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Abstract

Resumé: Nous montrons que la théorie du type FIX introduite par Crole et Pitts
[3] peut étre codée dans une variante du calcul d’objets de Abadi et Cardelli. Plus
précisement, nous montrons que la théorie du type FIX présentée avec les jugements
d’égalité et de réduction opérationnelle, peut étre traduite dans le calcul d’objets,
cette translation préservant la validité.

La traduction que nous donnons utilise le calcul d’objets comme métalangage
dans lequel FIX est représenté. Une analogie est permise avec la théorie des Arités
et Expressions de Martin Lof. Les traductions donnent une description de certains
objets récursifs intéressants en termes d’expressions plus simples de la théorie du
type FIX. Ces traductions serviront également 1’automatisation des sémantiques
opérationnelles.

Abstract: We show that the FIX type theory introduced by Crole and Pitts [3]
can be encoded in variants of Abadi and Cardelli’s object calculi. More precisely,
we show that the FIX type theory presented with judgements of both equality
and operational reduction can be translated into object calculi, and the translation
proved sound.

The translations we give can be seen as using object calculi as a metalanguge
within which FIX can be represented; an analogy can be drawn with Martin Lo6f’s
Theory of Arities and Expressions. As well as providing a description of certain
interesting recursive objects in terms of rather simpler expressions found in the
FIX type theory, the translations will be of interest to those involved with the
automation of operational semantics.

1 Motivation

The results and ideas presented in this paper concern type theories equipped with either
equational or operational semantics. We shall assume that readers are familiar with type



theory, and more specifically with type theories possessing judgements of both equality,
and operational reduction. A good general reference for (dependent) type theory is the
book [10]. For operational reduction, see for example [2, 4, 6, 8, 11, 12, 13].

In fact the results presented here are founded on the FIX type theory introduced by Crole
and Pitts in [3], and the object type theories (calculi) introduced by Abadi and Cardelli
in [1]. If the reader is not familiar with the details of these type theories, we would ask
that they consult the key references which we have just given. However, we will give some
informal explanations of the theories in loc cit which should help readers through the key
ideas of the current paper. We shall also repeat some of the technical details in loc cit
when it is sensible to do so. Before moving on to explain the results of this paper, let us
review informally the FIX and object type theories.

The FIX type theory was (in part) designed to be used as a metalanguage for program-
ming language semantics. It contains natural numbers, products and sums, higher order
functions, computation types [9] to interpret lazy and eager evaluation strategies, and
finally a fizpoint type which provides (in the presence of computation types) a frame-
work in which recursive programming constructs can be interpreted. Previous work of
the author, and others, used the FIX type theory (sometimes embedded in a logic) to
give semantics to programming languages.

Abadi and Cardelli introduced object type theories (calculi) to provide a foundation for the
theory of object oriented languages at the level of an operational semantics. In their book
[1] one finds discussions of very many systems, but broadly each system provides a theory
of objects with either equational semantics, single step operational semantics, or natural
semantics. Abadi and Cardelli have shown that object calculi are highly expressive,
leading to the principle that “everything is an object”. Various people (see for example
[5]) have provided evidence for this, in the form of examples, and simple translations or
encodings. One of the key properties of object calculi is that their operational semantics
are “highly recursive”, and as a simple consequence of this Abadi and Cardelli have also
shown that such calculi model recursion operators.

These observations lead to the questions

1. Can a rich type theory such as FIX be encoded in object calculi?

2. Can this be done in a way which unifies those examples given by Abadi and Cardell
(and others)?

3. What uses can we find for the encoding?

The aim of this paper is to provide answers to these questions. The short answer to both
(1) and (2) is “yes”. We answer (1) by giving a translation of FIX into object calculi,
and proving the translation sound. In fact we shall consider both an equational version of
FIX, and an operational version, and specify sound translations into suitable equational
and operational object type theories. We shall show that the definitions of the encoding
given here can be explained in a canonical way. It is this canonical translation which
provides us with at least one answer to (3). In recent work of Ambler and the author,
the theorem prover Isabelle has been used to represent programming languages and to
verify properties of the languages. We have used the simply typed lambda calculus as



M == (M,M) Pairs
| Split(M,v.v.M) splitting
| Inl(M) left copair insertion
| Inr(M) right copair insertion
|  Case(M,v.M,v.M) cases
| A(v.M) functions
| MM function application
| Val(M) value computation types
| Let(M,v.M) sequencing computation types
| w fizpoint index
| s(M) fizpoint successor
| (v.M)M fixpoint iterator

Figure 1: Term Grammar for FIX

a metalanguage in which to represent object level programming languages. In fact the
translation we describe in this paper can also be viewed as using OB.J as a metalanguage.
This gives us a new system for representing object level programming languages. The
fact that our translation is canonical, as explained in detail in Section 3, provides a useful
guiding principle when formulating automated machine translations in theorem provers
such as Isabelle.

