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Overview

B We aim to study some of the connections between type theory
and category theory.

B We shall assume knowledge of basic logic, and an appreciation
of basic type theory from programming.

B We shall cover the category theory and type theory required for
understanding the connections ...

B ...with certain topics being taught in more detail by José, so
we include only notational summaries.

N _/
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High Level Topics

B Order Theory: We shall study properties of orders, and
show how these give rise to basic examples of categories and
categorical structures.

B Category Theory: We shall study some simple category
theory, enough to model simple type theories.

- _/
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High Level Topics

B Type Theory: We will define a simple type system, derive a
categorical semantics from first principles, and show how a theory
in the type system “corresponds” to a special category.

B Applications: We apply the correspondence to obtain a result
about type theory.

B If there is time we will also look at an application to logic.

N _/
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Order Theory

B A (mathematical) order makes precise our intuitions about
relations such as less than or less than or equal to.

B What's the point? Order relations are used extensively in
computing; and a particular kind of order gives rise to simple
examples of categories.

B We review some formal definitions of order relations.

B We progress to basic mathematical structures that can be
defined using order relations.

N
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Order Theory

B Why? These structures are simple examples of the common
structures found in categories!

B We also define functions which preserve order structure.

B Why? Such functions will give us examples of functors, which
are mappings between categories, and are fundamental to
category theory.

N
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Basic Definitions

B A binary relation Ron a set X is any subset RC X x X. If
X,y € X, then we will write X R yfor (x,y) € R

B Ris reflexive if whenever x € X we have X R x

B transitive if whenever X,y,z € X,

(XRyand y R 2 implies XR z

N _/
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B symmetric if whenever X,y € X then X R yimplies y R X

B anti-symmetric if whenever X,y € X,

(X Ryand y R X implies x=.

B Ris an equivalence relation if it is reflexive, symmetric
and transitive.

B We will not make much use of the definitions on this slide,
but they are (of course) used throughout computer science.

\ _/
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Preordered Sets

B A preorder on a set X is a binary relation < on X which is
reflexive and transitive.

B A preordered set (X, <) is a set X, equipped with a preorder <
on the set X.

B NOTE: We often just refer to a “preorder X”.

B Every preorder is an example of a category! Elements X in X are
objects and each relationship x < X' is a morphism x — X'.

B The axioms that make X a preorder are exactly those required

to make X a category.
\ _/
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Examples of Preordered Sets

N

B The set P(X)={A|AC X} is called the powerset of X.
The powerset is a preorder with order given by inclusion of
subsets, A C A.

B Given preorders X and Y, their cartesian product has
underlying set

X xY E{(xy)|xeX,yeY}

with order given pointwise, that is (X,y) < (X,Y) iff x <x X
and y <y Y (using the obvious notation).

_/
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B Fix any set X. Consider the set SulfX) of all injective
functions i : A— X, and orderi: A— X < j: A — X provided
there is f : A— A’ such that

A/
A

f 7

B If X is a preorder, then X°P is a preorder given by
changing the order to <°P where for x,x' € X°P OI:efX, we
define x <°P X’ if and only if X' < x.

N _/
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Monotone Functions between Preordered Sets

N

B Let f: X —Y bea function, with X and Y equipped with
preorders. f is monotone if for all x,x' € X we have x < X
implies f(x) < f(X).

B f is also called a homomorphism of preorders, or
sometimes simply a morphism.

B If X is regarded as a category then such a function is an
example of a functor between categories.

12
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Examples of Monotone Functions

B The function f : N — N given by f(n) 1 3is monotone;
there are many such functions on N (and of course R).

B The projection functions TT: X xY - Xand M : X xY —Y
are monotone if X x Y is cartesian product.

B Given a set U, there is a function S: P(U) — P(P(U))
given by S(X) d:efi’(X). This is monotone.

B If f: X — Y isany set function, then f~1: P(Y) — 2(X)

defined by f~1(B) dzef{ xe X | f(x) € B} is monotone.

N _/
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Notions of Isomorphism

B The preorders X and Y are isomorphic if there are
monotone functions f : X —Y and g:Y — X for which
gof =idx and fog=dy.

B The monotone function gis an inverse for f; and vice
versa.

B The elements x and X in X are isomorphic if x < X' and
X' < x. We write x = X',

B We can regard = as a relation on X, which is in fact an

\ equivalence relation.

14
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Partially Preordered Sets

N

B A partial order on a set X is a binary relation < which is
reflexive, transitive and anti-symmetric.

B A partially ordered set (poset) (X, <) is a set X equipped
with a partial order < on the set X.

B Trivially, any poset is of course a preorder in which
isomorphic elements are always equal. Many of our
examples of preorders will in fact be posets.
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Properties in Ordered Sets

N

B Suppose that X is a preorder and A is a subset of X. An
element x € X is an upper bound for A if for every a € Awe
have a < X (sometimes written A < X).

B An element X € X is a greatest element of A if it is an
upper bound of A which belongs to A;

B Lower bounds and least elements are defined analogously.

B Greatest and least elements are unique up to
isomorphism; so too for lower and upper bounds.

_/
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Binary Meets and Joins

B Meets and joins are very simple examples of universal
constructions from category theory.

B Given a pair of elements X,X' € X in a preorder X, the set L of
lower bounds for {x,x'} is

LE 1 ex [I<xandl <X}

B A meet of a pair of elements x, X' € X, if it exists, is a greatest
element in the set L of lower bounds for {x,x'}.

\ theory. A binary meet is an example of a binary product.

B This is a simple example of a universal construction in category

_/




Jiangxi

Normal University, Nanchang, July 2009

-

B Writing — instead of < we have

X

N
A

X

18
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B A join of a pair of elements x, X' € X, if it exists, is a least
J p ,

element in the set U of upper bounds for {x,x'}.

B Writing — instead of < we have

/N

X X
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Top and Bottom Elements; Uniqueness Properties

\

N

B For a preorder X, a top element T € X satisfies X< T for
all x e X.

B For a preorder X, a bottom element | € X satisfies | <X

for all x € X.

B In a preorder, if a meet, join, top or bottom element
exists, then it is unique up to isomorphism.
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Some Examples

B With the usual order on the natural numbers N, binary
meets and joins are given by simply taking the least and
greatest elements (of the pair).

B With the inclusion order on P(X), binary meets and joins
are given by the operations of intersection and union. What
are the top and bottom elements?

B Define the order d | n to mean that (dk € N)(n=k=xd).
With this order, binary meets and joins are given simply by
highest common factor and lowest common multiple

\ respectively. Are there top and bottom elements?

