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On Correctness of Digitwize Arithmetic
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S. BALCO AND R. L. CROLE.

Mathematical addition of natural numbers performed by a human on paper, where columns of
digits are added up and carry and output digits computed, is always correct. Addition of natural
numbers, performed by an Arithmetic Logic Unit (ALU) in a computer processor, may or may not
be correct.

Generalising, one might consider other operations and their correctness. This paper explores
operations each of which is a form of addition or subtraction or negation. The operations are split
into two groups: one group has a feature commonly seen in ALUs, and the other has a feature
common to the way humans do digit-by-digit columnar computations. For each operation, a
correctness theorem is proven, where conditions may be required to guarantee correctness.

In hardware texts, one finds conditions for ALU addition correctness. However, the details
are often informal and incomplete. Mathematics texts tend not to discuss correctness. Our new

contributions are:

o the precise definition of a range of arithmetic operations, with some not usually considered
in the literature, together with an equational calculus;

o the precise definition of a range of comprehensive correctness theorems with full proofs of
correctness;

e a thorough analysis of how the theorems were originally derived,;

e an exploration of modular approaches to proofs; and

e arepresentative selection of proofs of theorems by machine, in Isabelle/HOL.

Author’s address: S. Balco and R. L. Crole.School of Computing and Mathematical Sciences, University of
Leicester, University Road, Leicester, LE1 7RH, UK.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted
without fee provided that copies are not made or distributed for profit or commercial advantage and that
copies bear this notice and the full citation on the first page. Copyrights for components of this work owned
by others than the author(s) must be honored. Abstracting with credit is permitted. To copy otherwise,
or republish, to post on servers or to redistribute to lists, requires prior specific permission and/or a fee.
Request permissions from permissions@acm.org.

© 2026 Copyright held by the owner/author(s). Publication rights licensed to ACM.

Manuscript submitted to ACM

Manuscript submitted to ACM 1



45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88

2 S. Balco and R. L. Crole.

ACM Reference Format:
S. Balco and R. L. Crole.. 2026. On Correctness of Digitwize Arithmetic. 1, 1 (November 2026),
61 pages. https://doi.org/10.1145/nnnnnnn.nnnnnnn

1 INTRODUCTION
1.1 Fundamental Ideas

In this paper, B &f {0,1} is the set of Booleans, N is the set of natural numbers and Z
is the set of integers. We assume there are well defined notions of addition and other
operations.

In Java, as in many programming languages, one has Math.abs(x) which returns the
absolute value of an integer x. Except that it doesn’t. At least, there is an exception!
If x is equal to Integer.MIN_VALUE, the most negative int value, the output is again
Integer.MIN_VALUE which is incorrect. This exception arises due to the finite memory
assigned to int values: the correct absolute value in Z of the integer Integer .MIN_VALUE
is “too large” to be any int value, so if the return type of Math.abs(x) is int the lan-
guage cannot possibly return Math.abs(Integer.MIN_VALUE) correctly. The reason that
Integer .MIN_VALUE is (often) returned is explained later in this paper in Remark 4.7.

There is a clear mathematical definition of Z, and also of the unary operation abs on Z.
When we use a computer to compute abs, the user begins with an integer. This is converted
to a binary number, a (computer) representation. Computation of the absolute value (indeed
other operations such as negation and arithmetic) takes place in the computer processor
Arithmetic Logic Unit (ALU). This is an implementation of an (algorithmic) representation
of abs. The ALU output is then converted to an integer and returned to the user.

So we have a representation of data (inputs and outputs), a representation of operations
on the data, and as we saw above, in some cases the representations are incorrect.

The purpose of this paper is to present in a comprehensive and uniform way the theory
that underpins representational correctness for a small set of common operations.

Many text books on Computer Architecture discuss correctness. However, the accounts
are often informal, and certainly not comprehensive.! For example, the textbook account of
the digital logic tests for + performed by an ALU corresponds to the first of three parts of a

theorem in this paper (Theorem 4.9). The other two parts are seemingly never mentioned.

This paper came about after teaching Computer Architecture for a few years. I was never able to find an
all-encompassing treatment of this important subject. Neither could I find a research article that unified all
the key ideas from both mathematics and engineering.

Manuscript submitted to ACM
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On Correctness of Digitwize Arithmetic 3

In the remainder of the introduction we give more details of these ideas, mainly by
informal example, so the reader has a good foundation for understanding the formal
approach of the paper.

At school one learns how to write down integers using a syntax/notation consisting
of sequences of the denary? digits 0,1,2,...,9 prepended by +/—. This yields denary
representations of the integers. One learns to perform addition algorithmically by adding

up columns of digits and writing down remainders and carries. A trivial example is

2
+ 1
1

N O | O X

4

where the output is 47 and the carry is 10. We will refer to this algorithm as the Digitwize
Algorithm, DA, since it works digit-column by digit-column.

One can do the same for other integer representations, such as sequences of the binary
digits 0, 1, that is, binary numbers (where we consider each one to have k + 1 digits
in positions k to 0 left to right). Here is an example with k = 3 which illustrates our

terminology, where bold 1 is called the overflow digit (we explain why in due course):

Input/Operand 1111
Input/Operand 0/1/0
Carry 1/1/0/0
Output (Remainder digits) 1{0[0]1

REMARK 1.1. In this paper we are going to regard N and Z as semantic domains, in the
sense that users understand their data and operations as a natural language, so to speak.
Of course, when we write down say 28, strictly speaking this is a denary representation of a
particular element. None-the-less we will regard the translation of 11100 into 28 as giving a
semantics: 11100 denotes 28 € Z.

This paper assumes knowledge of unsigned and signed (twos-complement) binary
number representations: In each case this is a sequence of 0s and 1s, and the semantics
maps a sequence into N and Z respectively. Examples of signed numbers are 1001 and
0110 with semantics —7 € Z and +6 € Z.

There are some obvious questions:

2We refer to denary, not decimal, since we will not work with fractions (bicimals are binary fractions)!!
Manuscript submitted to ACM
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4 S. Balco and R. L. Crole.

(1) Is each representation of the integers correct (in some sense)?

(2) Do digitwize algorithms give correct answers to addition, subtraction and negation
on the integers? Indeed, what exactly does correct mean?

(3) Are there algorithms which are always (ie totally) correct? Can we state precisely

when algorithms are conditionally correct? What are the exceptions?

1.2 Exploring the Questions

In regard of Question (1) we do not say anything fundamentally new in this paper. However,
for completeness, we do give a formal statement of correctness of binary representations
in Theorem 2.3; for now we make the following remark which together with Theorem 2.3

provides an answer to Question (1).

REMARK 1.2. For any integer m (for example —8) we will show that there is a canonical
representation p(m) as a binary number of least length (for the example, 1000), such that
there is an inverse function — +— {—} returning the original integer m = {p(m)} (for the
example, {1000} = —8). We will refer to the inverse as a denotational or semantic function.

Note that representations might not be unique: —8 is also represented by 111000. However
we will always work with canonical representations by specifying the lengths of the binary

numbers we work with. Typically a Theorem will involve k-digit binary numbers.

We now explore the other questions informally. We look at examples where the cal-
culations mimic the behaviour of an ALU; but also examples mimicking calculations as
taught to mathematics students. First we make a definition about overflow, since this

often causes confusion.

Definition 1.1. Overflow is defined as the logical negation of correctness. Thus overflow
is a synonym for incorrectness.
However, perhaps confusingly, if one has two k-digit operands, the carry digit in position

k + 1 will be known as the overflow digit.

REMARK 1.3. In this paper, we will divide all of our theorems into those involving “maths-
operators” and those involving “ALU-operators”. Each operator is defined in terms of the DA.
Operands a = ay ...a1ap and b = by ... b1by are input. The DA always produces an output
(c,r) where c is the carry (sequence of carry digits) and r is “the result of the operator”, but
we usually refer to the “output”r. Maths-operator outputs take the form ri i1 ... riro; and

ALU-operator outputs take the form ry ... riro, thus omitting leftmost digit ry.,. We will
Manuscript submitted to ACM
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On Correctness of Digitwize Arithmetic 5

. . def
often denote operators by O, and we will then writea O b = r. Examples of such operators

are given next where we indicate leftmost digit ry; using a superscript r (ditto c).

1.2.1  Example Calculations by a Computer ALU. An example with 3-digit unsigned binary.
Consider 1+ 3 =y 4 and 3 + 5 =y 8. We assume that 1, 3, 5 have correct unsigned
representations. These appear as operands in the following digitwise computations, where

+arv is an ALU-operator.

+ALU +ALU

‘1
"1

0
"0

el el K= =)
S = = O
S|k |= O

1
0
1
0

O | O | = =
O | O | = =

The ALU outputs are 001 +47 011 = 100 which is 4, correct, and 011 +47y 101 = 000 which
is 0, incorrect. Note that the overflow digit 6 equals 0 and 1 respectively. Of course it is
very clear for unsigned binary addition that ALU outputs are correct just in case § = 0, so
we may state that overflow occurs just in case § = 1.

Now an example with signed binary, using the same digitwise computations. Consider
1+3 =z 4and 3+(—3) =z 0. The ALU outputs are 100 which is —4, incorrect, and 000 which
is 0, correct. Note that overflow occurred in computing 1 + 3 but the overflow digit equals
0. In fact we shall see that overflow for signed binary occurs just in case the overflow
digit, and the carry digit to its immediate right, are unequal. Since most computers would
operate with “integer inputs” (so to speak), and produce an “integer output”, this example
matches what one tends to see in Computer Architecture textbooks when the arithmetic
performed by the ALU is described. One also meets the so-called sign-bit (sign-digit)
conditions: the ALU is correct just in case the first digit of each operand is unequal (this
is the case when computing 3 + (—3)), or these digits are equal and also equal to the first
digit of the output. Neither is the case in computing 1 + 3.

Now in these examples, the binary operands and outputs are either all signed or all
unsigned. However, what might be true if we allow some mixing? For example, when
computing 3 + (—3), if we regarded the ALU output 000 as unsigned binary it would be
correct.

What about (+3) — (+5) =z —2 where we regard this as a subtraction of unsigned binary
numbers? If the ALU output is also unsigned, it cannot correctly represent —2. The ALU

Manuscript submitted to ACM
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6 S. Balco and R. L. Crole.

computation, complement 101 and add 1, is

011 011

—ALU 1 01 +ALU 010
¢ 1 ‘01 1 1

r 001 10

Then the output 110 is correct if it is understood as a signed number!
Finally, we are interested in integer negation, that is, sign swapping. The negation in Z

of —3 is 3. So we seek operators such as =47y which (if correct) would yield —(101) = 011.

1.2.2  Example Calculations by a Mathematician. Looking back at the unsigned calculations
of 1+3 =4 and 3+5 = 8, the Maths outputs are 0100 which is 4 and 1000 which is 8. Thus
both calculations are now correct. If one picks two unsigned binary numbers of the same
length, and adds them, to ensure that the output is correct one always needs to include
the leftmost carry digit if it is a 1 (and including 0 is fine in any case).

However, with signed binary, Maths outputs may be wrong. Looking back at the example
of 3+ (—3) =z 0, we have 011 44 101 = 1000, wrong since 1000 represents —8.

To finish our examples, look back at (+3) — (+5) where we regarded this as a subtraction
of unsigned binary numbers. In this case, the ALU output when regarded as signed binary
was correct. However we have 011 —p4;; 101 = 0110, and so the Maths output is always

wrong (it denotes a positive integer, signed or unsigned).

1.3 Making Questions 2 and 3 More Precise

Thinking about the examples above, we have

e N and Z, with representations using unsigned and signed binary; and

e operations on N and Z of addition + and subtraction —, with representations such

as +/—aru and +/=paeh-

Suppose that m and n are integers, with canonical representations p(m) and p(n) which
are k-digit binary numbers. Suppose that op is a 2-argument operator on Z and O is a
2-argument operator on binary numbers. Suppose that we know m op n =z r. Then we
formally regard the operator O as correct if p(r) = p(m) O p(n).

compute representations

m.n p(m), p(n)
Manuscript submitted to ACM
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On Correctness of Digitwize Arithmetic 7

Note that by Remark 1.2, since we work with canonical representations, we can equiva-
lently write correctness as

{a} op {b} = {a O b}
for all binary numbers a and b of the same length.

This provides a preliminary answer to Question 2 (what is correctness for operations?);
and in regard of Question 3, we shall soon formulate simple conditions (such as the
sign-digit and overflow-digit conditions, or perhaps single exceptions as was the case
with abs) that guarantee such correctness equations are true.

Summarising we have

Definition 1.2. Correctness Equations take the form

Va,b € B¥'.  {a} op {b} ={a O b} op ({b}) ={0(b)} i

Eq(a,b) Eq(b)

We sometimes refer to {a} op {b} or op ({b}) as the correct integer answer, and to
{a O b} or {O(b)} as the computer/maths integer answer (on the assumption the

expressions are calculated correctly!).

1.4 Our Contributions

The remainder of this paper is devoted to the study of correctness equations of the form
T. We will consider a range of choices for the operators op and O, and for the semantic
function & — {¢}, and investigate formally (stating and proving theorems) whether the
chosen correctness equation is true for all a and b, or whether we can find a condition
®(a, b) implying the equation holds.

e We develop a number of properties of our operators 0. These are given in Proposi-
tion 3.3. The properties amount to an equational calculus and are very useful for
establishing connections between operators, and are used in many of the formal
proofs of Theorems.

e Some of the equation instances are well known in the literature. For example, the
combination of signed integers, integer addition on Z, and ALU binary addition
+4LU, leading to the standard sign-digit conditions for correctness, is well known
to computer processor engineers (indeed, first year undergraduates). See Condition
Set 1 of Theorem 4.9.

e Condition Set 1 provides the standard overflow digit test and the sign-digit test.

Engineers usually only study these conditions for signed binary (hence “sign” tests).
Manuscript submitted to ACM
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8 S. Balco and R. L. Crole.

Here, however, the word “sign” test is too suggestive: Similar conditions also work
for unsigned binary, and for Maths operators as well as ALU operators. These are all
defined and explored in this paper, and we believe these have not been worked out
before.

o In each theorem, Condition Set 1 states when a correctness equation holds. However,
in the failure cases, we give further Condition Sets that inform us how the correct
integer answer, {a} op {b}, can be computed in terms of 0. To our knowledge this
has never been fully worked out and documented before. We feel that this gives a
very pretty and uniform view.

e Some of the theorems are completely new. For example, the combination of un-
signed binary operands, subtraction with natural number operands, ALU binary
addition +4ry, but signed binary outputs. See Theorem 4.8.

e We also believe that this is the first time there has been a formal definition of
(recognition of) Maths-operators. As such, we believe that all the theorems in
Section 5 are new. Indeed, in one theorem we even see {0} op {0} =0 # {0 O 0}.

o All of the ALU-operator theorems are verified in Isabelle/HOL.

REMARK 1.4 (MATHEMATICAL/HUMAN PRrROOFs BY HAND). All of the theorems in this
paper have “typical” human proofs. By “typical” we mean that representative examples are
given for some but not all induction cases in a proof.