The paper proceeds as follows. In Section 2 we give a short but technically detailed
review of FIX, and an object type theory which we call OB.J. Both of these systems are
equational theories. In Section 3 we give a translation of FIX into OBJ. We explain how
the translation has been derived in a canonical way. We give a proof that the translation
is sound, that is, we show that we have given an encoding of FIX in OBJ. The section
ends with a discussion of FIX recursion and its translation into OBJ. In Section 4 we
introduce the systems FIX,, and OBJ,,. These are analogues of FIX and OBJ which
have an operational semantics. This is essential for the kind of work mentioned above,
namely the representation of object level programming languages. In Section 5 we give a
translation of FIX,, into OBJ,,, and prove it sound. We then conclude the paper.

2 The Systems FIX and OBJ

We outline the type theories used in Section 3. For general background on type theory,
see [10]. The equational theory FIX was introduced by Pitts and the author; please see
(3] for further details. This theory is simply typed, with types given by the grammar

ox=Kpx |fit|oxo|o+o|o=0o|To

where Kpx is an arbitrary ground type (such as natural numbers). The terms M are
given in Figure 1 where v ranges over a fixed set of variables. As outlined in Section 1
the system provides a type theory suitable for programming language semantics: ground
types, products (pair types), coproducts (sum types), higher order functions, computation
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types, and the fixpoint type. Without going into technical detail here, the fixpoint type
allows recursion to be interpreted. In fact any term whose type is of the form To =
To (informally a term which transforms computations into computations) must have a
fixpoint which can be represented directly within the type theory. Note that while we have
presented a formal term grammar, we shall often use a suggestive notation to indicate the
types of terms, such as P for a pair (term of type o x o), C for a copair (term of type
o+ ¢'), F for a function (term of type o = ¢’) and so on.

The theory OBJ contains rules for deriving judgements of the following forms

'EM:o type assignment
F'-M=M:0o equality
where [" is an environment assigning types to terms, often denoted by [z1:071, ..., Z,: 0,].

Thus, formally, T" is a (finite) partial function from the set of variables to the set of types.
The rules for deriving type assignments and equalities are all standard, and may be found
in [10] together with [3]. Note that a consequence of deriving an equality judgement is
that the two terms involved are well typed; for example if ' = M = M’ : o is a valid
judgement, then ' = M : o and T'F M’ : o are valid type assignments.

Although we ask that the reader be familiar with the FIX theory, we remind the reader
of the ideas behind the simple domain theoretic model of FIX, which will help to give
meaning to those parts of FIX which are associated with computation types [9] and the
fixpoint type. We model types as (bottomless) wepos, and type assignments as continuous
functions. Let o and ¢’ be modelled by the wcpos D and D’. Also, let M: o be modelled
by d € D. To is modelled by the lifted domain D, . The term Val(M) € D, is modelled
as the inclusion 1: D — D) of d in D, . The term Let(E,z.E") is modelled as the Kleisli
composition of the functions modelling F and z:0 = E' : To'. fix is modelled as the
vertical natural numbers with infinity, N*°. Let x:To = F : o be modelled by the
function f: D, — D;let = E : T'fix modelled by e € N°; and let = N : fix be modelled
by n € N*°. Then w is modelled by co € N*°; the term (2.F)" can be thought of as the
Nth recursive unfolding of F' and is modelled by (¢ o f)*(L); s(F) is modelled by e + 1
if e # oo and oo otherwise; and finally (x.F)* is modelled by \/(z o f)*°(L), which is the
least fixpoint of v o f.