_/
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Arbitrary Meets and Joins

N

B Let X be a preordered set and A C X. A join of Ais a least
element in the set of upper bounds for A. All joins are isomorphic.

B A meet of Ais a greatest element in the set of lower bounds for
A. All meets are isomorphic.

B If Ahas at least one join (it might not!) we write \/ A for a
choice of one of the joins of A. Write also xVv X’ for \/{x,X'}.

B /\ Ais achoice of meet A. Write also XA X for A{x,X }.

B If a preorder has all meets we say it is complete.

B If a preorder has all joins we say it is cocomplete.

_/
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Prelattices

N

B A prelattice is a preordered set which has binary meets
and joins, plus top and bottom elements.

B In fact the examples (N, |) and (P(X),C) are prelattices.

B So too is (SulfX), <) but it requires a little more work to
verify than the other three examples.

B (N, <) isnot a prelattice.

23
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Heyting Prelattices

\

B A Heyting prelattice X is a prelattice in which for each pair of
elements y,z € X there is an element y = z € X such that

X<y=12 iff XAy <z
We call y = zthe Heyting implication of y and z

B In a Heyting prelattice X, the Heyting implication of y and zis
unique up to isomorphism.

Suppose that a and & are two candidates for the element

y=zc X. Then a < aimplies aAy < zimplies a < &; the converse

is similar.

_/
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Distributive Prelattices and Examples

Let X be a prelattice. Then X is distributive if it satisfies
XA (YVZ) = (XAY)V (XAZ) for all x,y,zin X.

B P(X) is a Heyting prelattice where A= A def (X\A)UA.

One may define

y:>zd:ef\/{l cX | Iny<z}

N _/

B Any finite distributive prelattice X is a Heyting prelattice.
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Homomorphisms of Prelattices and Heyting Prelattices

\

B A homomorphism of prelattices is a function f : X —Y

joins, that is

FOA{XL %0 }) 2 AL (X)), ..., F(xn) }

and

FOV X% ) 2\ {f(xa),..., f(xn) }
and also f(T)= T and f(L)= 1.

B A homomorphism of Heyting prelattices is as above but

\ also preserves Heyting implications.

(with X and Y prelattices) which preserves finite meets and

_/
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Examples of Homomorphisms of Prelattices

B Consider the inverse image function f~1: P(Y) — 2(X).
This is a homomorphism of Heyting prelattices.

B The function that multiplies by a natural number k
preserves lowest common multiples, that is, preserves binary
joins in (N, |) where recall d | m means that d divides exactly
into m.

_/
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Definition of a Category

A category ( is specified by the following data:

B A collection ob( of entities called objects, written A, B,
C...

B A collection mor(C of entities called morphisms written
f,g, h...

B For each morphism f a source src(f) which is an object
of C and a target tar(f) also an object of C. We shall write
f:src(f) — tar(f) or perhaps f: A— B.

N

28
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B Morphisms f and g are composable if tar(f) = src(g). If
f:A— Band g:B— C, then there is a morphism go f : A— C.

B For each object A of C there is an identity morphism
Ida : A— A, where

idtar(f) O f — f
f Oidsrc(f) = f

B Composition is associative, that is given morphisms f : A— B,
g:B—Cand h:C — D then

(hog)of = ho(gof).

B If the collection of morphisms from A to B forms a set, then we

write C(A,B) for this set. Such categories are called locally small.

N _/




Jiangxi Normal University, Nanchang, July 2009 30

B Sets and total functions, Set. The objects are sets and

morphisms are (A, f,B) where f C Ax B is a function.
Composition is given by

(B,g,C)o (A f,B) = (A,gof,C)
Finally, if A is any set, the identity is (A,ida,A).

B Any preordered set (X, <) is a category. The objects are
elements of X. The collection of morphisms is the set of pairs
(X,y) where x <y. Composition is (Y,Z) o (X,Y) def (X,2)
(because < is transitive). The identities are the pairs (X, X)
(because < is reflexive).

N _/
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Definition of a Functor

A functor F : C — D is specified by
B an operation taking objects A in C to objects FA in D, and

B an operation sending morphisms f : A— Bin C to
morphisms Ff : FA— FBin D,

for which F(ida) = idra, and whenever the composition of
morphisms go f is defined in C we have F(go f) =FgoFf.

N _/
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Examples of Functors

\

B The functors between two preorders A and B are precisely

the monotone functions from A to B.

B The set [A] of finite lists over a set A gives a monoid via
list concatenation.

Hence we may define F : Set— Mon by FA def A and

Ff €' map( ), where map(f) : [A] — [B] is defined by

map f)(lay,...,an]) = [f(a1),..., f(an)],

with [ay,...,ap] any element of [A].




Jiangxi Normal University, Nanchang, July 2009

-

To see that F(go f) = FgoF f where A— B Y, C note that

33
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B Let C be a category. The identity functor id . is defined by

id-(A) %' A where Ais an object of C and id(f) %'t where f
is a morphism of C.

B Given a set A, recall that the powerset P(A) is the set of
subsets of A. We can define a functor P : Set— Setwhich is
given by

f:A—-B ~— f,:PA) — PB),

where f : A— Bis a function and f, is defined by
(A T 5 @) | & € AY where A € P(A). We call
P: Set— Setthe covariant powerset functor.

N _/
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B Given a category C, the category C°P has objects those of
C, and morphisms f°P: A — B in C°P are morphisms
f:B— Ain C. Composition is g°Po f°P OI:ef(f og)°P.

B We can define a functor P : Set’P — Set by setting
f:-B—A +— f_l:T(B)HT(A),

where f : A— Bis a function in Set, and the function f—1 is

defined by f~1(B') d:ef{ae A| f(a) € B'} where B’ € P(B).

B Note that the source of the functor is an opposite category.
We refer to P as the contravariant powerset functor.

_/
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B letF:C— Dand G: (' — D be functors. The comma
category (F | G) has objects triples (A, f,A’) where A and A
are objects of C and (' respectively and f : FA— GA is a

morphism of D. A morphism (A, f,A") — (B, f',B') is a pair
(g,h) where g: A— Bin C and h: A’ — B’ in (’ for which the
following diagram commutes:

F
FA— 9. FB
f f
GA —— GB
Gh
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Definition of a Natural Transformation

Let F,G: C — D be functors. Then a natural transformation o
from F to G, written a : F — G, is specified by giving a
morphism 0a : FA— GAin 9D for each object Ain C, such that
for any f : A— Bin C, we have

A

FA GA
Ff Gf
FB GB
OB
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Examples of Natural Transformations

\

B Recall F : Set— Monwhere FAZ' /Al and Ff d:efmap(f)
and map f) : [A] — |B|. We can define a natural
transformation rev: F — F by

reva(|ag,...,an)) def [an, ..., a]

We check

(Fforeva)(las,...,an]) =[f(an),...,f(a1)] = (revgoF f)([ag,...,an)).

