𝑧

−2𝑘 ≤ 𝑧 ≤ −1 ↦→ Δ+,𝑘+1(𝑧)

whose source and target and relationships to the denotational functions are shown in the

(commutative) diagrams below

B𝑘+1
[[−]] -
��
𝜌𝑢

𝑍𝑢;𝑘

+

B𝑘+1

𝜋𝜎

6

� 𝜋𝜎

?
�

𝜌𝑠

�
(| − |)

- 𝑍 𝑠;𝑘

Δ−,𝑘

?

� Δ+,𝑘

6

B𝑘+1
[[−]]- 𝑍𝑢;𝑘

𝑞
- Z

2
𝑘+1

+ +

B𝑘+1
?

=

6

(| − |)
- 𝑍 𝑠;𝑘

𝜙

?

� 𝜓

6

𝑞
- Z

2
𝑘+1

?

=

6

Given 𝑥 ∈ B𝑘+1 we can also define 𝑧𝑥 (𝑥) def

= ®0𝑥 ∈ B𝑘+1+𝑘
′
and 𝑠𝑥 (𝑥) def

= ®𝜎𝑥𝑥 ∈ B𝑘+1+𝑘
′

by appending 𝑘′ instances of 0 or the sign-digit 𝜎𝑥 .

The following theorem (see [4] or [16]) underpins this paper. We are not aware of the

stated (folklore) properties appearing in the literature in such an organised way.

Theorem 2.3. [Fundamentals of Representations and Semantics]
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The denotational functions [[−]] : B𝑘+1 → Z and (| − |) : B𝑘+1 → Z have images 𝑍𝑢;𝑘

and 𝑍 𝑠;𝑘 ; in fact they are bijections onto these images and the functions 𝜌𝑢 : 𝑍𝑢;𝑘 → B𝑘+1

and 𝜌𝑠 : 𝑍 𝑠;𝑘 → B𝑘+1 delivering unsigned binary and signed binary representations are

their respective inverses.

The commutation of the diagrams in Definition 2.2 amounts to the following equational

properties:

• [[𝜋𝜎𝑥]] = Δ+,𝑘 (|𝑥 |) = (|𝑥 |) + 2
𝑘

• (|𝜋𝜎𝑥 |) = Δ−,𝑘 [[𝑥]] = [[𝑥]] − 2
𝑘

• 𝜙 ( [[𝑥]]) = (|𝑥 |)
• 𝜓 ((|𝑥 |)) = [[𝑥]]
• 𝑞(𝑧 ∈ 𝑍𝑢;𝑘) = 𝑞(𝜙 (𝑧))
• 𝑞(𝑧 ∈ 𝑍 𝑠;𝑘) = 𝑞(𝜓 (𝑧))

The following additional properties hold:

• [[𝑥]] = (|𝑥 |) + 𝜎𝑥2𝑘+1

• [[1𝜋𝜎𝑥]] = [[𝑥]] + 2
𝑘
when 𝜎𝑥 = 1

• (|1𝜋𝜎𝑥 |) = (|𝑥 |) − 2
𝑘
when 𝜎𝑥 = 1

•

[[𝜋𝜎𝑥]] =
{
𝜎𝑥 = 0 : = [[𝑥]] + 2

𝑘

𝜎𝑥 = 1 : = [[𝑥]] − 2
𝑘

•

(|𝜋𝜎𝑥 |) =
{
𝜎𝑥 = 0 : = (|𝑥 |) − 2

𝑘

𝜎𝑥 = 1 : = (|𝑥 |) + 2
𝑘

• The functions 𝜋𝜎 , and − : B𝑘+1 → B𝑘+1 are self-inverse bijections and moreover

𝜋𝜎𝑥 = 𝜋𝜎𝑥 .

These operations preserve semantics:

Suppose that 𝑥 ∈ B𝑘+1 and 𝑦 ∈ B𝑘+1+𝑘
′
. Then

• [[𝑥]] = [[𝑦]] ⇐⇒ 𝑦 = 𝑧𝑥 (𝑥)
• (|𝑥 |) = (|𝑦 |) ⇐⇒ 𝑦 = 𝑠𝑥 (𝑥)

and in particular, any zero extension or sign extension of 𝑥 leaves the semantics unchanged.
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3 THE DIGITWIZE ALGORITHM AND DERIVED OPERATORS

3.1 The Digitwize Algorithm

We define the Digitwize Algorithm that formalises operations on binary numbers by

computing with columns of digits and outputting remainders and carries.

Definition 3.1. Suppose that 𝑎, 𝑏 ∈ B𝑘+1 and so 𝑎 = 𝑎𝑘𝑎𝑘−1 . . . 𝑎0 and 𝑏 = 𝑏𝑘𝑏𝑘−1 . . . 𝑏0.

A sequence of binary digits 𝑐𝑖 for 0 ≤ 𝑖 ≤ 𝑘 + 1 and 𝑟𝑖 for 0 ≤ 𝑖 ≤ 𝑘 is calculated by the

Digitwize Algorithm as follows:

• c0 ∈ B is chosen

• 𝑟𝑖
def

= (𝑎𝑖 + 𝑏𝑖 + c𝑖) MOD 2

• c𝑖+1
def

= (𝑎𝑖 + 𝑏𝑖 + c𝑖) DIV 2

These definitions yield a map of the form

DA𝑐0 : B𝑘+1 × B𝑘+1 −→ B𝑘+2 × B𝑘+1 (𝑎, 𝑏) ↦→ (𝑐, 𝑟 )

The digit 𝑐𝑘+2 is always referred to as the sign digit generated by 𝑎 and 𝑏. (Recall also the

sign-digit function 𝜎 , so in fact 𝑐𝑘+2 = 𝜎𝑐 .)

Remark 3.1. If the ALU internal implementation mimics exactly the DA, it is said to

be a ripple-carry adder. We do not study implementations for efficiency such as carry

lookahead, carry saving, carry selection, carry skipping and so on.

3.2 Formalising the Operations

We now define a number of unary and binary operators 2, on 𝑎 ∈ B𝑘+1 and 𝑏 ∈ B𝑘+1.

They are all derived from the DA; see Definition 3.1.

Definition 3.2. Operators 2 are generated from the following very simple grammar

𝛽 ::= 𝑍 | 𝑆 𝛼 ::= 𝐴 | 𝑀 op ::= + | − | ¬ | abs 2 ::= op𝛼 |op𝛽𝛼

Their definitions are given in Figure 1. We refer to operators of the form op𝐴 and op𝛽𝐴 as

ALU-Operators and these have target sets B𝑘+1 and B𝑘+2 respectively. We refer to those

of the form op𝑀 and op𝛽𝑀 as Maths-Operators and these have target sets B𝑘+2 and B𝑘+3

respectively.
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𝑎 ∈ B𝑘+1

op𝐴 (𝑏) 𝑎 op𝐴 𝑏 ∈ B𝑘+1

op𝛼𝐴 (𝑏) 𝑎 op𝛼𝐴 𝑏 ∈ B𝑘+2

𝑏 ∈ B𝑘+1

op𝑀 (𝑏) 𝑎 op𝑀 𝑏 ∈ B𝑘+2

op𝛼𝑀 (𝑏) 𝑎 op𝛼𝑀 𝑏 ∈ B𝑘+3

𝑎 +𝐴 𝑏
def

= 𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑎, 𝑏)
𝑎 +𝑍𝐴 𝑏

def

= 𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑧𝑥 (𝑎), 𝑧𝑥 (𝑏))
𝑎 +𝑆𝐴 𝑏

def

= 𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑠𝑥 (𝑎), 𝑠𝑥 (𝑏))
𝑎 +𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑎, 𝑏)
𝑎 +𝑍𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑧𝑥 (𝑎), 𝑧𝑥 (𝑏))
𝑎 +𝑆𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA0(𝑠𝑥 (𝑎), 𝑠𝑥 (𝑏))
𝑎 −𝐴 𝑏

def

= 𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑎, 𝑏)
𝑎 −𝑍𝐴 𝑏

def

= 𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑧𝑥 (𝑎), 𝑧𝑥 (𝑏))
𝑎 −𝑆𝐴 𝑏

def

= 𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑠𝑥 (𝑎), 𝑠𝑥 (𝑏))
𝑎 −𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑎, 𝑏)
𝑎 −𝑍𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑧𝑥 (𝑎), 𝑧𝑥 (𝑏))
𝑎 −𝑆𝑀 𝑏

def

= 𝑐𝑘+1𝑟 where (𝑐, 𝑟 ) def

= DA1(𝑠𝑥 (𝑎), 𝑠𝑥 (𝑏))
¬𝐴 (𝑏)

def

= 𝑏 +𝐴 1
¬𝑆𝐴 (𝑏)

def

= 𝑏 +𝑆𝐴 1
¬𝑀 (𝑏)

def

= 𝑏 +𝑀 1 1
def

= 0 . . . . . . 0︸    ︷︷    ︸
𝑘 copies of 0

1 ∈ B𝑘+1

abs𝐴 (𝑏)
def

= if 𝜎𝑏 = 0 then 𝑏 else ¬𝐴 (𝑏)
abs𝑆𝐴 (𝑏)

def

= if 𝜎𝑏 = 0 then 𝑧𝑥 (𝑏) else ¬𝑆𝐴 (𝑏)

Fig. 1. Defining Operations on Binary Numbers using the DA

Examples 3.1. Let 𝑎 = 0111 and 𝑏 = 1001. Then (𝑐, 𝑟 ) = DA1(𝑠𝑥 (0111), 𝑠𝑥 (1001)) =
DA1(00111, 00110). Then we have, where 𝑐0 = 1,

0 0 1 1 1

DA 0 0 1 1 0

𝑐 = 0 1 1 1 1 1
𝑟 = 0 1 1 1 0
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It may help to recall Section 1.2 including Remark 1.3. Let’s explore the remark a little

more, in the cases where 2 is op𝐴 and op𝑀 .

In the Maths-operator case 𝑎 op𝑀 𝑏, the output is defined to be 𝑐𝑘+1𝑟 ∈ B𝑘+2 (where

(𝑐, 𝑟 ) def

= DA𝛿∈B(𝑎, 𝑏) is the output from an instance of the DA) thus including the over-

flow carry digit in position 𝑘 + 1: this corresponds to what (usually) happens when

Mathematicians are using a pencil and paper for computing binary sums.

In the ALU-operator case 𝑎 op𝐴 𝑏, the output is defined to be 𝑟 ∈ B𝑘+1. This mimics the

ALU of a computer, namely that the overflow digit 𝑐𝑘+1 is not included in 𝑎 op𝐴 𝑏. Any

ALU is of a fixed size, e.g. where 𝑘 + 1 = 64-bit. The inputs (operands 𝑎, 𝑏) and output

𝑎 op𝐴 𝑏 are of equal size corresponding to the maximum size of the memory words in the

computer. Engineers say that the computation is heterogenous.

There are also (derived) definitions of the form op𝑍𝛼 and op𝑆𝛼 . In the former case, the

operands 𝑎, 𝑏 are always zero-extended before applying the operation op𝛼 ; and in the

latter case they are sign-extended before applying the operation op𝛼 .

Remark 3.2. Note there are two primary definitions of the form op𝐴 and op𝑀 , in that

each op𝛽𝛼 can be defined in terms of op𝛼 . For example, 𝑎 +𝑍𝐴 𝑏 = 𝑧𝑥 (𝑎) +𝐴 𝑧𝑥 (𝑏) = 0𝑎 +𝐴 0𝑏.

We now state a number of useful properties of the DA operations; these will be used in

the proofs of the correctness properties that follow in the Appendix. The reader may wish to

look back at Definitions 2.1 and 3.2 to revise the notation used. The proposition does not

play a direct role in the statements of our correctness theorems. However we feel that it

is of interest in its own right, since it provides an equational calculus for reasoning about

our binary operators. The proof is on page 37.

Proposition 3.3. (A Calculus for Binary Operators) Let 𝑎, 𝑏 ∈ B𝑘+1. Then the equa-

tions in Figure 2 hold.

Examples 3.2. The first four statements look complicated but are trivial. They state

that in any columnar computation, if the operands are extended to the left, then the

columns to the right of the extension index are all equal. In denary, 89 + 46 = 1|35 and
310|89 + 221|46 = 532|35, where e.g 31089

1 = 89. Note that while we are all very familiar

with these ideas, formal statements and proofs are in the Appendix (see Lemma 8.5 and 8.6).

We give just one other example, for 𝑎 +𝑍𝐴 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 +𝑆𝐴 𝜋𝜎𝑏). We have 110 +𝑍𝐴 011 =

0110 +𝐴 0011 = 1001 and also

𝜋𝜎 (𝜋𝜎110 +𝑆𝐴 𝜋𝜎011) = 𝜋𝜎 (010 +𝐴 111) = 𝜋𝜎 (0010 +𝐴 1111) = 𝜋𝜎0001 = 1001.
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• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 +𝑍𝐴 𝑏)𝑖 = (𝑎 +𝑆𝐴 𝑏)𝑖 = (𝑎 +𝐴 𝑏)𝑖 = 𝑎𝑖 +𝐴 𝑏𝑖
– and so (𝑎 +𝑍𝐴 𝑏)𝑘 = (𝑎 +𝑆𝐴 𝑏)𝑘 = 𝑎 +𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 −𝑍𝐴 𝑏)𝑖 = (𝑎 −𝑆𝐴 𝑏)𝑖 = (𝑎 −𝐴 𝑏)𝑖 = 𝑎𝑖 −𝐴 𝑏𝑖
– and so (𝑎 −𝑍𝐴 𝑏)𝑘 = (𝑎 −𝑆𝐴 𝑏)𝑘 = 𝑎 −𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 +𝑍𝑀 𝑏)𝑖 = (𝑎 +𝑆𝑀 𝑏)𝑖 = (𝑎 +𝐴 𝑏)𝑖 = 𝑎𝑖 +𝐴 𝑏𝑖
– and so (𝑎 +𝑍𝑀 𝑏)𝑘 = (𝑎 +𝑆𝑀 𝑏)𝑘 = 𝑎 +𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 −𝑍𝑀 𝑏)𝑖 = (𝑎 −𝑆𝑀 𝑏)𝑖 = (𝑎 −𝐴 𝑏)𝑖 = 𝑎𝑖 −𝐴 𝑏𝑖
– and so (𝑎 −𝑍𝑀 𝑏)𝑘 = (𝑎 −𝑆𝑀 𝑏)𝑘 = 𝑎 −𝐴 𝑏

• 𝑎 +𝐴 𝑏 = 𝜋𝜎𝑎 +𝐴 𝜋𝜎𝑏
• 𝑎 −𝐴 𝑏 = 𝜋𝜎𝑎 −𝐴 𝜋𝜎𝑏
• 𝜋𝜎𝑎 +𝐴 𝑏 = 𝑎 +𝐴 𝜋𝜎𝑏 = 𝜋𝜎 (𝑎 +𝐴 𝑏)
• 𝜋𝜎𝑎 −𝐴 𝑏 = 𝑎 −𝐴 𝜋𝜎𝑏 = 𝜋𝜎 (𝑎 −𝐴 𝑏)
• 𝑎 +𝑍𝐴 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 +𝑆𝐴 𝜋𝜎𝑏)
• 𝑎 −𝑍𝐴 𝑏 = 𝜋𝜎𝑎 −𝑆𝐴 𝜋𝜎𝑏
• 𝑎 +𝑍𝐴 𝑏 = 𝑧𝑥 (𝑎 +𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.6 is valid.

• 𝑎 −𝑍𝐴 𝑏 = 𝑠𝑥 (𝑎 −𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.8 is valid.

• 𝑎 +𝑆𝐴 𝑏 = 𝑠𝑥 (𝑎 +𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.9 is valid.

• 𝑎 −𝑆𝐴 𝑏 = 𝑠𝑥 (𝑎 −𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.10 is valid.

• 𝑎 +𝐴 𝑏 = 𝜋𝜎𝑎 +𝐴 𝜋𝜎𝑏
• 𝑎 +𝑀 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 +𝑀 𝜋𝜎𝑏) ⇐⇒ 𝜎𝑎 = 𝜎𝑏
• 𝑎 +𝑀 𝑏 = 𝜋𝜎𝑎 +𝑀 𝜋𝜎𝑏 ⇐⇒ 𝜎𝑎 ≠ 𝜎𝑏
• 𝑎 −𝑀 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 −𝑀 𝜋𝜎𝑏) ⇐⇒ 𝜎𝑎 ≠ 𝜎𝑏
• 𝑎 −𝑀 𝑏 = 𝜋𝜎𝑎 −𝑀 𝜋𝜎𝑏 ⇐⇒ 𝜎𝑎 = 𝜎𝑏
• 𝑎 +𝑍𝑀 𝑏 = 𝑎 +𝑆𝑀 𝑏 ⇐⇒ 𝜎𝑎 = 𝜎𝑏 = 0

• 𝑎 +𝑍𝑀 𝑏 = 𝜋𝜎 (𝑎 +𝑆𝑀 𝑏) ⇐⇒ 𝜎𝑎 = 𝜎𝑏 = 1

• 𝑎 +𝑀 𝑏 = 𝑎 +𝑍𝐴 𝑏
• 𝑎 +𝑍𝑀 𝑏 = 𝑧𝑥 (𝑎 +𝑀 𝑏)
• 𝑎 +𝑆𝑀 𝑏 = 𝑠𝑥 (𝑎 +𝑀 𝑏) ⇐⇒ Conditions of Theorem 5.2 is valid ⇐⇒ 𝜎𝑎 = 𝜎𝑏

Fig. 2. Defining a Calculus of Equations for Operations

4 CORRECTNESS THEOREMS FOR ALU-OPERATORS

4.1 Combinations of Semantics and Operators for Correctness Equations

We will shortly present a number of correctness theorems. Having loosely discussed the

ideas in the Introduction, let us motivate a typical formal theorem. First a definition.

Definition 4.1. In the remainder of the paper we will consider the validity of correctness

equations Eq(𝑎, 𝑏) involving 𝑎, 𝑏 ∈ B𝑘+1. Sometimes the equations will only be true when

certain equivalent conditions Φ(𝑎, 𝑏) hold.
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• If we can prove ∀𝑎, 𝑏. Eq(𝑎, 𝑏) then Eq(𝑎, 𝑏) is called a total equation.

• If we can prove ∀𝑎, 𝑏. Φ(𝑎, 𝑏) ⇐⇒ Eq(𝑎, 𝑏) then Eq(𝑎, 𝑏) is called a conditional

equation.

Definition 4.2. The correctness equations we study in this paper take the form

[[𝑎]] + [[𝑏]] =N [[𝑎2𝑏]]
[[𝑎]] − [[𝑏]] =Z (|𝑎2𝑏 |)

(|𝑎 |) + (|𝑏 |) =Z (|𝑎2𝑏 |)
(|𝑎 |) − (|𝑏 |) =Z (|𝑎2𝑏 |)

−[[𝑏]] =Z (|2(𝑏) |)
−(|𝑏 |) =Z (|2(𝑏) |)

Note that there are other possibilities. For example one might (weirdly?) consider [[𝑎]] +
(|𝑏 |) =Z [[𝑎2𝑏]]. The equations in the Definition seem to encompass a “sensible” blend of

operators and semantics. Further refinements can be made by considering the instances

of 2. For example, for the equations over N, we will consider 2 ∈ { +𝐴, +𝑀 , +𝑍𝐴, +𝑍𝑀 }
but not 2 ∈ { +𝑆𝐴, +𝑆𝑀 }.
The reader may care to re-read Section 1.5 before continuing.