Let us now move to a brief description of OB.J. This type theory is essentially Abadi
and Cardelli’s ObU Ay UA,,. This system is their basic calculus of objects, enriched with
V-types (see page 170 of [1]) and recursive foldings and unfoldings (see page 114 of [1]).
Thus OBJ has types

o =V variables
| Kops ground type
| (Lo ] object type
|  V(V.o) universal type
| u(Vo) recursive type

where V' ranges over a set of type variables, the symbol [ is an element of a fixed set
of labels and I ranges over finite subsets of N. Such labels give names to the fields and
methods (sometimes referred to as attributes and operations) of objects. The terms are



given by the grammar

M == v variables
| [l =¢(v;) M; *€T] objects
| M.l method invocation
| M.l<c(v)M method update
| A(V.M) type variable abstraction
| M, type variable application
| Fld(M) folding for recursive types
| UFId(M) unfolding for recursive types

One can think of the results as final values returned by operational reductions; they are
used on page 17.

The theory FIX contains rules for deriving judgements of the forms

OFM:o type assignment
OFM=M:0o equality

whose intended meaning is the same as the analogous constructs from FIX. Here, © o

A | T is an environment assigning types to variables in ', and listing free type variables
in A. Thus a typical A is [X7,...,X,] with the X; all type variables. As usual, in any
typing judgement

(X1,..., X0 | [z1:00, .o 2o F M o

the free type variables occuring in the o;, o and M must appear in [X;,...,X,], and
the free term variables occuring in M must appear in [zq: 071, ..., T, 0,]. We omit A or
[' if either is empty. The equational theory for OBJ consists of the usual equations of
Abadi and Cardelli’s core object calculus, the usual equations for V-types, and the usual
fold /unfold equations which specify that fold and unfold constructors are mutual inverses.

3 An Encoding For Equality Judgements

3.1 Explaining a Translation of FIX into OBJ

Now we address the first new topic of this paper, namely giving an encoding of FIX
into OB.J. Thus we need to specify a translation of FIX into OBJ and prove it sound.
The encoding is canonical in the sense that it is based on an adaptation of the following
idea. It is well understood that the simply typed lambda calculus with constants, £, can
be used as a metalanguage into which other type theories 7 can be translated [10] in a
canonical fashion. This paper proceeds in a similar manner, but we shall explain how to
use OBJ as a metalanguage into which 7 can be translated in a canonical way. In order
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T < FIX

Constr (M, M)
Destr Split(P, z.z'.N)

Eq Split((M, M"y, xz.2'.N) = N{z, 2" + M, M'}

L ¥ FEu=z|k|EE|vE

Constr kpair [M] [M']
Destr kspiie [P] (z.2".[NT)

Eq | kspiic (kpaic [M] [M']) (z.2".[N]) = [NK{z, 2" « [M], [M']}

Figure 2: Explaining Arities and Expressions with Product Types

to better understand these ideas, we shall first recall how to use £ as a metalanguage
for general type theories 7, by giving a translation function [—]:7 — L. This idea,
sometimes known as Martin Lof’s theory of arities and expressions, is explained fully in
[10].

1. Variable binders in 7 are modelled by abstraction in £. More precisely, if T has a
binding construction of the form #.7T', then it will be canonically represented in L
by A.[T]. Note that we often drop the A and simply write #.[T] overloading the
notation.

2. Constructor and destructor terms in 7 are represented in £ by constants. In either
case, if a term in 7 is built out of n sub-terms ¢.T;, where the ¢ may be empty
if there are no bound variables in the subterm, then it will be represented in £
by k(0.[T1],...,¥.[T,]) where k is a constant in £ and the notation is the usual
shorthand® denoting nested function applications in L.

3. If an equation 7' = T" holds in 7T, then we assert that [T] = [T"] holds (in the
theory representing 7) in £. Thus equalities in 7 are represented by (non-logical)
equalities in L.

We give an example of this methodology when 7 is FIX. The FIX product constructor
terms take the form (M, M'); the destructor terms take the form Split(P, z.y.N). They
satisfy the equation

Split((M, My, z.y.N) = N{z,y + M, M'} (1)

where we have omitted environments and types which would clutter our explanation of
the central ideas. The pair constructor is built from two terms, M and M’, and the
split destructor is built from a pair P and a term z.y./N in which any occurrences of the
variables x and y in N are bound in the destructor term. We require two £ constants to
represent the constructor and destructor terms respectively; we call these kpai, and kspji.