_/
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B Let C and D be categories and let F, G, H be functors
from C to D. Alsoleta : F — G and 3: G — H be natural
transformations. We can define a natural transformation
Boa :F — H by setting the components to be

def
(Bod)a = Paca.
This yields a category [C, D] with objects functors from C to
D, morphisms natural transformations between such
functors, and composition as given above.

_/
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B Define a functor Fy : Set— Set by
— (A det (X = A) x X on objects

— Fx(f) OI:ef(f o —) X idyx on morphisms

Then define a natural transformation ev: Fx — id ¢ by

eva(g, X) OI:efg(x) where (g,X) € (X = A) x X. To see that we
have defined a natural transformation eva: (X = A) x X — A
let f:A— Band (g,x) € (X = A) x X and note that

(idSGt(f) © eVA) (gv X) — f(eVA(gv X))
= ...(ewsoFx(f))(g,x).

40




Jiangxi

Normal University, Nanchang, July 2009

-

Isomorphisms and Equivalences

B A morphism f : A— Bis an isomorphism if there is some
g:B — A for which fog=idg and go f = ida.

B We shall say g is an inverse for f and vise versa.

B We say that Ais isomorphic to B, A= B, if such a
mutually inverse pair of morphisms exists.

41
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B Anisomorphism o : F = G in a functor category is referred
to as a natural isomorphism. This is the same as having a

collection of isomorphisms FA = GA for each object A which
are “natural in A...”

B Two categories C and D are equivalent if there are
functors F : C — D and G: D — (C together with natural
isomorphisms € : FG=idyp and n : id- = GF. We say that F is
an equivalence with an inverse equivalence G and denote
the equivalence by F : C~ D : G.

\ _/
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Examples

N

B Bijections in Set are isomorphisms.

B In the category determined by a partially ordered set, the
only isomorphisms are the identities, and in a preorder X
with X,y € X we have X2 y iff x <y and y < x. Note that in
this case there can be only one pair of mutually inverse
morphisms witnessing the fact that X2 y.

B lLet an object of 1/Setbe a pair (A,a) where a€ Aand a
morphism g: (A,a) — (B,b) be a function g : A — B for which
b=g(a). Let Part be the category of sets and partial
functions. Then Part ~ 1/Set.

_/
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Definition of Binary Products

\

by
B an object Ax B of C, together with

B two projection morphisms Tia : Ax B— A and
Tg:AxB— B,

for which given any object C and morphisms f : C — A,
g: C — B, there is a unique morphism (f,g) : C — A x B for
which a0 (f,g) = f and T80 (f,g) = 0.

N

A binary product of objects A and B in a category (C is specified

_/
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\

B The data for a binary product is more readily understood
as a commutative diagram,

A - AxB - B

The unique morphism (f,g) : C — Ax B is called the
mediating morphism for f and g.

B The definition can be extended to families of objects

(A |Tel).
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Definition of Finite Products

Given a family of objects in C, a product is specified by
B an object [Mj¢/A in C, and

B forevery j €|, a morphism m; : [jc/Ai — A; in C called the jth
product projection,

such that for any C and (f; : C — A | i € |) there is a unique morphism
<fi ‘ | € |> :C = TliglA

for which given any j € |, we have mjo (fj |i €1) = fj.

N _/
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Examples

N

B A binary product of X and y in a preordered set X is given
by XAy with projections XAy < X and XAy <Y.

B A (non-empty) finite product of (A |i € 1) in Setis given
by the cartesian product NMAic|. The product of the empty
family is a terminal object 1, with the property that there is a
unique morphism !5 : A — 1 for every A.

_/
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Definition of Binary Coproducts

A

binary coproduct of A and B is specified by
B an object A+ B, together with

B two insertion morphismsia:A— A+Bandig:B— A+B,

such that there is a unique [f,g] for which

48
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Definition of Cartesian Closed Categories

B ( is cartesian closed if it has finite products, and for any B and
C there is B =-C and morphism

ev:(B=C)xB—C

such that for any f : Ax B — C there is a unique morphism
A(f):A— (B=-C) such that f =evo (A(f) xidp).

B B = Cis called the exponential of Band C

B A\(f)is the exponential mate of f.

N _/




Jiangxi Normal University, Nanchang, July 2009 50

4 )

Examples

B The category Set

— The terminal object is {@} and binary products are given by
cartesian product.

— B = C s the set of functions from B to C.

— The function ev: (B=-C) x B— C is given by eu’h,b) = h(b),
where b € Band h: B — C is a function.

— Given f : AxB — Cwe define A(f): A— (B=C) by
A(f)(a)(b) = f(ab).

B A Heyting prelattice viewed as a category is indeed cartesian
closed, with Heyting implications as exponentials. In fact such a

\ prelattice also has finite coproducts. /
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Definition of Distributive and Bicartesian Closed
Categories

N

B A category with finite products and coproducts is said to
be distributive if the mediating morphisms

lida x i,ida x j]: (AxB)+(AxC) — Ax (B+C)
and 'ax0: 0 =, AxO0are isomorphisms.

B A category ( is a bicartesian closed category if it is a
cartesian closed category which has finite coproducts.

51
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Examples

N

B The category Set

B Any category |C,Set|. Categorical structure is defined pointwise

meaning, for example, that (F x G)(A) %'FA x GAand so on.

B Any Heyting prelattice which is regarded as a category.

B In fact any bicartesian closed category is automatically
distributive—-we will see why this is so later on.

52
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Functors Preserving Products

\

finite family of objects (Ay,...,An) in C the morphism
ME i) F(ALx... xAy) — FAL x ... x FA;

is an isomorphism.

B We refer to mas the canonical isomorphism.

B F is strict if the above isomorphisms are identities.

B The functor C(C,—) preserves finite products.

N

B The functor F : C — D preserves finite products if for any
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Functors Preserving Coproducts and Exponentials

N

B A functor F : C — D is said to be bicartesian closed if it
preserves finite products, coproducts and exponentials.

B We shall also call such a functor a morphism of
bicartesian closed categories.

54
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Adjunctions between Preorders

B A pair of monotone functions

I
X < =Y
r

is said to be an adjunction if for allxe X and y €,
|(X) <y <= x<r(y)

B We say that | is left adjoint to r and that r is right adjoint
tol. We write | —r.