It is not essential to examine the proofs in detail in order to understand the Theorems. All
Theorems are easily tested with pencil and paper, by taking values for binary numbers and
performing simple calculations using the definitions in the paper. As such all formal proofs
are placed in an Appendix.

However, we have worked out strategies for the most efficient ways of conducting proofs,
and these are illustrated in the main text. We also point out some examples of modularity,
whereby we can use one theorem to prove another. For these reasons we do feel that the proofs
are of interest in there own right. We give more detail than is perhaps typical in a research
paper, since experience showed us how easy it is to make minor errors in this work. Indeed,

this is one very good reason for giving machine proofs in Isabelle/Hol.

REMARK 1.5 (MACHINE PROOFS IN ISABELLE/HOL). Proofs which are verified in Is-
abelle/HOL are labelled VERIFIED IN HOL. Please note that all theorems in Section 4.2, Section 4.3

and Section 4.4 are machine checked. Please visit

https://github.com/goodlyrottenapple/compArith/
Manuscript submitted to ACM
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and look at the README.md file.

1.5 Organisation of the Paper

REMARK 1.6. The majority of this paper consists of the statement of correctness theorems
without proof, along with illustrative remarks and examples. The thought is that, so long as a
reader is familiar with the notation and results in Section 2 and Section 3, and also Section 4.1,
then the Theorems themselves can be understood fairly easily: one may simply plug and play
by computing with values of a and b. Indeed, to some extent one can just dip in at any point
and there is no need to read every page.

The purpose of the proofs is to show that all the claims we make are verified both mathe-
matically and by computer: it is notoriously easy to make “small errors” with this material.
However we also feel that the proof methods, some of which are pure inductions, some of
which show how certain theorems can be proven by using instances of others, and some which

use an “equational binary calculus’, are intriguing in their own right.

In Section 2 we give the basic mathematical machinery that underpins our theorems.
There is a quick review of unsigned and signed binary. We then present the fundamental
theorem that describes the binary/denary conversions used in the paper, and some simple
formulas that arise from these conversions.

In Section 3 we formalise the Digitwize Algorithm for computing columnar addition
of binary numbers. We then formulate a variety of operations, which formalise the
maths/ALU operators given in the introduction, all defined using the Digitwize Algorithm.

Sections 4 and 5 lie at the heart of the paper. In Section 4.1 we outline the combinations
of unsigned binary, signed binary and the various digitwise operations we will study. In
Section 4.2 we present total correctness theorems for ALU-operators, and in Section 4.3
and 4.4 our conditional correctness theorems. In Sections 5.1 and 5.2 we move to Maths-
operator theorems, again looking at total and conditional correctness.

In Section 6 we present some elementary group-theoretic theorems. For example, the
group operation on k-digit binary numbers that yields an isomorphism with (Z, +, 0) is
precisely ALU addition. While such a result is folklore, we are not aware of such a precise

treatment in the literature.

2 BASIC DEFINITIONS AND THE FUNDAMENTAL THEOREM

Definition 2.1. Recall that B &t {0,1} is the set of Booleans (Boolean digits). Let

x € BF*!, We write x; € B for the digit of x at position i where 0 < i < k and sometimes
Manuscript submitted to ACM
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write X;Xk_1 . . . Xo instead of x. We write x' for the sequence of digits x;x;_ ... xo where

k-1

0<i<k;sox=xk= x;x~" " and so on. If d € B then we will write dx for the sequence

dxy. . . . xo, making d the head of the sequence. We write d for the complement of d. We shall

. C e . . —def —
write — : BF1 — B! for the digitwise complement function, that is, x - XeXg—1 - - - X0
We will write [[-]] : B! — N c Z for the denotational function
k-1

f .
x - [[x]] = [[xkxp—1- .. x0]] = +x.2K + Z x;2!
i=0

We will write (| — ) : B! — Z for the denotational function

k-1
def i _
x5 (x) = (xc... %) = —xe2F + E xi2h = —x 28 + [
i=0

Given x € B! we call x; the sign-digit.

We will make use of the functions
c: B 5B n, : BF o Bk

. . . . . . . . def
(strictly, there is one such function for each k) which return the sign digit, that is o = xy;

. .. . def
and swap the sign digit, that is 7,x = XpXk_1 . .. Xo-

The sign digit indicates whether the integer (|x|) is negative or non-negative. To be

precise, one traditionally proves
LEMMA 2.1. Given x € BX! then (x|) is negative just in case o = 1.

However, more generally sign digits indicate ranges of semantic values. The next Lemma

generalises Lemma 2.1 and is used regularly in this paper.
LEMMA 2.2. Given x € B! then we have

0<[[x] <2'—=1 where o<[x]]<28-1 or 2F<[x]] <2'-1

l'f 0x=0 lf ox=1

and

—2F<(x)<2f—1 where -28<(x)<-1 or O0<(x)<2f-1

if ox=1 lf 0x=0
There is a key theorem that states a number of useful properties of the denotational
functions from Definition 2.1. In order to state it, we first set up some notation and some

further definitions.
Manuscript submitted to ACM
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Definition 2.2. We will use the following abbreviations for some simple ideas from
Abelian groups:
. Z”;mdéf{zez | 0<z<2ml_1}
ez ez | cam<z<oam 1)
® Zm def Z|/mZ ={ |z] | z € Z } where for any z € Z we have
[z] dgf{ziam | « e N}
and we write the quotient map as q : Z — Z,, with q(z) &ef [z]. Recall that g is a
homomorphism of Abelian groups, that is q(0) = [0] and q(z + 2") = q(z) + q(2’).
The functions p* : Z*K — B! and p* : Z%k — B**!, deliver unsigned binary and
signed binary (twos-complement) representations (the formal definitions, and proofs of

existence, appear in the Appendix on page 34. The proofs make use of basic number
theory and Abelian groups).
We define the following functions for any x € B¥*! and z € Z

A~ (2) df ok $(z) def 0<z<2k-1m-2

2k < z < 2K 15 ASKFL(z)

def def
Af(z) = z+28  Yz) T 0<z<2-12

whose source and target and relationships to the denotational functions are shown in the

(commutative) diagrams below

B+ [[;]] uk B+ [[-]] sk q Zeo
pu
me|l=|n, +  ATK|=|AHK = + ¢ol=ly + =
pS
Bk+l =~ Zs;k Bk+1 ZS;k sz+1
(=) (] q

. def -~ ’ def - ’
Given x € B**! we can also define zx(x) = 0x € B! and sx(x) = Gx € BF+1*k

by appending k’ instances of 0 or the sign-digit o,.

The following theorem (see [4] or [16]) underpins this paper. We are not aware of the

stated (folklore) properties appearing in the literature in such an organised way.

THEOREM 2.3. [Fundamentals of Representations and Semantics]
Manuscript submitted to ACM
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The denotational functions [[-]] : B¥! — Z and ( - ) : B! — Z have images Z**
and Z5%; in fact they are bijections onto these images and the functions p* : Z%* — Bk+1
and p* : Z%% — B**! delivering unsigned binary and signed binary representations are
their respective inverses.

The commutation of the diagrams in Definition 2.2 amounts to the following equational

properties:

o [[mox]l = A% (x) = (x) + 2"
o (7mox) = A [[x]] = [[x]] -2
o ¢([[xI) = (x)

o y((xD) = [IxIl

° q(z € Z) = q(4(2))

* q(z € Z7%) = q(y(2))

The following additional properties hold:

[x1] = (xD + o2

[ ]
o [[1m,x]] = [[x]] + 2F when oy = 1
o (17myx) = (x)) — 2X when o, = 1
[ ]
oy =0: = [[x]]+2F
[roxll = { ™ )
ce=1: = [[x]] -2
[ ]
o =0: = (x)—2k
(7ox) = k
ox=1: = (x)+2
e The functions s, and = : B! — B! gre self-inverse bijections and moreover
TgX = TgX.

These operations preserve semantics:
Suppose that x € B¥*! and y € B*1*K' Then

o [[x]l = [yl = y=2zx(x)
e (x) = (y) &= y =sx(x)

and in particular, any zero extension or sign extension of x leaves the semantics unchanged.

Manuscript submitted to ACM
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3 THE DIGITWIZE ALGORITHM AND DERIVED OPERATORS
3.1 The Digitwize Algorithm

We define the Digitwize Algorithm that formalises operations on binary numbers by

computing with columns of digits and outputting remainders and carries.

Definition 3.1. Suppose that a,b € B*! and soa = arap_;...ao and b = bpbi_; ... bo.
A sequence of binary digits ¢; for 0 < i < k+ 1 and r; for 0 < i < k is calculated by the

Digitwize Algorithm as follows:

e ¢y € B is chosen
e déf (a,' +b; + Cl') MOD 2

o cis L (a;+b;+¢) DIV 2

These definitions yield a map of the form
DA, : BF! x Bkl s Bk+Z x gk+! (a,b) - (c,r)

The digit cx; is always referred to as the sign digit generated by a and b. (Recall also the

sign-digit function o, so in fact ci42 = oc.)

REMARK 3.1. Ifthe ALU internal implementation mimics exactly the DA, it is said to
be a ripple-carry adder. We do not study implementations for efficiency such as carry

lookahead, carry saving, carry selection, carry skipping and so on.

3.2 Formalising the Operations

We now define a number of unary and binary operators O, on a € B! and b € B**!,
They are all derived from the DA; see Definition 3.1.

Definition 3.2. Operators O are generated from the following very simple grammar
pu=Z|S a =AM opu= +|—|~—|abs a :::opa|opﬂa

Their definitions are given in Figure 1. We refer to operators of the form op, and opg, as

ALU-Operators and these have target sets B¥*! and B**? respectively. We refer to those

Bk+2 Bk+3

of the form op,, and opg,, as Maths-Operators and these have target sets and
respectively.

Manuscript submitted to ACM
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573
574 a € Bkt b e Bk
o7 opy (b)) aop,b € B opy (b) aopyb € BI;+2
o76 opys (b)) aop, b € B? opyy(b) aop,b € B *
577
>78 a+ub o, where (¢, 1) def DAy(a, b)
579 def def
550 a+zab = r where (c,r) = DAy(zx(a),zx(b))
581 a+sab o where (c,r) def DAy(sx(a),sx(b))
>82 a+yb def Chs1? where (c, 1) &f DAy(a, b)
2:431 a+zmb 4 Ck+17 where (c,r) f DAy (zx(a), zx(b))
585 a+sy b def Cks1l where (c,r) def DAy (sx(a),sx(b))
286 a—ub e where (¢, 1) def DA (a, b)
587 def def —
S8 a-zab = r where (c,r) = DAi(zx(a), zx(b))
550 a—sub & where  (c,r) < DA, (sx(a), sx(b))
590 a-mb def Chea1T where (c,r) def DA, (a, b)
22 a-zmb def Cks1l where (c,r) def DA;(zx(a), zx(b))
593 a-sub C cpar where  (c,r) < DA (sx(a), sx(b))
594 ~a(b) € b4al
595 def =
so6 —sa(b) = b+sal
597 —|M(b) déf b +y 1 1 dgf 0...... 01 € Bk+1

———
598 k copies of 0
599 def
600 absa(b) = if o, =0 then b else —4(b)
601 abssa(b) e i op = 0 then zx(b) else =54 (b)
602
603 Fig. 1. Defining Operations on Binary Numbers using the DA
604
605
606
607

608 ExAamPLES 3.1. Leta =0111and b = 1001. Then (c,r) = DA;(sx(0111),sx(1001)) =
609 DA;(00111,00110). Then we have, where ¢y = 1,

610
611 001 11
612 DA 0 0 1 1 0
613 c =0 11111
614
o1 r o= 01110

616 Manuscript submitted to ACM
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It may help to recall Section 1.2 including Remark 1.3. Let’s explore the remark a little
more, in the cases where O is op, and op,,.

In the Maths-operator case a op,, b, the output is defined to be ci,,r € B¥*? (where
(c,r) def DAscp (a, b) is the output from an instance of the DA) thus including the over-
flow carry digit in position k + 1: this corresponds to what (usually) happens when
Mathematicians are using a pencil and paper for computing binary sums.

In the ALU-operator case a op,, b, the output is defined to be r € B¥*!. This mimics the
ALU of a computer, namely that the overflow digit cx,; is not included in a op, b. Any
ALU is of a fixed size, e.g. where k + 1 = 64-bit. The inputs (operands a, b) and output
a op, b are of equal size corresponding to the maximum size of the memory words in the
computer. Engineers say that the computation is heterogenous.

There are also (derived) definitions of the form op,, and opg,. In the former case, the
operands a, b are always zero-extended before applying the operation op,; and in the

latter case they are sign-extended before applying the operation op,,.

REMARK 3.2. Note there are two primary definitions of the form op, and op,,, in that
each opp,, can be defined in terms of op,,. For example, a+74 b = zx(a) +4 zx(b) = 0a +4 0b.

We now state a number of useful properties of the DA operations; these will be used in
the proofs of the correctness properties that follow in the Appendix. The reader may wish to
look back at Definitions 2.1 and 3.2 to revise the notation used. The proposition does not
play a direct role in the statements of our correctness theorems. However we feel that it
is of interest in its own right, since it provides an equational calculus for reasoning about

our binary operators. The proof is on page 37.

PROPOSITION 3.3. (A Calculus for Binary Operators) Let a,b € B**'. Then the equa-
tions in Figure 2 hold.

ExampLES 3.2.  The first four statements look complicated but are trivial. They state
that in any columnar computation, if the operands are extended to the left, then the
columns to the right of the extension index are all equal. In denary, 89 + 46 = 1|35 and
310/89 + 221]46 = 532|35, where e.g 31089 = 89. Note that while we are all very familiar
with these ideas, formal statements and proofs are in the Appendix (see Lemma 8.5 and 8.6).

We give just one other example, for a +74 b = 7, (7ya +54 7,b). We have 110 +24 011 =
0110 +4 0011 = 1001 and also

Mo (75110 454 7,011) = 71,(010 +4 111) = 75(0010 +4 1111) = 7,0001 = 1001.
Manuscript submitted to ACM
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661

662 o If0 < i< kthen(a+za b)l = (a+sa b)l = (a+as b)l =a 44 b

663 —andso(a+zab) = (a+sab)f =a+4 b

664 o If0 <i<kthen(a—za b)l = (a—sa b)l =(a—a b)l =a —, b
665 —andso(a—zab)* =(a—sab)s=a—-,b

666 e If0 <i<kthen(a+zyb) = (a+spb) = (a+ab) =a' +4 b
667 —andso(a+zy b)F = (a+sub)k =a+4b

668 e [f0O<i<kthen(a—zyub) =(a—syb) =(a—-ab) =a —4b
669 —andso(a—zub)=(a—sub)=a—-4b

670 e a+ab=m,a+4 b

671 e a—sb=m,a—4 ;b

672 o Toa+ab=a+sn,b=rm,(a+asb)

673 e toa—ab=a—snm.b=n;(a—4ab)

674 ® a+y4b=rny(nsa+sa 15b)

675 ® a—zab=rmsa—54 75b

676 o a+74b=2zx(a+sb) & Condition Set 1 of Theorem 4.6 is valid.
677 ® a—74b=sx(a—ub) < Condition Set 1 of Theorem 4.8 is valid.
678 ® a+54 b =sx(a+ab) & Condition Set 1 of Theorem 4.9 is valid.
679 ® a—s54b=sx(a—ab) & Condition Set 1 of Theorem 4.10 is valid.
680 e a+ab=m,a+4 b

681 e a+yb=rn,(n,a+pyn1,b) = 0, =0y

682 e a+y b=rmsa+y b= o, # oy

683 e a—yb=rn,(nya—pnb) & 0, # 0p

684 e a—yb=rmn,a—py b= o,=0

685 ea+yyb=a+syb=o,=0,=0

686 e at+yyb=n(a+syb) = o,=0,=1

687 oa+Mb:a+ZAb

688 e a+zmb=2zx(a+yb)

689 ® a+sy b =sx(a+y b) & Conditions of Theorem 5.2 is valid <= ¢, = o}
690

691 Fig. 2. Defining a Calculus of Equations for Operations

692
693
694 4 CORRECTNESS THEOREMS FOR ALU-OPERATORS
695
696

4.1 Combinations of Semantics and Operators for Correctness Equations

697 We will shortly present a number of correctness theorems. Having loosely discussed the
698

699
700
701
702
703  certain equivalent conditions ®(a, b) hold.
704  Manuscript submitted to ACM
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e If we can prove Va,b. Eq(a,b) then Eq(a, b) is called a total equation.
e If we can prove VYa,b. ®(a,b) & Eq(a,b) then Eq(a, b) is called a conditional

equation.