'For example, k(T},Ts,Ts) denotes ((kT1)T»)Ts



The translations of the constructor and destructor terms are shown in Figure 2. Finally
note that we assert that the translation of the equands appearing in { are equal in £ as
an axiom.

We shall now explain how we can replace £ by OBJ. We now regard OBJ as a metalan-
guage, and describe a translation [—]: 7 — OBJ. First, we need a little more notation.

We write T % ¢(2)z.1. Then for any object of the form O % [... I=¢(2)z.l,...] we have
O.l=0.1l=.... Thus we can regard O as a “looping object”. In fact the closed term
T can be instantiated at any type, and we shall use it as a generic object which inhabits
all types. One might liken it to the recursive term recz.z for “undefinedness”. Often, we
will wish to create an object in which the names of labels are known, but the attribute
body is not. We can use fields of the form [ =1 to fulfil this role. We shall now explain
the general formulation of [—] on terms of non-fiz or non-computation type.

1. Variable binders in T are all modelled by the OBJ self binder. More precisely, if T
has a binding construction of the form #.T, then it will be canonically represented
in OBJ by [v;...vg.T] of c(2)[T{vy < 2.1, =F<K}. The choice of actual name
of the labels [, will be explained in 3 below.

2. A constructor term in 7 will be represented by an object some of whose fields
correspond to its sub-terms. The constructor term has a corresponding destructor
term. This destructor term will itself contain sub-terms which specify the possible
final results when the destructor consumes a constructor. Fields in the object will
be used to indicate these final result terms. The remaining field is used to indicate
the actual final result.

In more detail, if a constructor term in 7 is built out of n sub-terms .7}, and its
corresponding destructor returns one of m possible final result terms, then it will
be represented in OB.J by an object of the form

L=[v.T1],..., 1, =[0.T,],cnxty = 1, ..., cnxt, = T, res =(2) R]

where the term R is used to select a final result from the cnxt fields. For example,
in the case of translations of FIX terms with non-fiz or non-computation type, if
cnxt; labels the final result, R will be 2. cnxt;.

3. A typical destructor term will be built out of a single subterm 7', which represents a
constructor term to be consumed, together with a sequence of subterms vy ...vg.N;
which specify the possible final results from computing the destructor. If the term
has a non-fiz or non-computation type then these data will typically be translated
into an object of the form

[T]o[Ti]o[T]o...0o[Tm] def (IT] »enxts < c(2)[Ti]{os ¢ 2.0, '<k<K}
. CNxt,, ¢ c[Tnl{ve & 21y =F<K}).res

4. If an equation T" = T" holds in T, then the choice of fields and methods suggested
above will ensure that [T] = [T'] holds in OB/J.



Let us apply these ideas when T is FIX to develop a canonical translation of FIX products
into OB/J.

1. Variable bindings will appear below.

2. Consider the constructor term (M, M'). This term has two sub-terms M and M’ and
thus its translation has two fields whose labels we call fst and snd. The corresponding
destructor term is Split((M, M'), z.y.N) which can return just one possible final
result term based on N. The translation will have just one field of the form cnxt = 1.
Finally, adding in a method to return the result value held in the cnxt field, we see
that we obtain the object

[fst = M,snd = M’ cnxt = 1, res =(2)z « cnxt]
This is the object pair&M]];[[M’ﬂ given in Figure 4 and is used for the translation of
pairs.

3. Consider the destructor term Split(P, xz.y.N). This has a main (sub-)term P which
represents a pair constructor and just one other subterm z.y.N. Thus this term is
translated to an object term of the form

[P] o [N] = ([P] «cnxt <= ¢(2)[N]{x,y < z.fst, z.snd}) . res

The object [P] contains a field enxt which should hold the computation of the final
result of (the translation of) the split term. This final result is obtained from [NV],
whose bound variables must be updated to hold the first and second components of
the (translation of) the pair P. These are selected using fst and snd. Finally, the
invocation of res returns the final result.

4. By calculating in OBJ, using just logical equalities we can see that
[(M, M")] o [N] = [NK=,y « [M], [M]}

In fact, as we shall see later, [N{z,y < M, M'}] = [N]{z,y + [M],[M']} and
thus the encoding is sound—recall t on page 3.1. We summarise these ideas in
Figure 3. Note that the constructor translation involves a type abstraction. This is
an extra piece of book-keeping to ensure the correctness of types. The type variable
X will be instantiated with the translation of the type of the split term when the
constructor is actually consumed by a destructor—hence the term [P], in Figure 3.