4.2 Total Correctness Theorems for op𝛽𝐴

Theorem 4.3. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following equations hold for every such 𝑎 and 𝑏

(total correctness)

(1) [[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝐴 𝑏]]
(2) [[𝑎]] − [[𝑏]] = (|𝑎 −𝑍𝐴 𝑏 |)
(3) (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑆𝐴 𝑏 |)
(4) (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑆𝐴 𝑏 |)

verified in hol

Proof. One must prove Equations 1 and 2 by induction on 𝑘 . One can then show that

(1 ⇐⇒ 3) and (2 ⇐⇒ 4) by direct calculation. However, interestingly, we show that by

using the calculus of Proposition 3.3, combined with semantic equations from Theorem 2.3,

(3) and (4) can be deduced from (1) and (2) very easily. □

Examples 4.1. Take 𝑎 = 1011 and 𝑏 = 0101 and consider Equation 2. We should have

in denary (+11) − (+5) = +6. Now 1011 −𝑍𝐴 0101 = 𝑟 where

(𝑐, 𝑟 ) = DA1(𝑧𝑥 (1011), 𝑧𝑥 (0101)) = DA1(01011, 00101) = DA1(01011, 11010)

and then with 𝑐0
def

= 1
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0 1 0 1 1

DA 1 1 0 1 0

𝑐 = 1 1 0 1 1 1
𝑟 = 0 0 1 1 0

and of course (|00110|) = +6.

4.3 Conditional Correctness Theorems for op𝛽𝐴

Each of our ALU-operator conditional correctness theorems consist of five equivalent

conditions. To state the conditions we need further definitions of new notation.

Definition 4.4. Suppose that 𝑎, 𝑏 ∈ B𝑘+1 and (𝑐, 𝑟 ) is defined by the Digitwize Algorithm.

• We call any triple of binary digits a Sign-Occurrence (for example ⟨1, 0, 0⟩). These
are used to specify the possible values of ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ which lead to correctness.

• We refer to 𝜎𝑐 as the Overflow digit.

• We refer to equations of the form

op 𝜎𝑎 op 𝜎𝑏 op 𝜎𝑟 = 𝑒 where 𝑒 ∈ { −2, . . . , +2 } ⊂ Z

as Sign-Equations.

Definition 4.5. Suppose that 𝑎, 𝑏 ∈ B𝑘+1. The five conditions we consider in each of

our correctness theorems are described below. In reference to Definition 4.1, the first

condition Φ(𝑎, 𝑏) is a conditional equation and the other four conditions of the general

form Φ(𝑎, 𝑏, 𝑐, 𝑟 ) are equivalent to equation validity.

(1) Correctness: A correctness equation, introduced and motivated in Section 1.3

and defined in Definition 1.2 and Definition 4.2.

(2) Range: The correct natural number sum lies within the range of integers that have

representations with 𝑘 + 1 digits.

(3) Sign Occurrences: This specifies values of ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ as a disjunction of sign

occurrences.

(4) Overflow Digit: This states that the overflow digit 𝜎𝑐 must equal a specified value;

the value is usually given in terms of 𝑟 and or 𝑐 .

(5) Sign Equations: This is a single sign equation op 𝜎𝑎 op 𝜎𝑏 op 𝜎𝑟 = 𝑒 with the

value of 𝑒 specified.
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The reader may wonder how these conditions were discovered in the first place. Some

hints are encapsulated in the following remarks, in the context of Theorem 4.6:

Remark 4.1. Suppose that 𝑎, 𝑏 ∈ B𝑘+1, with 𝑐 and 𝑟 defined in Figure 1.

(1) Correctness: See Section 1.3 and Definition 1.2.

(2) Range: The Range conditions come from thinking about the bounds for the left

hand side and the right hand side of a Correctness equation. For example, in any

theorem, the least bound (greatest bound) occuring across the Range conditions

is always computed by minimizing (maximizing) the the correct integer answer.

The intermediate bounds arise from minimizing (maximizing) the computer integer

answer).

(3) Sign Occurrences: These are simply a complete solution set for the Sign Equation
(see below). It follows from elementary algebra that the complete solution set determines

the Sign Equation and vice versa.

(4) Overflow Digit: By using the Total Correctness equations of Theorem 4.3, from a

correct integer answer (such as [[𝑎]] + [[𝑏]]) we can work out its binary representation

𝑑𝑥 ∈ B𝑘+2. Using Proposition 3.3 one can then show that 𝑥 = 𝑟 , so in particular we

know 𝜎𝑟 . From 𝑑 and 𝜎𝑟 we can compute 𝜎𝑐 .

(5) Sign Equations: Starting (as above) from

[[𝑎]] + [[𝑏]] = [[𝑑𝑟 ]] ≡ [[𝜎𝑎𝑎𝑘−1]] + [[𝜎𝑏𝑏𝑘−1]] = [[𝑑𝜎𝑟𝑟𝑘−1]]

we can expand the right hand equation using the definition of the semantics, and then

the body of the Sign Equation appears naturally. If one then analyses the upper and

lower bounds of the sum [[𝑎𝑘−1]] + [[𝑏𝑘−1]], one can obtain integer values for 𝑒 .

Readers can find a more detailed analysis, in the context of Theorem 4.10, Appendix page 53.

Before we proceed, a couple of comments. The bold-text item labels in Theorem 4.6 will

be referred to as condition types. We also refer to the first set of conditions, second

set, and so on if there are further sets.

Remark 4.2. We can adopt a standard proof strategy. In Theorem 4.6 (and those that

follow), for each condition set bar the final one we shall prove

• (3 ⇐⇒ 4 ⇐⇒ 5)

• (1 =⇒ 2 =⇒ 4 =⇒ 1) or (1 =⇒ 2 =⇒ 3 =⇒ 1)

and then deduce the final condition set through some simple propositional logic.
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Theorem 4.6. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: [[𝑎]] + [[𝑏]] = [[𝑎 +𝐴 𝑏]]
(2) Range: 0 ≤ [[𝑎]] + [[𝑏]] ≤ 2

𝑘+1 − 1

(3) Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨0, 1, 1⟩, ⟨1, 0, 1⟩, but no others.
(4) Overflow Digit: 𝜎𝑐 = 0

(5) Sign Equation: 𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: [[𝑎]] + [[𝑏]] = [[1(𝑎 +𝐴 𝑏)]]
(2) Range: 2𝑘+1 ≤ [[𝑎]] + [[𝑏]] ≤ 2 ∗ (2𝑘+1 − 1)
(3) Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0⟩, ⟨1, 0, 0⟩, ⟨1, 1, 0/1⟩, but no others.
(4) Overflow Digit: 𝜎𝑐 = 1

(5) Sign Equation: 𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 2, 1

and moreover for each condition type (such as Correctness), one instance must hold (along

with its condition set equivalents). verified in hol

Proof. The Appendix proof follows Remark 4.2. To deduce Condition Set 2 from Con-

dition Set 1, the basic thought is that each condition in the second set, bar Correctness,

is the logical negation of its counterpart in the first set. And Correctness itself follows

by consulting Theorem 4.3, and then using Proposition 3.3 along with Overflow Digit to

perform simple rewrites. □

Example 4.7. Let 𝑎 = 11 and 𝑏 = 10 with 𝑘 = 1. So [[11]] = 3 and [[10]] = 2 and

11 +𝑍𝐴 10 = 101 with carry 100. Correctness requires 3 + 2 ≡ 5 = [[101]]. The range

requires 2
2 ≤ 5 ≤ 2 ∗ (22 − 1). The sign occurrence is ⟨1, 1, 0⟩. The overflow digit 𝜎𝑐 is

indeed 1. And finally the sign equation is 1 + 1 − 0 = 2. So all the conditions are true.

Remark 4.3. WARNING ABOUT TERMINOLOGY: The (common) use of the phrase

“overflow occurs”, in this paper, must now be applied in the context of a Correctness Equation

(or equivalent condition) in a specified Condition Set. Asserting “overflow occurs” means

all conditions of the specified set fail to hold true.
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Theorem 4.8. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise pairwise equiv-

alent

Condition Set 1

(1) Correctness: [[𝑎]] − [[𝑏]] = (|𝑎 −𝐴 𝑏 |)
(2) Ranges: −2𝑘 ≤ [[𝑎]] − [[𝑏]] ≤ 2

𝑘 − 1

(3) Sign Occurrences: Any of the following six occurrences ⟨1, 0, 0⟩, ⟨0, 1, 1⟩, ⟨1, 1, 0/1⟩,
⟨0, 0, 0/1⟩, but not the other two.

(4) Overflow: 𝜎𝑐 ≠ 𝜎𝑟 .
(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: [[𝑎]] − [[𝑏]] = (|1(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Ranges: −2𝑘+1 + 1 ≤ [[𝑎]] − [[𝑏]] ≤ −2𝑘 − 1

(3) Sign Occurrences: ⟨0, 1, 0⟩,
(4) Overflow: 𝜎𝑐 = 𝜎𝑟 = 0.

(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 1

and the following conditions are pairwise equivalent

Condition Set 3

(1) Correctness: [[𝑎]] − [[𝑏]] = (|0(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Ranges: 2𝑘 ≤ [[𝑎]] − [[𝑏]] ≤ 2
𝑘+1 − 1

(3) Sign Occurrences: ⟨1, 0, 1⟩,
(4) Overflow: 𝜎𝑐 = 𝜎𝑟 = 1.

(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = −2

and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol

Proof. The Appendix proof follows Remark 4.2. To deduce Condition Set 3 from

Condition Set 1 and 2: note that for any type of condition, bar Correctness, the con-

junction of all three matching conditions, one from each set, must be true, and moreover

the conditions are mutually exclusive. And Correctness itself again follows by consulting

Theorem 4.3, and then using Proposition 3.3 along with Overflow Digit to perform

rewrites. □
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Remark 4.4. Notice that in the second and third condition sets, the correctness equation has

a conjunct stipulating the value of the sign-digit of the result. Conveniently, the first condition

set which contains the “fundamental” statement of correctness, does not. However, when

overflow occurs, the alternative equations that do hold may only be determined exclusively by

knowing about the value of 𝜎𝑟 ! To see why this is so, suppose that [[𝑎]] − [[𝑏]] = (|1(𝑎 −𝐴 𝑏) |)
and that 𝜎𝑟 ≡ 𝜎𝑎−𝐴𝑏 = 1. Then we would have (|1(𝑎 −𝐴 𝑏) |) = (|𝑎 −𝐴 𝑏 |) and so we land

back in Condition Set 1. So additional information is required to distinguish the correctness

equations in the second and third condition sets, and explicitly flagging 𝜎𝑟 suffices.

Theorem 4.9. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝐴 𝑏 |)
(2) Range: −2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2

𝑘 − 1

(3) Sign Occurrences: Any one of the following six sign-occurrences ⟨0, 0, 0⟩, ⟨0, 1, 0/1⟩,
⟨1, 0, 0/1⟩, ⟨1, 1, 1⟩, but not the other two.

(4) Overflow Digit: 𝜎𝑐 = 𝑐𝑘
(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|1(𝑎 +𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Range: −2𝑘+1 ≤ (|𝑎 |) + (|𝑏 |) ≤ −2𝑘 − 1

(3) Sign Occurrences: The sign-occurrence ⟨1, 1, 0⟩.
(4) Overflow Digit: 𝜎𝑐 = 1 and 𝑐𝑘 = 0.

(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = −2
and the following conditions are pairwise equivalent

Condition Set 3

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|0(𝑎 +𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Range: 2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2(2𝑘 − 1)
(3) Sign Occurrences: The sign-occurrence⟨0, 0, 1⟩.
(4) Overflow Digit: 𝜎𝑐 = 0 and 𝑐𝑘 = 1.

(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = 1

and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol
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Remark 4.5. Two proofs are given. One approach is the same as for the previous two

theorems. However, another interesting method is to make use of Theorem 4.6 that involved

unsigned binary, along with the semantic equations of Theorem 2.3 which give many useful

relations between (denotations of) signed and unsigned binary along with the calculus of

Proposition 3.3, and hence “translate” Theorem 4.6 into Theorem 4.8.

Theorem 4.10. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝐴 𝑏 |)
(2) Range: −2𝑘 ≤ (|𝑎 |) − (|𝑏 |) ≤ 2

𝑘 − 1

(3) Sign Occurrences: Any of the following six occurrences ⟨0, 1, 0⟩, ⟨1, 0, 1⟩, ⟨0, 0, 0/1⟩,
⟨1, 1, 0/1⟩, but not the other two.

(4) Overflow Digit: 𝜎𝑐 = 𝑐𝑘
(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|1(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Range: −2𝑘+1 + 1 ≤ (|𝑎 |) − (|𝑏 |) ≤ −2𝑘 − 1

(3) Sign Occurrences: ⟨1, 0, 0⟩.
(4) Overflow Digit: 𝜎𝑐 = 1 and 𝑐𝑘 = 0

(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = 1

and the following conditions are equivalent

Condition Set 3

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|0(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Range: 2𝑘 ≤ (|𝑎 |) − (|𝑏 |) ≤ 2
𝑘+1 − 1

(3) Sign Occurrences: ⟨0, 1, 1⟩.
(4) Overflow Digit: 𝜎𝑐 = 0 and 𝑐𝑘 = 1

(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = −2
and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol

Remark 4.6. Please see Remark 8.3 on Appendix page 53 for the promised (in Remark 4.1)

detailed analysis of how the Condition Set conditions can be derived from first principles.
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4.4 Conditional Correctness Theorems for ¬𝑆𝐴 and ¬𝐴
Next we look at using some of the arithmetic operations to compute integer nega-

tions. In the work that appears below, instances of the binary number 1®0 correspond to

Integer.MIN_VALUE in the Introduction. The second part of the Theorem below shows

formally that using ALU-operator negation will fail exceptionally on this input. See

Remark 4.7.

Theorem 4.11. Let 𝑎, 𝑏 ∈ B𝑘+1. Recall from Figure 1 that ¬𝑆𝐴 (𝑏)
def

= 𝑏 +𝑆𝐴 1 and ¬𝐴 (𝑏)
def

=

𝑏 +𝐴 1. Then we have

• −(|𝑏 |) = (|¬𝑆𝐴 (𝑏) |)
• (|𝑎 −𝑆𝐴 𝑏 |) = (|𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)) |)
• 𝜎𝑎−𝑆𝐴𝑏 (𝑎 −𝑆𝐴 𝑏) = 𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)) ∈ B𝑘+3 and so

𝑎 −𝑆𝐴 𝑏 = (𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)))𝑘+2 ∈ B𝑘+2

• abs(|𝑏 |) = (|abs𝑆𝐴 (𝑏) |)

and

• −(|𝑏 |) = (|¬𝐴 (𝑏) |) for 𝑏 ≠ 1®0
• (|𝑎 −𝐴 𝑏 |) = (|𝑎 +𝐴 (¬𝐴 (𝑏)) |)
• 𝑎 −𝐴 𝑏 = 𝑎 +𝐴 (¬𝐴 (𝑏))
• abs(|𝑏 |) = (|abs𝑆𝐴 (𝑏) |) for 𝑏 ≠ 1®0

verified in hol

Proof. We remark only that the proof of the theorem relies heavily on Theorem 4.10.

□

Remark 4.7. From Theorem 4.11 we have −(|𝑏 |) = (|¬𝐴 (𝑏) |) in all cases bar 𝑏 = 1®0. In a

(𝑘 + 1)-bit ALU, 1®0 is precisely the signed binary representation of Integer.MIN_VALUE :

int; and of course 𝜎
1®0 = 1. Hence we have

Math.abs(Integer.MIN_VALUE) = [[abs𝐴 (𝜌𝑠 (Integer.MIN_VALUE))]]
= [[¬𝐴 (𝜌𝑠 (Integer.MIN_VALUE))]]
= [[𝜌𝑠 (Integer.MIN_VALUE) +𝐴 1]]
= [[1®0 +𝐴 1]]
= [[1®0]]
= Integer.MIN_VALUE
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Remark 4.8. In general (|𝑎 −𝐴 𝑏 |) = (|𝑎 |) − (|𝑏 |) just in case the conditions of Theorem 4.10

hold. However it is possible for this equality to hold, with the binary subtraction computed in

an ALU by complementing 𝑏 and adding 1, even though −(|𝑏 |) ≠ (|¬𝐴 (𝑏) |).
Indeed when 𝑏 = 1®0 we have ¬𝐴 (𝑏) = 𝑏 so that (|¬𝐴 (𝑏) |) = (|𝑏 |). However, taking 𝑎 def

= 1100

with 𝑘 = 3, and noting that 𝑎 −𝐴 𝑏 = 1100 −𝐴 1000 = 1100 +𝐴 (1000 +𝐴 1) = 1100 +𝐴 1000 =

0100,

(|𝑎 |) − (|𝑏 |) = −4 − (−8) = 4 = (|𝑎 −𝐴 𝑏 |)

Theorem 4.12. Let 𝑎, 𝑏, 𝑐 ∈ B𝑘+1. +𝐴 and +𝛼𝐴 are commutative. +𝐴 is associative. In

particular, and further

• 𝑎 +𝐴 (𝑏 +𝐴 𝑐) = (𝑎 +𝐴 𝑏) +𝐴 𝑐
• 0𝑎 +𝑍𝐴 (𝑏 +𝑍𝐴 𝑐) = (𝑎 +𝑍𝐴 𝑏) +𝑍𝐴 0𝑐

verified in hol

5 CORRECTNESS THEOREMS FOR MATHS-OPERATORS

Now we move on to Maths-operator theorems.

5.1 Total Correctness Theorems for op𝛽𝑀 and op𝑀

Theorem 5.1. Let 𝑎, 𝑏 ∈ B𝑘+1. The following equations hold for every such 𝑎 and 𝑏 (total

correctness)

• [[𝑎]] + [[𝑏]] = [[𝑎 +𝑀 𝑏]]
• [[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝑀 𝑏]]

The following in-equations hold for any such 𝑎 and 𝑏 (total incorrectness)

• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑀 𝑏 |)
• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑍𝑀 𝑏 |)
• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑆𝑀 𝑏 |)

5.2 Conditional Correctness Theorems for op𝛽𝑀 and op𝑀

Theorem 5.2. Let 𝑎, 𝑏 ∈ B𝑘+1. The following conditions are pairwise equivalent

• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑀 𝑏 |)
• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑆𝑀 𝑏 |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨1, 1, 0/1⟩: more simply, 𝜎𝑎 = 𝜎𝑏 .
Manuscript submitted to ACM
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as are

• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝜋𝜎 (𝑎 +𝑀 𝑏) |)
• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝜋𝜎 (𝑎 +𝑆𝑀 𝑏) |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0/1⟩: more simply, 𝜎𝑎 ≠ 𝜎𝑏 .

and moreover one condition must hold (along with equivalents of the condition) from each

set.

The following conditions are pairwise equivalent

• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑀 𝑏 |)
• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑆𝑀 𝑏 |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0/1⟩: more simply, 𝜎𝑎 ≠ 𝜎𝑏 .

as are

• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑀 𝑏) |)
• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑆𝑀 𝑏) |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨1, 1, 0/1⟩: more simply, 𝜎𝑎 = 𝜎𝑏 .

and moreover one condition must hold (along with equivalents of the condition) from each

set.

5.3 Conditional Correctness Theorems for ¬𝑀
Theorem 5.3. Let 1, 𝑎, 𝑏 ∈ B𝑘+1. Then we have

• −(|𝑏 |) = (|¬𝑀 (𝑏) |) for 𝜎𝑏 = 1.