Definition 4.2. The correctness equations we study in this paper take the form

[lall + [[6]] =n [[aB0Dl  (aD +(b) =z (aB0)  —[[b] =z (B(b))
[lall - [[6]] =z (aBb)  (a) —(b) =z (aBb)  —(b) =z (O(H))

Note that there are other possibilities. For example one might (weirdly?) consider [[a]] +
(b) =z [[aOb]]. The equations in the Definition seem to encompass a “sensible” blend of
operators and semantics. Further refinements can be made by considering the instances
of O. For example, for the equations over N, we will consider O € { +4, +ar, +24, +zMm }
but not O € { +g4, +sp }-

The reader may care to re-read Section 1.5 before continuing,.

4.2 Total Correctness Theorems for opg,

THEOREM 4.3. Let a,b € B¥*'. Then the following equations hold for every such a and b

(total correctness)

(1) [lall + [[b]] = [[a +za b]]
(2) [lall - [[o]] = (a—za bD
(3) (aD + (b) = (a+sa b)
(4) (a) - (b) = (a—sab)

VERIFIED IN HOL

Proor. One must prove Equations 1 and 2 by induction on k. One can then show that
(1 & 3) and (2 & 4) by direct calculation. However, interestingly, we show that by
using the calculus of Proposition 3.3, combined with semantic equations from Theorem 2.3,
(3) and (4) can be deduced from (1) and (2) very easily. O

ExampPLES 4.1. Take a = 1011 and b = 0101 and consider Equation 2. We should have
in denary (+11) — (+5) = +6. Now 1011 —z4 0101 = r where
(c,r) = DA;(zx(1011), zx(0101)) = DA;(01011,00101) = DA; (01011, 11010)

. def
and then with ¢y = 1
Manuscript submitted to ACM
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01 011

DA 11 010

c =1 10111
r = 00110

and of course (00110]) = +6.

4.3 Conditional Correctness Theorems for op;,

Each of our ALU-operator conditional correctness theorems consist of five equivalent

conditions. To state the conditions we need further definitions of new notation.

Definition 4.4. Suppose that a, b € B! and (c, r) is defined by the Digitwize Algorithm.

e We call any triple of binary digits a Sign-Occurrence (for example (1,0, 0)). These
are used to specify the possible values of (o,, 03, 0,) which lead to correctness.
e We refer to o, as the Overflow digit.

e We refer to equations of the form
oposopopopor=e whereee {-2,...,+2} CZ

as Sign-Equations.

Definition 4.5. Suppose that a,b € B!, The five conditions we consider in each of
our correctness theorems are described below. In reference to Definition 4.1, the first
condition ®(a, b) is a conditional equation and the other four conditions of the general

form ®(a, b, ¢, r) are equivalent to equation validity.

(1) Correctness: A correctness equation, introduced and motivated in Section 1.3
and defined in Definition 1.2 and Definition 4.2.

(2) Range: The correct natural number sum lies within the range of integers that have
representations with k + 1 digits.

(3) Sign Occurrences: This specifies values of (o,, 0, 0,) as a disjunction of sign
occurrences.

(4) Overflow Digit: This states that the overflow digit o, must equal a specified value;
the value is usually given in terms of r and or c.

(5) Sign Equations: This is a single sign equation op ¢, op g, op o, = e with the
value of e specified.

Manuscript submitted to ACM
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The reader may wonder how these conditions were discovered in the first place. Some

hints are encapsulated in the following remarks, in the context of Theorem 4.6:

REMARK 4.1. Suppose that a,b € B!, with ¢ and r defined in Figure 1.

(1)
(2)

(3)

(4)

()

Correctness: See Section 1.3 and Definition 1.2.

Range: The Range conditions come from thinking about the bounds for the left
hand side and the right hand side of a Correctness equation. For example, in any
theorem, the least bound (greatest bound) occuring across the Range conditions
is always computed by minimizing (maximizing) the the correct integer answer.
The intermediate bounds arise from minimizing (maximizing) the computer integer
answer).

Sign Occurrences: These are simply a complete solution set for the Sign Equation
(see below). It follows from elementary algebra that the complete solution set determines
the Sign Equation and vice versa.

Overflow Digit: By using the Total Correctness equations of Theorem 4.3, from a
correct integer answer (such as [[a]] + [[D]]) we can work out its binary representation
dx € B2, Using Proposition 3.3 one can then show that x = r, so in particular we
know o,. From d and o, we can compute o.

Sign Equations: Starting (as above) from

[Lall + [[6]] = [[dr]] = 021 + [[opb* 1] = [[doyr* ']

we can expand the right hand equation using the definition of the semantics, and then
the body of the Sign Equation appears naturally. If one then analyses the upper and

lower bounds of the sum [a*~]] + [[b*~']], one can obtain integer values fore.

Readers can find a more detailed analysis, in the context of Theorem 4.10, Appendix page 53.

Before we proceed, a couple of comments. The bold-text item labels in Theorem 4.6 will

be referred to as condition types. We also refer to the first set of conditions, second

set, and so on if there are further sets.

REMARK 4.2. We can adopt a standard proof strategy. In Theorem 4.6 (and those that

follow), for each condition set bar the final one we shall prove

3= 45)
l=2=4= 1o (1=2=3=1)

and then deduce the final condition set through some simple propositional logic.

Manuscript submitted to ACM
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THEOREM 4.6. Let a,b € BX*1. Then the following conditions are pairwise equivalent
Condition Set 1

(1) Correctness: [[a]] + [[P]] = [[a +4 ]|

(2) Range: 0 < [[a]] + [[P]] < 2" -1

(3) Sign Occurrences: (o,, 0p, 0r) can be any one of the following four sign-occurrences
(0,0,0/1), (0,1, 1), (1,0, 1), but no others.

(4) Overflow Digit: o, =0

(5) Sign Equation: o, + op — 0, = 0,—1

and the following conditions are pairwise equivalent
Condition Set 2

(1) Correctness: [[a]] + [[P]] = [[1(a+4a b)]]

(2) Range: 21 < [[a]] + [[P]] < 2 % (2K — 1)

(3) Sign Occurrences: (o, 0p, 0y) can be any one of the following four sign-occurrences
(0,1,0), (1,0,0), (1,1,0/1), but no others.

(4) Overflow Digit: o, =1

(5) Sign Equation: o, + o0p — 0, = 2,1

and moreover for each condition type (such as Correctness), one instance must hold (along

with its condition set equivalents). VERIFIED IN HOL

Proor. The Appendix proof follows Remark 4.2. To deduce Condition Set 2 from Con-
dition Set 1, the basic thought is that each condition in the second set, bar Correctness,
is the logical negation of its counterpart in the first set. And Correctness itself follows
by consulting Theorem 4.3, and then using Proposition 3.3 along with Overflow Digit to

perform simple rewrites. ]

Example 4.7. Let a = 11 and b = 10 with k = 1. So [[11]] = 3 and [[10]] = 2 and
11 +z4 10 = 101 with carry 100. Correctness requires 3 + 2 = 5 = [[101]]. The range
requires 22 < 5 < 2 * (2% — 1). The sign occurrence is (1, 1,0). The overflow digit o, is

indeed 1. And finally the sign equation is 1+ 1 — 0 = 2. So all the conditions are true.

REMARK 4.3. WARNING ABOUT TERMINOLOGY: The (common) use of the phrase
“overflow occurs”, in this paper, must now be applied in the context of a Correctness Equation
(or equivalent condition) in a SPECIFIED Condition Set. Asserting “overflow occurs” means
all conditions of the SPECIFIED set fail to hold true.

Manuscript submitted to ACM
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881 THEOREM 4.8. Let a,b € BX*1. Then the following conditions are pairwise pairwise equiv-
882 alent
883

Condition Set 1
884

885 (1) Correctness: [[a]] — [[P]] = (a —4 D)
886 (2) Ranges: —2* < [[a]] - [[b]] < 2F -1

:z; (3) Sign Occurrences: Any of the following six occurrences (1,0, 0), (0,1,1), (1,1,0/1),
889 (0,0,0/1), but not the other two.

890 (4) Overflow: o, # oy.

Z: (5) Sign Equation: —o,+ o, — 0, = 0,—1

893 and the following conditions are pairwise equivalent
84 Condition Set 2

895

896 (1) Correctness: [[a]] — [[P]] = (1(a=a b)) Ao, =0
897 (2) Ranges: -2 +1 < [[a]] - [[b]] < -2F -1

:Zz (3) Sign Occurrences: (0, 1,0),

900 (4) Overflow: o, = o, = 0.

901 (5) Sign Equation: —0,+ 0, — 0, = 1

zgi and the following conditions are pairwise equivalent

904 Condition Set 3

Zgz 1) Correctness: [[a]] — [[P]] = (0(a—a b)) Ao, =1

(1)
907 (2) Ranges: 2k < [[a]] = [[P]] < ok+1 _ 4
908 (3) Sign Occurrences: (1,0,1),
909 @)
(5)

910
911

4) Overflow: o, = o, = 1.

5) Sign Equation: —o,+ o, — 0, = =2

912 and moreover for each condition type one instance must hold (along with equivalents of the

13 instance).
914
VERIFIED IN HOL
915
916 ' o
017 Proor. The Appendix proof follows Remark 4.2. To deduce Condition Set 3 from

913 Condition Set 1 and 2: note that for any type of condition, bar Correctness, the con-
919 junction of all three matching conditions, one from each set, must be true, and moreover
920
921

922
923 rewrites. O
924 Manuscript submitted to ACM
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Theorem 4.3, and then using Proposition 3.3 along with Overflow Digit to perform
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925 REMARK 4.4. Notice that in the second and third condition sets, the correctness equation has
926 a conjunct stipulating the value of the sign-digit of the result. Conveniently, the first condition
927
928
929
930 knowing about the value of o,! To see why this is so, suppose that [[a]] — [[b]] = (1(a—4 D))

set which contains the “fundamental” statement of correctness, does not. However, when

overflow occurs, the alternative equations that do hold may only be determined exclusively by

931 and that 0, = 0,,;, = 1. Then we would have (1(a —4 b)) = (a —4 b)) and so we land

%2 back in Condition Set 1. So additional information is required to distinguish the correctness

933
o34 €quations in the second and third condition sets, and explicitly flagging o, suffices.
935
936 THEOREM 4.9. Let a, b € BX*!. Then the following conditions are pairwise equivalent
937 Condition Set 1
938
030 (1) Correctness: (a)) + (b)) = (|a+4 b))
940 (2) Range: -2 < (la) + (b) < 2k -1
941 (3) Sign Occurrences: Any one of the following six sign-occurrences (0,0, 0), (0,1,0/1),
942 (1,0,0/1), (1,1, 1), but not the other two.
Zz (4) Overflow Digit: o, = ci
045 (5) Sign Equation: -0, — o + 0, = 0,-1
946 and the following conditions are pairwise equivalent
Zi; Condition Set 2
949 (1) Correctness: (a)) + (b)) = (1(a+a b)) Aoy, =0
950 (2) Range: —2K1 < (la) + (b) < —2F -1
1 (3) Sign Occurrences: The sign-occurrence (1, 1,0).
952
053 (4) Overflow Digit: o, = 1 and ¢ = 0.
954 (5) Sign Equation: —o, — 0 + 0, = =2
%> and the following conditions are pairwise equivalent
956
Condition Set 3
957
958 (1) Correctness: (a)) + (b)) = (0(a+a b)) Aoy =1
959 (2) Range: 2F < (la) + (b) < 2(2F - 1)
ZZ? (3) Sign Occurrences: The sign-occurrence(0, 0, 1).
062 (4) Overflow Digit: o, = 0 and ¢ = 1.
963 (5) Sign Equation: -0, — o + 0, = 1
ZZ: and moreover for each condition type one instance must hold (along with equivalents of the
s instance).
967 VERIFIED IN HOL

968  Manuscript submitted to ACM
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REMARK 4.5. Two proofs are given. One approach is the same as for the previous two

theorems. However, another interesting method is to make use of Theorem 4.6 that involved
unsigned binary, along with the semantic equations of Theorem 2.3 which give many useful
relations between (denotations of) signed and unsigned binary along with the calculus of

Proposition 3.3, and hence “translate” Theorem 4.6 into Theorem 4.8.

THEOREM 4.10. Let a,b € B¥*!. Then the following conditions are pairwise equivalent
Condition Set 1

(1) Correctness: (a)) — (b)) = (a—4 D)

(2) Range: -2 < (la) — (b) < 2F -1

(3) Sign Occurrences: Any of the following six occurrences {0, 1,0), (1,0, 1), (0,0,0/1),

(1,1,0/1), but not the other two.
(4) Overflow Digit: o, = ci
(5) Sign Equation: o, — 0 — 0, =0, -1

and the following conditions are pairwise equivalent

Condition Set 2
(1) Correctness: (a)) — (b)) = (1(a—a b)) Ao, =0
(2) Range: —28*1 +1 < (la) - (b) < -2F -1
(3) Sign Occurrences: (1,0,0).
(4) Overflow Digit: o, =1 andci =0
(5

) Sign Equation: o, — 0, — 0, = 1

and the following conditions are equivalent

Condition Set 3
(1) Correctness: (|a)) — (b)) = (0(a—a b)) Aoy =1
(2) Range: 2F < (la)) — (b)) < 2F*1 -1
(3) Sign Occurrences: (0,1, 1).
(4) Overflow Digit: o, =0 andc, =1
(5

) Sign Equation: o, — 0, — 0, = —2

and moreover for each condition type one instance must hold (along with equivalents of the

instance).