Let us now explain our translation of the type fir and its terms. It will be useful to
refer to a categorical model of FIX as given by a FIX-category. See [3] for details. The
type To indicates a computation of type o. This is translated to the object type [I7: [o]]
which records that any computation with result type [o] can be extracted by invoking
the {” method. With this, we can define [fiz] & (X.[I": X]). The translation is the
expected one, using standard fold/unfold type recursion. The constructor s is modelled
as the structure map (isomorphism) T'fix — fiz of the initial T-algebra in a FIX-category.
Given this, we can expect to translate the term s(E) as FId([E]). The term w represents
a global element of fiz in any categorical model. In particular, it is used to “enumerate”
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OBJ
Constr | &% A(X.[fst =[M], snd =[M'], cnxt = 1, res =¢(z: PRODEHT) 2 | enxt])
Destr ([Pl » enxt <= ¢(2)[N]{z, 2" <= z . fst, z.snd}) . res

Eq | ({p-cnxt <= ¢(2)[N]{z, 2" < z.fst,z.snd}) .res = [N|{z, 2’ « [M], [M']}

Figure 3: Explaining the Encoding Principle at Product Types

any “infinite” recursive unfolding of a term modelled by a morphism TA — T A (recall the
FIX-category example on page 4). It satisfies an equation of the form w = s(Val(w)). By
considering this equational property, one soon decides that FId([I” =¢(z: [I”: [fiz]])FId(2)])
is a suitable candidate for the translation. Finally, we consider the term (z.F)" and also
the equality

I'F (2.F)'®) = F{z < Let(E,n.Val((x.F)"))} : & (%)

The object that (z.F)Y is translated to should have attributes to represent z.F and
N. Let us name the label for [N] by pow. Note that x.F is a computation, hence its
attribute will be labelled by {”. The translation should also have a “final result” attribute,
which will perform recursive unfoldings, say with label rec. This leads to a translation
type IT? % [IT:[iT: o], pow: [fiz], rec: 5]. Let us think about the attribute bodies in the
translation of (z.F)N. First, pow simply records the translation of the term N. Next,
the method rec is used to return recursive unfoldings. Thus we can set its body to be
rec=¢(2": IT”)[F]{z < 2’ .1"}. This object body selects the result of the computation
x.[F] by invoking [T, and passes this (recursively) into x.[F] by binding the result to z.
Finally, we think about the remaining attribute /7. This will hold a computation (say c)
which matches the right hand side of %, as this will implicitly ensure the soundness of x
in the translation. We obtain ¢ by asking how the right hand side of * is evaluated. The
term s([E]) (given by z.pow) is unfolded to [E] and then this computation is evaluated;
this corresponds to UFId(z . pow) . /7. This value is the new value taken by pow, and
hence we should have an update of pow. The final result given by ¢ should be extracted
by invoking rec. Thus we have ¢ = (z . pow < UFId(z . pow) . [") . rec. Putting this all
together gives rise to the translation of (z.F)" in Figure 5.

3.2 The Translation
Let us formally define a translation function [—]: FIX — OBJ on the types and terms of
FIX. This translation function was developed using the basic ideas which we have just

presented. The function [—] maps type assignments to type assignments:

'EM:o — [11[C]F [M] : o]

Jjudgement in FIX judgement in OB.J



o 177 & [17:[IT: o], pow: fizopys, rec: o] where fizops def w(X.[IT: X))

. PROD}'(;”’ def [fst: o, snd: 0/, cnxt: X, res: X]
. C’OPR;U’ def [inl: o,inr: o', cnxtl: X, cnxtr: X, res: X|
o it) i [T =¢(2: IT?)¢, pow = N, rec=c(2": IT?)F{v + 2 .1T}]
where £ et [T =(z . pow <= UFId(z . pow) . IT) . rec]

. paz’rgg;M’ def [fst=M,snd = M’ cnxt = 1, res =¢(z: PRODg(;”’)z . cnxt]

o inl! def [inl= M, inr =1, cnxtl = 1, cnxtr = $, res = ¢(2: COPR}'(;”’)z . cnxtl]
o inrl! def [inl=1,inr = M, cnxtl = 1, cnxtr = 1, res = ¢(2: COPR%U’)z . cnxtr]
o fun o [arg = 1,val=¢(2)M{v + z.arg}]

oMoNd:ef(M.arg<:N).va|

Figure 4: Auxiliary Definitions for Translating FIX into OBJ

Note that a consequence of the encoding is that [o] and [M] have no free type variables,
and thus have an environment of the form [] | [T'].