• −(|𝑏 |) = (|𝜋𝜎 (¬𝑀 (𝑏)) |) for 𝜎𝑏 = 0.

• (|𝑎 −𝑀 𝑏 |) = (| (0𝑎 +𝑀 (¬𝑀 (𝑏)))𝑘+2 |).
• 0(𝑎 −𝑀 𝑏) = 0𝑎 +𝑀 (¬𝑀 (𝑏)) and so
𝑎 −𝑀 𝑏 = (0𝑎 +𝑀 (¬𝑀 (𝑏)))𝑘+2

• abs((|𝑏 |)) = (|abs𝑀 (𝑏) |)

Proof. We remark that the proof of the theorem relies heavily on Theorem 5.2. Note

also that the final item is a total correctness equation. This is the case since the first

equation holds just in case 𝜎𝑏 = 1, and so the negation that is computed is correct. □

Theorem 5.4. Let 𝑎, 𝑏, 𝑐 ∈ B𝑘+1. +𝑀 and +𝛼𝑀 are commutative. Further
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• 0𝑎 +𝑀 (𝑏 +𝑀 𝑐) = (𝑎 +𝑀 𝑏) +𝑀 0𝑐

• 00𝑎 +𝑍𝑀 (𝑏 +𝑍𝑀 𝑐) = (𝑎 +𝑍𝑀 𝑏) +𝑍𝑀 00𝑐

Proof. Commutativity is straightforward. The equations are easily proven by appealing

to the total correctness equations for +𝑀 and +𝑍𝑀 from Theorem 5.1, and Theorem 2.3.

Note that the first equation also follows from Theorem 4.12 since trivially +𝑀 = +𝑍𝐴. □

6 RELATING op𝐴 AND op𝑀 AND MODULAR ARITHMETIC

We present some further theorems about the properties of the operators op𝛼 .

Theorem 6.1. (B𝑘+1, +𝐴, ®0) is a group and it is isomorphic to (Z
2
𝑘+1, +, [0]) where we write

[𝑧] for modular equivalence classes but overload the Z addition operator + on Z
2
𝑘+1 . A choice

of isomorphism is given by the function compositions

B𝑘+1
[[−]]-
��
𝜌𝑢

𝑍𝑢;𝑘
𝑞

-
��

𝑞−1
Z
2
𝑘+1

where 𝑞−1( [𝑧]) def

= 𝑧 MOD 2
𝑘+1

.

Proof. It is very easy to see that 𝑞−1 is well defined (we choose to calculate the positive

modular value if 𝑧 < 0), and that it is an inverse of 𝑞. The other (set) bijection was proven

in Theorem 2.3. It follows that 𝑞 ◦ [[−]] : B𝑘+1 → Z
2
𝑘+1 is a bijection too. So it remains only

to prove that this composition is a homomorphism of groups. Thus we need to prove that

𝑞( [[𝑎 +𝐴 𝑏]]) = 𝑞( [[𝑎]]) +Z
2
𝑘+1 𝑞( [[𝑏]])

Note that 𝑞 = 𝑞Z ◦ 𝑖 where 𝑞Z is the quotient map with source Z, and of course 𝑞Z is a

homomorphism of groups (𝑍𝑢;𝑘 is certainly not a group!). So in fact we need to prove that

𝑞Z( [[𝑎 +𝐴 𝑏]]) = 𝑞Z( [[𝑎]] + [[𝑏]])

But from the Correctness conditions of Theorem 4.6 we see immediately that [[𝑎]] + [[𝑏]]
equals either [[𝑎 +𝐴 𝑏]] or [[1(𝑎 +𝐴 𝑏)]] = 2

𝑘+1 + [[𝑎 +𝐴 𝑏]] and so we are done. □

Corollary 6.1. It follows immediately from Theorem 6.1 and Theorem 4.6 that

B𝑘+1
(| − |)- 𝑍 𝑠;𝑘

𝑞
- Z

2
𝑘+1

is also an isomorphism of groups. In particular notice that 𝑞 ◦ [[−]] = 𝑞Z ◦ [[−]] and
𝑞 ◦ (| − |) = 𝑞Z ◦ (| − |) where we mildly overload the notation for the semantic maps, regarding

both targets as Z.
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Theorem 6.2. Noting that op𝐴 : B
𝑘+1 × B𝑘+1 −→ B𝑘+1 and op𝑀 : B𝑘+1 × B𝑘+1 −→ B𝑘+2

and letting 𝐹 ::= 𝑞Z ◦ [[−]] | 𝑞Z ◦ (| − |), consider the diagram (where 𝑃 (𝛼) is 𝑘 + 1 or 𝑘 + 2)

B𝑘+1 × B𝑘+1
op𝛼- B𝑃 (𝛼)

Z
2
𝑘+1 × Z

2
𝑘+1

𝐹 × 𝐹

?

op

- Z
2
𝑘+1

𝐹

?

Of course −𝛼 and +𝑀 are not operations that yield group structures on B𝑘+1 (for trivial

reasons). However, in many cases, suitable 𝐹 yield homomorphisms for the operations. In fact

we have

• 𝑞Z [[𝑎 +𝐴 𝑏]] = 𝑞Z [[𝑎]] + 𝑞Z [[𝑏]]
• 𝑞Z(|𝑎 −𝐴 𝑏 |) = 𝑞Z [[𝑎]] − 𝑞Z [[𝑏]]
• 𝑞Z(|𝑎 +𝐴 𝑏 |) = 𝑞Z(|𝑎 |) + 𝑞Z(|𝑏 |)
• 𝑞Z(|𝑎 −𝐴 𝑏 |) = 𝑞Z(|𝑎 |) − 𝑞Z(|𝑏 |)
• 𝑞Z [[𝑎 +𝑀 𝑏]] = 𝑞Z [[𝑎]] + 𝑞Z [[𝑏]]
• 𝑞Z(|𝑎 +𝑀 𝑏 |) = 𝑞Z(|𝑎 |) + 𝑞Z(|𝑏 |)
• 𝑞Z(|𝑎 −𝑀 𝑏 |) = 𝑞Z(|𝑎 |) − 𝑞Z(|𝑏 |)

Proof. This follows immediately from the various correctness proofs, and since 𝑞Z

is a homomorphism of groups (and hence preserves both + and − in the Abelian group

Z
2
𝑘+1). See the previous proof, of Theorem 6.1, plus one further illustrative example: for

the final equation, we simply need to show that 𝑞Z(|𝑎 −𝑀 𝑏 |) = 𝑞Z(|𝑎 |) − 𝑞Z(|𝑏 |). However
from Theorem 5.1 we know that (|𝑎 |) − (|𝑏 |) is either (|𝑎 −𝑀 𝑏 |), or (|𝜋𝜎 (𝑎 −𝑀 𝑏) |) and so

differs from (|𝑎 −𝑀 𝑏 |) by ±2𝑘+1 since the image set of −𝑀 is B𝑘+2. □

Remark 6.1. Recall Theorem 4.11 and Remark 4.7.Z2 acts onZ2
𝑘+1 by computing negations.

There are 2
𝑘+1

elements of Z
2
𝑘+1 (all of them!) fixed by the action of 0 ∈ Z2

. 0 ∈ Z
2
𝑘+1 is fixed

by 1 and so the number of points fixed by 1 is at least one. Burnside’s Lemma shows that

these sum to |Z2 | ∗𝑂 where 𝑂 is the number of orbits. So the sum is even. Hence there must

be at least one other element of Z
2
𝑘+1 fixed by 1 ∈ Z2, that is, another element equal to it’s

own negation. And in B𝑘+1 this is . . .1®0, i.e. Integer.MIN_VALUE.
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7 RELATEDWORK

The authoritative book by Hennessy and Patterson [11] is a great introduction to computer

processors. The comprehensive book by Ercegovac and Lang [8] contains a great deal of

arithmetic theory, perhaps directed more towards applications, and of course a much wider

range of operations and representations than presented in our paper. Other viewpoints can

be found in the classic text [7] by Donald E. Knuth. The books and articles [2, 14, 17, 20, 21]

study various aspects of computer Arithmetic in detail, though they are oriented towards

engineering and application in general.

There are many many computer based formal verification systems, and certainly too

many to be able to mention them all here. We explicitly mention two interactive Theorem

Provers, and these are Isabelle [3] and HOl [1, 9]. The first reason is that they have had a

major impact in the field of verification over the past few decades, and the second reason

is that we have used Isabelle in our work and in particular Higher Order Logic within

Isabelle. The book [19] by Nipkow and Klein is an excellent introduction to Isabelle.

An article whose results are closely related to the work presented here was written by

Dawson [6]. The results are closely related at a foundational level, though not directly.

Certainly our main Theorems do not appear in [6]. Dawson describes a collection of

Isabelle theories which facilitate reasoning about machine words: in our work a binary

number is effectively a machine word. For each possible word length, Dawson describes

a type of words of that length, and then generic theorems which can be applied to any

such type. From this, relationships are developed between such words and signed and

unsigned integers, along with other types such as lists of booleans and certain kinds of

functions. This work is centred around the Isabelle Theorem Prover and its development.

As far back as thirty years ago, perhaps more, the attractiveness of the generality

of theorem provers for verification of system designs was understood. Combining this

generality with good automationwasmuchmore difficult. Gradual progress has beenmade

over the years. In this section we overview just a few of the many contributions, mainly

in the verification of ALU hardware, and software/algorithms for arithmetic calculations.

There are many others, and again these are too numerous to cite all of them.

Bit slicing was a technique that was common with early processors in the mid 1970s,

especially the AMD (Advanced Micro Devices) 2900 series. One combines an ALU of

a fixed size, such as 4-bits, to build a 4𝑘-bit processor. The overall ALU is said to be

made up of 𝑘 4-bit slices, and arithmetic computations are undertaken in parallel. Hunt

and Brock [22] verify a bit-slice ALU using a mechanized theorem prover. The ALU and
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related specifications are written in the Boyer-Moore logic and the verification uses the

Boyer-Moore theorem prover.

Cyrluk, Rajan, Shankar and Srivas [5] describe an approach for enhancing the effective-

ness of theorem provers for hardware verification through the use of efficient automatic

procedures for rewriting, arithmetic and equality reasoning, and an off-the-shelf BDD-

based propo-sitional simplifier.

These automatic procedures are applied to various examples including an N-bit adder,

the Saxe pipelined processor, and the benchmark Tamarack microprocessor design. These

examples illustrate the basic design philosophy underlying PVS where powerful and

efficient low-level inferences are employed within high-level user-defined proof strategies.

This approach is contrasted with approaches based on tactics or batch-oriented theorem

proving.

Not so many years later “microprocessors” (as they became known) begin to be used in

many safety-critical environments, such as cars or planes. This is of course the case today,

where safety critical systems are pervasive. Kroening [15] wrote a thesis at the turn of the

millennium on this topic. Errors often remained undiscovered even when considerable

testing was done. A well known example of this was the Pentium IV bug. This cost Intel a

great deal of money; afterwards Intel were to invest much more heavily in using tools

such as theorem provers to verify their processor designs.

John Harrison was employed by Intel soon after the Pentium IV incident. He has done

considerable work in using theorem provers to verify hardware. This and similar work

eventually led to [13] which is a unique and comprehensive monograph that covers

techniques in formal and practical logic and automation. For a general non-technical

overview of automation in mathematics see for example [10, 12].

There has been extensive work in verification of floating point arithmetic [2, 20, 21].

While pervasive in modern computing, due to restricted ranges and of course precision

loss, floating point arithmetic can be complex and indeed lead to failure. For this latter

reason, computer-assisted verification of correctness proofs is vital. Just one example of

computer-assisted verification is the work by Daniel Kroening, Tom Melham et al have

applied various tools to a commercial floating-point arithmetic unit from ARM and an

open-source dual-path floating-point adder [18]. This work provides a comprehensive

account of formally specified and verified floating-point algorithms with the Coq proof

assistant. The authors provide a formalization of floating-point arithmetic and methods

to automate proofs. They give the specification and verification of many algorithms, from
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error-free transformations to a numerical scheme for a partial differential equation. The

examples cover not only mathematical algorithms but also C programs as well as issues

related to compilation.

Finally we would like to thank Simon Gay, Alexander Kurz, Andrew Pitts, and Emilio

Tuosto for discussions about this work, and to John Harrsion for help with pointers to related

work.

REFERENCES

[1] The HOL Theorem Prover. 2019. https://hol-theorem-prover.org/.

[2] Sylvie Boldo and Guillaume Melquiond. Computer Arithmetic and Formal Proofs. Elsevier, 2017.

[3] Clemens Ballarin and Stefan Berghofer and Jasmin Blanchette and Timothy Bourke and Lukas Bulwahn

and Amine Chaieb and Lucas Dixon and Florian Haftmann and Brian Huffman and Lars Hupel and Ger-

win Klein and Alexander Krauss and Ondřej Kunčar and Andreas Lochbihler and Tobias Nipkow and

Lars Noschinski and David von Oheimb and Larry Paulson and Sebastian Skalberg and Christian Ster-

nagel and Dmitriy Traytel. The Isabelle/Isar Reference Manual. 2019. https://isabelle.in.tum.de/doc/isar-

ref.pdf.

[4] P.M. Cohn. Algebra, volume 2. John Wiley and Sons Ltd., 1979.

[5] Cyrluk D., Rajan S., Shankar N., and Srivas M.K. Effective Theorem Proving for Hardware Verification.

Lecture Notes in Computer Science, 1995. ISBN: 978-3-540-59047-7.

[6] Jeremy E. Dawson. Isabelle Theories for Machine Words. 250:55–70, 2009. In Seventh International

Workshop on Automated Verification of Critical Systems (AVOCS’07). Full version appears at.

[7] Donald E. Knuth. The Art of Computer Programming: Fundamental Algorithms, volume 1. Addison

Wesley Longman Publishing Co., 3rd edition, 1997.

[8] Milos D. Ercegovac and Tomás Lang. Digital Arithmetic. Elsevier (Morgan Kaufmann), 2003.

[9] M. J. C. Gordon and T. F. Melham. Introduction to HOL: A theorem proving environment for higher order

logic. Cambridge University Press, 1993.

[10] John Harrison. A HOL Theory of Euclidean Space. In In Theorem Proving in Higher Order Logics,

volume 3603 of Lecture Notes in Computer Science, pages 114–129, 2005.

[11] John L. Hennessy and David A. Patterson. Computer Architecture: A Quantitative Approach. Elsevier

(Morgan Kaufmann), 2017.

[12] Jeremy Avigad and John Harrison. Formally Verified Mathematics. Communications of the ACM,

57(4):66–75, 2014.

[13] John Harrison. Handbook of Practical Logic and Automated Reasoning. Cambridge University Press,

2009.

[14] Peter Kornerup and David W. Matula. Finite Precision Number Systems and Arithmetic. Cambridge

University Press, 2010. Appeared online in 2013.

[15] Daniel Kroening. Formal Verification of Pipelined Microprocessors, pages 71–80. Gesellschaft fuer

Informatik, 2002.

[16] S. Mac Lane. Algebra. American Mathematical Society, 3 edition, 1999.

Manuscript submitted to ACM



1365

1366

1367

1368

1369

1370

1371

1372

1373

1374

1375

1376

1377

1378

1379

1380

1381

1382

1383

1384

1385

1386

1387

1388

1389

1390

1391

1392

1393

1394

1395

1396

1397

1398

1399

1400

1401

1402

1403

1404

1405

1406

1407

1408

32 S. Balco and R. L. Crole.

[17] Silvia M. Mueller and Wolfgang J. Paul. Computer Architecture Complexity and Correctness. Springer,

2000.

[18] Rajdeep Mukherjee, Saurabh Joshi, Andreas Griesmayer, Daniel Kroening, and Tom Melham. Equiva-

lence checking of a floating-point unit against a high-level C model. In FM 2016: Formal Methods - 21st

International Symposium, Limassol, Cyprus, November 9-11, 2016, Proceedings, pages 551–558, 2016.

[19] Tobias Nipkow and Gerwin Klein. Concrete Semantics. 2019. http://concrete-semantics.org/.

[20] B. Parhami. Computer Arithmetic: Algorithms and Hardware Designs. Oxford University Press, 2010.

2nd Edition.

[21] David M. Russinoff. Formal Verification of Floating-Point Hardware Design. A Mathematical Approach.

Springer, 2019.

[22] Hunt W.A. and Brock B.C. The verification of a bit-slice ALU. Lecture Notes in Computer Science,

408(2):103–112, 1990. Hardware Specification, Verification and Synthesis: Mathematical Aspects.

Manuscript submitted to ACM



1409

1410

1411

1412

1413

1414

1415

1416

1417

1418

1419

1420

1421

1422

1423

1424

1425

1426

1427

1428

1429

1430

1431

1432

1433

1434

1435

1436

1437

1438

1439

1440

1441

1442

1443

1444

1445

1446

1447

1448

1449

1450

1451

1452

On Correctness of Digitwize Arithmetic 33

8 APPENDIX

8.1 Fundamental Theorem

Lemma 8.1. Given 𝑥 ∈ B𝑘+1 then (|𝑥 |) is negative just in case 𝜎𝑥 = 1.

Proof. If 𝜎𝑥 = 1 then (|𝑥 |) ≤ −2𝑘 + Σ𝑘−1𝑖=0 2
𝑖 = −2𝑘 + (2𝑘 − 1) = −1 < 0. If 𝜎𝑥 = 0 it is

trivial that (|𝑥 |) ≥ 0. □

Lemma 8.2. Given 𝑥 ∈ B𝑘+1 then we have

0 ≤ [[𝑥]] ≤ 2
𝑘+1 − 1 where 0 ≤ [[𝑥]] ≤ 2

𝑘 − 1︸                 ︷︷                 ︸
if 𝜎𝑥=0

or 2
𝑘 ≤ [[𝑥]] ≤ 2

𝑘+1 − 1︸                     ︷︷                     ︸
if 𝜎𝑥=1

and

−2𝑘 ≤ (|𝑥 |) ≤ 2
𝑘 − 1 where −2𝑘 ≤ (|𝑥 |) ≤ −1︸               ︷︷               ︸

if 𝜎𝑥=1

or 0 ≤ (|𝑥 |) ≤ 2
𝑘 − 1︸                ︷︷                ︸

if 𝜎𝑥=0

Proof. Follows from the definitions, and basic arithmetic such as that in the previous

proof. □

Theorem 2.3. [Fundamentals of Representations and Semantics]
The denotational functions [[−]] : B𝑘+1 → Z and (| − |) : B𝑘+1 → Z have images 𝑍𝑢;𝑘

and 𝑍 𝑠;𝑘 ; in fact they are bijections onto these images and the functions 𝜌𝑢 : 𝑍𝑢;𝑘 → B𝑘+1

and 𝜌𝑠 : 𝑍 𝑠;𝑘 → B𝑘+1 delivering unsigned binary and signed binary representations are

their respective inverses.