VERIFIED IN HOL

REMARK 4.6. Please see Remark 8.3 on Appendix page 53 for the promised (in Remark 4.1)

detailed analysis of how the Condition Set conditions can be derived from first principles.
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4.4 Conditional Correctness Theorems for -g4 and —4

Next we look at using some of the arithmetic operations to compute integer nega-
tions. In the work that appears below, instances of the binary number 10 correspond to
Integer .MIN_VALUE in the Introduction. The second part of the Theorem below shows
formally that using ALU-operator negation will fail exceptionally on this input. See
Remark 4.7.

THEOREM 4.11. Leta, b € BF*!, Recall from Figure 1 that —g4(b) def 5+5A 1 and —4(b) def

b +4 1. Then we have

e —(b) = (=sa(®))

® (a—sab)) = (oaa+sa (msa(b)))

o 0, p(a—sab)=0,a+sa (=sa(b)) € B3 and so
a—sa b= (04 +sa (msa(b)))F*? € BF*

e abs(b) = (abssa(b)]

and

o —(b) = (=a(b)) forb # 10

e (a—-ab) = (a+a (-a(b)))

e a—ab=a+s(-a(b))

o abs(b]) = (|abssa(b)) forb # 10

VERIFIED IN HOL

Proor. We remark only that the proof of the theorem relies heavily on Theorem 4.10.
O

REMARK 4.7. From Theorem 4.11 we have —(b]) = (=(b)) in all cases barb = 10. In a
(k + 1)-bit ALU, 10 is precisely the signed binary representation of Integer.MIN_VALUE :
int; and of course o5 = 1. Hence we have

Math.abs(Integer .MIN_VALUE) = [[absa(p®(Integer.MIN_VALUE))]|
—4(p°(Integer .MIN_VALUE))]]

[l
Il
= [[p_S(Integer.MIN_VALUE) +4 1]]
[[10
[l

10 +4 1]
10]]

= Integer.MIN_VALUE
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1057  REMARK 4.8. In general (a—4 b]) = (la]) — (b)) just in case the conditions of Theorem 4.10
1058 hold. However it is possible for this equality to hold, with the binary subtraction computed in

1223 an ALU by complementing b and adding 1, even though —(|b) # (-a(b)).

- f
1061 Indeed when b = 10 we have =4 (b) = b so that (—a(b)]) = (|b)). However, taking a 1100
1062 with k = 3, and noting thata —4 b = 1100 —4 1000 = 1100 +4 (1000 +4 1) = 1100 +4 1000 =

1063 0100’
1064
1065

1066

(a) — (b) =-4-(-8) =4=(a-ab)

1067 THEOREM 4.12. Let a,b,c € Bk+1, +4 and +,4 are commutative. +4 is associative. In

1008 particular, and further

1069
1071 e 0a+z4 (b+zac¢) =(a+z4ab)+740c

1072

1073 VERIFIED IN HOL

1074

1075 5 CORRECTNESS THEOREMS FOR MATHS-OPERATORS
12;3 Now we move on to Maths-operator theorems.

1078

1079 3.1 Total Correctness Theorems for opg,, and op),

1080 THEOREM 5.1. Leta, b € B¥*'. The following equations hold for every such a and b (total

1081
correctness)
1082

1083 e [[a]] + [[2]] = [[a +m P]]
1084 o [[a]l +[[b]] = [[a+zm bIl

1085
1086 The following in-equations hold for any such a and b (total incorrectness)

DT e flall = [1B]) # (a -y b)
1089 e [[a]l - [[b]] # (a—zm b)
1090 o [[a]] - [[P]] # (a —sn b)

1091
1002 5.2 Conditional Correctness Theorems for op;,, and op,

1093
k+1 . eps . . .

1004  THEOREM 5.2. Leta,b € B™. The following conditions are pairwise equivalent

1095 e Correctness: (a)) + (b)) = (a +a D))

1096 e Correctness: (a]) + (b)) = (a +su D)

1097

1098 e Sign Occurrences: (0,4, 0y, 0,) can be any one of the following four sign-occurrences

1099 (0,0,0/1), (1,1,0/1): more simply, o, = 0y.
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as are
e Correctness: ((a]) + (b)) = (7ms(a+p b))
e Correctness: ((a]) + (b)) = (7ms(a +sp b))
e Sign Occurrences: (0,, 0y, 0;) can be any one of the following four sign-occurrences
(0,1,0/1): more simply, o, # Op.
and moreover one condition must hold (along with equivalents of the condition) from each
set.
The following conditions are pairwise equivalent
e Correctness: ((a]) — (b)) = (a —p b)
e Correctness: ((a)) — (b)) = (a —sp b))
e Sign Occurrences: (0,, 0y, 0,) can be any one of the following four sign-occurrences
(0,1,0/1): more simply, o, # Op.
as are
e Correctness: (a]) — (b)) = (75(a —p D))
e Correctness: (a]) — (b)) = (75(a —sp D))
e Sign Occurrences: {0,, 0y, 0,) can be any one of the following four sign-occurrences
(0,0,0/1), (1,1,0/1): more simply, o, = oy.
and moreover one condition must hold (along with equivalents of the condition) from each

set.

5.3 Conditional Correctness Theorems for —;
THEOREM 5.3. Let 1,a,b € B**'. Then we have

e —(b) = (=m(b)) forop = 1.

o —(b) = (75(=m(b))) foray = 0.

o (a—ub) = ((0a+y (=p (b)) *2).

e 0(a—pb) =0a+y (—p(b)) and so
a—y b= (0a+y (=p(b)))

e abs((b)) = (absp (b))

Proor. We remark that the proof of the theorem relies heavily on Theorem 5.2. Note
also that the final item is a total correctness equation. This is the case since the first

equation holds just in case 0, = 1, and so the negation that is computed is correct. O

THEOREM 5.4. Leta,b,c € B¥!. +), and +o0m are commutative. Further
Manuscript submitted to ACM
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o Oa+y (b+MC) = (a+Mb) + Oc
e 00a +7p (b +7Mm C) = (a +7Mm b) +70 00c

Proor. Commutativity is straightforward. The equations are easily proven by appealing
to the total correctness equations for +; and +z,; from Theorem 5.1, and Theorem 2.3.

Note that the first equation also follows from Theorem 4.12 since trivially +3; = +2z4. O

6 RELATING op, AND op,; AND MODULAR ARITHMETIC

We present some further theorems about the properties of the operators op,,.

THEOREM 6.1. (BF*1, +4,0) isa group and it is isomorphic to (Zyx+, +, [0]) where we write
[z] for modular equivalence classes but overload the Z addition operator + on Z+1. A choice
of isomorphism is given by the function compositions
[[-1] q

= 7% T2 Zyn
p* q’

Bk+1

where ¢ 1([z]) «f . MOD 2++1,

ProOF. It is very easy to see that ¢! is well defined (we choose to calculate the positive
modular value if z < 0), and that it is an inverse of q. The other (set) bijection was proven
in Theorem 2.3. It follows that g o [[—]] : B¥*! — Z. is a bijection too. So it remains only

to prove that this composition is a homomorphism of groups. Thus we need to prove that

q([[a+a bID) = q([[all) +z,,., q([[21])

Note that g = gz o i where g7 is the quotient map with source Z, and of course gz is a

homomorphism of groups (Z*F is certainly not a group!). So in fact we need to prove that

qz([la+4 b]]) = gz({[al] + [[1])

But from the Correctness conditions of Theorem 4.6 we see immediately that [[a]] + [[?]]

equals either [[a +4 b]] or [1(a+4 b)]] = 2¥*! + [[a +4 b]] and so we are done. O
COROLLARY 6.1. It follows immediately from Theorem 6.1 and Theorem 4.6 that
Bk+1 (l B I) Zs;k q 7 .
2 +1

is also an isomorphism of groups. In particular notice that q o [[-]] = qz o [[-]] and
go (- =qzo(—) where we mildly overload the notation for the semantic maps, regarding

both targets as Z.
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THEOREM 6.2. Noting that op,: B! x BF1 — B*1 and op,,: BF*! x BF1 — Bk+2

and letting F == qzo [[-]] | gz o (| — ), consider the diagram (where P(«) isk +1 ork +2)

B+ 5 Bt 0Py BP@
FXxF F

Z k+1 XZ k+1 —'Zkﬂ
2 2 Op 2

Of course —, and +); are not operations that yield group structures on B**' (for trivial
reasons). However, in many cases, suitable F yield homomorphisms for the operations. In fact

we have

qgzlla+a bll = qzllall + qz[[?]]
qz(a—a b) = gzllall - qz[[?]]
qz(a+a b) = gz(a) + gz(b)
qz(a—ab) = gz(a) — qz(b)
gzlla+wm b]l = gzllall + gz [[?]]
qz(la +um b)) = qz(a)) + qz(b)
qz(a—m b) = qz(a) — qz(b)

Proor. This follows immediately from the various correctness proofs, and since gz
is a homomorphism of groups (and hence preserves both + and — in the Abelian group
Z,k+1). See the previous proof, of Theorem 6.1, plus one further illustrative example: for
the final equation, we simply need to show that gz(a — b)) = gz(a) — qz(b)). However
from Theorem 5.1 we know that (la|) — (b)) is either (a —y; b)), or (75(a —p b)) and so

differs from (la —p b)) by +25*! since the image set of — is B¥*2. m|

REMARK 6.1. Recall Theorem 4.11 and Remark 4.7. Zy acts on Z,x+ by computing negations.
There are 2*! elements of Zyiw (all of them!) fixed by the action of 0 € Z2. 0 € Zyk is fixed
by 1 and so the number of points fixed by 1 is at least one. Burnside’s Lemma shows that
these sum to |Z,| * O where O is the number of orbits. So the sum is even. Hence there must
be at least one other element of Z,«+ fixed by 1 € Zy, that is, another element equal to it’s
own negation. And in B**! this is 16 i.e. Integer .MIN_VALUE.
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7 RELATED WORK

The authoritative book by Hennessy and Patterson [11] is a great introduction to computer
processors. The comprehensive book by Ercegovac and Lang [8] contains a great deal of
arithmetic theory, perhaps directed more towards applications, and of course a much wider
range of operations and representations than presented in our paper. Other viewpoints can
be found in the classic text [7] by Donald E. Knuth. The books and articles [2, 14, 17, 20, 21]
study various aspects of computer Arithmetic in detail, though they are oriented towards
engineering and application in general.

There are many many computer based formal verification systems, and certainly too
many to be able to mention them all here. We explicitly mention two interactive Theorem
Provers, and these are Isabelle [3] and HOI [1, 9]. The first reason is that they have had a
major impact in the field of verification over the past few decades, and the second reason
is that we have used Isabelle in our work and in particular Higher Order Logic within
Isabelle. The book [19] by Nipkow and Klein is an excellent introduction to Isabelle.

An article whose results are closely related to the work presented here was written by
Dawson [6]. The results are closely related at a foundational level, though not directly.
Certainly our main Theorems do not appear in [6]. Dawson describes a collection of
Isabelle theories which facilitate reasoning about machine words: in our work a binary
number is effectively a machine word. For each possible word length, Dawson describes
a type of words of that length, and then generic theorems which can be applied to any
such type. From this, relationships are developed between such words and signed and
unsigned integers, along with other types such as lists of booleans and certain kinds of
functions. This work is centred around the Isabelle Theorem Prover and its development.

As far back as thirty years ago, perhaps more, the attractiveness of the generality
of theorem provers for verification of system designs was understood. Combining this
generality with good automation was much more difficult. Gradual progress has been made
over the years. In this section we overview just a few of the many contributions, mainly
in the verification of ALU hardware, and software/algorithms for arithmetic calculations.
There are many others, and again these are too numerous to cite all of them.

Bit slicing was a technique that was common with early processors in the mid 1970s,
especially the AMD (Advanced Micro Devices) 2900 series. One combines an ALU of
a fixed size, such as 4-bits, to build a 4k-bit processor. The overall ALU is said to be
made up of k 4-bit slices, and arithmetic computations are undertaken in parallel. Hunt

and Brock [22] verify a bit-slice ALU using a mechanized theorem prover. The ALU and
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related specifications are written in the Boyer-Moore logic and the verification uses the
Boyer-Moore theorem prover.

Cyrluk, Rajan, Shankar and Srivas [5] describe an approach for enhancing the effective-
ness of theorem provers for hardware verification through the use of efficient automatic
procedures for rewriting, arithmetic and equality reasoning, and an off-the-shelf BDD-
based propo-sitional simplifier.

These automatic procedures are applied to various examples including an N-bit adder,
the Saxe pipelined processor, and the benchmark Tamarack microprocessor design. These
examples illustrate the basic design philosophy underlying PVS where powerful and
efficient low-level inferences are employed within high-level user-defined proof strategies.
This approach is contrasted with approaches based on tactics or batch-oriented theorem
proving.

Not so many years later “microprocessors” (as they became known) begin to be used in
many safety-critical environments, such as cars or planes. This is of course the case today,
where safety critical systems are pervasive. Kroening [15] wrote a thesis at the turn of the
millennium on this topic. Errors often remained undiscovered even when considerable
testing was done. A well known example of this was the Pentium IV bug. This cost Intel a
great deal of money; afterwards Intel were to invest much more heavily in using tools
such as theorem provers to verify their processor designs.

John Harrison was employed by Intel soon after the Pentium IV incident. He has done
considerable work in using theorem provers to verify hardware. This and similar work
eventually led to [13] which is a unique and comprehensive monograph that covers
techniques in formal and practical logic and automation. For a general non-technical
overview of automation in mathematics see for example [10, 12].

There has been extensive work in verification of floating point arithmetic [2, 20, 21].
While pervasive in modern computing, due to restricted ranges and of course precision
loss, floating point arithmetic can be complex and indeed lead to failure. For this latter
reason, computer-assisted verification of correctness proofs is vital. Just one example of
computer-assisted verification is the work by Daniel Kroening, Tom Melham et al have
applied various tools to a commercial floating-point arithmetic unit from ARM and an
open-source dual-path floating-point adder [18]. This work provides a comprehensive
account of formally specified and verified floating-point algorithms with the Coq proof
assistant. The authors provide a formalization of floating-point arithmetic and methods

to automate proofs. They give the specification and verification of many algorithms, from
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error-free transformations to a numerical scheme for a partial differential equation. The
examples cover not only mathematical algorithms but also C programs as well as issues
related to compilation.

Finally we would like to thank Simon Gay, Alexander Kurz, Andrew Pitts, and Emilio
Tuosto for discussions about this work, and to John Harrsion for help with pointers to related

work.
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8 APPENDIX
8.1 Fundamental Theorem

LEMMA 8.1. Given x € B¥*! then (x|) is negative just in case o, = 1.

PrOOF. If 0, = 1then (x) < —2F+ =k 12l = —2F+ (2F - 1) = -1 < 0. Ifo, = 0t s
trivial that (x| > 0. O

LEMMA 8.2. Given x € B¥*! then we have

0<[x]] <2M' =1 where O<[x]|<2f-1 or 28<[x] <2'-1

if 0x=0 if ox=1

and

2F<(xp<2k—1 where —28<(x)<-1 or O0<(x)<2f-1

l'f 0x=1 lf 0x=0

Proor. Follows from the definitions, and basic arithmetic such as that in the previous

proof. O

THEOREM 2.3. [Fundamentals of Representations and Semantics]

The denotational functions [[-]] : B¥! — Z and ( - ) : B! — Z have images Z**
and Z5%; in fact they are bijections onto these images and the functions p* : Z%* — Bk+1
and p* : Z%% — BF*! delivering unsigned binary and signed binary representations are
their respective inverses.