N _/
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\

Examples

B letl d:ef{ + } be the one element preorder. Then there are
adjunctions (1L 4! 4T)

| |
X - -1 X3 -1

<% <%

L T

provided that X has both top and bottom elements. For
example, for any X € X,
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Examples

B Define A: X — X x X by A(X) def (X,X). Then there are
adjoints (V4 A 4 A)

A A
XT—— XxX X— XxX
V A\

provided that X has both binary meets and joins. For
example, for any | € X,

AN E (1) < (x,X) <= | <AxX) ExAX

57
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B letlL:C— Dand R: D — C be functors. L is left adjoint
to R, written L 4 R, if given any objects A of C and B of D we
have

e a bijection between morphisms LA — B in D and A— RBin

C,
f:LA—B g:A—RB

T:A-RB §:LA B

e this bijection is natural in A and B: given morphisms
a:A — Ain Cand b:B— B’ in D we have

bofolLa=Rbofoa and (Rbogoa)" =bogola.

N _/
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Notation for Adjunctions

\

a functor
C(—,+): C°Px C — Set

by taking any morphism (f,g) : (A,B) — (A',B’) in C°P x C to
the set-theoretic function

C(f,g9): C(A,B) — C(A',B)

that f is a morphism A’ — Ain ().

N

Let A and B be objects of a locally small category C. We define

where C(f,g)(h) =goho f for each morphism h: A — B. (Note

_/
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We can also define

C(A,+): C — Set

This takes B of C to the set C(A,B), andifg:B— B’ is a
morphism of C then the functor C(A,+) takes g: B — B’ to the
function

C(A,9): C(A,B) — C(A,B)

defined by setting

C(Ag)(h) E'goh,

where h: A — B.

Similarly, we can define a functor C(—,B) : C°P — Set

N _/
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If a categories C and D are locally small, then L 4 R provided that

there is an isomorphism

D(—,+)o(LPxid) E| D(L—,+)=c(-,R+) |E'C(~,+)o(id xR)

in the functor category [C°P x D, Setl where L°P: C°P — DOP is

defined by

LOP(f: A — A) L' LA - LA

We also say that Ris right adjoint to L.

N _/
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Examples

B The forgetful functor U : Mon— Set taking a monoid to its
underlying set, and the functor [—] : Set— Mon taking a set
to lists over the set, are adjoints: [—] 4 U.

Given a monoid M and a set A any function g: A— UM
corresponds to a unique monoid morphism §: [A] — M.
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Indeed, there is a bijection for each Aand M

— A

(—) : Mon(|Al,M) = Set(AJUM) : (—)

given by

g:-A—UM +— Q:[A

f:l[Al —M +—
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and a natural isomorphism
W: Mon([—],+) = Set(—,U(+)) : Set’P x Mon — Set

where at any object (A,M) of Set’P x Monwe have

(W) am) dzef(T)

and (say)

N
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N

B There are other examples of forgetful functors. The
functor U : C — Graphtaking a category to its underlying
graph has a left adjoint taking a graph to the free category
over the graph.

B The functor U : Group— Set taking a group to its
underlying set has a left adjoint taking a set to the free group
over the set.
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/I F : Set— T« is the functor taking set X to the vector \
space FX with vectors linear combinations Zj-nkiX; where

X € X and kj € K. Given function f : X — Y, the linear map
Ff:FX—FYis

Ff (Zienkix) & Zienki f(%).
The functor U : Ve — Setis forgetful. Any function
g: X — UV has a unique extension to a linear map
g:FX — V. The assignment g — § has an inverse: any linear
f : FX — V restricts to function f : X — UV. Thus we have a
natural bijection

— A

(—):Set(X,UV) = Tex (FX,U): (—)

N _/
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B The diagonal functor A: Set— Setx Set taking a function
f:A—Bto (f,f):(A/A) — (B,B) has right and left adjoints

M and X taking any morphism (f,g) : (A,A’) — (B,B’) of

Setx Setto f x g% (foma,goTs) : Ax A — Bx B and

f+g det igf,1gg] : A+A — B+ B’ respectively, where

AP AxA A

This example remains valid if we replace Set by any category
C, where we leave the reader to define the diagonal functor

A:C— CxC.

N _/
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B Let C be a category with finite products. Existence of a right
adjoint R to the functor (—) x B: C — ( for each object B of (, is
equivalent to C being cartesian closed.

(=) Given an object Bof C set B=C def R(C) for any object C of
C. Given a morphism f : Ax B— C we define A(f) : A— (B=C)
to be the mate of f across the given adjunction. The morphism

ev:(B=C)xB—C

is the mate (idg—c)” of the identity idg—c : (B=C) — (B=-C).
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(<) Conversely, let B be an object of C. We define a right adjoint to
(—) x B denoted by B=- (—), by setting

c:C—C B:>cd:ef)\(<:oev):(B¢C)—>(B:>C’)

for each morphism c: C — C’ of C. We define a bijection by declaring
the mate of f : AXxB —CtobeA(f): A— (B=-C) and the mate of

g:A— (B=C) to be

g ©evo (g xidg) : Ax B —C.

N _/
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The Yoneda Lemma — Preliminaries

Let C be a locally small category, F : C — Seta functor and A an
object of C. Then the collection Nat(C(A,+),F) of natural
transformations C(A,+) — F is a set and so we can define a functor

Nat(C(—,+),+) : C x |[C,Setl — Set

— The morphism (g,u) : (A,F) — (A,F’) in C x [C, Set] is taken to
the function

Nat(C(g,+),H) : Nat(C(A, +),F) — Nat(C(A,+),F’)

— Nat(Cc(g,+),1)(a) d:efuoo( o(C(g,+) wherea : C(A,+) —F isa
natural transformation.
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The Yoneda Lemma

There is an “evaluation” functor
Ev: Cx|C,Set] — Set
Then there is a natural isomorphism
®:Nat(C(—,+),+)=Ev: V¥

If A is an object of C, this amounts to saying that there is an
isomorphism (set-theoretic bijection)

Piar) :Nat(C(A+),F) = FA: Wi p)

\and this isomorphism is natural in (A,F).
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\

Categorical Type Theory

B We shall define an equational type theory with products, sums,
and functions.

B Working from first principles, we shall derive a semantics.

— First we examine the rules for deriving type assignments, and
show that basic properties lead naturally to categorical models.

— Second, we examine each of the rules for deriving equations,

and extract constraints on our models which guarantee
soundness.
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Categorical Type Theory

N

B We show how structure preserving functors can transform
one model into another ...