The commutation of the diagrams in Definition 2.2 amounts to the following equational

properties:

• [[𝜋𝜎𝑥]] = Δ+,𝑘 (|𝑥 |) = (|𝑥 |) + 2
𝑘

• (|𝜋𝜎𝑥 |) = Δ−,𝑘 [[𝑥]] = [[𝑥]] − 2
𝑘

• 𝜙 ( [[𝑥]]) = (|𝑥 |)
• 𝜓 ((|𝑥 |)) = [[𝑥]]
• 𝑞(𝑧 ∈ 𝑍𝑢;𝑘) = 𝑞(𝜙 (𝑧))
• 𝑞(𝑧 ∈ 𝑍 𝑠;𝑘) = 𝑞(𝜓 (𝑧))

The following additional properties hold:

• [[𝑥]] = (|𝑥 |) + 𝜎𝑥2𝑘+1

• [[1𝜋𝜎𝑥]] = [[𝑥]] + 2
𝑘
when 𝜎𝑥 = 1

• (|1𝜋𝜎𝑥 |) = (|𝑥 |) − 2
𝑘
when 𝜎𝑥 = 1
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•

[[𝜋𝜎𝑥]] =
{
𝜎𝑥 = 0 : = [[𝑥]] + 2

𝑘

𝜎𝑥 = 1 : = [[𝑥]] − 2
𝑘

•

(|𝜋𝜎𝑥 |) =
{
𝜎𝑥 = 0 : = (|𝑥 |) − 2

𝑘

𝜎𝑥 = 1 : = (|𝑥 |) + 2
𝑘

• The functions 𝜋𝜎 , and − : B𝑘+1 → B𝑘+1 are self-inverse bijections and moreover

𝜋𝜎𝑥 = 𝜋𝜎𝑥 .

These operations preserve semantics:

Suppose that 𝑥 ∈ B𝑘+1 and 𝑦 ∈ B𝑘+1+𝑘
′
. Then

• [[𝑥]] = [[𝑦]] ⇐⇒ 𝑦 = 𝑧𝑥 (𝑥)
• (|𝑥 |) = (|𝑦 |) ⇐⇒ 𝑦 = 𝑠𝑥 (𝑥)

and in particular, any zero extension or sign extension of 𝑥 leaves the semantics unchanged.

Proof. From Lemma 2.2 we know that the denotational functions have the specified

(finite) images.

Explicit Definitions of 𝜌𝑢 and 𝜌𝑠 :

The existence of 𝜌𝑢 : 𝑍𝑢;𝑘+1 → B𝑘+1 follows from the division algorithm on N. Take

any 𝑧 ∈ 𝑍𝑢;𝑘+1. Then we have

𝑧 = 2𝑞0 + 𝑎0
𝑞0 = 2𝑞1 + 𝑎1

...

𝑞𝑖 = 2𝑞𝑖+1 + 𝑎𝑖+1
...

𝑞𝑛−1 = 2𝑞𝑛 + 𝑎𝑛

where the quotients 𝑞𝑖 ≥ 0 and remainders 𝑎𝑖 ∈ B are uniquely determined. Since

the 𝑞𝑖 are strictly decreasing 𝑞𝑖 = 0 for some least 𝑖 , namely 𝑛 above. If 𝑛 = 0 then

𝜌𝑢 (𝑧) def

= ®0𝑧 ≡ ®0𝑎0 ∈ B𝑘+1 by appending a sequence of 𝑘 copies of 0. Otherwise 𝑛 ≥ 1. Note

that since 𝑞𝑖 > 0 for 𝑖 < 𝑛, we have 𝑎𝑛 = 1 since if not, 𝑞𝑛−1 = 0 which is a contradiction.

One can see that for 𝑖 < 𝑛we have𝑞𝑖 = Σ𝑛𝛼=𝑖+1𝑎𝛼2
𝛼−(𝑖+1)

and hence that 𝑧 = [[𝑎𝑛𝑎𝑛−1 . . . 𝑎0]].
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If 𝑛 > 𝑘 then since 𝑎𝑛 = 1 we have 𝑧 = [[𝑎𝑛𝑎𝑛−1 . . . 𝑎0]] ≥ 2
𝑛 ≥ 2

𝑘+1 > 𝑧, a contradiction;

the final inequality holds since 𝑧 ∈ 𝑍𝑢;𝑘 = { 𝑧 ∈ Z | 0 ≤ 𝑧 ≤ 2
𝑘+1 − 1 }. So 𝑛 ≤ 𝑘 .

• We define 𝜌𝑢 : 𝑍𝑢;𝑘 → B𝑘+1 by setting 𝜌𝑢 (𝑧) def

= ®0𝑎𝑛 . . . 𝑎0 ∈ B𝑘+1, appending a

(possibly empty) sequence of 0s.

• We define 𝜌𝑠 : 𝑍 𝑠;𝑘 → B𝑘+1 by setting 𝜌𝑠 (𝑧) def

= 𝜋𝜎 (𝜌𝑢 (Δ+,𝑘 (𝑧))).

Bijections:

Note that 𝜋𝜎 and − are trivially self-inverse hence also a bijection. Δ−,𝑘
and Δ+,𝑘

trivially

form a bijection.

To show that [[−]] is an injection one can argue by induction on 𝑘 : Let 𝑥,𝑦 ∈ B𝑘+2 such

that 𝑥𝑘+12
𝑘+1 + [[𝑥𝑘]] = 𝑦𝑘+12𝑘+1 + [[𝑦𝑘]]. In the case 𝑥𝑘+1 = 𝑦𝑘+1 we are immediately done

by induction yielding 𝑥𝑘 = 𝑦𝑘 . In the case 𝑥𝑘+1 ≠ 𝑦𝑘+1, wlog take 𝑥𝑘+1 = 1. Then using

Lemma 2.2 we have the contradiction 2
𝑘+1 > [[𝑦𝑘]] = 2

𝑘+1 + [[𝑥𝑘]] ≥ 2
𝑘+1

. Given that [[−]]
is an injection it follows that (| − |) is an injection too by a very similar argument.

Since [[−]] and (| − |) are both injections between finite sets, and the size of B𝑘+1 is 2𝑘+1

which is the size of both 𝑍𝑢;𝑘 and 𝑍 𝑠;𝑘 too, both functions are bijections as stated. In fact

𝜌𝑢 and 𝜌𝑠 are the respective inverses. That [[𝜌𝑢 (𝑧)]] = [[𝑎𝑛 . . . 𝑎0]] = 𝑧 is immediate from

the definition of 𝜌𝑢 . And (|𝜌𝑠 (𝑧) |) = 𝑧 follows from the definition of 𝜌𝑠 , and the fact that

Δ−,𝑘 ◦ [[−]] = (| − |) ◦ 𝜋𝜎 (which itself follows from a simple computation).

It is immediate from the definitions that 𝜙 and𝜓 also form a bijection. It is worth noting

explicitly that

𝑍𝑢;𝑘 = { [[𝑥]] | 𝑥 ∈ B𝑘+1 } and 𝑍 𝑠;𝑘 = { (|𝑥 |) | 𝑥 ∈ B𝑘+1 }

Properties:

It now follows that any two point-to-point (composition) paths in the left hand diagram

commute.

For the right hand diagram, to see that 𝜓 ((|𝑥 |)) = [[𝑥]], consider the cases when 𝑥 is

0𝑥𝑘−1 and 1𝑥𝑘−1. In the first case𝜓 acts as the identity, but (|0𝑥𝑘−1 |) = [[0𝑥𝑘−1]]; and in the

second case the left hand side is −2𝑘 + [[𝑥𝑘−1]] + 2
𝑘+1

which is [[1𝑥𝑘−1]]. The property for

𝜙 is immediate since it is inverse to𝜓 .

That 𝑞 ◦ 𝜙 = 𝑞 and 𝑞 ◦𝜓 = 𝑞 is also immediate since 𝑧, 𝜙 (𝑧) and𝜓 (𝑧) always pairwise
differ by ±𝛼 ∗ 2𝑘+1 with 𝛼 ::= 0 | 1.
The additional properties are proven with simple calculations; note that the final two

equations involving denotation of 𝜋𝜎𝑥 follow easily from the left hand diagram. For the

extensions we give more detail:
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⇐= is trivial from the definitions of the semantics and basic algebra. =⇒ requires a

short case analysis after expanding the definitions: for example if (|𝑥 |) = (|𝑦 |), then from

Lemma 2.2 it follows that 𝑥𝑘 = 𝜎𝑥 = 𝜎𝑦 = 𝑦𝑘+𝑘 ′ . That 𝑦𝑖 = 𝜎𝑥 for every 𝑘 ≤ 𝑖 < 𝑘′ + 𝑘
then also follows from Lemma 2.2: consider cases 𝜎𝑥 = 0 and 𝜎𝑥 = 1, and in each case one

gets a contradiction (|𝑥 |) ≠ (|𝑦 |) if there is any 𝑦𝑖0 ≠ 𝜎𝑥 . One then has [[𝑥𝑘−1]] = [[𝑦𝑘−1]]
immediately in case 𝜎𝑥 = 0, and also in case 𝜎𝑥 = 1 since−2𝑘 = −2𝑘+𝑘 ′+ . . .+2𝑘 . 𝑥𝑘−1 = 𝑦𝑘−1

follows from the bijection, and thus 𝑦 = 𝑠𝑥 (𝑥). □

8.2 Basic Lemmas

To prove many of the theorems in this paper, we need simple properties of the Digitwize

Algorithm, and of modular arithmetic. These we collect together in this short section.

Lemma 8.3. Suppose that 𝑎, 𝑏 ∈ B𝑘+1 . Then if (𝑐, 𝑟 ) def

= DA𝑐0 (𝑎, 𝑏), it is always the case
that

𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖 = 2𝑐𝑖+1 + 𝑟𝑖

Proof. Immediate from the definitions of DIV and MOD. □

We often compute (𝑥 + 𝑦 + 𝑧) 3 2 for 3 either DIV or MOD, and 𝑥 , 𝑦, 𝑧 binary digits.

While such computations are trivial, the next lemma is often helpful.

Lemma 8.4. Let 𝑑 ∈ B. Then

𝑑 DIV 2 = 0

𝑑 MOD 2 = 𝑑

(1 + 𝑑) DIV 2 = 𝑑

(1 + 𝑑) MOD 2 = 𝑑

(2 + 𝑑) DIV 2 = 1

(2 + 𝑑) MOD 2 = 𝑑

Given a DA computation on 𝑎 and 𝑏, one often then wants to compute the DA on 𝑎𝑖 and

𝑏𝑖 for some 𝑖 , that is, on portions of the inputs of equal length.

Lemma 8.5. Let 𝑎, 𝑏 ∈ B𝑘+1 and suppose that (𝑐, 𝑟 ) def

= DA𝑐0 (𝑎, 𝑏). Then for any 0 ≤ 𝑖 ≤ 𝑘
we have DA𝑐0 (𝑎𝑖, 𝑏𝑖) = (𝑐𝑖+1, 𝑟 𝑖).

Proof. 8.5 Let (𝑐, 𝑟 ) def

= DA𝑐0 (𝑎𝑖, 𝑏𝑖). We need to show that for any 𝑗 where 0 ≤ 𝑗 ≤ 𝑖 ,
we have 𝑐 𝑗 = 𝑐

𝑖+1
𝑗 and 𝑟 𝑗 = 𝑟

𝑖
𝑗 .

In the case that 𝑗 = 0 note that 𝑐0
def

= 𝑐0
def

= 𝑐𝑖+1
0

. We also have (working inductively)

𝑐 𝑗+1 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐 𝑗 ) DIV 2 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖+1𝑗 ) DIV 2 = 𝑐𝑖+1𝑗+1

and

𝑟 𝑗 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐 𝑗 ) MOD 2 = (𝑎𝑖𝑗 + 𝑏𝑖𝑗 + 𝑐𝑖+1𝑗 ) MOD 2 = 𝑟 𝑖𝑗
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□

If we apply the DA to two numbers 𝑎 and𝑏, then extend the inputs in the most significant

positions to 𝐴𝑎 and 𝐵𝑏 and apply the DA, we only need to compute the new carries and

remainders (called 𝐾 and 𝑅 below).

Lemma 8.6. Let 𝑎, 𝑏 ∈ B𝑘+1 and let (𝑐, 𝑟 ) def

= DA𝑐0 (𝑎, 𝑏) ∈ B𝑘+2 × B𝑘+1. Let 𝐴, 𝐵 ∈ B𝑝 for

𝑝 ≥ 1. Then DA𝑐0 (𝐴𝑎, 𝐵𝑏) = (𝐾𝑐, 𝑅𝑟 ) ∈ B𝑝+𝑘+2 × B𝑝+𝑘+1 where 𝐾, 𝑅 ∈ B𝑝 and are defined

for 0 ≤ 𝑗 ≤ 𝑝 − 1 by

𝑅 𝑗
def

=

{
(𝐴0 + 𝐵0 + 𝑐𝑘+1) MOD 2 ( 𝑗 = 0)
(𝐴 𝑗 + 𝐵 𝑗 + 𝐾 𝑗−1) MOD 2 (1 ≤ 𝑗 ≤ 𝑝 − 1)

𝐾 𝑗
def

=

{
(𝐴0 + 𝐵0 + 𝑐𝑘+1) DIV 2 ( 𝑗 = 0)
(𝐴 𝑗 + 𝐵 𝑗 + 𝐾 𝑗−1) DIV 2 (1 ≤ 𝑗 ≤ 𝑝 − 1)

Proof. Let (𝜅, 𝜌) def

= DA𝑐0 (𝐴𝑎, 𝐵𝑏). Then by lemma 8.5 we have

(𝜅𝑘 , 𝜌𝑘) = DA𝑐0 (𝑎, 𝑏) = (𝑐, 𝑟 )

Let us define 𝐾
def

= 𝜅 dropLeft 𝑐 ∈ B(𝑝+𝑘+2)−(𝑘+2)
and also define 𝑅

def

= 𝜌 dropLeft 𝑟 ∈
B(𝑝+𝑘+1)−(𝑘+1)

. Then for 0 ≤ 𝑗 ≤ 𝑝 − 1 we have 𝐾 𝑗 = 𝜅 𝑗+(𝑘+2) and 𝑅 𝑗 = 𝜌 𝑗+(𝑘+1) . □

Note that we will make frequent appeals to the above lemmas. Of course, with practice,

the calculations they allow one to perform soon become second nature and indeed very

intuitive: most if not all readers will be very experienced in doing pencil and paper

arithmetic by adding up columns of digits since childhood. When we make such appeals,

sometimes we will reference a lemma directly, and sometimes we refer to multiple appeals

to these lemmas by stating “by Digitwize Algorithm Calculations” or “DAC” for short.

8.3 Proofs of Propositions and Theorems

Proposition 3.3. (A Calculus for Binary Operators) Let 𝑎, 𝑏 ∈ B𝑘+1. Then the equa-

tions in Figure 2 hold.

Proof. We prove only the final equation of differences; the other equations are all

proven in a similar way, by unravelling the DA definitions, and using the DAC Lemmas

from Section 3.1.

Define (𝑐, 𝑟 ) def

= DA1(𝑎, 𝑏). Then by Lemma 8.4 𝑎−𝑍𝐴 𝑏 = 𝑐𝑘+1𝑟 . To compute 𝜋𝜎𝑎−𝑆𝐴 𝜋𝜎𝑏
first note that 𝜋𝜎𝑎 = 𝑎𝑘𝑎

𝑘−1
and 𝜋𝜎𝑏 = 𝑏𝑘𝑏

𝑘−1
. Since by Lemma 8.5 we have (𝑐𝑘 , 𝑟𝑘−1) def

=
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• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 +𝑍𝐴 𝑏)𝑖 = (𝑎 +𝑆𝐴 𝑏)𝑖 = (𝑎 +𝐴 𝑏)𝑖 = 𝑎𝑖 +𝐴 𝑏𝑖
– and so (𝑎 +𝑍𝐴 𝑏)𝑘 = (𝑎 +𝑆𝐴 𝑏)𝑘 = 𝑎 +𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 −𝑍𝐴 𝑏)𝑖 = (𝑎 −𝑆𝐴 𝑏)𝑖 = (𝑎 −𝐴 𝑏)𝑖 = 𝑎𝑖 −𝐴 𝑏𝑖
– and so (𝑎 −𝑍𝐴 𝑏)𝑘 = (𝑎 −𝑆𝐴 𝑏)𝑘 = 𝑎 −𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 +𝑍𝑀 𝑏)𝑖 = (𝑎 +𝑆𝑀 𝑏)𝑖 = (𝑎 +𝐴 𝑏)𝑖 = 𝑎𝑖 +𝐴 𝑏𝑖
– and so (𝑎 +𝑍𝑀 𝑏)𝑘 = (𝑎 +𝑆𝑀 𝑏)𝑘 = 𝑎 +𝐴 𝑏

• If 0 ≤ 𝑖 ≤ 𝑘 then (𝑎 −𝑍𝑀 𝑏)𝑖 = (𝑎 −𝑆𝑀 𝑏)𝑖 = (𝑎 −𝐴 𝑏)𝑖 = 𝑎𝑖 −𝐴 𝑏𝑖
– and so (𝑎 −𝑍𝑀 𝑏)𝑘 = (𝑎 −𝑆𝑀 𝑏)𝑘 = 𝑎 −𝐴 𝑏

• 𝑎 +𝐴 𝑏 = 𝜋𝜎𝑎 +𝐴 𝜋𝜎𝑏
• 𝑎 −𝐴 𝑏 = 𝜋𝜎𝑎 −𝐴 𝜋𝜎𝑏
• 𝜋𝜎𝑎 +𝐴 𝑏 = 𝑎 +𝐴 𝜋𝜎𝑏 = 𝜋𝜎 (𝑎 +𝐴 𝑏)
• 𝜋𝜎𝑎 −𝐴 𝑏 = 𝑎 −𝐴 𝜋𝜎𝑏 = 𝜋𝜎 (𝑎 −𝐴 𝑏)
• 𝑎 +𝑍𝐴 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 +𝑆𝐴 𝜋𝜎𝑏)
• 𝑎 −𝑍𝐴 𝑏 = 𝜋𝜎𝑎 −𝑆𝐴 𝜋𝜎𝑏
• 𝑎 +𝑍𝐴 𝑏 = 𝑧𝑥 (𝑎 +𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.6 is valid.

• 𝑎 −𝑍𝐴 𝑏 = 𝑠𝑥 (𝑎 −𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.8 is valid.

• 𝑎 +𝑆𝐴 𝑏 = 𝑠𝑥 (𝑎 +𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.9 is valid.

• 𝑎 −𝑆𝐴 𝑏 = 𝑠𝑥 (𝑎 −𝐴 𝑏) ⇐⇒ Condition Set 1 of Theorem 4.10 is valid.