The commutation of the diagrams in Definition 2.2 amounts to the following equational
properties:

o o] = A" (x) = (x) + 2
o (o) = AH{Ix]) = [[x]) - 2*
o ¢([[x1) = (x)
o ¥((x)) = [IxI]
° q(z € Z%) = q($(2))
° q(z € Z%) = q(¥(2))
The following additional properties hold:
o [[x]] = (x) +ox 2"
o [[17,x]] = [[x]] + 2% when o = 1

o (1m,x)) = (x) — 2% wheno, =1
Manuscript submitted to ACM
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1453 o

1454 o =0: = [[x]] +2F
[[7ox]] = k

e=1: = [x] -2

1456 o

1457 (| D o, =0 — (|x|) _ Zk

1458 TTeX|) =

1450 ox=1: = (x])+2F

1460 e The functions n,, and = : B! — B! are self-inverse bijections and moreover

1461 ToX = MgX.

1462

1463

These operations preserve semantics:

1464 ,
s Suppose that x € B! and y € B¥*1**' . Then

1466

O e el = [yl = y = 22 ()

1468 * (x) = (y) &= y = sx(x)

1469 . . . . . .

470 @and in particular, any zero extension or sign extension of x leaves the semantics unchanged.
1471

1472 Proor. From Lemma 2.2 we know that the denotational functions have the specified
1473 (finite) images.
1474

1475
s7s  The existence of p* : Z“*1 — B*! follows from the division algorithm on N. Take

Explicit Definitions of p* and p*:

1477 any z € Z“k*1 Then we have
1478

1479

1480

1481

1482 90
1483

1484

1485 qgi = 2¢i+1+ain

1486

1487

1488 Qn-1 = 2qntay

1489

1400  Where the quotients g; > 0 and remainders a; € B are uniquely determined. Since

N
Il

2(]0 + qg

qu + a;

1491 the q; are strictly decreasing gq; = 0 for some least i, namely n above. If n = 0 then

192 pt(z) 152 = Gay € BF! by appending a sequence of k copies of 0. Otherwise n > 1. Note

1493 . . . . D .
1104 that since ¢; > 0 for i < n, we have a, = 1 since if not, g,—; = 0 which is a contradiction.
1105 One can see that fori < nwehave q; = zgzmaaza—(i“) and hence that z = [[anan—1 . .. ao]].
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1497 If n > k then since a, = 1 we have z = [[a,an—1 ... a0]] = 2" > 2k+1 5 7 a contradiction;

1498 the final inequality holds since z € Z% = {z€Z | 0<z <21 -1} .Son < k.
1499

1500 e We define p* : Z%* — B**! by setting p“(z) def 0ay . ..aq € BF1, appending a
1501 (possibly empty) sequence of 0s.

1222 e We define p* : Z%k — B¥*! by setting p°*(2) def 75 (p* (AR (2))).

1504 Bijections:

1222 Note that 7, and = are trivially self-inverse hence also a bijection. A~ and A trivially

150; form a bijection.
1508 To show that [[—]] is an injection one can argue by induction on k: Let x, y € B*? such

1509 that xg1 25 + [[X*]] = yrs1 25" + [[¥¥]]. In the case xii1 = Y41 We are immediately done
1510
o Lemma 2.2 we have the contradiction 2*! > [[¢*]] = 25*' + [[x*]] > 2**'. Given that [[-]]
1512 : y = :

1513 is an injection it follows that (| — |) is an injection too by a very similar argument.

by induction yielding xk = yk . In the case xx;+1 # yk+1, Wlog take xi4; = 1. Then using

1514 Since [[-]] and (| — ) are both injections between finite sets, and the size of B**! is 2¢+!1

1515
1516

1517
1518 the definition of p*. And (|p°(z)| = z follows from the definition of p°, and the fact that

1519 A=K o [[=]] = ( = ) o 7, (which itself follows from a simple computation).
1520

which is the size of both Z** and Z*¥ too, both functions are bijections as stated. In fact

p* and p° are the respective inverses. That [[p“(z)]] = [[an . .. ao]] = z is immediate from

It is immediate from the definitions that ¢ and ¢ also form a bijection. It is worth noting

1521
150, €xplicitly that
o Z%={[Ix] | xeB*'} and Z%¥={(x) | xeB""}

1525 Properties:

1223 It now follows that any two point-to-point (composition) paths in the left hand diagram
1505 commute.

1520 For the right hand diagram, to see that ¢/((x|)) = [[x]], consider the cases when x is
1530 0xk~1 and 1x*~1. In the first case i/ acts as the identity, but (0x*1)) = [[0x*!]]; and in the

131 second case the left hand side is —2F + [[x*1]] + 28+ which is [[1x*~]]. The property for
1532
1533 $ 1s immediate since it is inverse to ¢/.

1532 Thatgo ¢ = q and q o = q is also immediate since z, ¢(z) and ¥/(z) always pairwise
1535 differ by +a * 25*! with a == 0 | 1.

1936 The additional properties are proven with simple calculations; note that the final two
1537
1535 €quations involving denotation of 77;x follow easily from the left hand diagram. For the

1539 extensions we give more detail:
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&= is trivial from the definitions of the semantics and basic algebra. = requires a
short case analysis after expanding the definitions: for example if (x| = (ly]), then from
Lemma 2.2 it follows that xx = 0x = 0y = yksr. That y; = o, forevery k < i < k' +k
then also follows from Lemma 2.2: consider cases o, = 0 and o, = 1, and in each case one
gets a contradiction (x| # (y|) if there is any y;, # 0. One then has [[x*!]] = [[y*!]]
immediately in case oy = 0, and also in case oy = 1since —2% = —2k+K' 4 4ok yk-1 = yk-1

follows from the bijection, and thus y = sx(x). O

8.2 Basic Lemmas

To prove many of the theorems in this paper, we need simple properties of the Digitwize

Algorithm, and of modular arithmetic. These we collect together in this short section.

LEMMA 8.3. Suppose that a,b € B**! . Then if (c, 1) def DA, (a,b), it is always the case
that
a; + b,' +cj=2Ci41 + 7

Proor. Immediate from the definitions of DIV and MOD. O

We often compute (x +y + z) < 2 for  either DIV or MOD, and x, y, z binary digits.
While such computations are trivial, the next lemma is often helpful.
LEMMA 8.4. Letd € B. Then

dDIV2 = 0  (1+d) DIV 2
dMOD2 = d (1+d) MOD 2

1
d

d  (2+d) DIV 2
d (2+d) MOD 2

Given a DA computation on a and b, one often then wants to compute the DA on a' and

b' for some i, that is, on portions of the inputs of equal length.

LEMMA 8.5. Leta, b € B! and suppose that (c,r) def DA.,(a,b). Then forany0 < i < k
we have DA, (a',b') = (c'*1,rh).

Proor. 8.5 Let (¢, F) def DA, (d',b"). We need to show that for any j where 0 < j < i,

A il PO
we have ¢; ¢ and 7; i
def def i+1

In the case that j = 0 note that &y = ¢y = c;"'. We also have (working inductively)
&j41 = (aj + b’ +¢;) DIV 2 = (a} + b, + ") DIV 2 = ¢}
and
Fj = (aj+b}+¢;) MOD 2 = (a’ + b} + ") MOD 2 =1}
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O

If we apply the DA to two numbers a and b, then extend the inputs in the most significant
positions to Aa and Bb and apply the DA, we only need to compute the new carries and

remainders (called K and R below).

LEMMA 8.6. Leta, b € BX! and let (c,r) def DA, (a,b) € Bk*2 x Bk, Let A, B € B? for
p = 1. Then DA.,(Aa, Bb) = (Kc,Rr) € BPtk+2 5 BPtR+1 \uhere K, R € BP and are defined
for0<j<p-1by

R, & (Ao + By +cke1) MOD 2 (j =0)

’ (Aj+B;+K;j-;)) MOD2 (1<j<p-1)
K, (Ao + Bo +ck+1) DIV2Z (j=0)

/ (Aj+Bj+K;-)) DIV2 (1<j<p-1)

Proor. Let (k, p) def DA, (Aa, Bb). Then by lemma 8.5 we have
(x5, p*) = DA, (a,b) = (c,7)

Let us define K < x dropLeft ¢ € BP+k+2=(k+2) and also define R def p dropLeft r €
B(P+k+1)=(k+1) Then for 0 < j < p — 1 we have Kj = Kji(k+2) and Rj = pji(k+1)- O

Note that we will make frequent appeals to the above lemmas. Of course, with practice,
the calculations they allow one to perform soon become second nature and indeed very
intuitive: most if not all readers will be very experienced in doing pencil and paper
arithmetic by adding up columns of digits since childhood. When we make such appeals,
sometimes we will reference a lemma directly, and sometimes we refer to multiple appeals

to these lemmas by stating “by Digitwize Algorithm Calculations” or “DAC” for short.

8.3 Proofs of Propositions and Theorems

PROPOSITION 3.3. (A Calculus for Binary Operators) Let a,b € B*'. Then the equa-
tions in Figure 2 hold.

Proor. We prove only the final equation of differences; the other equations are all
proven in a similar way, by unravelling the DA definitions, and using the DAC Lemmas
from Section 3.1.

Define (¢, r) def DA (a, 5). Then by Lemma 8.4 a —z4 b = ci17. To compute 7,a —sa 75b

k=1 and 7,b = beb*. Since by Lemma 8.5 we have (ck, r™1) def

Manuscript submitted to ACM
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1629

1630 . If() <i<kthen(a+za b)l = (a+sa b)l = (a+a b)l =a +4 b

1631 —andso(a+zab) = (a+sab)f =a+4 b

1632 e Ifo<i<kthen(a—zab) =(a—sab) =(a—ab) =a —ob
1633 —andso(a—zab)f=(a—sab)k=a—-,b

1634 e If0 <i<kthen(a+zyb) = (a+spb) = (a+ab) =a' +4 b
1635 —andso(a+zy b)F = (a+sub)k =a+4b

1636 e [f0O<i<kthen(a—zyub) =(a—syb) =(a—-ab) =a —4b
1637 —andso(a—zub)=(a—sub)=a—-4b

1638 e a+ab=m,a+4 b

1639 e a—sb=m,a—4 ;b

1640 o Toa+ab=a+sn,b=rm,(a+asb)

1641 e toa—ab=a—snm.b=n;(a—4ab)

1642 ® a+y4b=rny(nsa+sa 15b)

1643 ® a—zab=rmsa—54 75b

1644 o a+74b=2zx(a+sb) & Condition Set 1 of Theorem 4.6 is valid.
1645 ® a—74b=sx(a—ub) < Condition Set 1 of Theorem 4.8 is valid.
1646 ® a+54 b =sx(a+ab) & Condition Set 1 of Theorem 4.9 is valid.
1647 ® a—s54b=sx(a—ab) & Condition Set 1 of Theorem 4.10 is valid.
1648 e a+ab=m,a+4 b

1649 e a+yb=rn,(n,a+pyn1,b) = 0, =0y

1650 e a+yb=rnsa+y b = o, # 0}

1651 e a—yb=rn,(nya—pnb) & 0, # 0p

1652 e a—yb=rmn,a—py b= o,=0

1653 ea+yyb=a+syb=o,=0,=0

1654 e at+yyb=n(a+syb) = o,=0,=1

1655 e a+yb=a+z40b

1656 e a+zmb=2zx(a+yb)

1657 ® a+sy b =sx(a+y b) & Conditions of Theorem 5.2 is valid <= ¢, = o}
1658

1659 Fig. 3. Defining a Calculus of Equations for Operations
1660

1661

1662

1663

1664 DA (k-1 —k-1 k-1 T . .
Lo6s 1@, b ) = DA (a"*"",b""1), by Lemma 8.6 mya —sa 7,b will follow from computing
1666 715 0 DAy (apaga* ™", bbeb*=1) = my(Kck, RrF™1) = RrF!

1667
1668 for K, R € B where Ry = (ax + by + cx) MOD 2 and R; = (a + by + Ky) MOD 2.
1669 We need to show that Rr¥~! = R,Ryr*~! = ¢ioqr, so all we need is RiR, = Crs17k- That
1670
Ry = ry is immediate. That Ry = ¢y follows using Ky = (ax + by + cx) DIV 2 and tedious

1671
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but simple calculations: we require

(ax + by + (@ + by + ¢x) DIV 2) MOD 2 = (ay. + by + c) DIV 2
which follows from Lemma 8.4 and a case analysis of the four values of (ay, by). O

THEOREM 4.3. Let a,b € B¥*'. Then the following equations hold for every such a and b
(total correctness)
(1) [[all + [[2]] = [[a+za bl
(2) [[all = [[]] = (a—za b)
(3) (ab + (b) = (a +sa b)
4 (a) - (b) = (a —sa b)

VERIFIED IN HOL

Proor. Proof strategy: We could prove each equation using induction on k. However
this is unnecessarily complicated. We can prove 1 and 2 using induction and then easily
derive 3 and 4 using Theorem 2.3 (recalling that 7, is self-inverse) and Proposition 3.3 as

follows:

(la) + (b)) = [[moal] - 25 + [[,b]] - 2
= [[7oa+z4 msb]) — 2F - 2
= [[mo(a+sa b)]] — 2~ - 2

= (la+sa b)) + 2K — 2k — 2k

(a) = (b) = [[moall - 2* - [[mob]] + 2"

= (l”aa —ZA ﬂabl)

= (a-sab)

REMARK 8.1. For completeness, we also give the full induction proofs of 1, 2, and proofs of
1 3,and 2 = 4:

Equation 1 is valid: We use induction to show
(Vk € N)(Va,b € BX!)([[a]] + [[6]] = [[a+24 b]))
(k = 0): the case is trivial by appealing to Lemma 8.3.
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(k = k+1):Let a, b € B**2. We calculate a+,4b using the Digitwize Algorithm. Suppose
that (¢, r) def DAy(a, b) € B¥3xB**2 Then by Lemma 8.6 we have DA, (0a, 0b) = (Kc, Rr)
where K,R € B.Infact R = (0+ 0 + cg42) MOD 2 = ¢y and K = (04 0+ cyq) DIV 2=0
using Lemma 8.4. It follows that DAy (0a, 0b) = (0ck*2, cr) and s0 a +74 b = c4pr. Hence

we need to prove that
[[all + (8] = [exsar]l = crsa2? + resn 2 + [[F4]]
Now we also have
[[all + [[b]] = @41 2"*" + b 2 + [[a*]) + [[6¥]]

But by induction [[a*]] + [[6¥]] = [[a* +24 b*]] so we compute the digitwise sum. By
Lemma 8.5 we have DAy (a*, b*) = (c&*1, r¥) and so by Lemma 8.6 we have DAy (0a*, 0b%) =
(0ck*1, cpyq 7). Thus af +4 bF = cppqr* and so

[[all + [[P]] = ars125 + bpr 2670+ gy 2570 + [[FF]]

So it is sufficient to show ¢i;22 + 11 = agyq1 + bryq1 + i1 Which is immediate from

Lemma 8.4.