B and use this to show how theories correspond to
categories with a universal property.
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Signatures

A A x +-signature, Sg is given by :

B A collection of ground types. The collection of types is
inductively defined:
o T o T o T

Y unit ol gxt o041 o=t

B A collection of function symbols f : 01...04 — 0 which
may be constants K: 0 when a= 0.

N
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/ Raw Terms

We define the raw terms generated by a A x +-signature:
M1 ... Mj M N P P

X ko f(Mgy,...,Ma) O (M,N)  Fst(P)  Snd(P)

S M M S E F

Empg(S) Inr¢(M) Il ( Case(S x.E | y.F)

M)
M F A

AX:0.M FA

B We will use simultaneous substitution of raw terms for free

\ variables, T[U /V]. For example, (x,y)[Inl(y),x/x,y] = (Inl(y),X). J
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Proved Terms

N

B A context is a finite list of (variable, type) pairs, usually
written as ' = [X1 : O1,...,Xn : Op], where the variables are
required to be distinct.

B A term-in-context is a judgement of the form"'-M: o

B Given a signature Sg the proved terms are those
terms-in-context which are inductively generated by the
following rules.

76




Jiangxi Normal University, Nanchang, July 2009

-

r,x:o0,l"-x:0 Fk:o

() :unit

[FP:OXT

~Fst(P):o

[FMy:01 ... T FMj:

[Ff(Mg,...,Mg) : T

[-M:0 TEN:T

r-(M,N):oxTt

[FP:OXT

[ =Snd(P) : T
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-

[ = S: null [-M: 0o [[=N:T

[FEmpg(S):o [=Inlt(M):0+T [Flinrg(N):0+T

[FS:04+1 'x:oFE:Q T,y:THF:0

[+ Case(S XE|y.F):0

[, X:0FM:T1 [FF:o0=1 TFA:CO

[FAX:OoM:0=T1 [FFA:T

\
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Admissible Properties

Whenever Sg> N'M:o,wehave Sg> 1 M : 0.

We use rule induction. More precisely we prove

vVSgr> I'-M:o. Sg> 1M FM:o

We give some examples of property closure.

N
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4 )

[FMi:01 ... [T FEMg:0o;,
[Ff(Mg,...,My): 0

(f:01,...,04— 0O)

(Property Closure for the inductive rule for function
symbols):  The inductive hypotheses are Sg > ™ F M; : g
for each i, that is, there is a derivation for each
term-in-context. But now we can just apply an instance of the
rule to these derivations to deduce that

Sg> 1 F f(Mg,...,My) : 0, as required.

N
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Theories

N

B A AXx+-theory, Th, is a pair (SgAX) where AXis a
collection of equations-in-context for Sg

B An equation-in-context is a judgement' M =M’:0
where M :oand ' - M’ : ¢ are proved terms.

B The theorems of Th consist of the judgements of the form

=M = M’: o inductively generated by the rules on the
following slides—it is a consequence of the rules that
Sg> N'=M:cand Sg> F'-M'":o.
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AX> THFM=M":o0o

r-M=M:co
r-M=M":co
(where Ttis a permutation)
mFM=M:0o
r-M=M:0o
(where I CT)
M"-M=M:0o

'x:oFN=N:1t THM=M":o

F=N[M/X =N[M/x :1

lus rules to ensure that = is an equivalence relation.

\
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Sgr> M :unit

TEM=():unit

Sg>M-M:0 Sg> FT-N:t  Sg>THM:o Sg> FEN:T

FFst((M,N))=M:o =Snd((M,N))=N:1

Sg> F-P:oxt

[+ (Fst(P),Snd(P)) =P:0oxT1
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Sg> N'=S:null Sgp> X null-FM: o

[ FEmpg(S) =M[S/X]: 0

Sg> FT=M:o0 Sgr> I,x:oFE:0 Sgr> INy:1-F:0

[+ Case(Inl;(M), xE |y.F)=E[M/x] : d

Sg> F'EN:1t Sgp IM,x:oFE:0 Sg> IN,y:1t-F: 0

[+ Case(Inrg(N), x.E |y.F) =F[N/x] : d
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Sg> I'—-S:o0+1 Sgr> N,z:.o+t1HL:d

(provided x,y & fv(L))

[ Case(S X.L[Inl{(X)/Z | y.L[Inrg(y)/2]) =L|S/Z] : d

[FS=S:0+1 IMx:0FE=E":6 Iy:t-FF=F":%

[+ Case(S X.E|y.F)=TF Case(S,xE |y.F'):d
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Sg> I''x:oFM:1 Sg> ITHFA:o

- (AX:o.M)A=MA/X] : T

Sg> IFT-FF:o=T1

(provided x ¢ fv(F))
A0 (FX)=F:0=T1

[ x:oFM=M:1

FTEAX:OoM=Ax:0oM:0=T1
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Deriving a Semantics For Proved Terms

B Suppose we model (or interpret) o and T by “objects” A and B.

Let us model X: 0+ M : T as a “relationship” A — B.
B We first think about the process of substitution. Let
[x:oFM:1]=A—B [y:t-N:y|=B—C

Then

O(n,m)

[Xx:oFN[M/y:y|]=A —'C
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N

B Letz:yF L:dbe a further proved term. Note that we
shall identify the semantics of the proved terms

X:0F (LIN/Z)[M/y]:d and x:0FL[N[M/y|/Z]:d

Thus
O(a(l,n),m) =0(,0(n,m))

B We will have to model x: 0+ X: 0 as a relationship
A 2, A. We can deduce that if E — A, then O(xp,€) = €
because X|E /x| = E.
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N

We summarise our deductions, writing nom for 00(n,m) and ida for
*xa, Which amount to the definition of a category:

\

— Types are interpreted by “objects,” say A, B... and proved terms
are interpreted by “relationships,” say A — B. ..

— For each object A there is a relationship ida.

— Given relationships A — B and B — C, there is a relationship
Nnom

A— C.

— Given relationships E — A and A —> B, then we have
Idpaoe=eand moida = m.

— For any A% B, BLCandC#D, we have
lo(nom) = (lon)om.
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\

Summary

N

B We will model a proved term X; : 01,...,Xy:0nFM:Tina
category with finite products as a morphism of the form

[FTEM:T]: ] — [T]
where I d:efxl . 01,...,% - Op and [I] stands for
[o1] x ... x [on].

B Substitution of terms will be modelled by categorical
composition ...
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\

Deriving a Semantics for Theories

-

B First we consider the types of Sg We have to give an object [y]
of C to interpret each of the ground types y, [unit] to interpret unit,
and [null] to interpret null.