• 𝑎 +𝐴 𝑏 = 𝜋𝜎𝑎 +𝐴 𝜋𝜎𝑏
• 𝑎 +𝑀 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 +𝑀 𝜋𝜎𝑏) ⇐⇒ 𝜎𝑎 = 𝜎𝑏
• 𝑎 +𝑀 𝑏 = 𝜋𝜎𝑎 +𝑀 𝜋𝜎𝑏 ⇐⇒ 𝜎𝑎 ≠ 𝜎𝑏
• 𝑎 −𝑀 𝑏 = 𝜋𝜎 (𝜋𝜎𝑎 −𝑀 𝜋𝜎𝑏) ⇐⇒ 𝜎𝑎 ≠ 𝜎𝑏
• 𝑎 −𝑀 𝑏 = 𝜋𝜎𝑎 −𝑀 𝜋𝜎𝑏 ⇐⇒ 𝜎𝑎 = 𝜎𝑏
• 𝑎 +𝑍𝑀 𝑏 = 𝑎 +𝑆𝑀 𝑏 ⇐⇒ 𝜎𝑎 = 𝜎𝑏 = 0

• 𝑎 +𝑍𝑀 𝑏 = 𝜋𝜎 (𝑎 +𝑆𝑀 𝑏) ⇐⇒ 𝜎𝑎 = 𝜎𝑏 = 1

• 𝑎 +𝑀 𝑏 = 𝑎 +𝑍𝐴 𝑏
• 𝑎 +𝑍𝑀 𝑏 = 𝑧𝑥 (𝑎 +𝑀 𝑏)
• 𝑎 +𝑆𝑀 𝑏 = 𝑠𝑥 (𝑎 +𝑀 𝑏) ⇐⇒ Conditions of Theorem 5.2 is valid ⇐⇒ 𝜎𝑎 = 𝜎𝑏

Fig. 3. Defining a Calculus of Equations for Operations

DA1(𝑎𝑘−1, 𝑏
𝑘−1) = DA1(𝑎𝑘−1, 𝑏𝑘−1), by Lemma 8.6 𝜋𝜎𝑎−𝑆𝐴 𝜋𝜎𝑏 will follow from computing

𝜋2 ◦ DA1(𝑎𝑘𝑎𝑘𝑎𝑘−1, 𝑏𝑘𝑏𝑘𝑏𝑘−1) = 𝜋2(𝐾𝑐𝑘 , 𝑅𝑟𝑘−1) = 𝑅𝑟𝑘−1

for 𝐾, 𝑅 ∈ B2
where 𝑅0 = (𝑎𝑘 + 𝑏𝑘 + 𝑐𝑘) MOD 2 and 𝑅1 = (𝑎𝑘 + 𝑏𝑘 + 𝐾0) MOD 2.

We need to show that 𝑅𝑟𝑘−1 ≡ 𝑅1𝑅0𝑟𝑘−1 = 𝑐𝑘+1𝑟 , so all we need is 𝑅1𝑅0 = 𝑐𝑘+1𝑟𝑘 . That

𝑅0 = 𝑟𝑘 is immediate. That 𝑅1 = 𝑐𝑘+1 follows using 𝐾0 = (𝑎𝑘 + 𝑏𝑘 + 𝑐𝑘) DIV 2 and tedious

Manuscript submitted to ACM



1673

1674

1675

1676

1677

1678

1679

1680

1681

1682

1683

1684

1685

1686

1687

1688

1689

1690

1691

1692

1693

1694

1695

1696

1697

1698

1699

1700

1701

1702

1703

1704

1705

1706

1707

1708

1709

1710

1711

1712

1713

1714

1715

1716

On Correctness of Digitwize Arithmetic 39

but simple calculations: we require

(𝑎𝑘 + 𝑏𝑘 + (𝑎𝑘 + 𝑏𝑘 + 𝑐𝑘) DIV 2) MOD 2 = (𝑎𝑘 + 𝑏𝑘 + 𝑐𝑘) DIV 2

which follows from Lemma 8.4 and a case analysis of the four values of (𝑎𝑘 , 𝑏𝑘). □

Theorem 4.3. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following equations hold for every such 𝑎 and 𝑏

(total correctness)

(1) [[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝐴 𝑏]]
(2) [[𝑎]] − [[𝑏]] = (|𝑎 −𝑍𝐴 𝑏 |)
(3) (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑆𝐴 𝑏 |)
(4) (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑆𝐴 𝑏 |)

verified in hol

Proof. Proof strategy: We could prove each equation using induction on 𝑘 . However

this is unnecessarily complicated. We can prove 1 and 2 using induction and then easily

derive 3 and 4 using Theorem 2.3 (recalling that 𝜋𝜎 is self-inverse) and Proposition 3.3 as

follows:

(|𝑎 |) + (|𝑏 |) = [[𝜋𝜎𝑎]] − 2
𝑘 + [[𝜋𝜎𝑏]] − 2

𝑘

= [[𝜋𝜎𝑎 +𝑍𝐴 𝜋𝜎𝑏]] − 2
𝑘 − 2

𝑘

= [[𝜋𝜎 (𝑎 +𝑆𝐴 𝑏)]] − 2
𝑘 − 2

𝑘

= (|𝑎 +𝑆𝐴 𝑏 |) + 2
𝑘+1 − 2

𝑘 − 2
𝑘

(|𝑎 |) − (|𝑏 |) = [[𝜋𝜎𝑎]] − 2
𝑘 − [[𝜋𝜎𝑏]] + 2

𝑘

= (|𝜋𝜎𝑎 −𝑍𝐴 𝜋𝜎𝑏 |)

= (|𝑎 −𝑆𝐴 𝑏 |)

Remark 8.1. For completeness, we also give the full induction proofs of 1, 2, and proofs of

1 ⇐⇒ 3, and 2 ⇐⇒ 4:

Equation 1 is valid: We use induction to show

(∀𝑘 ∈ N) (∀𝑎, 𝑏 ∈ B𝑘+1) ( [[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝐴 𝑏]])
(𝑘 = 0): the case is trivial by appealing to Lemma 8.3.
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(𝑘 =⇒ 𝑘+1): Let𝑎, 𝑏 ∈ B𝑘+2. We calculate𝑎+𝑍𝐴𝑏 using the Digitwize Algorithm. Suppose

that (𝑐, 𝑟 ) def

= DA0(𝑎, 𝑏) ∈ B𝑘+3×B𝑘+2. Then by Lemma 8.6 we haveDA0(0𝑎, 0𝑏 ) = (𝐾𝑐, 𝑅𝑟 )
where 𝐾, 𝑅 ∈ B. In fact 𝑅 = (0 + 0 + 𝑐𝑘+2) MOD 2 = 𝑐𝑘+2 and 𝐾 = (0 + 0 + 𝑐𝑘+1) DIV 2 = 0

using Lemma 8.4. It follows that DA0(0𝑎, 0𝑏 ) = (0𝑐𝑘+2, 𝑐𝑟 ) and so 𝑎 +𝑍𝐴 𝑏 = 𝑐𝑘+2𝑟 . Hence

we need to prove that

[[𝑎]] + [[𝑏]] = [[𝑐𝑘+2𝑟 ]] = 𝑐𝑘+22𝑘+2 + 𝑟𝑘+12𝑘+1 + [[𝑟𝑘]]

Now we also have

[[𝑎]] + [[𝑏]] = 𝑎𝑘+12𝑘+1 + 𝑏𝑘+12𝑘+1 + [[𝑎𝑘]] + [[𝑏𝑘]]

But by induction [[𝑎𝑘]] + [[𝑏𝑘]] = [[𝑎𝑘 +𝑍𝐴 𝑏𝑘]] so we compute the digitwise sum. By

Lemma 8.5 we haveDA0(𝑎𝑘 , 𝑏𝑘) = (𝑐𝑘+1, 𝑟𝑘) and so by Lemma 8.6 we haveDA0(0𝑎𝑘 , 0𝑏𝑘) =
(0𝑐𝑘+1, 𝑐𝑘+1𝑟𝑘). Thus 𝑎𝑘 +𝑍𝐴 𝑏𝑘 = 𝑐𝑘+1𝑟𝑘 and so

[[𝑎]] + [[𝑏]] = 𝑎𝑘+12𝑘+1 + 𝑏𝑘+12𝑘+1 + 𝑐𝑘+12𝑘+1 + [[𝑟𝑘]]

So it is sufficient to show 𝑐𝑘+22 + 𝑟𝑘+1 = 𝑎𝑘+1 + 𝑏𝑘+1 + 𝑐𝑘+1 which is immediate from

Lemma 8.4.

Equation 2 is valid: We use induction.

(𝑘 = 0): It is trivial to check all of the four cases. For example if 𝑎0 = 0 and 𝑏0 = 1 then

00 −𝑍𝐴 01 = 11 and [[00]] − [[01]] = 0 − 1 = −1 = −2 + 1 = (|11|).
(𝑘 =⇒ 𝑘+1): Let 𝑎, 𝑏 ∈ B𝑘+2. We calculate 𝑎−𝑍𝐴𝑏 using the Division Algorithm. Suppose

that (𝑐, 𝑟 ) def

= DA1(𝑎,𝑏) ∈ B𝑘+3 × B𝑘+2. Hence by Lemma 8.6 we have DA0(0𝑎, 1𝑏 ) =

(𝐾𝑐, 𝑅𝑟 ) where 𝐾, 𝑅 ∈ B. In fact 𝑅 = (0 + 1 + 𝑐𝑘+2) MOD 2 = 𝑐𝑘+2 and 𝐾 = (0 + 1 +
𝑐𝑘+2) DIV 2 = 𝑐𝑘+2 using Lemma 8.4. It follows that DA0(0𝑎, 1𝑏 ) = (𝑐𝑘+2𝑐, 𝑐𝑘+2𝑟 ) and so

𝑎 −𝑍𝐴 𝑏 = 𝑐𝑘+2𝑟 . Hence we need to prove that

[[𝑎]] − [[𝑏]] = (|𝑐𝑘+2𝑟 |) = −𝑐𝑘+22𝑘+2 + 𝑟𝑘+12𝑘+1 + (|𝑟𝑘 |)

But also

[[𝑎]] − [[𝑏]] = 𝑎𝑘+12𝑘+1 − 𝑏𝑘+12𝑘+1 + [[𝑎𝑘]] − [[𝑏𝑘]]
Now by induction [[𝑎𝑘]] − [[𝑏𝑘]] = (|𝑎𝑘 −𝑍𝐴 𝑏𝑘 |) so we compute the digitwise sum. By

Lemma 8.5 we have DA1(𝑎𝑘 , 𝑏
𝑘) = (𝑐𝑘+1, 𝑟𝑘) and so by Lemma 8.6 DA1(0𝑎𝑘 , 1𝑏

𝑘) =

(𝑐𝑘+1𝑐𝑘+1, 𝑐𝑘+1𝑟𝑘). Thus 𝑎𝑘 −𝑍𝐴 𝑏𝑘 = 𝑐𝑘+1𝑟𝑘 and so

[[𝑎]] − [[𝑏]] = 𝑎𝑘+12𝑘+1 − 𝑏𝑘+12𝑘+1 − 𝑐𝑘+12𝑘+1 + [[𝑟𝑘]]
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and it is STP

𝑎𝑘+12
𝑘+1 − 𝑏𝑘+12𝑘+1 − 𝑐𝑘+12𝑘+1 = −𝑐𝑘+22𝑘+2 + 𝑟𝑘+12𝑘+1

or

𝑎𝑘+1 − 𝑏𝑘+1 − 𝑐𝑘+1 + 𝑐𝑘+22 − 𝑟𝑘+1 = 0

We can complete the proof with a case analysis on values for (𝑎𝑘+1, 𝑏𝑘+1). Here are a

couple of cases, using

𝑐𝑘+2 = (𝑎𝑘+1 + 𝑏𝑘+1 + 𝑐𝑘+1) DIV 2 𝑟𝑘+1 = (𝑎𝑘+1 + 𝑏𝑘+1 + 𝑐𝑘+1) MOD 2

(0,0): Since 𝑐𝑘+2 = 𝑐𝑘+1 and 𝑟𝑘+1 = 𝑐𝑘+1 we have 0 − 0 − 𝑐𝑘+1 + 𝑐𝑘+12 − 𝑐𝑘+1 = 0

(0,1): Since 𝑐𝑘+2 = 0 and 𝑟𝑘+1 = 𝑐𝑘+1 we get

0 − 1 − 𝑐𝑘+1 + 1 ∗ 2 − 𝑐𝑘+1 = 1 − (𝑐𝑘+1 + 𝑐𝑘+1) = 0

Equation 2 is valid: We use Equation 1 and induction.

This proof is very slightly shorter than the previous one. It is typical in that it shows

how correctness theorems are in some sense hierarchical.

Let 𝑎, 𝑏 ∈ B𝑘+1. We may show that [[𝑎]] = (|𝑎 −𝑍𝐴 𝑏 |) + [[𝑏]]. Reasoning as above we

compute 𝑎 −𝑍𝐴 𝑏: we have DA1(0𝑎, 1𝑏) = (𝑐𝑘+1𝑐𝑘+1, 𝑐𝑘+1𝑟𝑘) where (𝑐, 𝑟 ) def

= DA1(𝑎, 𝑏).
Hence it is STP

[[𝑎]] = (|𝑐𝑘+1𝑟𝑘 |) + [[𝑏]] = −𝑐𝑘+12𝑘+1 + [[𝑟𝑘]] + [[𝑏]] = −𝑐𝑘+12𝑘+1 + [[𝑟𝑘 +𝑍𝐴 𝑏]]

with the final step following from Equation 1. Let us calculate 𝑟𝑘 +𝑍𝐴 𝑏.
By DAC if (𝐾, 𝑅) def

= DA0(𝑟𝑘 , 𝑏) we have DA0(0𝑟𝑘 , 0𝑏) = (0𝐾𝑘+1, 𝐾𝑘+1𝑅𝑘). Hence we

need to show that

[[𝑎]] = −𝑐𝑘+12𝑘+1 + 𝐾𝑘+12𝑘+1 + [[𝑅𝑘]] (∗)

First we prove that𝐾𝑖 = 𝑐𝑖 for each 𝑖 by induction. Note that𝐾0 = 0 = 𝑐0. Now let 0 ≤ 𝑖 ≤ 𝑘 .
Since 𝐾𝑖 = 𝑐𝑖 inductively, we have

𝐾𝑖+1 = (𝑟𝑖 + 𝑏𝑖 + 𝑐𝑖) DIV 2 𝑐𝑖+1 = (𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖) DIV 2 𝑟𝑖 = (𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖) MOD 2

and so the theorem follows from a case analysis on (𝑎𝑖, 𝑏𝑖). Here are two cases:

(0,0): 𝐾𝑖+1 = (𝑐𝑖 + 𝑐𝑖) DIV 2 = 𝑐𝑖 = 𝑐𝑖+1 and

(1,0): 𝐾𝑖+1 = (𝑐𝑖 + 𝑐𝑖) DIV 2 = 0 = 𝑐𝑖+1.

Hence using (∗) all we need to show now is that [[𝑎]] = [[𝑅𝑘]]. Note that

𝑅𝑖+1 = ((𝑎𝑖 + 𝑏𝑖 + 𝑐𝑖) MOD 2 + 𝑏𝑖 + 𝑐𝑖) MOD 2
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and from Lemma 8.4, since (𝑏𝑖 + 𝑐𝑖, 𝑏𝑖 + 𝑐𝑖) is always (1, 1), (2, 0) or (0, 2), it follows that
𝑅𝑖+1 = 𝑎𝑖+1. The case of 𝑅0 = 𝑎0 is easy to check.

Equation 3 is valid: In fact we only need show that (1⇐⇒3)

(1 =⇒3):

Let (𝑐, 𝑟 ) def

= DA𝑜 (𝑎, 𝑏) ∈ B𝑘+2 × B𝑘+1. Then we have 𝑎𝑘−1 +𝑍𝐴 𝑏𝑘−1 = 𝑐𝑘𝑟
𝑘−1

and also

𝑎 +𝑆𝐴 𝑏 = 𝑅𝑟 where 𝑅 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘+1) MOD 2 Note that

(|𝑎 |) + (|𝑏 |) ≡ (|𝜎𝑎𝑎𝑘−1 |) + (|𝜎𝑏𝑏𝑘−1 |)
= −𝜎𝑎2𝑘 − 𝜎𝑏2𝑘 + [[𝑎𝑘−1]] + [[𝑏𝑘−1]]
= −𝜎𝑎2𝑘 − 𝜎𝑏2𝑘 + [[𝑐𝑘𝑟𝑘−1]]
= −𝜎𝑎2𝑘 − 𝜎𝑏2𝑘 + 𝑐𝑘2𝑘 + [[𝑟𝑘−1]]

and also (|𝑎 +𝑆𝐴 𝑏 |) = −𝑅2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]. Hence it is STP −𝜎𝑎 − 𝜎𝑏 + 𝑐𝑘 = −𝑅2 + 𝜎𝑟 .
This follows from simple calculations for the cases of (𝜎𝑎, 𝜎𝑏). For example

(0, 1): The left hand side is −1 + 𝑐𝑘 . The right hand side is

−2 ∗ (1 + (1 + 𝑐𝑘) DIV 2) MOD 2 + (1 + 𝑐𝑘) MOD 2 = −(1 + 𝑐𝑘) MOD 2 = −𝑐𝑘

which equals the left hand side.

(3 =⇒1):

Let (𝑐, 𝑟 ) def

= DA𝑜 (𝑎, 𝑏) ∈ B𝑘+2 × B𝑘+1. Then 𝑎 +𝑍𝐴 𝑏 = 𝑐𝑘+1𝑟 and 0𝑎 +𝑆𝐴 0𝑏 = 0𝑐𝑘+1𝑟

follows by DAC. We have

[[𝑎]] + [[𝑏]] = (|0𝑎 |) + (|0𝑏 |) =(3) (|0𝑎 +𝑆𝐴 0𝑏 |) = (|0𝑐𝑘+1𝑟 |) = [[𝑎 +𝑍𝐴 𝑏]]

Equation 2 is valid: In fact we only need show that (2⇐⇒4)

(2 =⇒4):

We have by DAC 𝑎 −𝑆𝐴 𝑏 = 𝑅𝑟 where 𝑅 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘+1) MOD 2 and 𝑎𝑘−1 −𝑍𝐴 𝑏𝑘−1 =
𝑐𝑘𝑟

𝑘−1
. Then

(|𝑎 |) − (|𝑏 |) = −𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 + [[𝑎𝑘−1]] − [[𝑏𝑘−1]]
=(2) −𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 + (|𝑐𝑘𝑟𝑘−1 |)
= −𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 − 𝑐𝑘2𝑘 + [[𝑟𝑘−1]]

and (|𝑎 −𝑆𝐴 𝑏 |) = −𝑅2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]. Hence it is STP −𝜎𝑎 + 𝜎𝑏 − 𝑐𝑘 + 2𝑅 − 𝜎𝑟 = 0. This

follows from simple calculations for the cases of (𝜎𝑎, 𝜎𝑏). For example

(0, 1):

1 − 𝑐𝑘 + 2 ∗ (0 + (0 + 𝑐𝑘) DIV 2) MOD 2 − (0 + 𝑐𝑘) MOD 2 = 1 − 𝑐𝑘+1 − 𝑐𝑘 = 0.

Manuscript submitted to ACM



1849

1850

1851

1852

1853

1854

1855

1856

1857

1858

1859

1860

1861

1862

1863

1864

1865

1866

1867

1868

1869

1870

1871

1872

1873

1874

1875

1876

1877

1878

1879

1880

1881

1882

1883

1884

1885

1886

1887

1888

1889

1890

1891

1892

On Correctness of Digitwize Arithmetic 43

(1, 1):

−𝑐𝑘 +2∗ (1+(1+𝑐𝑘) DIV 2) MOD 2−(1+𝑐𝑘) MOD 2 = −𝑐𝑘 +(1+𝑐𝑘) MOD 2 = −𝑐𝑘 +𝑐𝑘 = 0

(4 =⇒2):

Let (𝑐, 𝑟 ) def

= DA𝑜 (𝑎, 𝑏) ∈ B𝑘+2 × B𝑘+1. Then 0𝑎 −𝑆𝐴 0𝑏 = 𝑐𝑘+1𝑐𝑘+1𝑟 and 𝑎 −𝑍𝐴 𝑏 = 𝑐𝑘+1𝑟

by DAC. So we have

[[𝑎]] − [[𝑏]] = (|0𝑎 |) − (|0𝑏 |) =(4) (|𝑐𝑘+1𝑐𝑘+1𝑟 |) =∗ (|𝑐𝑘+1𝑟 |) = (|𝑎 −𝑍𝐴 𝑏 |)

with =∗ following by trivial calculation.