‘Equation 2 is valid: We use induction. ‘

(k = 0): It is trivial to check all of the four cases. For example if ay = 0 and by = 1 then
00 —z4 01 = 11 and [[00]] — [[01]] =0 —1=—1=—2+1= (11).

(k = k+1): Let a, b € B¥*2, We calculate a—,4 b using the Division Algorithm. Suppose
that (c,r) def DA;(a,b) € B¥3 x BF2 Hence by Lemma 8.6 we have DA,(0a, 1b) =
(Kc,Rr) where K,R € B.Infact R = (0+ 1+ cx42) MOD 2 = ¢ and K = (0+ 1 +
Ck+2) DIV 2 = ciy2 using Lemma 8.4. It follows that DAy (0a, 13) = (Ck42C, Cks2r) and so

a —za b = ¢iyor. Hence we need to prove that
[lall - [[2]] = (CrrzrD) = —crrz2™ + res 2" + (r¥)
But also
[all = [[b]] = a1 2" = bar 2 + [[a]] - [[*]]
Now by induction [[a*]] — [[6*]] = (a* —z4 b)) so we compute the digitwise sum. By

—k —k
Lemma 8.5 we have DA;(a*,b ) = (c**',r¥) and so by Lemma 8.6 DA;(0a*,1b ) =

(Crr1¢KY, Cerrr®). Thus a* —z4 b* = ¢iqrF and so

[[al] = [[B]] = axs22*" = b 2! = T2 + [[FF]]
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and it is STP
ak+12k+1 _ bk+12k+1 _ %zkﬂ — _mzkﬁ + rk+12k+1
or
A1 — by — Ckg1 + 22 — 111 =0
We can complete the proof with a case analysis on values for (a1, bx+1). Here are a

couple of cases, using

Ck+z = (As1 + bpy1 + cg1) DIV 2 Tkr1 = (Aks1 + bgyr + Cpy1) MOD 2

(0,0): Since cgy2 = cryp1 and rryq = Crpg we have 0 — 0 — Cryq + Crs12 — Cra1 = 0

(0,1): Since c¢x4p = 0 and rry; = cxq1 We get

0—1—Cr+1%2—cpy1=1— (Coy1+Cky1) =0

‘Equation 2 is valid: We use Equation 1 and induction. ‘

This proof is very slightly shorter than the previous one. It is typical in that it shows
how correctness theorems are in some sense hierarchical.

Let a,b € B**!. We may show that [[a]] = (a —za b)) + [[b]]. Reasoning as above we
compute a —z4 b: we have DA;(0aq, 1b) = (crarc®, Carr®) where (c,r) def DA;(a,b).
Hence it is STP

[[all = (@ar®D + [[B]) = —cian2" + [P + [[B]] = —can2" + [[F* +24 b]]

with the final step following from Equation 1. Let us calculate r* +,4 b.

By DAC if (K, R) def DAy (r*, b) we have DAy (0r*,00) = (0K**!, Ki,1R*). Hence we

need to show that
[all = —crer2! + Kina 2"+ [[RF] (%)
First we prove that K; = ¢; for each i by induction. Note that Ky = 0 = ¢5. Now let 0 < i < k.
Since K; = ¢; inductively, we have
Ky = (rl-+bl-+c_l-) DIV 2 ¢y = (al-+b_,~+cl-) DIV2 r= (ai+b_,~+cl-) MOD 2
and so the theorem follows from a case analysis on (a;, b;). Here are two cases:
(0,0): Kis1 = (¢i +¢;) DIV 2 =¢; = ¢;41 and
(1,0): Kis1 = (ci+¢;) DIV 2 =0 = Cj31.
Hence using (*) all we need to show now is that [[a]] = [[R*]]. Note that
Ry = ((al- +b—i+ Ci) MOD 2 + bi +C_l) MOD 2
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1805 and from Lemma 8.4, since (b; + ¢;, b; + ¢;) is always (1, 1), (2,0) or (0, 2), it follows that
1806
1807
1808
1809 (1=>3):

£
1810 Let (¢, r) = DA,(a,b) € B¥*? x B¥! Then we have a*™! +,4 b¥~! = ¢;rk~! and also

81 g 454 b = Rr where R = (0, + 0p + ck41) MOD 2 Note that

Ri+1 = aiy1. The case of Ry = ay is easy to check.

Equation 3 is valid: In fact we only need show that (1 &=3)

iii (la) +(b) = (oud ')+ (opb*")

to1s = 02t~ 2+ [ + 6]

1:12 = —0,2F — 02K + [[eer* 1)

1817 = —0,2K — o2k + 2k + [P

1213 and also (a +sa b)) = —R2K*! + ¢,2F + [[r*~1]]. Hence it is STP —0, — 0}, + ¢k = —R2 + 0.
1520 This follows from simple calculations for the cases of (a4, 03). For example

1821 (0,1): The left hand side is —1 + ¢,. The right hand side is

1222 —2%(1+(1+cx) DIV 2) MOD 2 + (1 +c¢;) MOD 2 =—(1+4c,) MOD 2 = —¢;

122;1 which equals the left hand side.

156 (3=1):

1827 Let (¢, 1) def DA,(a,b) € B¥2 x B! Then a +74 b = cpsqr and 0a +s4 0b = Ocpyqr
1828 follows by DAC. We have

1829

1830 [[all + [[6]] = (0a) + (0b) =) (0a +54 0b)) = (Oc+17) = [[a +2za D]
1831

1832 ‘Equation 2 is valid: In fact we only need show that (2 &=4) ‘

1833 (2 =>4):

1834 We have by DAC a —s4 b = Rr where R = (0, + 0 + Ck41) MOD 2 and a1 —, bF1 =
1835

e Cer*=1. Then

o (a) = (b) = 0,2t + a2t + [ — [[6F1]

1838 =(2) —0,2F + 02K + (eprk1)

1839 = —0,2F + o2k — g2k + [[FF1)

840

1841 and (a —sa b)) = —R2¥*1 + ¢,2F + [[r*~1]]. Hence it is STP —0, + 0}, — ¢ + 2R — 0, = 0. This
1342 follows from simple calculations for the cases of (o, 03). For example

1843 (0,1):

1844

1845 1—ck+2%(0+(0+ck) DIV 2) MOD 2 - (0+cx) MOD 2 =1 —Cpy1 — ¢k = 0.
1846

1847
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(1,1):
—Ck+2x(1+(1+c¢c;) DIV 2) MOD 2—(1+ci) MOD 2 = —¢ci+(1+cx) MOD 2 = —c+c¢ =0

(4 =2):
Let (c,r) def DA, (a,b) € B¥2 x B¥! Then 0a —g4 0b = Cir1Crarr and a —za b = Crprr
by DAC. So we have

[[all - [[]] = (0a) = (0b) =(4) (CksiChr17) =« (Chr17) = (@ —za b)

with =, following by trivial calculation.

THEOREM 4.6. Let a,b € B¥*'. Then the following conditions are pairwise equivalent
Condition Set 1

(1) Correctness: [[a]] + [[P]] = [[a+4 ]|
(2) Range: 0 < [[a]] + [[b]] < 2K -1
(3) Sign Occurrences: (o,, 0p, 0y) can be any one of the following four sign-occurrences
(0,0,0/1), (0,1, 1), (1,0, 1), but no others.
(4) Overflow Digit: o, =0
(5) Sign Equation: o, + o, — 0, = 0,—1
and the following conditions are pairwise equivalent
Condition Set 2

(1) Correctness: [[a]] + [[P]] = [[1(a+4 D)]]
(2) Range: 251 < [[a]] + [[b]) < 2% (2K = 1)
(3) Sign Occurrences: (o, 0p, 0+) can be any one of the following four sign-occurrences
(0,1,0), (1,0,0), (1,1,0/1), but no others.
(4) Overflow Digit: o, = 1
(5) Sign Equation: o, + o, — 0, = 2,1
and moreover for each condition type (such as Correctness), one instance must hold (along

with its condition set equivalents). VERIFIED IN HOL

Proor. We prove the first set of conditions are equivalent explicitly, by induction.
First we show that (3 &= 4 < 5).

(3 & 5): is a simple calculation.

Both (4 & 3) or (4 & 5) are of similar complexity; each requires a short calculation.

We look at (3 = 4).
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(3 = 4): We have, using DAC lemmas, o, = (0+c¢) DIV 2 =0or o, = (1+c¢) DIV 2.
But in this second case, 1 = 6, = (1 + ¢x) MOD 2 = ¢ so ¢, = 0 and then o, = 0.
(4 = 3): just examine the possibilities for the digits o,, o5, 0, and ¢, when o, = 0 by

using Lemma 8.3 which tells us that
04+ 0p + i = 20, + 0y

Next we show that (1 = 2 = 4 = 1).

First, define (c, r) def DAy(a, b) and so by DAC (especially Lemma 3.3) we have a+z4 b =
o.r* and a +4 b = r*. So from theorem 4.3 [[a]] + [[b]] = [[ocr*]).

(1 = 2):is trivial.

(2 = 4): Suppose that (2) holds. We must have

0< O_C2k+1 + [[rk]] < 2k -1

The case o, = 1 can’t happen (Lemma 2.2) and so ¢, = 0 which is (4).

(4 = 1): If (4) holds then [[a]] + [[6]] = [[r*]] = [[a +4 b]] and so (1) holds.

The pairwise equivalence of the second set of conditions then follows easily: Note that
the correct integer sum [[a]] + [[#]] lies between 0 and 2(25*! — 1) using Lemma 2.2; that
there are trivially eight mutually exclusive Sign Occurrence conditions; the overflow
digit is either 1 or 0; and that the Sign Equation can only have values -1, 0, 1, 2.

Thus any single condition from 2 to 5 of the second set is the negation of the respective
condition from the first set. Since conditions 2 to 5 of the first set are pairwise equivalent,
their negations must be pairwise equivalent.

The fact that 1 of the second set is equivalent to 4 of the second set follows from
Theorem 4.3, Equation 1, together with Proposition 3.3 and DAC:

[[all + [[6]] = [[a +za b]l = [[oc(a+4 b)]]

Finally, to show that for each condition type one instance must hold, it is now sufficient

to show that either the first or second range condition holds. But this is immediate from

Lemma 2.2.
O
THEOREM 4.8. Let a,b € BX*1. Then the following conditions are pairwise pairwise equiv-
alent
Condition Set 1
(1) Correctness: [[a]] — [[P]] = (a —4 b))
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(2) Ranges: -2 < [[a]] - [[P]] < 2F -1
(3) Sign Occurrences: Any of the following six occurrences (1,0, 0), (0,1,1), (1,1,0/1),
(0,0,0/1), but not the other two.
(4) Overflow: o, # oy.
(5) Sign Equation: —o,+ o, — 0, = 0,—1
and the following conditions are pairwise equivalent
Condition Set 2

(1) Correctness: [[a]] — [[P]] = (1(a—a b)) Ao, =0
(2) Ranges: -2 +1 < [[a]] - [[b]] < —2F -1
(3) Sign Occurrences: (0, 1,0),
(4) Overflow: o, = 0, = 0.
(5) Sign Equation: —o0,+ 0, — 0, = 1
and the following conditions are pairwise equivalent
Condition Set 3

(1) Correctness: [[a]] — [[P]] = (0(a—a b)) Aoy =1

(2) Ranges: 2 < [[a]] - [[b]] < 2K -1

(3) Sign Occurrences: (1,0, 1),

(4) Overflow: o, = 0, = 1.

(5) Sign Equation: —o,+ o, — 0, = =2

and moreover for each condition type one instance must hold (along with equivalents of the
instance).

VERIFIED IN HOL

Proor. We again use the proof strategy of Remark 4.2. The first set of conditions is
proved pairwize. The proof for the second set is omitted, but is very similar in structure
(and further, there is a proof in the Appendix for the second condition set of Theorem 4.9).
We can deduce the validity of the third set from the first two.

Recall Remark 4.2.

The first set of conditions is proven pairwise equivalent:

First we show that (3 & 4 <= 5).

(3 & 5): by simple calculation.

To prove (3 &= 4) it is easier to prove (=3 <= -4), i.e. that (o,, 03, 0.) is either
(0,1,0) or (1,0, 1) just in case o, = 0.

Recall 0. = (0, + 0 + c) DIV 2 and o, = (0, + 0 + cx) MOD 2.
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(4 = 3): Assume that we have (0,1,0) or (1,0,1). Then o, = ¢, DIV 2 =0 = 0, or
o.=(2+cx) DIV2=1=o0,.

(3 = 4): Assume that 0. = 0, and note that if o, = 0, = 0 then o, + 7, + ¢, = 0 and
hence ¢, = 0 and 0}, = 1, giving Sign Occurrence condition (0, 1,0). If 0. = 0, = 1 then
04+ 0p + ¢ = 3 and hence 0, = 1 and 0}, = 0, giving Sign Occurrence condition (1,0, 1).

Next we show that (1 = 2 = 4 = 1).

First, let (c,r) def DA (a, E) and so by DAC we have a —z4 b = oorkanda—4 b =
(a —z4 b)* = (o,r%)% = r*. From theorem 4.3 [[a]] - [[b]] = (o.r¥).

(1 = 2): s trivial.

(2 = 4): Let’s suppose that 2 holds. Hence we must have

f _
ok < (&Y Gkt 4 g 2K + [P < 2k — 1

In the case that o, = 0, = 0 we have & < —2K*14+(2k—1) = —2k—1 < —2Fandif o, = 0, = 1
we have 2F — 1 < 2% < & neither of which can happen. Hence we must have o # o, and
so0 4 holds.

(4 = 1): When 4 holds note that o, = o, is equivalent. Then 1 holds since

[[al] - [[b]] = —0,2""" + 0,2% + [[F*']] = —=g;2" + [[F*7']) = () = (a —a b)

Thus the first set of conditions is proven pairwise equivalent.

Now let us prove the pairwise equivalence of conditions from the third set. Choose any
condition type apart from Correctness. Then, arguing in a similar manner to that in
the proof of Theorem 4.6, one can see that the three conditions of that condition type
are mutually exclusive. Since conditions 2 to 5 of the first and second set are pairwise
equivalent, the corresponding sets of negations must be pairwise equivalent. From ele-
mentary propositional reasoning, conditions 2 to 5 of the third set are therefore pairwise
equivalent.

The fact that 1 of the third condition set is equivalent to 4 of the third set follows from

[lall - [[6]] = (a —za b) = (oc(a—-ab)) T

where the first equality is Equation 2 of Theorem 4.3, and the second equality uses the
trivial fact that x = x,,x* for x € B¥*? along with Proposition 3.3 and by DAC

(@24 b)iss L (0+14+0,) MOD2=(1+0,) MOD2 =75,

From f (4 = 1) is trivial (note the conjunct o, = 1).
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(1 = 4) uses the bijection of Theorem 2.3 to deduce from  that 6,(a—4 b) = 0(a—4b)
and so o, = 0 and hence o, = 1 (again, note the conjunct o, = 1 from 1).