B We define [0 x 1] aef [o]O[T], etc

B We choose a morphism [f] : [01] x... x [on] — [0] in C for each
function symbol.

B Recall that the interpretation of ' - M : @ is given by
[TEM:ao]:[l] — [o]. By looking at how to soundly interpret the

_/

theorems of Thwe will deduce what the interpretation must be.
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A typical rule looks like

[FM: o

(R)
[FR(M):T

Now suppose that m% [T =M : o] which is an element of C([I'], [0]).

How do we model [T+ R(M) : 1] € C([I'],[t])? All we can say at the
moment is that this will depend on m, and we can model this idea by
having a function

®: c([r],[o]) — ([, [xD)

and setting [ - R(M) : 1] d:efCD(m).

N _/
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Suppose that x: y-M:oand y:y F N:yare any two given proved
terms. Ifmd:Ef[[x:yk M : o] and nd:Ef[[y: Y =N :y] then

[y:yY FM[N/X :a] =mon. Note that there are (definitionally) equal
proved terms

y:YER(M)[N/X 1 and y:Y FR(M[N/X]): 1.

and so
®(m)on=>d(mon). (%)

(*) will hold if there are natural transformations

®:C(—,A) — C(—,B): C°P — Set

N _/
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Recall that the rule for introducing product terms is

[-M:0 TEN:o

- (M,N):0oxT

In order to soundly interpret this rule we shall need a natural
transformation

d:C(—,A) x C(—,B)— C(—,AOB)

for all objects A and B of C.

N
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Now let m: C — A and n: C — B be morphisms of C. Applying

naturality in C at the morphism (m,n) : C — A x B we deduce

Pc(Tlao (M N), Tz o (M N)) = Paxp(Th, T) o (M, N),

that is ®c(m,n) = Payp(T, T) o (M, n). Now let us define the
morphism gapg : Ax B— AOB to be ®a.p(Ta, Te). Then we can make
the definition

I (M,N):AxB] &

<[[FI—M:G]],[[FI—N:G]]> A[o],[r

I

N _/
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[FH:OXxT

[FFst(H): o

To model this rule we shall need a natural transformation

®: C(—,A0B) — C(—,A). Using the Yoneda lemma (see notes), the
components of ® are given by 6 — po 0 for some p: AOB — A. So
now we can define

[TEH: G><T]] p[[c [

[T+ Fst(H) : o] £'[r]

lo]olt) —— [al.

N _/
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Now we think about the equations

[FM:0 TEN:T

(1)
[ +Fst((M,N))=M:o
[FM:o TTEN:T
(2)
FSnd((M,N))=N:0o
[FH:OoXxT
(3)

[+ (Fst(H),Snd(H)) =H:0oxT
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Ifweputhd:ef[[l_l—H :0><T]]:C—>ADB,md:ef[[FFM 0]:C—A
def

and n=[I' - N:1]:C — B, and our categorical interpretation

satisfies the equations-in-context, this forces

pagodago(mn) = m (1)
Pagodago(mn) = n (2)
gago(PaBoh, ppgoh) = h (3)

These equations imply that, up to isomorphism, AOB and A x B
are the same. Thus we may soundly interpret binary product
types by binary categorical product.

- _/
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To soundly interpret the rule

= S:null
[FEmpg(S):o

we shall need a natural transformation ® : C(—,N) — C(—,A),
where N = [null]. The Yoneda Lemma tells us that the
components of ® are given by 8 — npoB where na: N — Ais a
morphism, one for each A. So now we can define

T Emp(S) 1 o %y L2 Sl ol g

N _/
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If we write s&' [MFS:null] :C— N, and

md:ef[[l',x: nullFM: 0] :CxN— Athen

[ FEmps(S)=M[S/X]: 0
will be soundly modelled providing that
NaoS=mo (idc,s) (1)

holds for any such morphisms. Suppose thatt: N — A. Taking sto be
iIdy and mto be t o Ty, then

Na = toTiy o (idy,idn) =t

Thus N is an initial object in the category C. (In fact (1) forces N to

be distributive, that is Ty : C x N — N is an isomorphism for every C.)

N
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Formal Semantics of Proved Terms

Let C be a BCC. Then a structure, M, for some Sgin (C is specified by:
B For every ground type y an object [y] of C,

B for every function symbol f : 01...0, — T a morphism
[f] : [o1] x ... x [on] — [Tt], where we define [0] by recursion,
setting [unit] aef 1, [oxT] aef o] x [1] etc.

Then for every proved term I' H M : 0 we specify a morphism
[TEM:ao]: ] — [o]

by recursion.

N _/
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[F,x:0,I"Fx:0] o [F] x [o] x [I'] — [o]

(k:0)

M Fk:o] E Kot : [ — 1 — [o]

[[r|—|\/|110'1]] =Ny . [[F]] — [[0'1]]

[FEf(M):1] =[f]o(my,..., my) ] — ([o1] x ... x[on]) — [T]

N _/
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(where 1 is the terminal object of ()

M E O unit] £ [r]— 1

[FTEP:oxt]=p: ] — ([o] x[1])

[F=Fst(P):o] =mop: ] — ([o] x[t]) — [o]

[FTEP:oxt]=p: ] — ([o] x[1])

["=5nd(P) :t] =m0 p: [I] — ([0] < [t]) — [T]

[TEM:o]l=m:[]—=[o] [FTEN:tj=n:[]—[T1]

[MTE(M,N):oxt]=(mn): ] — ([o] x[t])
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[MTES:nullj=s: ] —0

[+ Empg(S) :a] =to=ofidjry,s) : [I] = [ x0=0— [o]

(where O is the initial object of ()

[TEM:o]=m:[I] — [O]

[TEInlk(M):o+1]=iom: ] — [o] — [o] + [1]

[TEN:t]=n:[] —[1]

[T Einrg(N):o+1] = jon: ] — [t] — [o] + 1]
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\

[F=Sto+1]=s:[I— [o] +[T]
Mx:oFE:Q]=e:[l] x[o] — [9]

Fy:oFF: 3] =1:[]x[t]— [9]

[ Case(S xX.E |y.F): 9] =
& flo=oidyry,s) - [I] — [] x ([o] +[])

>~ ([F] x [o]) + ([F] = [t]) — [3]
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[Fx:oFM:t]=m:[I] x [o] — [1]

[TEFAX:oM:o=1]=A(m): '] — [o] = [1]

TFF:o=1]=f:[]—(Jo]=[1]) [TFA:c]=a:[l] — [0]

[TEFA:T] d:efevO<f,a> ] — ([o] = [1]) x [o] — [1]
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Modelling Composition

Let "= N : 1 be a proved term where [ = [X;1 : 01,X2 : O3] and let

[ = M; : g; be proved terms for i = 1,2. Then one can show that
[ N[Ml, |\/|2/X1,X2] : T and

[T =N[Mpy, Mo /X, %] 1] =["EN:t]o{[F FMy:01], [T =My :05])

Proof: By rule induction on the derivation of the judgement
"EN:T.