□

Theorem 4.6. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: [[𝑎]] + [[𝑏]] = [[𝑎 +𝐴 𝑏]]
(2) Range: 0 ≤ [[𝑎]] + [[𝑏]] ≤ 2

𝑘+1 − 1

(3) Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨0, 1, 1⟩, ⟨1, 0, 1⟩, but no others.
(4) Overflow Digit: 𝜎𝑐 = 0

(5) Sign Equation: 𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: [[𝑎]] + [[𝑏]] = [[1(𝑎 +𝐴 𝑏)]]
(2) Range: 2𝑘+1 ≤ [[𝑎]] + [[𝑏]] ≤ 2 ∗ (2𝑘+1 − 1)
(3) Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0⟩, ⟨1, 0, 0⟩, ⟨1, 1, 0/1⟩, but no others.
(4) Overflow Digit: 𝜎𝑐 = 1

(5) Sign Equation: 𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 2, 1

and moreover for each condition type (such as Correctness), one instance must hold (along

with its condition set equivalents). verified in hol

Proof. We prove the first set of conditions are equivalent explicitly, by induction.

First we show that (3 ⇐⇒ 4 ⇐⇒ 5).

(3 ⇐⇒ 5): is a simple calculation.

Both (4 ⇐⇒ 3) or (4 ⇐⇒ 5) are of similar complexity; each requires a short calculation.

We look at (3 =⇒ 4).
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(3 =⇒ 4): We have, using DAC lemmas, 𝜎𝑐 = (0 + 𝑐𝑘) DIV 2 = 0 or 𝜎𝑐 = (1 + 𝑐𝑘) DIV 2.

But in this second case, 1 = 𝜎𝑟 = (1 + 𝑐𝑘) MOD 2 = 𝑐𝑘 so 𝑐𝑘 = 0 and then 𝜎𝑐 = 0.

(4 =⇒ 3): just examine the possibilities for the digits 𝜎𝑎 , 𝜎𝑏 , 𝜎𝑟 and 𝑐𝑘 when 𝜎𝑐 = 0 by

using Lemma 8.3 which tells us that

𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘 = 2𝜎𝑐 + 𝜎𝑟

Next we show that (1 =⇒ 2 =⇒ 4 =⇒ 1).

First, define (𝑐, 𝑟 ) def

= DA0(𝑎, 𝑏) and so by DAC (especially Lemma 3.3) we have 𝑎+𝑍𝐴𝑏 =

𝜎𝑐𝑟
𝑘
and 𝑎 +𝐴 𝑏 = 𝑟𝑘 . So from theorem 4.3 [[𝑎]] + [[𝑏]] = [[𝜎𝑐𝑟𝑘]].

(1 =⇒ 2): is trivial.
(2 =⇒ 4): Suppose that (2) holds. We must have

0 ≤ 𝜎𝑐2𝑘+1 + [[𝑟𝑘]] ≤ 2
𝑘 − 1

The case 𝜎𝑐 = 1 can’t happen (Lemma 2.2) and so 𝜎𝑐 = 0 which is (4).

(4 =⇒ 1): If (4) holds then [[𝑎]] + [[𝑏]] = [[𝑟𝑘]] = [[𝑎 +𝐴 𝑏]] and so (1) holds.

The pairwise equivalence of the second set of conditions then follows easily: Note that

the correct integer sum [[𝑎]] + [[𝑏]] lies between 0 and 2(2𝑘+1 − 1) using Lemma 2.2; that

there are trivially eight mutually exclusive Sign Occurrence conditions; the overflow

digit is either 1 or 0; and that the Sign Equation can only have values −1, 0, 1, 2.
Thus any single condition from 2 to 5 of the second set is the negation of the respective

condition from the first set. Since conditions 2 to 5 of the first set are pairwise equivalent,

their negations must be pairwise equivalent.

The fact that 1 of the second set is equivalent to 4 of the second set follows from

Theorem 4.3, Equation 1, together with Proposition 3.3 and DAC:

[[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝐴 𝑏]] = [[𝜎𝑐 (𝑎 +𝐴 𝑏)]]

Finally, to show that for each condition type one instance must hold, it is now sufficient

to show that either the first or second range condition holds. But this is immediate from

Lemma 2.2.

□

Theorem 4.8. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise pairwise equiv-

alent

Condition Set 1

(1) Correctness: [[𝑎]] − [[𝑏]] = (|𝑎 −𝐴 𝑏 |)
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(2) Ranges: −2𝑘 ≤ [[𝑎]] − [[𝑏]] ≤ 2
𝑘 − 1

(3) Sign Occurrences: Any of the following six occurrences ⟨1, 0, 0⟩, ⟨0, 1, 1⟩, ⟨1, 1, 0/1⟩,
⟨0, 0, 0/1⟩, but not the other two.

(4) Overflow: 𝜎𝑐 ≠ 𝜎𝑟 .
(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: [[𝑎]] − [[𝑏]] = (|1(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Ranges: −2𝑘+1 + 1 ≤ [[𝑎]] − [[𝑏]] ≤ −2𝑘 − 1

(3) Sign Occurrences: ⟨0, 1, 0⟩,
(4) Overflow: 𝜎𝑐 = 𝜎𝑟 = 0.

(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = 1

and the following conditions are pairwise equivalent

Condition Set 3

(1) Correctness: [[𝑎]] − [[𝑏]] = (|0(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Ranges: 2𝑘 ≤ [[𝑎]] − [[𝑏]] ≤ 2
𝑘+1 − 1

(3) Sign Occurrences: ⟨1, 0, 1⟩,
(4) Overflow: 𝜎𝑐 = 𝜎𝑟 = 1.

(5) Sign Equation: −𝜎𝑎 + 𝜎𝑏 − 𝜎𝑟 = −2

and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol

Proof. We again use the proof strategy of Remark 4.2. The first set of conditions is

proved pairwize. The proof for the second set is omitted, but is very similar in structure

(and further, there is a proof in the Appendix for the second condition set of Theorem 4.9).

We can deduce the validity of the third set from the first two.

Recall Remark 4.2.

The first set of conditions is proven pairwise equivalent:

First we show that (3 ⇐⇒ 4 ⇐⇒ 5).

(3 ⇐⇒ 5): by simple calculation.

To prove (3 ⇐⇒ 4) it is easier to prove (¬3 ⇐⇒ ¬4), i.e. that ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑐⟩ is either
⟨0, 1, 0⟩ or ⟨1, 0, 1⟩ just in case 𝜎𝑐 = 𝜎𝑟 .

Recall 𝜎𝑐 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 and 𝜎𝑟 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2.
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(4 =⇒ 3): Assume that we have ⟨0, 1, 0⟩ or ⟨1, 0, 1⟩. Then 𝜎𝑐 = 𝑐𝑘 DIV 2 = 0 = 𝜎𝑟 or

𝜎𝑐 = (2 + 𝑐𝑘) DIV 2 = 1 = 𝜎𝑟 .

(3 =⇒ 4): Assume that 𝜎𝑐 = 𝜎𝑟 and note that if 𝜎𝑐 = 𝜎𝑟 = 0 then 𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘 = 0 and

hence 𝜎𝑎 = 0 and 𝜎𝑏 = 1, giving Sign Occurrence condition ⟨0, 1, 0⟩. If 𝜎𝑐 = 𝜎𝑟 = 1 then

𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘 = 3 and hence 𝜎𝑎 = 1 and 𝜎𝑏 = 0, giving Sign Occurrence condition ⟨1, 0, 1⟩.
Next we show that (1 =⇒ 2 =⇒ 4 =⇒ 1).

First, let (𝑐, 𝑟 ) def

= DA1(𝑎, 𝑏) and so by DAC we have 𝑎 −𝑍𝐴 𝑏 = 𝜎𝑐𝑟
𝑘
and 𝑎 −𝐴 𝑏 =

(𝑎 −𝑍𝐴 𝑏)𝑘 = (𝜎𝑐𝑟𝑘)𝑘 = 𝑟𝑘 . From theorem 4.3 [[𝑎]] − [[𝑏]] = (|𝜎𝑐𝑟𝑘 |).
(1 =⇒ 2): is trivial.
(2 =⇒ 4): Let’s suppose that 2 holds. Hence we must have

−2𝑘 ≤ (𝜉 def

= −𝜎𝑐2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]) ≤ 2
𝑘 − 1

In the case that 𝜎𝑐 = 𝜎𝑟 = 0 we have 𝜉 ≤ −2𝑘+1+ (2𝑘 −1) = −2𝑘 −1 < −2𝑘 and if 𝜎𝑐 = 𝜎𝑟 = 1

we have 2
𝑘 − 1 < 2

𝑘 ≤ 𝜉 neither of which can happen. Hence we must have 𝜎𝑐 ≠ 𝜎𝑟 and

so 4 holds.

(4 =⇒ 1): When 4 holds note that 𝜎𝑐 = 𝜎𝑟 is equivalent. Then 1 holds since

[[𝑎]] − [[𝑏]] = −𝜎𝑟2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]] = −𝜎𝑟2𝑘 + [[𝑟𝑘−1]] = (|𝑟𝑘 |) = (|𝑎 −𝐴 𝑏 |)

Thus the first set of conditions is proven pairwise equivalent.

Now let us prove the pairwise equivalence of conditions from the third set. Choose any

condition type apart from Correctness. Then, arguing in a similar manner to that in

the proof of Theorem 4.6, one can see that the three conditions of that condition type

are mutually exclusive. Since conditions 2 to 5 of the first and second set are pairwise

equivalent, the corresponding sets of negations must be pairwise equivalent. From ele-

mentary propositional reasoning, conditions 2 to 5 of the third set are therefore pairwise

equivalent.

The fact that 1 of the third condition set is equivalent to 4 of the third set follows from

[[𝑎]] − [[𝑏]] = (|𝑎 −𝑍𝐴 𝑏 |) = (|𝜎𝑐 (𝑎 −𝐴 𝑏) |) †

where the first equality is Equation 2 of Theorem 4.3, and the second equality uses the

trivial fact that 𝑥 ≡ 𝑥𝑘+1𝑥𝑘 for 𝑥 ∈ B𝑘+2 along with Proposition 3.3 and by DAC

(𝑎 −𝑍𝐴 𝑏)𝑘+1
def

= (0 + 1 + 𝜎𝑐) MOD 2 = (1 + 𝜎𝑐) MOD 2 = 𝜎𝑐

From † (4 =⇒ 1) is trivial (note the conjunct 𝜎𝑟 = 1).
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(1 =⇒ 4) uses the bijection of Theorem 2.3 to deduce from † that 𝜎𝑐 (𝑎−𝐴 𝑏) = 0(𝑎−𝐴 𝑏)
and so 𝜎𝑐 = 0 and hence 𝜎𝑐 = 1 (again, note the conjunct 𝜎𝑟 = 1 from 1).

Finally we establish that for each condition type one instance must hold. For any 𝑎

and 𝑏, from Lemma 2.2 we can deduce that −2𝑘+1 + 1 ≤ [[𝑎]] − [[𝑏]] ≤ 2
𝑘+1 − 1. Therefore

one of the (three mutually exclusive) instances of Range must hold. □

Theorem 4.9. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝐴 𝑏 |)
(2) Range: −2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2

𝑘 − 1

(3) Sign Occurrences: Any one of the following six sign-occurrences ⟨0, 0, 0⟩, ⟨0, 1, 0/1⟩,
⟨1, 0, 0/1⟩, ⟨1, 1, 1⟩, but not the other two.

(4) Overflow Digit: 𝜎𝑐 = 𝑐𝑘
(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = 0,−1

and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|1(𝑎 +𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Range: −2𝑘+1 ≤ (|𝑎 |) + (|𝑏 |) ≤ −2𝑘 − 1

(3) Sign Occurrences: The sign-occurrence ⟨1, 1, 0⟩.
(4) Overflow Digit: 𝜎𝑐 = 1 and 𝑐𝑘 = 0.

(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = −2

and the following conditions are pairwise equivalent

Condition Set 3

(1) Correctness: (|𝑎 |) + (|𝑏 |) = (|0(𝑎 +𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Range: 2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2(2𝑘 − 1)
(3) Sign Occurrences: The sign-occurrence⟨0, 0, 1⟩.
(4) Overflow Digit: 𝜎𝑐 = 0 and 𝑐𝑘 = 1.

(5) Sign Equation: −𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 = 1

and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol

Proof. Note that an approach to proving Theorem 4.9 is to exploit Theorem 4.6. This

is illustrated later in the Appendix on page 50; see Remark 8.2.
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Recall Remark 4.2.

The first set of conditions is proven pairwise equivalent.

First we show that (3 ⇐⇒ 4 ⇐⇒ 5).

(3 ⇐⇒ 5): is easy.
To prove (3 ⇐⇒ 4) it is easier to prove (¬3 ⇐⇒ ¬4) i.e. that 𝜎𝑐 ≠ 𝑐𝑘 just in case

either ⟨0, 0, 1⟩ or ⟨1, 1, 0⟩.
Recall 𝜎𝑐 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 and 𝜎𝑟 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2. For

(4 =⇒ 3): Assume that we have ⟨0, 0, 1⟩ or ⟨1, 1, 0⟩. Then either 𝜎𝑐 = 𝑐𝑘 DIV 2 = 0 and

also 1 = 𝑐𝑘 MOD 2 so 𝑐𝑘 = 1; or 𝜎𝑐 = (2 + 𝑐𝑘) DIV 2 = 1 and also 0 = (2 + 𝑐𝑘) MOD 2 so

𝑐𝑘 = 0. For

(3 =⇒ 4): Assume that 𝜎𝑐 ≠ 𝑐𝑘 and note that if 𝜎𝑐 = 0 and 𝑐𝑘 = 1 then (𝜎𝑎 + 𝜎𝑏 + 1) DIV
2 = 0 and hence 𝜎𝑎 + 𝜎𝑏 = 0 implying 𝜎𝑟 = 1 MOD 2 = 1, giving Sign Occurrence

condition ⟨0, 0, 1⟩. If 𝜎𝑐 = 1 and 𝑐𝑘 = 0 then (𝜎𝑎 + 𝜎𝑏) DIV 2 = 1 and hence 𝜎𝑎 + 𝜎𝑏 = 2

implying 𝜎𝑟 = 2 MOD 2 = 0, giving Sign Occurrence condition ⟨1, 1, 0⟩.
Next we show that (1 =⇒ 2 =⇒ 4 =⇒ 1).

(1 =⇒ 2) : is trivial.
As ever let (𝑐, 𝑟 ) def

= DA0(𝑎, 𝑏) and so 𝑎 +𝑆𝐴 𝑏 = 𝑅𝑟𝑘 where 𝑅 = (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2.

Further 𝑎−𝐴𝑏 = 𝑟𝑘 , the latter by appealing to Corollary 3.3. From theorem 4.3 (|𝑎 |) + (|𝑏 |) =
(|𝑅𝑟𝑘 |).
(2 =⇒ 4): Let’s suppose that 2 holds. Hence we must have

−2𝑘 ≤ (𝜉 def

= −𝑅2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]) ≤ 2
𝑘 − 1

Arguing much as in the proof of Theorem 4.8 we conclude we must have 𝑅 = 𝜎𝑟 . Hence

(𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2 (∗)

If 𝜎𝑐 ≠ 𝑐𝑘 this cannot be, and so 𝜎𝑐 = 𝑐𝑘 . Hence 4 holds.

(4 =⇒ 1): When 4 holds we have 𝑅 = 𝜎𝑟 and so

(|𝑎 |) + (|𝑏 |) = −𝜎𝑟2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]] = −𝜎𝑟2𝑘 + [[𝑟𝑘−1]] = (|𝑟𝑘 |) = (|𝑎 +𝐴 𝑏 |)

Thus the first set of conditions is proven pairwise equivalent.

The second set of conditions is proven pairwise equivalent.

First we show that (3 ⇐⇒ 4 ⇐⇒ 5).

(3 ⇐⇒ 5): is easy.
Recall 𝜎𝑐 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 and 𝜎𝑟 = (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2. For

(4 =⇒ 3): We have 1 = (𝜎𝑎 + 𝜎𝑏) DIV 2 and so 𝜎𝑎 = 𝜎𝑏 = 1. Hence 𝜎𝑟 = 2 MOD 2 = 0.
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(3 =⇒ 4): We have 𝜎𝑐 = (2 + 𝑐𝑘) DIV 2 and 𝜎𝑟 = 0 = (2 + 𝑐𝑘) MOD 2. 4 is immediate.

Next we show that (1 =⇒ 2 =⇒ 3 =⇒ 1).

(1 =⇒ 2) : From 1 we have 𝑆
def

= (|𝑎 |) + (|𝑏 |) = −2𝑘+1 + [[𝑎 +𝐴 𝑏]]. Then note that from

Lemma 2.2 we have −2 ∗ 2𝑘 ≤ 𝑆 . Since 𝜎𝑟 = 0 we have −2𝑘+1 + [[𝑎 +𝐴 𝑏]] ≤ −2𝑘+1 + (2𝑘 − 1).
Thus 2 is true.

(2 =⇒ 3) : Let’s suppose that 2 holds. Reasoning much as we did for the first condition

set we must have

−2𝑘+1 ≤ (𝜉 def

= −𝑅2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]) ≤ −2𝑘 − 1

Since 𝜉 < 0 we have 𝑅 = 1. Therefore 𝜎𝑟2
𝑘 + [[𝑟𝑘−1]] ≤ 2

𝑘 − 1 and so 𝜎𝑟 = 0. Thus we have

1 = 𝑅 = (𝜎𝑎 +𝜎𝑏 +𝜎𝑐) MOD 2 (∗) and 0 = 𝜎𝑟 = (𝜎𝑎 +𝜎𝑏 + 𝑐𝑘) MOD 2. So (𝜎𝑎 +𝜎𝑏 + 𝑐𝑘) =
0 or 2. If the former, from (∗) we have 𝜎𝑐 = 1. But 𝜎𝑐

def

= (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 = 0. Hence

(𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) = 2. Therefore we still have 𝜎𝑐 = 1 implying 𝜎𝑎 + 𝜎𝑏 = 0 or 2. In the former

case we have (0 + 0 + 𝑐𝑘) = 2, and so finally we have 𝜎𝑎 = 𝜎𝑏 = 1. Hence 3 is true.

(3 =⇒ 1) : Suppose 3. We have to prove 𝜎𝑟 = 0 and 𝑅
def

= (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2 = 1.

The former is immediate. For the latter we only need to show that 𝜎𝑐 = 1. But 𝜎𝑐 =

(𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2(2 + 𝑐𝑘) DIV 2 = 1. So 1 is true.

Thus the second set of conditions is proven pairwise equivalent.

We can then deduce that condition set 3 is pairwise equivalent as before using simple

logic, but in the deduction below we show (1 ⇐⇒ 3) and not (1 ⇐⇒ 4) as in our proofs

of Theorems 4.6 and 4.8.

Choose any such condition type apart from Correctness. Then, arguing in a similar

manner to that in the proof of Theorem 4.6, one can see that the three conditions of that

condition type are mutually exclusive. It follows easily that conditions 2 to 5 of the third

set are pairwise equivalent.