Finally we establish that for each condition type one instance must hold. For any a
and b, from Lemma 2.2 we can deduce that —25*1 + 1 < [[a]] — [[P]] < 2**' — 1. Therefore

one of the (three mutually exclusive) instances of Range must hold. ]

THEOREM 4.9. Let a,b € B¥*'. Then the following conditions are pairwise equivalent
Condition Set 1

(1) Correctness: (a)) + (b)) = (|a +4 b))

(2) Range: -2 < (la) + (b) < 2k -1

(3) Sign Occurrences: Any one of the following six sign-occurrences (0, 0,0), (0,1,0/1),
(1,0,0/1), (1,1, 1), but not the other two.

(4) Overflow Digit: o, = ci

(5) Sign Equation: —o, — o + 0, = 0,—1

and the following conditions are pairwise equivalent
Condition Set 2

and the following conditions are pairwise equivalent
Condition Set 3

(1) Correctness: (a)) + (b)) = (0(a+4 b)) Aoy =1
(2) Range: 2F < (la)) + (b) < 2(2F - 1)

(3) Sign Occurrences: The sign-occurrence(0, 0, 1).
(4) Overflow Digit: o, = 0 and ¢ = 1.

(5)

5) Sign Equation: —o, — op + 0, =1

and moreover for each condition type one instance must hold (along with equivalents of the
instance).

VERIFIED IN HOL

Proor. Note that an approach to proving Theorem 4.9 is to exploit Theorem 4.6. This

is illustrated later in the Appendix on page 50; see Remark 8.2.
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Recall Remark 4.2.

The first set of conditions is proven pairwise equivalent.

First we show that (3 &= 4 < 5).

(3 & 5):is easy.

To prove (3 &= 4) it is easier to prove (-3 &= —4) i.e. that . # c just in case
either (0,0, 1) or (1,1, 0).

Recall o, = (0, + 0}, + ¢x) DIV 2 and o, = (0, + 0} + ¢) MOD 2. For

(4 = 3): Assume that we have (0,0, 1) or (1, 1, 0). Then either o, = ¢ DIV 2 = 0 and
also1=c¢ MOD 2soc, =1;0ro.=(2+ck) DIV 2=1and also 0 = (2 + c¢x) MOD 2 so
¢, = 0. For

(3 = 4): Assume that o, # c; and note that if o, = 0 and ¢ = 1 then (o, + 0, + 1) DIV
2 = 0 and hence o, + 0, = 0 implying o, = 1 MOD 2 = 1, giving Sign Occurrence
condition (0,0,1). If o, = 1 and ¢, = 0 then (o, + 05) DIV 2 = 1 and hence o, + 05 = 2
implying o, = 2 MOD 2 = 0, giving Sign Occurrence condition (1, 1, 0).

Next we show that (1 = 2 = 4 = 1).

(1 = 2) :is trivial.

As ever let (c,r) def DAy (a,b) and so a +s4 b = Rrf where R = (0, + 0} + 0,) MOD 2.
Further a—4 b = r¥, the latter by appealing to Corollary 3.3. From theorem 4.3 (la]) + (b)) =
(Rr¥).

(2 = 4): Let’s suppose that 2 holds. Hence we must have

ok < (£ Y _RoH g2k 4+ [P < 25 -1
Arguing much as in the proof of Theorem 4.8 we conclude we must have R = o,. Hence
(04 + 0p +0.) MOD 2 = (0, + op + ¢) MOD 2 (%)

If 0. # c this cannot be, and so o, = ci. Hence 4 holds.
(4 = 1): When 4 holds we have R = o, and so

(a) + (b) = =0,2" + 02" + [P = —gy2" + [P = (r") = (a+4 b)

Thus the first set of conditions is proven pairwise equivalent.
The second set of conditions is proven pairwise equivalent.
First we show that (3 &= 4 < 5).
(3 & 5):is easy.
Recall o, = (0, + 0}, + cx) DIV 2 and o, = (0, + 0} + ¢) MOD 2. For

(4 = 3): We have 1 = (0, + 0,) DIV 2 and so o, = 0, = 1. Hence o, = 2 MOD 2 = 0.
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(3= 4): Wehave o, = (2+c¢;) DIV 2and 0, = 0 = (2 + ¢) MOD 2. 4 is immediate.

Next we show that (1 = 2 =3 = 1).

(1 = 2) : From 1 we have S def (a) + (b) = —2%*' + [[a +4 b]]. Then note that from
Lemma 2.2 we have —2 % 25 < S. Since o, = 0 we have —2*1 + [[a+4 b]] < —2F1+ (2K —1).
Thus 2 is true.

(2 = 3) : Let’s suppose that 2 holds. Reasoning much as we did for the first condition

set we must have

_oktl < (g € Rkt 4 ok 4 [ < —2F — 1

Since £ < 0 we have R = 1. Therefore 6,25 + [[r*"!]] < 2% — 1 and so o, = 0. Thus we have
1=R=(0o,+0p+0,) MOD 2 (%)and0 = o0, = (0,+0p+cr) MOD 2.S0 (o, +0p+ci) =
0 or 2. If the former, from () we have o, = 1. But o, def (04 + 0p +cr) DIV 2 = 0. Hence
(04 + op + ci) = 2. Therefore we still have o, = 1 implying o, + 0, = 0 or 2. In the former
case we have (0 + 0 + ¢x) = 2, and so finally we have o, = 0, = 1. Hence 3 is true.

(3 = 1) : Suppose 3. We have to prove o, = 0 and R def (04 + 0p + 0.) MOD 2 = 1.
The former is immediate. For the latter we only need to show that o, = 1. But ¢, =
(0a+0p+ck) DIV 2(2+c) DIV 2 =1.So 1 is true.

Thus the second set of conditions is proven pairwise equivalent.

We can then deduce that condition set 3 is pairwise equivalent as before using simple
logic, but in the deduction below we show (1 &= 3) and not (1 & 4) as in our proofs
of Theorems 4.6 and 4.8.

Choose any such condition type apart from Correctness. Then, arguing in a similar
manner to that in the proof of Theorem 4.6, one can see that the three conditions of that
condition type are mutually exclusive. It follows easily that conditions 2 to 5 of the third
set are pairwise equivalent.

The fact that 1 of the third condition set is equivalent to 3 of the third set follows from

(a) + (b) = (a+sa b) = ((oa + 0p + 0c) MOD 2(a+4 b))

where the first equality is Equation 3 of Theorem 4.3, and the second equality uses the

trivial fact that x = xp,;x* for x € B+ along with Proposition 3.3 and
def
(a +sA b)k+1 = (O'a +o0p + Uc) MOD 2

(3 = 1): Assuming 3 we have 0, = 0 and 0, = 0 and o, = 1. The right conjunct of 1 is
immediate. Therefore we need to show that (o, + 0} + 0.) MOD 2 = o, MOD 2 = 0. But
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since o, = 1, we have ¢, MOD 2 =1 and so ¢ = 1, and then o, = 1 DIV 2 = 0. Thus we
are done.

(1 = 3): From { and Theorem 2.3 we deduce that (o, + 0, +0.) MOD 2 =0 (x*). Now
assume 1, so o, = 1 is immediate. So it remains to prove that o, = o, = 0. From Lemma 8.3
we have 20, +0, = 20.+1 = 0,+ 0}, +cr. Now from (*) we have o,+ 0}, + 0, = 0 or 2. In the
latter case we then have 20, + 1 = 2 — o, + ¢, which cannot be true. Hence o, + 0} + 0, = 0
and we are done.

Finally we establish that for each condition type one instance must hold. For any a
and b, from Lemma 2.2 we can deduce that —25*! < (la]) + (b)) < 2(2* — 1). Therefore one
of the (three) instances of Range must hold.

REMARK 8.2. It is also possible to prove pairwise equivalence of each condition set from

Theorem 4.9 by making use of Theorem 4.6.

Some of these details we now present here; we first explain which details we choose to

provide:

e For the first condition set, we look only at (1 = 2 = 3 = 1). There is not
much to be gained by proving (3 &= 4 <= 5) using Theorem 4.6; for example
Theorem 4.6 gives conditions for o def o. tobe 0 or 1, but Theorem 4.9 has Overflow
Digit statements involving both o, def o, and cg. So the approach is not so helpful.

e For the second condition set, we also show (1 = 2 =3 = 1)

e For the third condition set, we can easily derive the equivalences logically using

the equivalences of the first and second sets, as in the main text.

Let’s look at (1 = 2 = 3 = 1) for the first condition set.

(1 = 2) is trivial.

(2 = 3): We have

—25 < (la) + (b) < 2F -1

and so by Theorem 2.3

we have

—2" < ([[7oall - 25) + ([[7ob] - 25) < 25 -1
or equivalently
2k < [[mpall + [[7ob]] < 2% 25+ (2F - 1)
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and in particular

0 < 25 < [[mpa]] + [[mob]] < 2% 28 —1 < 2% 2% < [[npa]] + [7,b]] <3%2F—1< 2021 —1)

a B

(Case a): Using @ we deduce the first Correctness condition of Theorem 4.6 holds.
Therefore [[7n,a]] + [[7,b]] = [[7;a +4 7,b]]. From Proposition 3.3 we know that 7,a +4
7sb = a +4 b. Since also, using a, 2€ < [[a +4 b]] we we can conclude from Lemma 2.2
that 04,5 = 1.

Likewise from a we deduce the first Sign Occurrence condition of Theorem 4.6 holds.
Hence we know that (o, 4, 07, b, 0ar,p)) may be any of the triples (0,0,0/1), (0,1,1),
(1,0, 1). However, since we have o4, = 1, {0y, 0p, 04+,5) must be one of (1,1, 1), (1,0, 1),
(0,1,1).

(Case p): From f we deduce second Correctness condition of Theorem 4.6 holds.

Together with Proposition 3.3 we deduce (reasoning similarly to Case «)
252" <[[1(a+ab) =2 2"+ [[a+a b]] <325 -1 <2(2"" —1)

and so
0<[la+ad]] <2F-1

that is 0,44, = 0.

Likewise from f second Sign Occurrence condition of Theorem 4.6 holds. Hence
(04, Ob, 04+ ,p) must be one of (0,0, 0), (1,0, 0), (0, 1,0).

(3 = 1): By Theorem 2.3 we need to prove that

[7oall + [[7b]] - 2 % 25 = [[7o(a+a b)]] - 2°

that is
[[7sall + [[75b]] - 2° = [[75(a+a b)]].

The assumption, 3, states that six possible sign occurrences may hold. First, consider the
cases of 3 when oy, 03, 044 ,,5) is one of (0, 0, 0, (1, 0, 0), €0, 1,0) and hence {0, 4, O, b O, a4 4msb =
Oa+,b) 18 one of (1,1,0), (0,1,0), (1,0, 0). In each case, appeal to the equivalence of the
second Sign Occurrence and Correctness conditions of Theorem 4.6 to deduce that
[[7sal] + [75b]] = [[1(a +4 b)]]. Therefore [[n,a]] + [7,b]] — 2% = [[a +4 b]] + 2F, and
since 0,44, = 0 in each case we have [[a +4 b]] + 2k = [[75(a +4 b)]] by Theorem 2.3.

In the other cases of 3, we have {0y 4, O b, Onarsm,b = Oarab) is one of (0,0, 1), (0,1,1),
(1,0, 1). Thus in each case, from Theorem 4.6, [[7,a]] + [[7,]]] = [[a+4 b]]. Thus [[7,a]] +
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[7sb]) —2F = [[a+ab]] —2F = [[75(a+4D)]], with the last step following from Theorem 2.3,
together with o,4,, = 1 in each case. Hence first condition 1 holds.
Let’s prove the equivalence of the second set of conditions:
(1 = 2): easy.
(2 = 3): We have
—2%2K < (a) + (b) < -2 -1

and so by Theorem 2.3 we have
—2% 2" < ([[7eall - 2°) + ([[7ob]] - 2) < —2F -1

or equivalently
0< [[meal]l + [[7-b]] <2 =1 (%)

Since 2% — 1 < 2 % 2F — 1, the first Range condition from Theorem 4.6 holds.

Therefore by the equivalent first Correctness condition from Theorem 4.6 (and Propo-
sition 3.3) we get [[7,a]] + [[7b]] = [[a +4a P]], and so by (*) and Lemma 2.2 we have
Og+ab = 0.

Further, by the equivalent first Sign Occurrence condition from Theorem 4.6 only
(Onya> Onybs Onpatamsh = Oarsb) = €0,0,0) holds. Therefore (o, 0p, 04+,6) = (1, 1,0) Which
is the Sign Occurrence condition 3 to be proven.

(3 = 1): We need to show that

[7oall + [[75b]] = 2 % 25 = =2 + ([[m5(a +4 b)]] - 2)

But 3 states that (o, 05, 044,0) = (1, 1,0) and s0 {0, 4, O b, Onyatamsb = Oarab) = (0,0, 0).
Hence using Theorem 4.6 and Proposition 3.3 we can deduce that [[7,a]] + [[7;b]] =

[[7sa + msb]] = [[a +4 ]]. Since 0,1, = 0 we have [[a +4 b]] = [[75(a +4 D)]] - 2K from

Theorem 2.3. Thus we are done. ]
THEOREM 4.10. Let a,b € BX*1. Then the following conditions are pairwise equivalent
Condition Set 1

(1) Correctness: (|a|) — (b)) = (a—4 D)

(2) Range: -2 < (la) — (b) < 2F -1

(3) Sign Occurrences: Any of the following six occurrences (0, 1,0), (1,0, 1), (0,0,0/1),
(1,1,0/1), but not the other two.

(4) Overflow Digit: o, = ci

(5) Sign Equation: o, — 0, — 0, =0, -1
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and the following conditions are pairwise equivalent
Condition Set 2

(1) Correctness: (ja)) — (b)) = (1(a—a b)) Ao, =0
(2) Range: -2 +1 < (ja) — (b) < —2F -1
(3) Sign Occurrences: (1,0,0).
(4) Overflow Digit: o, =1 andc, =0
(5) Sign Equation: o, — o — 0, =1
and the following conditions are equivalent
Condition Set 3
1) Correctness: (ja)) — (b)) = (0(a—a b)) Aoy =1
2) Range: 2K < (a]) — (b)) < 2K -1
3) Sign Occurrences: (0,1,1).
4) Overflow Digit: o, =0 andc; =1
(5) Sign Equation: o, — 0 — 0, = =2

o~ o~ o~ o~

and moreover for each condition type one instance must hold (along with equivalents of the
instance).

VERIFIED IN HOL

Before the proof, we give some additional explanations of the Condition Sets, and how
they may be derived from first principles. In order to be as general as possible, given any
a, b € B!, we write Cap € Z for the correct integer answer and O, € Z for the computer
output (so in Theorem 4.10 we have C def (a) = (b) and O,p &ef (la —a b)).

REMARK 8.3. The Correctness equations for a,b € B**! such as (jal) — (b)) = (a —a b))
are simply formal statements of the intuitive notion of correctness.