N _/
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Soundness

Let M be a structure for a A X +-signature in a bicartesian
closed category C. M satisfies the equation-in-context
rTEM=M":cif [T-M:0o] and [l - M’ : 0] are equal. We say
that M is a model of a A x +-theory Th= (Sg AX) if M satisfies
the axioms.

Then M satisfies any equation-in-context which is a theorem of
Th.

Proof: This can be shown by rule induction using the rules for
deriving theorems.

N _/
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et

deEf[[r,XZGI—I\/I 1] : [I] x [o] — [1]

and a % [TFA:0]: ] — [o]. Then we have

(Property Closure for the (base) rule):

Sgr> Ix:oFM:1 Sg> ITHA:o

[F(AxX:o.M)A=M[A/X] T

[TE(Ax:o.M)A:1] = evo([lTFAx:oM:1],[TFA:a])

= [FEFMIA/X] 1]

109
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Transporting Models

\

types:

N

Suppose that we are given a morphism of bicartesian closed
categories F : C — D. Let M be a model of Thin C. We shall
show how to define a new model, of Thin D, denoted by F,M.
We shall need a lemma, that may be proved by induction over

If we set [Y]g um e Yl where yis a ground type of Th, then it
follows from this that there is a canonical isomorphism
[0]g m = Flo]y where o is any type of Th.

_/
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A structure FM is given by [Y]g v e [y]yy on ground types and
[f]g v is given by the composition

Ff] ~
F([o1]y x ... x [on]y) — Ftly = [Tem
where f : 01,...,05 — T is a function symbol of Th, the isomorphims
>~ exist because of the lemma, and &’ arises from F preserving finite
products.

N _/
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In fact F.M is a model of Th.

Given a proved term [ - M : 0 one can show by induction that
the morphism [I" =M : o] \, is given by the composition

[l % - X [Onlem = F([02]y % x [onl ) — " Flo]y.

If we are given proved terms M : o and I - N : ¢ for which
[F=M:o]y =+ N:o]y then certainly

[F=M:0]ey = =N:0]g . Thus if M is a model of Thin C
then F.M is a model of Thin D.

N _/
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Classifying Categories

Let Thbe a A x +-theory. A bicartesian closed category CI(Th)
is called the classifying category of Thif there is a model G of
Thin CI(Th) for which given any category D with finite
products, and a model M of Thin D, then there is a functor
u: Cl(Th) — D such that

Gi / where 1,G =M.,

113
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Constructing Classifiers

Every A x +-theory Thhas a classifying category CI(Th). We can
construct a canonical classifying category using the syntax of Th.

Proof:
B The objects of CI(Th) are the types of Th.

B A morphism 0 — T is an equivalence class (x: 0 | M) of pairs
(x:0,M) where Sg > Xx:0F M : 1, with equivalence relation

(x:0,M) ~ (X' :0,M") iff ~ Th> x:0FM=M[x/X]:T.

N _/
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B Given o0 and T, the binary product is 0 X T with projection
Ty:0XT—0ogiven by (z:0oxT1|Fst(2). If (x:y|M):y—o0o
and (y:y|N):y— 1, then the mediating morphism is

z:y] (M[Z/X.N[z/y]) - y— O x T

B (x:0]|()) is the unique morphism 0 — unit so that unit is a
terminal object for CI(Th).

B (X:null| Empg(X)) is the unique morphism null — 0 so that
null is a terminal object for CI(Th).

_/
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B We define a structure G for Sgin CI(Th). [y|s d:efy (and
hence it follows that 0] 5 = 0 for any type 0).

B Also define for f : 01,02 — T
[fle £ (z: 01 x 02| f(Fst(2),5nd(2)))
Certainly we have

Sgr> z:01x02F f(Fst(z),Snd(2)) : T

B Ifk:o then [Klg & (x: unit | k).

N _/
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We check that G is indeed a model of Th= (Sg Ax). Suppose that
Sg> x:0,y:TFM:p. Then we can prove by induction that

[X:o,y:Tt-M:p]g=(z:0xT1|M|[Fst(z)/X,5nd(2)/y])
Now, if we have Th > x:0,y: THM=M':p, then
Th > z:0xT1F MJ[Fst(2)/x,Snd(2) /y] = M'[Fst(2) /x,Snd(2) /y] : p

and hence that [x: o,y: T-M:p]s=[x:0,y: 1M :p]s;.

N _/
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B Now let M be a model of Thin D. We define
u: Cl(Th) — D by

x:o|M):og—1 +— [x:oEM:1]y oy — [Tlu

The soundness theorem says that the definition makes sense.
It is easy to see that [ is a bicartesian closed functor.

N _/
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It is routine to verify that u,G = M. For example, consider a
function symbol f : 01,02 — 1. Then

[fle = Wzio1xoz] f(Projy(2),Projp(2)))

= [z:01x02F f(Proji(2),Projs(2)) : 1)y

= [l o (mm)

= [flu-
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Suppose that there is another bicartesian closed functor
W : CI(Th) — 9D for which ,G = M. If 0 is an object of CI(Th)

then

def N
po = o]y = [o] e = K[o]g =Ho

using a previous lemma that establishes the isomorphism, and
this gives rise to a natural isomorphism pu= .

N _/
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Some Applications

B We show that by starting with a very simple type theory,
the expressive power (in a sense to be made precise) is not
increased by adding products, sums and functions. This is
proved by establishing an equivalent categorical problem,
and solving it using categorical methods.
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/ Algebraic Theories \

An algebraic theory is a A X +-theory in which there are no

product, sum, and function types. More precisely, an algebraic
theory Th= (Sg AX) consists of

e a collection of types and function symbols;

e raw terms generated from these data, using only the rules

M]_ Ma

X K f(My,....Ma)

e proved terms, generated as expected; and

e theorems, generated by the rules of equality.

N _/
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/ Classifiers for Algebraic Theories \

Every algebraic theory Thhas a classifying theory CI(T h).

B The objects of CI(Th) are finite lists of types from the

algebraic signature Sgof Th, for example G def (01,...,0n].