The fact that 1 of the third condition set is equivalent to 3 of the third set follows from

(|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑆𝐴 𝑏 |) = (| (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2(𝑎 +𝐴 𝑏) |) †

where the first equality is Equation 3 of Theorem 4.3, and the second equality uses the

trivial fact that 𝑥 ≡ 𝑥𝑘+1𝑥𝑘 for 𝑥 ∈ B𝑘+2 along with Proposition 3.3 and

(𝑎 +𝑆𝐴 𝑏)𝑘+1
def

= (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2

(3 =⇒ 1): Assuming 3 we have 𝜎𝑎 = 0 and 𝜎𝑏 = 0 and 𝜎𝑟 = 1. The right conjunct of 1 is

immediate. Therefore we need to show that (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2 = 𝜎𝑐 MOD 2 = 0. But
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since 𝜎𝑟 = 1, we have 𝑐𝑘 MOD 2 = 1 and so 𝑐𝑘 = 1, and then 𝜎𝑐 = 1 DIV 2 = 0. Thus we

are done.

(1 =⇒ 3): From † and Theorem 2.3 we deduce that (𝜎𝑎 +𝜎𝑏 +𝜎𝑐) MOD 2 = 0 (∗). Now
assume 1, so 𝜎𝑟 = 1 is immediate. So it remains to prove that 𝜎𝑎 = 𝜎𝑏 = 0. From Lemma 8.3

we have 2𝜎𝑐 +𝜎𝑟 = 2𝜎𝑐 +1 = 𝜎𝑎 +𝜎𝑏 +𝑐𝑘 . Now from (∗) we have 𝜎𝑎 +𝜎𝑏 +𝜎𝑐 = 0 or 2. In the

latter case we then have 2𝜎𝑐 + 1 = 2−𝜎𝑐 + 𝑐𝑘 which cannot be true. Hence 𝜎𝑎 +𝜎𝑏 +𝜎𝑐 = 0

and we are done.

Finally we establish that for each condition type one instance must hold. For any 𝑎

and 𝑏, from Lemma 2.2 we can deduce that −2𝑘+1 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2(2𝑘 − 1). Therefore one
of the (three) instances of Range must hold.

Remark 8.2. It is also possible to prove pairwise equivalence of each condition set from

Theorem 4.9 by making use of Theorem 4.6.

Some of these details we now present here; we first explain which details we choose to

provide:

• For the first condition set, we look only at (1 =⇒ 2 =⇒ 3 =⇒ 1). There is not

much to be gained by proving (3 ⇐⇒ 4 ⇐⇒ 5) using Theorem 4.6; for example

Theorem 4.6 gives conditions for 𝜎𝑐
def

= 𝜎𝑐 to be 0 or 1, but Theorem 4.9 has Overflow

Digit statements involving both 𝜎𝑐
def

= 𝜎𝑐 and 𝑐𝑘 . So the approach is not so helpful.

• For the second condition set, we also show (1 =⇒ 2 =⇒ 3 =⇒ 1)

• For the third condition set, we can easily derive the equivalences logically using

the equivalences of the first and second sets, as in the main text.

Let’s look at (1 =⇒ 2 =⇒ 3 =⇒ 1) for the first condition set.

(1 =⇒ 2) is trivial.

(2 =⇒ 3): We have

−2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ 2
𝑘 − 1

and so by Theorem 2.3

we have

−2𝑘 ≤ ([[𝜋𝜎𝑎]] − 2
𝑘) + ([[𝜋𝜎𝑏]] − 2

𝑘) ≤ 2
𝑘 − 1

or equivalently

2
𝑘 ≤ [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] ≤ 2 ∗ 2𝑘 + (2𝑘 − 1)
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and in particular

0 ≤ 2
𝑘 ≤ [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] ≤ 2 ∗ 2𝑘 − 1︸                                             ︷︷                                             ︸

𝛼

< 2 ∗ 2𝑘 ≤ [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] ≤ 3 ∗ 2𝑘 − 1 ≤ 2(2𝑘+1 − 1)︸                                                                ︷︷                                                                ︸
𝛽

(Case 𝛼): Using 𝛼 we deduce the first Correctness condition of Theorem 4.6 holds.

Therefore [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] = [[𝜋𝜎𝑎 +𝐴 𝜋𝜎𝑏]]. From Proposition 3.3 we know that 𝜋𝜎𝑎 +𝐴
𝜋𝜎𝑏 = 𝑎 +𝐴 𝑏. Since also, using 𝛼 , 2𝑘 ≤ [[𝑎 +𝐴 𝑏]] we we can conclude from Lemma 2.2

that 𝜎𝑎+𝐴𝑏 = 1.

Likewise from 𝛼 we deduce the first Sign Occurrence condition of Theorem 4.6 holds.

Hence we know that ⟨𝜎𝜋𝜎𝑎, 𝜎𝜋𝜎𝑏, 𝜎𝑎+𝐴𝑏)⟩ may be any of the triples ⟨0, 0, 0/1⟩, ⟨0, 1, 1⟩,
⟨1, 0, 1⟩. However, since we have 𝜎𝑎+𝐴𝑏 = 1, ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑎+𝐴𝑏⟩ must be one of ⟨1, 1, 1⟩, ⟨1, 0, 1⟩,
⟨0, 1, 1⟩.
(Case 𝛽): From 𝛽 we deduce second Correctness condition of Theorem 4.6 holds.

Together with Proposition 3.3 we deduce (reasoning similarly to Case 𝛼)

2 ∗ 2𝑘 ≤ [[1(𝑎 +𝐴 𝑏)]] = 2 ∗ 2𝑘 + [[𝑎 +𝐴 𝑏]] ≤ 3 ∗ 2𝑘 − 1 ≤ 2(2𝑘+1 − 1)

and so

0 ≤ [[𝑎 +𝐴 𝑏]] ≤ 2
𝑘 − 1

that is 𝜎𝑎+𝐴𝑏 = 0.

Likewise from 𝛽 second Sign Occurrence condition of Theorem 4.6 holds. Hence

⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑎+𝐴𝑏⟩ must be one of ⟨0, 0, 0⟩, ⟨1, 0, 0⟩, ⟨0, 1, 0⟩.
(3 =⇒ 1): By Theorem 2.3 we need to prove that

[[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] − 2 ∗ 2𝑘 = [[𝜋𝜎 (𝑎 +𝐴 𝑏)]] − 2
𝑘

that is

[[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] − 2
𝑘 = [[𝜋𝜎 (𝑎 +𝐴 𝑏)]] .

The assumption, 3, states that six possible sign occurrences may hold. First, consider the

cases of 3when ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑎+𝐴𝑏⟩ is one of ⟨0, 0, 0⟩, ⟨1, 0, 0⟩, ⟨0, 1, 0⟩ and hence ⟨𝜎𝜋𝜎𝑎, 𝜎𝜋𝜎𝑏, 𝜎𝜋𝜎𝑎+𝐴𝜋𝜎𝑏 =
𝜎𝑎+𝐴𝑏⟩ is one of ⟨1, 1, 0⟩, ⟨0, 1, 0⟩, ⟨1, 0, 0⟩. In each case, appeal to the equivalence of the

second Sign Occurrence and Correctness conditions of Theorem 4.6 to deduce that

[[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] = [[1(𝑎 +𝐴 𝑏)]]. Therefore [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] − 2
𝑘 = [[𝑎 +𝐴 𝑏]] + 2

𝑘
, and

since 𝜎𝑎+𝐴𝑏 = 0 in each case we have [[𝑎 +𝐴 𝑏]] + 2
𝑘 = [[𝜋𝜎 (𝑎 +𝐴 𝑏)]] by Theorem 2.3.

In the other cases of 3, we have ⟨𝜎𝜋𝜎𝑎, 𝜎𝜋𝜎𝑏, 𝜎𝜋𝜎𝑎+𝐴𝜋𝜎𝑏 = 𝜎𝑎+𝐴𝑏⟩ is one of ⟨0, 0, 1⟩, ⟨0, 1, 1⟩,
⟨1, 0, 1⟩. Thus in each case, from Theorem 4.6, [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] = [[𝑎 +𝐴 𝑏]]. Thus [[𝜋𝜎𝑎]] +
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[[𝜋𝜎𝑏]]−2𝑘 = [[𝑎+𝐴𝑏]]−2𝑘 = [[𝜋𝜎 (𝑎+𝐴𝑏)]], with the last step following from Theorem 2.3,

together with 𝜎𝑎+𝐴𝑏 = 1 in each case. Hence first condition 1 holds.

Let’s prove the equivalence of the second set of conditions:

(1 =⇒ 2): easy.

(2 =⇒ 3): We have

−2 ∗ 2𝑘 ≤ (|𝑎 |) + (|𝑏 |) ≤ −2𝑘 − 1

and so by Theorem 2.3 we have

−2 ∗ 2𝑘 ≤ ([[𝜋𝜎𝑎]] − 2
𝑘) + ([[𝜋𝜎𝑏]] − 2

𝑘) ≤ −2𝑘 − 1

or equivalently

0 ≤ [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] ≤ 2
𝑘 − 1 (∗)

Since 2
𝑘 − 1 ≤ 2 ∗ 2𝑘 − 1, the first Range condition from Theorem 4.6 holds.

Therefore by the equivalent first Correctness condition from Theorem 4.6 (and Propo-

sition 3.3) we get [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] = [[𝑎 +𝐴 𝑏]], and so by (∗) and Lemma 2.2 we have

𝜎𝑎+𝐴𝑏 = 0.

Further, by the equivalent first Sign Occurrence condition from Theorem 4.6 only

⟨𝜎𝜋𝜎𝑎, 𝜎𝜋𝜎𝑏, 𝜎𝜋𝜎𝑎+𝐴𝜋𝜎𝑏 = 𝜎𝑎+𝐴𝑏⟩ = ⟨0, 0, 0⟩ holds. Therefore ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑎+𝐴𝑏⟩ = ⟨1, 1, 0⟩ which
is the Sign Occurrence condition 3 to be proven.

(3 =⇒ 1): We need to show that

[[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] − 2 ∗ 2𝑘 = −2𝑘+1 + ([[𝜋𝜎 (𝑎 +𝐴 𝑏)]] − 2
𝑘)

But 3 states that ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑎+𝐴𝑏⟩ = ⟨1, 1, 0⟩ and so ⟨𝜎𝜋𝜎𝑎, 𝜎𝜋𝜎𝑏, 𝜎𝜋𝜎𝑎+𝐴𝜋𝜎𝑏 = 𝜎𝑎+𝐴𝑏⟩ = ⟨0, 0, 0⟩.
Hence using Theorem 4.6 and Proposition 3.3 we can deduce that [[𝜋𝜎𝑎]] + [[𝜋𝜎𝑏]] =

[[𝜋𝜎𝑎 + 𝜋𝜎𝑏]] = [[𝑎 +𝐴 𝑏]]. Since 𝜎𝑎+𝐴𝑏 = 0 we have [[𝑎 +𝐴 𝑏]] = [[𝜋𝜎 (𝑎 +𝐴 𝑏)]] − 2
𝑘
from

Theorem 2.3. Thus we are done. □

Theorem 4.10. Let 𝑎, 𝑏 ∈ B𝑘+1. Then the following conditions are pairwise equivalent

Condition Set 1

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝐴 𝑏 |)
(2) Range: −2𝑘 ≤ (|𝑎 |) − (|𝑏 |) ≤ 2

𝑘 − 1

(3) Sign Occurrences: Any of the following six occurrences ⟨0, 1, 0⟩, ⟨1, 0, 1⟩, ⟨0, 0, 0/1⟩,
⟨1, 1, 0/1⟩, but not the other two.

(4) Overflow Digit: 𝜎𝑐 = 𝑐𝑘
(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = 0,−1
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and the following conditions are pairwise equivalent

Condition Set 2

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|1(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 0

(2) Range: −2𝑘+1 + 1 ≤ (|𝑎 |) − (|𝑏 |) ≤ −2𝑘 − 1

(3) Sign Occurrences: ⟨1, 0, 0⟩.
(4) Overflow Digit: 𝜎𝑐 = 1 and 𝑐𝑘 = 0

(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = 1

and the following conditions are equivalent

Condition Set 3

(1) Correctness: (|𝑎 |) − (|𝑏 |) = (|0(𝑎 −𝐴 𝑏) |) ∧ 𝜎𝑟 = 1

(2) Range: 2𝑘 ≤ (|𝑎 |) − (|𝑏 |) ≤ 2
𝑘+1 − 1

(3) Sign Occurrences: ⟨0, 1, 1⟩.
(4) Overflow Digit: 𝜎𝑐 = 0 and 𝑐𝑘 = 1

(5) Sign Equation: 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = −2
and moreover for each condition type one instance must hold (along with equivalents of the

instance).

verified in hol

Before the proof, we give some additional explanations of the Condition Sets, and how

they may be derived from first principles. In order to be as general as possible, given any

𝑎, 𝑏 ∈ B𝑘+1, we write𝐶𝑎,𝑏 ∈ Z for the correct integer answer and𝑂𝑎,𝑏 ∈ Z for the computer

output (so in Theorem 4.10 we have 𝐶𝑎,𝑏
def

= (|𝑎 |) − (|𝑏 |) and 𝑂𝑎,𝑏
def

= (|𝑎 −𝐴 𝑏 |)).

Remark 8.3. The Correctness equations for 𝑎, 𝑏 ∈ B𝑘+1 such as (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝐴 𝑏 |)
are simply formal statements of the intuitive notion of correctness.

Each Range condition states that a correctness equation holds when the 𝐶orrect integer

answer 𝐶𝑎,𝑏 lies within a given range. One may deduce these ranges as follows. Given

𝑎, 𝑏 ∈ B𝑘+1, each of 𝑎 and𝑏 has the samemaximum andminimum denotation inZ: maximum

is 2
𝑘 − 1 and lower is −2𝑘 . Given the definition of𝐶𝑎,𝑏 here, the maximum must be (2𝑘 − 1) −

(−2𝑘) = 2
𝑘+1 − 1. And the minimum is −2𝑘 − (2𝑘 − 1) = −2𝑘+1 + 1. Thus overall we have

−2𝑘+1 + 1 ≤ 𝐶𝑎,𝑏 ≤ 2
𝑘+1 − 1

and it’s easy to see that 𝐶𝑎,𝑏 attains every value. We can apply a similar process to any 𝐶𝑎,𝑏

in the other theorems. Now consider the correctness equation of the first Range Condition,
which in general states that 𝐶𝑎,𝑏 = 𝑂𝑎,𝑏 . Since 𝑂𝑎,𝑏 is the denotation of a 𝑘 + 1 digit number,
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it follows that we must have

−2𝑘+1 + 1 ≤ 𝐶𝑎,𝑏 ≤ −2𝑘 ≤ 𝐶𝑎,𝑏 ≤ 2
𝑘 − 1 ≤ 𝐶𝑎,𝑏 ≤ 2

𝑘+1 − 1 (∗)

with the middle range of (∗) being forced when 𝐶𝑎,𝑏 = 𝑂𝑎,𝑏 . The left range corresponds to

a second Range Condition, and the right one to a third Range Condition. These mutually

exclusive ranges of course cover all possible values of 𝐶𝑎,𝑏 ∈ Z.

Next the Overflow conditions. From Theorem 4.3, if we know𝐶𝑎,𝑏 we can work out a binary

representation 𝑑𝑥 ∈ B𝑘+2 and show 𝑥 = 𝑟 ; from 𝑑 and 𝑟 we can compute 𝜎𝑐 . Here we use

Theorem 4.3 to obtain𝐶𝑎,𝑏 = (|𝑎 −𝑆𝐴 𝑏 |) and hence obtain 𝑑𝑥 ≡ 𝑎 −𝑆𝐴 𝑏. From Proposition 3.3

we have

𝑎 −𝑆𝐴 𝑏 = (𝑎 −𝑆𝐴 𝑏)𝑘+1(𝑎 −𝑆𝐴 𝑏)𝑘 = (𝑎 −𝑆𝐴 𝑏)𝑘+1(𝑎 −𝐴 𝑏) = (𝑎 −𝑆𝐴 𝑏)𝑘+1𝑟

and therefore putting 𝜉
def

= 𝜎𝑎 + 𝜎𝑏 ∈ { 0, 1, 2 } we have

(𝑎 −𝑆𝐴 𝑏)𝑘+1 = (𝜉 + 𝜎𝑐) MOD 2 𝜎𝑟 = (𝜉 + 𝑐𝑘) MOD 2

𝜎𝑐 = (𝜉 + 𝑐𝑘) DIV 2

The values of the first two equations have just been computed; given the constraints on 𝜉 , it

is then always possible to compute 𝜎𝑐 outright or in terms of 𝑐𝑘 .

The Sign Equation conditions follow by further analysing

𝐶𝑎,𝑏
def

= (|𝑎 |) − (|𝑏 |) = (|𝑑𝑟 |)

where 𝑑
def

= (𝑎 −𝑆𝐴 𝑏)𝑘+1. Note that

−𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 + (|𝑎𝑘−1 |) − (|𝑏𝑘−1 |) = −𝑑2𝑘+1 + 𝜎𝑟2𝑘 + (|𝑟𝑘−1 |)

leading to

𝜉
def

= (|𝑎𝑘−1 |) − (|𝑏𝑘−1 |) = (𝜎𝑎 − 𝜎𝑏 + 𝜎𝑟 − 𝑑2︸               ︷︷               ︸
𝛼

)2𝑘 + (|𝑟𝑘−1 |)

However, since 𝜉 is the difference (|𝑎𝑘−1 |) − (|𝑏𝑘−1 |) we have −2𝑘 + 1 ≤ 𝜉 ≤ 2
𝑘 − 1. Using

Theorem 2.2 we can easily see that we get contradictions if 𝛼 > 0 and 𝛼 < −1; further
𝛼 ∈ { −1, 0 } is consistent. One can observe that

• Sign Equations are instances of (analogues of) 𝛼 ∈ { −1, 0 }; given any 𝑎 and 𝑏 we

can compute 𝑑 as above.
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• For example, in the case of Theorem 4.10 and the third condition set, we know that

𝑑 = 0, and in this particular case one can also determine that 𝜎𝑟 = 1. Hence 𝛼 must

equal 0 and we have 𝜎𝑎 − 𝜎𝑏 − 𝜎𝑟 = 𝛼 − 2𝜎𝑟 = −2.

Proof. Now we give some details of the proof of Theorem 4.10. The second set of

conditions is proven pairwise equivalent.

We omit the easy details for (3 ⇐⇒ 4 ⇐⇒ 5).

Now we show that (1 =⇒ 2 =⇒ 3 =⇒ 1).

(1 =⇒ 2) : From 1 we have 𝑆
def

= (|𝑎 |) − (|𝑏 |) = −2𝑘+1 + [[𝑎 −𝐴 𝑏]]. Then note that

from Lemma 2.2 we have 0 − (2𝑘+1 − 1) ≤ 𝑆 . Since 𝜎𝑟 = 0 we have −2𝑘+1 + [[𝑎 −𝐴 𝑏]] ≤
−2𝑘+1 + (2𝑘 − 1). Thus 2 is true.
(2 =⇒ 3) : Let’s suppose that 2 holds. Reasoning much as we did for the first condition

set we must have

−2𝑘+1 + 1 ≤ (𝜉 def

= −𝑅2𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]) ≤ −2𝑘 − 1

Since 𝜉 < 0 we have 𝑅 = 1. Therefore 𝜎𝑟2
𝑘 + [[𝑟𝑘−1]] ≤ 2

𝑘 − 1 and so 𝜎𝑟 = 0. Thus we have

1 = 𝑅 = (𝜎𝑎 +𝜎𝑏 +𝜎𝑐) MOD 2 (∗) and 0 = 𝜎𝑟 = (𝜎𝑎 +𝜎𝑏 + 𝑐𝑘) MOD 2. So (𝜎𝑎 +𝜎𝑏 + 𝑐𝑘) =
0 or 2. If the former, from (∗) we have 𝜎𝑐 = 1. But 𝜎𝑐

def

= (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 = 0. Hence

(𝜎𝑎 +𝜎𝑏 + 𝑐𝑘) = 2. Therefore we still have 𝜎𝑐 = 1 and so (∗) implies 𝜎𝑎 +𝜎𝑏 = 0 or 2. In the

former case we have (0 + 0 + 𝑐𝑘) = 2, and so finally we have 𝜎𝑎 = 𝜎𝑏 = 1. Hence 3 is true.