Each Range condition states that a correctness equation holds when the Correct integer
answer C,p lies within a given range. One may deduce these ranges as follows. Given
a, b € B! each of a and b has the same maximum and minimum denotation in Z: maximum
is 2 — 1 and lower is —2. Given the definition of C,, here, the maximum must be (2K — 1) —
(—2K) = 21 _ 1. And the minimum is —2F — (2¥ — 1) = =21 4 1. Thus overall we have

—2kl 1 <y <29 -1

and it’s easy to see that C,, attains every value. We can apply a similar process to any C
in the other theorems. Now consider the correctness equation of the first Range Condition,

which in general states that C,p, = Oyy,. Since O, is the denotation of a k + 1 digit number,
Manuscript submitted to ACM
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it follows that we must have
oMy <c, <2<y <1< <2 -1 (9

with the middle range of (x) being forced when C,p = O,p. The left range corresponds to
a second Range Condition, and the right one to a third Range Condition. These mutually
exclusive ranges of course cover all possible values of Cy, € Z.

Next the Overflow conditions. From Theorem 4.3, if we know C,, we can work out a binary

E%k+2

representation dx € and show x = r; from d and r we can compute o,. Here we use

Theorem 4.3 to obtain C,p, = (|a —sa b)) and hence obtain dx = a —sa b. From Proposition 3.3
we have
a—sab=(a—-sab)s1(a—sab)*=(a—sabu(a-ab)=(a—sabhur
and therefore putting & &ef o,+0p €{0,1,2} we have
(a—s4 b)k+1 = (€+ 0.) MOD 2 or = (E+¢x) MOD 2
.= (E+cx) DIV 2

The values of the first two equations have just been computed; given the constraints on &, it
is then always possible to compute o, outright or in terms of ci.
The Sign Equation conditions follow by further analysing
def
Cap = (a) = (b) = (dr)
def
whered = (a —sa b)41. Note that
022K + o2k + () = (V) = —d2F + 2K + (K5

leading to

£ (1) — (51 = (00— 0 + 07 — d2)2° + ()

a
However, since & is the difference (a*~')) — (b*™') we have —2F + 1 < & < 2% — 1. Using
Theorem 2.2 we can easily see that we get contradictions if @ > 0 and a < —1; further

a € {—1,0} is consistent. One can observe that

e Sign Equations are instances of (analogues of) « € { —1,0 }; given any a and b we

can compute d as above.
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e For example, in the case of Theorem 4.10 and the third condition set, we know that
d = 0, and in this particular case one can also determine that o, = 1. Hence @ must

equal 0 and we have o, — op — 0, = @ — 20, = —2.

Proor. Now we give some details of the proof of Theorem 4.10. The second set of
conditions is proven pairwise equivalent.

We omiit the easy details for (3 & 4 & 5).

Now we show that (1 = 2 = 3 = 1).

(1 = 2) : From 1 we have S def (a) — (b) = —2¥' + [[a —4 b]]. Then note that
from Lemma 2.2 we have 0 — (25*1 — 1) < S. Since 0, = 0 we have —2K*1 + [[a —4 b]] <
—2k+1 4 (2% — 1). Thus 2 is true.

(2 = 3) : Let’s suppose that 2 holds. Reasoning much as we did for the first condition

set we must have
def _
2 L1 < (6F —RM v o2k [P < —2F -1

Since £ < 0 we have R = 1. Therefore 6,25 + [[r*"!]] < 2% — 1 and so o, = 0. Thus we have
1=R=(0,+0p+0.) MOD2 (x)and0 =0, = (0,+0,+cr) MOD 2.So (0,+0p +ci) =
0 or 2. If the former, from (*) we have o. = 1. But o def (044 0p +cr) DIV 2 = 0. Hence
(04 +0p +c) = 2. Therefore we still have o, = 1 and so () implies o, + 7, = 0 or 2. In the
former case we have (0 + 0 + ¢x) = 2, and so finally we have o, = 05, = 1. Hence 3 is true.

(3 = 1) : Suppose 3. We have to prove o, = 0 and R def (04 +0p +0:.) MOD 2 = 1.
The former is immediate. For the latter we only need to show that o, = 1. But ¢, =
(o0a+0p+ci) DIV2=(2+c¢;) DIV 2 =1.So 1 is true.

Thus the second set of conditions is proven pairwise equivalent. O

THEOREM 4.11. Leta, b € BF*!, Recall from Figure 1 that —s4(b) def E+5A 1 and —4(b) def

b +4 1. Then we have

e —(b) = (=sa(d))

o (|a—sab) = (oga+sa (m54(b)))

® 0ugup(a—sab) = 0,a+sa (m5a(b)) € B and so
a—sa b= (0aa+sa (ms5a(b)))**? € BF*

e abs(b) = (abssa(b))

and
o —(b) = (—a(b)] forb # 10

* (a—-ab)=(a+a(-a(®))
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e a—-ab=a+s(-a(b))
e abs(b) = (abssa (b)) forb # 10

VERIFIED IN HOL

Proor. Consider the first three equations:

From Theorem 4.3 we have (b)) + (b)) = (b +s4 b) = (1) = —1, and so —(|b)) = (b)) + 1;
and we also have (=s4(5)) < (b +s4 1) = (b) + (1). So the first equation holds.

The second equation follows by using the first one along with simple calculations using
the correctness equations 3 and 4 from Theorem 4.3, and Theorem 2.3 (sign extensions).

For the final equation note that by Theorem 2.3 (sign extensions) and the second

equation, we have

(oa—gsp(a—sa b)) = (a—sa b)) = (osa+sa (msa(b)))

so we are done by Theorem 2.3.

Now consider the second three equations:

The first equation will hold just in case (b +4 1) = (|Z|) + (|1)) is correct, using similar
reasoning to the case of 4. But from Theorem 4.9 and the Range condition, this happens
just in case

2k 1< (b) <2F-2
Then from Lemma 2.2 the left-hand inequality always holds, but the right-hand fails just
in case (b)) = 2F — 1, that is b = 10.

The second equation takes a little more work to establish. If b = 10 then we wish to
establish that (a —4 10) = (a +4 10). But we can easily check that a —4 10 = a+4 10
directly from the DA and use Theorem 2.3.

If b # 10 then — (b)) = (—a(b)). Hence S = S’ where

def def _,
$= (a) - (b) = (a) + (b)) = S
By using Theorem 4.10 we can see that we have S
—2Myr<Ss<c-2f 1< -2F<cs<F 1< << o

and in each case we have S equal to, respectively, the values below

(1(a-ab)) < (a-ab) < (0(a-ab))

Note that since b # 10 we have —2K+1 < (b)) and soin fact S < (2k—1)+(2F-1) = 2(2k-1).
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Similarly for S” using Theorem 4.9 (note the rightmost value!)
okl g < b 1< 2f < <1<k < <202k 1)
and in each case we have S’ equal to, respectively, the values below

(1(a+a (ma(b)) < (a+a (ma(d)) < (0(a+a (ma(D))))

Note that since b # 10 we have —4(b) # 10 and so —2% + 1 < (=4(b)) and so in fact
2kl p1 < 2k (—2k+1) < S
Hence for each range of values, since S and S’ are equal, from Theorem 2.3 we can
deduce (care!) that the third equation holds overall, since it holds inside each of the three
ranges. Thus the second equation is immediate.
O

THEOREM 4.12. Let a,b,c € BF*!, +4 and +,4 are commutative. +4 is associative. In
particular, and further
e a+s(b+ac)=(a+ab)+ac
o 0a+za (b +7A C) = (a +74 b) +74 OcC

VERIFIED IN HOL

Proor. That +4 and +,4 are commutative follows from the commutativity of + on Z
and the definition of the DA.

Next we prove the second itemised equation, by showing each side has the same
denotation and then using injectivity (Proposition 2.3). We calculate easily the denotations
using Theorem 4.3 and Theorem 2.3 (sign extensions); equality follows from associativity
of + on the integers.

To see that +4 is associative, consider first the left hand side of 0a +z4 (b +2z4 ¢) =
(a+z4b) +740c € Bk+2, along with the steps below which follow from Proposition 3.3.

((0a+z4 (b+24 )" = (0a+a (b+z4 )" (1)

= (00)* +4 (b+za ¢)* ()

= a+a (b +A C) (3)

Now perform an identical equational argument starting with the right hand side. m]

THEOREM 5.1. Let a, b € B¥*'. The following equations hold for every such a and b (total
correctness)

o [[a]] + [[2]] = [[a+u bl
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e [[all + [[b]] = [[a +zum bI]

The following in-equations hold for any such a and b (total incorrectness)

o [[a]] - [[b]] # (a—umbD
o [[a]] - [[b]] # (a—zmb)
o [[a]] - [[b]] # (a—sm b)

Proor. The total correctness equation for +,; can be proven by a straightforward
induction; the proof is omitted. The equation for +2; follows since it is easy to see that
a+zym b =0(a+y b) with DAC.

We show why the first of the in-equations holds. Let (c, r) def DA;(a, b), so that o, b =
(0+ 0+ cry1) MOD 2 = cpyy.

From Lemma 8.6 we have DA; (0a, 1b) = (K¢, Rr) where R = (0+1+cxy1) MOD 2 = Ty,
so that 0,_,,,p = Cks1-

Hence the sign digits of a —j; b and a —z)s b are complimentary, so they have unequal
denotations. We saw in Theorem 4.3 that [[a]] — [[0]] = (a —z4a b)) always, so the theorem

follows.

THEOREM 5.2. Let a,b € BX*!. The following conditions are pairwise equivalent

e Correctness: (a)) + (b)) = (a +u D))

e Correctness: (|a]) + (b)) = (a +sa D)

e Sign Occurrences: (0,4, 0y, 0,) can be any one of the following four sign-occurrences
(0,0,0/1), (1,1,0/1): more simply, o, = 0y.

as are

e Correctness: ((a]) + (b)) = (7ms(a+p b))
e Correctness: ((a]) + (b)) = (7s(a +sp b))
e Sign Occurrences: (0,, 0y, 0,) can be any one of the following four sign-occurrences

(0,1,0/1): more simply, o, # 0Op.

and moreover one condition must hold (along with equivalents of the condition) from each
set.

The following conditions are pairwise equivalent

e Correctness: (a]) — (b)) = (a —p b))

e Correctness: (a]) — (b)) = (a —su D))
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e Sign Occurrences: (0,4, 0y, 0,) can be any one of the following four sign-occurrences
(0,1,0/1): more simply, o, # op.
as are
e Correctness: (a]) — (b)) = (75(a—p D))
e Correctness: (a]) — (b)) = (75(a —sp D))
e Sign Occurrences: (o, 0y, 0,) can be any one of the following four sign-occurrences
(0,0,0/1), (1,1,0/1): more simply, o, = 0y.

and moreover one condition must hold (along with equivalents of the condition) from each

set.

Proor. We give only exemplar proofs for two parts of the Theorem.
(A): Suppose that (la]) — (b)) = (a — b)). Let (c, 1) def DA (a, b) so that equivalently we

have
—0a2" + 02" + [[a* 7] = [B°7']] = —cpan 2! + 02" + [[F1]] (%)

We know from Theorem 4.3 that [[a*']] — [[6*']] = (a*! —z4 b*!). To compute
a1 —, 4 b*~1 note that from Lemmas 8.5 and Lemma 8.6 we have DAl(Oak_l, lbk_l) =
(Kck, Rrk=1) where R = (1 + ¢x) MOD 2 = ¢ and so a*~! —z4 bF~' = GrF~'. Thus

[T = 6% = =2 + [P 1])

and so () holds just in case

12k+1

0,28 + 6,25 + (=cx2F) = —cps + 0,2k

just in case
=04+ 0p — Ck = —Ck412 + Oy
and on expanding the definitions we have
—0a+0p—Ck=—2%(0,+0p +cx) DIV 2+ (0, + 03 + cx) MOD 2 ()

If we show that if 0, = 0}, then () fails, and if o, # o} then () holds, this part of the

proof is complete. We look at two cases. Let o, = g;. Then we have
—cx=—2%(1+ct) DIV 2+ (1+c¢c;) MOD 2
that is
—Ck = =2 % Cp + 0k

which clearly is (always) false.
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2597  Now let 0, = 0 and o, = 1. Then
2598

9599 1—cy=—-2%c DIV 2+cp MOD 2 & 1—¢ = ¢ & true
2600 . .

s601 (B): Suppose that (|a)) + (b)) = (75(a +a b)). This equation expands to

2602 —0a2" = 02 + 2 + [ = =g + o2k + [P
2603

2604 that is

2605 —0a—0p+cp=—-2%(0,+0p+ck) DIV 2+ (0, + 0 + cx) MOD 2
2606

2607 and the rest of the reasoning is routine. O
2608

2609  THEOREM 5.3. Let 1,a,b € B¥*'. Then we have

2610

2611 o —(b) = (=m(D)) forop = 1.
2612 e —(b) = (75(=m(b))) for oy = 0.

2013 o (a—ub) = ((0a+y (—m(b)))F?).
221: e 0(a—pb) =0a+y (—p(b)) and so
2616 a—m b= (Oa +M (ﬁM(b)))k-'—z

2617 e abs((|b))) = (absy (b))

2618

2619 Proor. For the second equation: Since o, = 0 we have o, =1, and o7 = 0. Thus we use

2620 Theorem 5.2 to see that (7, (b +u 1) = (|E|) + (| 1)). But of course by Theorem 4.3 we have
2621 — — -
seo (DD +(b) = (b+sa b) = (1) = —1 and so the theorem follows.

2623 For the remaining equations, we only need to do work to prove 0(a—yb) = 0a+y (—pb);

2624 the other equations follow immediately. We will consider cases according to sign digits.
2625

2626
peo7 (04 =0 # 0p = 1) : It follows that o,,;, = 0. Note also that, using the sign digit values,

2628 both (a—p b)) = (la) — (b)) and 0 < (la)) — (b)). Hence o,—,,; = 0. Then we have
2629

We make frequent appeals to Theorem 5.2.

2630
2631 (0(a-mb)) = [la—mb]

e = (a-ubD

2633

2634 = (a) - (b)

o = (0a) + (-b)
2637 = (|0a +u (=pb))
2638

2630 (04 =0 =0y =0) : We consider two cases, with b = 00 and b # 00.
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In the first case, —pb = 10. Further, proving the equality directly from the definitions is
easy.
Moving to the second case, first note that b = 0X where x € B¥ has at least one digit

equal to 1. One may see from DAC that (5 +m 1)s2 = 0, that is 0, = 0. Now we have

(a) = (b = (7@ -y b)) = [[a —ur b]] - 2

by Theorem 5.2 and Theorem 2.3. With similar reasoning we have

(0(a —pm b))

[[a —n 0]l

= (a) = (b) + 2

= (l0a) — (b) + 25!

= (0a) + (7o (=pe(b))) + 2"

= (0a) + [[=um(b)]] — 2" + 24
= (0a) + (=m(D))

= (0a +um (=pm(b)))

(0, =1 =03 = 1) : We consider only the case b # 00 where we can show as before

o-,b = 0. Then have

(a) = (b) = (75(a —p b)) = [[@ = bT] — 2+
and also
(0(a-mb)) = [la—pbll
= (a) - (b) +2"
= (=2 + [T - (b) + 2+
= ([T +25 - ()

= [lall - (b)
= (0a) - (b)
= (0a) + (~i(B))

= (0a+y (—~umb))

O
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