B The morphisms with source ¢ and target T, where

d f — — .
T = [Ty1,...,Tm] and both & and T are non-empty lists, are

given by finite lists of the form

where the types 0 appear in ' and we have Sg > ' - M; : T

forl1<j<m.
N\ _/
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A Conservative Extension

Let Th= (Sg AXx) be an algebraic theory. Let TH = (Sd,AX) be the

A x +-theory with ground types and function symbols those of Sg

and AX %' Ax Let &' X1 :VY1,..-,%n: Yn]. Suppose that

Sd > [Xt:Vi,..- Xn:Yn] FEY
Then there exists M for which
Sg>TT-M:y and TH > TFE=M:y.

Moreover, if there is M’ for which Sg > ' = M’ : y and also
TH > TFE=M:ythenwe have Thi> TFM=M":y.

N _/
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Free Bicartesian Closed Cateories

Let C be a category with finite products. Then ¥ is the relatively
free BCCC generated by ( if there is a finite product preserving
functor | : C — FC such thatif F : C — D is finite product preserving

and D is a BCCC then there is a BCCC functor F : FC — D for which
@: Fl = F and F is unique up to isomorphism.

|
C - JC

A F

Y

‘D
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Relating Thand TH Categorically

We define a functor | : CI(Th) — CI(TH). Very roughly, if

(XY | M)th:y—VY

then we set

def
L(X: Y| M)th = (X1 Y| M)y

Warning: the objects of CI(Th) are in fact lists of types (in the

example above the source y and target y are lists of length
one) and the precise definition of | is rather messy ....

N _/
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On an object y of CI(Th) set

. def
|(¥) = (- (YL X ¥2) X -..) X Y
and given a morphism (I' | M)h:y— y (where the subscript Th
denotes equivalence up to provable equality in Th), then we set

def —~

(T M)th = (2: Ty | (... (M1, M), ..., Mm) )ty

in which we have written INy; for (... (y1 X Y2) X ...) X ¥ and
also

— def

Mj = M;|Proj;(2) /X1, ...,Proj;(2) /Xj, ..., Projn(2) /Xn]

where Proj;(2) is a term for j-th projection.

N _/
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Full and Faithful Functors

B F:(C— Disfaithful if given a parallel pair of morphisms
f,g: A— Bin C for which Ff = Fg, then f =g. Thus

C(A, B) — Q)(FA,FB)
1s 1-1.

B F is full if given objects A and B in ¢ and a morphism
g:FA— FBin D, then there is some f : A— B in C for which
Ff =g Thus

C(A,B) — D(FA,FB)

1S onto.

N _/
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Outlining a Proof of the Con. Extension

1. Show that | : CI(Th) — CI(TH) yields a free BCCC.

2. Prove a purely categorical result called the “logical
relations” gluing lemma.

3. Apply the gluing lemma and the free BCCC property, to
show that | is full and faithful ...

12

CI(Th)(y,Y) - CI(TH)(1y, 1Y)
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Existence: Suppose that Sg > x:yF E:y. Then we certainly

have

def
e= (X:Y|E)py:ly— 1Y

in CI(TH). Using the fullness of I, there is a morphism
(X:y|M)th:y— Y which is taken to e by |. But this implies

TH > x:yFM=E:Yy

as required.

N _/
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A Free BCCC

The functor | : CI(Th) — CI(TH) presents CI(TH) as the relatively free
BCC generated by CI(Th).

Proof: Let F : CI(Th) — C preserve finite products where C is a
BCCC. We shall define a functor F : CI(TH) — C by recursion over the
syntactic structure of CI(Th'). For example

e Fy = F[y] where yis a ground type of Sd,

e F(ox1) E'FoxFr,

eF(z:8| ()L Fa— 1,
(

e F(z:0|Fst(P)) d:efnlf(z: d| P) where m : Fo x FT — Fo,

N _/
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Gluing Lemma by Logical Relations

Let D be a BCC and let | : C — D preserve finite products. We define
a category Gl as follows:

e Objects of Gl are (F,<1,D) where F : C°P — Setis a functor, D is
an object of D, and for each object C of C, <ic € FC x D(IC,D).

e A morphism (a,d) : (F,<,D) — (F’,<’,D’) is given by a natural
transformation o : F — F’ and a morphism d : D — D’ in D for
which if X <ic u then ac(X) <i¢ d ou, where of course x € FC and

ue D(IC,D).

Then Gl is a bicartesian closed category and the obvious functor
T : Gl — D is a morphism of BCCCs.

N _/
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Proof The structure of Gl is specified by a “logical relations”

procedure on the subset <.

(Binary Products): We set
(F,<,D) x (F,</,D) E'"(F xF',<1 x </,Dx D)

where (X,X')(<0 x <')cujust in case x <ic Tw and X' < T'u where of
course TI: Dx D' — D and 1M : D x D’ — D’ in D. The projections in Gl
are given by pairing of projections in [C°P, Set and D, such as:

def
(

TE D) = (TF,Tp) : (F xF',<a x <',DxD") — (F,<,D).

N _/
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Freeness Implies Full and Faithful

Let C be a locally small category, and ¥ the freely generated
bicartesian closed category. Then the canonical functor | : C — F(C is

full and faithful.

Proof We apply the gluing lemma to | (so D def FC). We define a

functor J: C — Gl: on objects C of C define JC by (C(—,C),<",IC)
where the subset

<& C ¢(C,C)x Fc(IC,IC)

is defined by just requiring C 48 Ic for each morphism ¢:C' — Cin

C. On morphisms ¢ of C we set ch:ef(C(—,C), IC).

N _/
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The Yoneda functor C(—,+) : C — [C°P, Sef is full and
faithful, where c:C — C' — C(—,c¢): C(-,C) — C(-,C)).

J is faithful for C(—,+) is faithful. For fullness, let

(a,d) : JIC— JC. Hence a : C(—,C) — C(—,C’) and so

o = C(—,c) for some ¢:C — C in C. Now certainly idc <& idic
and so

ac(ide) = C(C,c)(idc) =c¢ <18/ doidic =d

implying d = Ic; therefore Jc= (a,d), that is J is full.

N _/
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Consider the following diagram

CI(TH) = CI(TH)

g
J Y

CI(Th) — gI(T") ey

\ N

CI(TH) — CI(TH)
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By freeness, the functor J exists and Jo| = J naturally. By
definition, P,oJ = I. It follows that P,oJo| 22| naturally, that
is (P20J)ol =1, and as idgyryy ol =1 (trivially!) it follows
from the universal property of relatively free bicartesian closed
categories that id¢ ) = P2 oJ naturally. This latter
isomorphism implies that J is faithful. This fact, together with

J full and faithful proved above, and Jo| = J implies that | is
full and faithful.

N _/