(3 =⇒ 1) : Suppose 3. We have to prove 𝜎𝑟 = 0 and 𝑅
def

= (𝜎𝑎 + 𝜎𝑏 + 𝜎𝑐) MOD 2 = 1.

The former is immediate. For the latter we only need to show that 𝜎𝑐 = 1. But 𝜎𝑐 =

(𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 = (2 + 𝑐𝑘) DIV 2 = 1. So 1 is true.

Thus the second set of conditions is proven pairwise equivalent. □

Theorem 4.11. Let 𝑎, 𝑏 ∈ B𝑘+1. Recall from Figure 1 that ¬𝑆𝐴 (𝑏)
def

= 𝑏 +𝑆𝐴 1 and ¬𝐴 (𝑏)
def

=

𝑏 +𝐴 1. Then we have

• −(|𝑏 |) = (|¬𝑆𝐴 (𝑏) |)
• (|𝑎 −𝑆𝐴 𝑏 |) = (|𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)) |)
• 𝜎𝑎−𝑆𝐴𝑏 (𝑎 −𝑆𝐴 𝑏) = 𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)) ∈ B𝑘+3 and so

𝑎 −𝑆𝐴 𝑏 = (𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)))𝑘+2 ∈ B𝑘+2

• abs(|𝑏 |) = (|abs𝑆𝐴 (𝑏) |)

and

• −(|𝑏 |) = (|¬𝐴 (𝑏) |) for 𝑏 ≠ 1®0
• (|𝑎 −𝐴 𝑏 |) = (|𝑎 +𝐴 (¬𝐴 (𝑏)) |)
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• 𝑎 −𝐴 𝑏 = 𝑎 +𝐴 (¬𝐴 (𝑏))
• abs(|𝑏 |) = (|abs𝑆𝐴 (𝑏) |) for 𝑏 ≠ 1®0

verified in hol

Proof. Consider the first three equations:

From Theorem 4.3 we have (|𝑏 |) + (|𝑏 |) = (|𝑏 +𝑆𝐴 𝑏 |) = (|®1|) = −1, and so −(|𝑏 |) = (|𝑏 |) + 1;

and we also have (|¬𝑆𝐴 (𝑏) |)
def

= (|𝑏 +𝑆𝐴 1|) = (|𝑏 |) + (|1|). So the first equation holds.

The second equation follows by using the first one along with simple calculations using

the correctness equations 3 and 4 from Theorem 4.3, and Theorem 2.3 (sign extensions).

For the final equation note that by Theorem 2.3 (sign extensions) and the second

equation, we have

(|𝜎𝑎−𝑆𝐴𝑏 (𝑎 −𝑆𝐴 𝑏) |) = (|𝑎 −𝑆𝐴 𝑏 |) = (|𝜎𝑎𝑎 +𝑆𝐴 (¬𝑆𝐴 (𝑏)) |)

so we are done by Theorem 2.3.

Now consider the second three equations:

The first equation will hold just in case (|𝑏 +𝐴 1|) = (|𝑏 |) + (|1|) is correct, using similar

reasoning to the case of ¬𝑆𝐴. But from Theorem 4.9 and theRange condition, this happens

just in case

−2𝑘 − 1 ≤ (|𝑏 |) ≤ 2
𝑘 − 2

Then from Lemma 2.2 the left-hand inequality always holds, but the right-hand fails just

in case (|𝑏 |) = 2
𝑘 − 1, that is 𝑏 = 1®0.

The second equation takes a little more work to establish. If 𝑏 = 1®0 then we wish to

establish that (|𝑎 −𝐴 1®0|) = (|𝑎 +𝐴 1®0|). But we can easily check that 𝑎 −𝐴 1®0 = 𝑎 +𝐴 1®0
directly from the DA and use Theorem 2.3.

If 𝑏 ≠ 1®0 then −(|𝑏 |) = (|¬𝐴 (𝑏) |). Hence 𝑆 = 𝑆′ where

𝑆
def

= (|𝑎 |) − (|𝑏 |) = (|𝑎 |) + (|¬𝐴 (𝑏) |)
def

= 𝑆′

By using Theorem 4.10 we can see that we have 𝑆

−2𝑘+1 + 1 ≤ 𝑆 ≤ −2𝑘 − 1 < −2𝑘 ≤ 𝑆 ≤ 2
𝑘 − 1 < 2

𝑘 ≤ 𝑆 ≤ 2
𝑘+1 − 1

and in each case we have 𝑆 equal to, respectively, the values below

(|1(𝑎 −𝐴 𝑏) |) ≤ (|𝑎 −𝐴 𝑏 |) ≤ (|0(𝑎 −𝐴 𝑏) |)

Note that since𝑏 ≠ 1®0 we have−2𝑘+1 ≤ (|𝑏 |) and so in fact 𝑆 ≤ (2𝑘−1)+(2𝑘−1) = 2(2𝑘−1).
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Similarly for 𝑆′ using Theorem 4.9 (note the rightmost value!)

−2𝑘+1 ≤ 𝑆′ ≤ −2𝑘 − 1 < −2𝑘 ≤ 𝑆′ ≤ 2
𝑘 − 1 < 2

𝑘 ≤ 𝑆′ ≤ 2(2𝑘 − 1)

and in each case we have 𝑆′ equal to, respectively, the values below

(|1(𝑎 +𝐴 (¬𝐴 (𝑏))) |) ≤ (|𝑎 +𝐴 (¬𝐴 (𝑏)) |) ≤ (|0(𝑎 +𝐴 (¬𝐴 (𝑏))) |)

Note that since 𝑏 ≠ 1®0 we have ¬𝐴 (𝑏) ≠ 1®0 and so −2𝑘 + 1 ≤ (|¬𝐴 (𝑏) |) and so in fact

−2𝑘+1 + 1 ≤ −2𝑘 + (−2𝑘 + 1) ≤ 𝑆′.
Hence for each range of values, since 𝑆 and 𝑆′ are equal, from Theorem 2.3 we can

deduce (care!) that the third equation holds overall, since it holds inside each of the three

ranges. Thus the second equation is immediate.

□

Theorem 4.12. Let 𝑎, 𝑏, 𝑐 ∈ B𝑘+1. +𝐴 and +𝛼𝐴 are commutative. +𝐴 is associative. In

particular, and further

• 𝑎 +𝐴 (𝑏 +𝐴 𝑐) = (𝑎 +𝐴 𝑏) +𝐴 𝑐
• 0𝑎 +𝑍𝐴 (𝑏 +𝑍𝐴 𝑐) = (𝑎 +𝑍𝐴 𝑏) +𝑍𝐴 0𝑐

verified in hol

Proof. That +𝐴 and +𝛼𝐴 are commutative follows from the commutativity of + on Z

and the definition of the DA.

Next we prove the second itemised equation, by showing each side has the same

denotation and then using injectivity (Proposition 2.3). We calculate easily the denotations

using Theorem 4.3 and Theorem 2.3 (sign extensions); equality follows from associativity

of + on the integers.

To see that +𝐴 is associative, consider first the left hand side of 0𝑎 +𝑍𝐴 (𝑏 +𝑍𝐴 𝑐) =

(𝑎 +𝑍𝐴 𝑏) +𝑍𝐴 0𝑐 ∈ B𝑘+2, along with the steps below which follow from Proposition 3.3.

((0𝑎 +𝑍𝐴 (𝑏 +𝑍𝐴 𝑐))𝑘+1)𝑘 = (0𝑎 +𝐴 (𝑏 +𝑍𝐴 𝑐))𝑘 (1)

= (0𝑎)𝑘 +𝐴 (𝑏 +𝑍𝐴 𝑐)𝑘 (2)

= 𝑎 +𝐴 (𝑏 +𝐴 𝑐) (3)

Now perform an identical equational argument starting with the right hand side. □

Theorem 5.1. Let 𝑎, 𝑏 ∈ B𝑘+1. The following equations hold for every such 𝑎 and 𝑏 (total

correctness)

• [[𝑎]] + [[𝑏]] = [[𝑎 +𝑀 𝑏]]
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• [[𝑎]] + [[𝑏]] = [[𝑎 +𝑍𝑀 𝑏]]

The following in-equations hold for any such 𝑎 and 𝑏 (total incorrectness)

• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑀 𝑏 |)
• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑍𝑀 𝑏 |)
• [[𝑎]] − [[𝑏]] ≠ (|𝑎 −𝑆𝑀 𝑏 |)

Proof. The total correctness equation for +𝑀 can be proven by a straightforward

induction; the proof is omitted. The equation for +𝑍𝑀 follows since it is easy to see that

𝑎 +𝑍𝑀 𝑏 = 0(𝑎 +𝑀 𝑏) with DAC.

We show why the first of the in-equations holds. Let (𝑐, 𝑟 ) def

= DA1(𝑎,𝑏), so that 𝜎𝑎−𝑀𝑏 =

(0 + 0 + 𝑐𝑘+1) MOD 2 = 𝑐𝑘+1.

From Lemma 8.6 we have DA1(0𝑎, 1𝑏) = (𝐾𝑐, 𝑅𝑟 ) where 𝑅 = (0+1+𝑐𝑘+1) MOD 2 = 𝑐𝑘+1,

so that 𝜎𝑎−𝑍𝑀𝑏 = 𝑐𝑘+1.

Hence the sign digits of 𝑎 −𝑀 𝑏 and 𝑎 −𝑍𝑀 𝑏 are complimentary, so they have unequal

denotations. We saw in Theorem 4.3 that [[𝑎]] − [[𝑏]] = (|𝑎 −𝑍𝐴 𝑏 |) always, so the theorem
follows.

□

Theorem 5.2. Let 𝑎, 𝑏 ∈ B𝑘+1. The following conditions are pairwise equivalent

• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑀 𝑏 |)
• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝑎 +𝑆𝑀 𝑏 |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨1, 1, 0/1⟩: more simply, 𝜎𝑎 = 𝜎𝑏 .

as are

• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝜋𝜎 (𝑎 +𝑀 𝑏) |)
• Correctness: (|𝑎 |) + (|𝑏 |) = (|𝜋𝜎 (𝑎 +𝑆𝑀 𝑏) |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0/1⟩: more simply, 𝜎𝑎 ≠ 𝜎𝑏 .

and moreover one condition must hold (along with equivalents of the condition) from each

set.

The following conditions are pairwise equivalent

• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑀 𝑏 |)
• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑆𝑀 𝑏 |)
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• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 1, 0/1⟩: more simply, 𝜎𝑎 ≠ 𝜎𝑏 .

as are

• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑀 𝑏) |)
• Correctness: (|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑆𝑀 𝑏) |)
• Sign Occurrences: ⟨𝜎𝑎, 𝜎𝑏, 𝜎𝑟 ⟩ can be any one of the following four sign-occurrences

⟨0, 0, 0/1⟩, ⟨1, 1, 0/1⟩: more simply, 𝜎𝑎 = 𝜎𝑏 .

and moreover one condition must hold (along with equivalents of the condition) from each

set.

Proof. We give only exemplar proofs for two parts of the Theorem.

(A): Suppose that (|𝑎 |) − (|𝑏 |) = (|𝑎 −𝑀 𝑏 |). Let (𝑐, 𝑟 )
def

= DA1(𝑎, 𝑏) so that equivalently we

have

−𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 + [[𝑎𝑘−1]] − [[𝑏𝑘−1]] = −𝑐𝑘+12𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]] (∗)

We know from Theorem 4.3 that [[𝑎𝑘−1]] − [[𝑏𝑘−1]] = (|𝑎𝑘−1 −𝑍𝐴 𝑏𝑘−1 |). To compute

𝑎𝑘−1 −𝑍𝐴 𝑏𝑘−1 note that from Lemmas 8.5 and Lemma 8.6 we have DA1(0𝑎𝑘−1, 1𝑏𝑘−1) =
(𝐾𝑐𝑘 , 𝑅𝑟𝑘−1) where 𝑅 = (1 + 𝑐𝑘) MOD 2 = 𝑐𝑘 and so 𝑎𝑘−1 −𝑍𝐴 𝑏𝑘−1 = 𝑐𝑘𝑟𝑘−1. Thus

[[𝑎𝑘−1]] − [[𝑏𝑘−1]] = −𝑐𝑘2𝑘 + [[𝑟𝑘−1]]

and so (∗) holds just in case

−𝜎𝑎2𝑘 + 𝜎𝑏2𝑘 + (−𝑐𝑘2𝑘) = −𝑐𝑘+12𝑘+1 + 𝜎𝑟2𝑘

just in case

−𝜎𝑎 + 𝜎𝑏 − 𝑐𝑘 = −𝑐𝑘+12 + 𝜎𝑟
and on expanding the definitions we have

−𝜎𝑎 + 𝜎𝑏 − 𝑐𝑘 = −2 ∗ (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 + (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2 (†)

If we show that if 𝜎𝑎 = 𝜎𝑏 then (†) fails, and if 𝜎𝑎 ≠ 𝜎𝑏 then (†) holds, this part of the
proof is complete. We look at two cases. Let 𝜎𝑎 = 𝜎𝑏 . Then we have

−𝑐𝑘 = −2 ∗ (1 + 𝑐𝑘) DIV 2 + (1 + 𝑐𝑘) MOD 2

that is

−𝑐𝑘 = −2 ∗ 𝑐𝑘 + 𝑐𝑘
which clearly is (always) false.
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Now let 𝜎𝑎 = 0 and 𝜎𝑏 = 1. Then

1 − 𝑐𝑘 = −2 ∗ 𝑐𝑘 DIV 2 + 𝑐𝑘 MOD 2 ⇐⇒ 1 − 𝑐𝑘 = 𝑐𝑘 ⇐⇒ true

(B): Suppose that (|𝑎 |) + (|𝑏 |) = (|𝜋𝜎 (𝑎 +𝑀 𝑏) |). This equation expands to

−𝜎𝑎2𝑘 − 𝜎𝑏2𝑘 + 𝑐𝑘2𝑘 + [[𝑟𝑘−1]] = −𝑐𝑘+12𝑘+1 + 𝜎𝑟2𝑘 + [[𝑟𝑘−1]]

that is

−𝜎𝑎 − 𝜎𝑏 + 𝑐𝑘 = −2 ∗ (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) DIV 2 + (𝜎𝑎 + 𝜎𝑏 + 𝑐𝑘) MOD 2

and the rest of the reasoning is routine. □

Theorem 5.3. Let 1, 𝑎, 𝑏 ∈ B𝑘+1. Then we have

• −(|𝑏 |) = (|¬𝑀 (𝑏) |) for 𝜎𝑏 = 1.

• −(|𝑏 |) = (|𝜋𝜎 (¬𝑀 (𝑏)) |) for 𝜎𝑏 = 0.

• (|𝑎 −𝑀 𝑏 |) = (| (0𝑎 +𝑀 (¬𝑀 (𝑏)))𝑘+2 |).
• 0(𝑎 −𝑀 𝑏) = 0𝑎 +𝑀 (¬𝑀 (𝑏)) and so
𝑎 −𝑀 𝑏 = (0𝑎 +𝑀 (¬𝑀 (𝑏)))𝑘+2

• abs((|𝑏 |)) = (|abs𝑀 (𝑏) |)

Proof. For the second equation: Since 𝜎𝑏 = 0 we have 𝜎
𝑏
= 1, and 𝜎1 = 0. Thus we use

Theorem 5.2 to see that (|𝜋𝜎 (𝑏 +𝑀 1) |) = (|𝑏 |) + (|1|). But of course by Theorem 4.3 we have

(|𝑏 |) + (|𝑏 |) = (|𝑏 +𝑆𝐴 𝑏 |) = (|®1|) = −1 and so the theorem follows.

For the remaining equations, we only need to do work to prove 0(𝑎−𝑀𝑏) = 0𝑎+𝑀 (¬𝑀𝑏);
the other equations follow immediately. We will consider cases according to sign digits.

We make frequent appeals to Theorem 5.2.

(𝜎𝑎 = 0 ≠ 𝜎𝑏 = 1) : It follows that 𝜎¬𝑀𝑏 = 0. Note also that, using the sign digit values,

both (|𝑎 −𝑀 𝑏 |) = (|𝑎 |) − (|𝑏 |) and 0 ≤ (|𝑎 |) − (|𝑏 |). Hence 𝜎𝑎−𝑀𝑏 = 0. Then we have

(|0(𝑎 −𝑀 𝑏) |) = [[𝑎 −𝑀 𝑏]]

= (|𝑎 −𝑀 𝑏 |)

= (|𝑎 |) − (|𝑏 |)

= (|0𝑎 |) + (|¬𝑀𝑏 |)

= (|0𝑎 +𝑀 (¬𝑀𝑏) |)

(𝜎𝑎 = 0 = 𝜎𝑏 = 0) : We consider two cases, with 𝑏 = 0®0 and 𝑏 ≠ 0®0.
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In the first case, ¬𝑀𝑏 = 1®0. Further, proving the equality directly from the definitions is

easy.

Moving to the second case, first note that 𝑏 = 0®𝑥 where 𝑥 ∈ B𝑘 has at least one digit

equal to 1. One may see from DAC that (𝑏 +𝑀 1)𝑘+2 = 0, that is 𝜎¬𝑀𝑏 = 0. Now we have

(|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑀 𝑏) |) = [[𝑎 −𝑀 𝑏]] − 2
𝑘+1

by Theorem 5.2 and Theorem 2.3. With similar reasoning we have

(|0(𝑎 −𝑀 𝑏) |) = [[𝑎 −𝑀 𝑏]]

= (|𝑎 |) − (|𝑏 |) + 2
𝑘+1

= (|0𝑎 |) − (|𝑏 |) + 2
𝑘+1

= (|0𝑎 |) + (|𝜋𝜎 (¬𝑀 (𝑏)) |) + 2
𝑘+1

= (|0𝑎 |) + [[¬𝑀 (𝑏)]] − 2
𝑘+1 + 2

𝑘+1

= (|0𝑎 |) + (|¬𝑀 (𝑏) |)

= (|0𝑎 +𝑀 (¬𝑀 (𝑏)) |)

(𝜎𝑎 = 1 = 𝜎𝑏 = 1) : We consider only the case 𝑏 ≠ 0®0 where we can show as before

𝜎¬𝑀𝑏 = 0. Then have

(|𝑎 |) − (|𝑏 |) = (|𝜋𝜎 (𝑎 −𝑀 𝑏) |) = [[𝑎 −𝑀 𝑏]] − 2
𝑘+1

and also

(|0(𝑎 −𝑀 𝑏) |) = [[𝑎 −𝑀 𝑏]]

= (|𝑎 |) − (|𝑏 |) + 2
𝑘+1

= (−2𝑘 + [[𝑎𝑘−1]]) − (|𝑏 |) + 2
𝑘+1

= ( [[𝑎𝑘−1]] + 2
𝑘) − (|𝑏 |)

= [[𝑎]] − (|𝑏 |)

= (|0𝑎 |) − (|𝑏 |)

= (|0𝑎 |) + (|¬𝑀 (𝑏) |)

= (|0𝑎 +𝑀 (¬𝑀𝑏) |)

□
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