The definition of o — [o] appears in Figure 5. Note that given the definition of [o] for
any type o, we define the translation on contexts by

101, i 0n]] & (i [ou] - -, 2at [0n]]
Given these definitions, the specification of the assignment M — [M] also appears in
Figure 5; note that given I' = M : o, the definition of [M] depends on [I'] and [o], and
that there are auxiliary definitions of types and terms in Figure 4. The “o” notation is
defined in Lemma 3.3. We have already met this notation informally on page 7. Finally,

MA{v + N} denotes substitution for free variables (whose formal definition we omit).

3.3 Proving Soundness

We wish to prove that the translation specified in Figure 5 soundly models FIX equalities
in OBJ. The soundness of the translation depends on three key lemmas. Lemma 3.1 is a
version of a standard result that translations respect substitutions. Lemmas 3.2 and 3.3
provide the key properties which ensure that the translations we have given for terms of
non-fiz or non-computation type will soundly model equalities.

Lemma 3.1 IfI' M :0and I'yu:o = N : 7in FIX, then for [—]: FIX — OBJ we
have
[NI{v « [M]} = [N{v < M}]

where = denotes syntactic identity.

Proof This is proved easily by induction on the structure of N. We omit the details.
O
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def T
o [Krix] = Koy o [0+ 0] & v(x.copRIZHT)
def
o [fiz] = fixons o [o=1] o larg: [o], val: [7]]

def al;[o’ e
o [0 x o'T € ¥(X.PRODIY) g7 8 g7 o]

def

e[lFv:o] = [Fov:[o];

o [T (M,M'"):0xd] o [T]+ A(X.pairgMﬂ;[[Ml]]) : Jo x ']
o [T FSplit(Pay.N):7] ¥ [T]F [Plpge[N]: [7]

o [THINM):o+0] ¥ [I]FAX.n: [0+ 0]

o [THIn(M):o+0] ¥ [I]FAX.ine ) [0+ 0]

o [T+ Case(C,x.N,y.N'): 7] &[]+ [Clppo [N]o [N']: [7]
o [T FAw.M):0=0] o T+ funE[,M]] o= o]

o[PHFA:0] ¥ [D]F[F]e[A]: ][]

o [[FVal(M):To] “ [T]F T =[M]]: [To]

o [[FLet(E,v.F):To'] ¥ [T [Fl{v « [E].IT}:[To]

o[Prw:fis] ¥ [O]FFdT =c(2: [T fiwops])Fld(2)]) : [fir]

def

e [I'Fs(E): fix] = [I]F FA(E]) : [fiz]

o[- @wEF)N: o] ¥ [7F il rec: 0]

Figure 5: Translating FIX into OBJ

Lemma 3.2 IfO,z:0F M :7and ©F N : 0o in OBJ, then

OF fun) ¢ N = M{x <+ N}:7
Proof A simple calculation in OBJ. See [1] for details. O

Lemma 3.3 All judgements in this lemma are in OBJ. Suppose that © - M; : o;
where 1 < i < n, and O, z4:0,*% = N; : 7 where 1 < j <mand S; C {1,...,n} and
Li“{l | kesS;}. Let

and also
My;..;My def 17 i€n _ jem _ . O1;i0n
geny; = [li=M; """ enxty, =1 7", res=¢(2: GENY )z« cnxty, |

Note that



We shall also write

OoN,oNyo...oN,, & (O .cnxty, < c(2)Ni{mp « 2.1, ¥€51}

senxty, < ¢(2)Np{ag < 24 lp ¥€5m} ) res
Then it follows that

Or (A(X.gen%lj;"';M"))T oN;oNyo...0N, = Ni{z) + My "%} 7

Proof The proof is a simple calculation of equalities in OBJ. For clarity, we omit the
typing environments.

(A(X.gen%lj;“';M”))T oNjoNyo...oNp,

_ Mu;..; My
- (gen’T;j

Eares

ceanxty, <= o(2)Nj{mg < 2.1, F€5} L) wres

§wcnxtr,
= Nj{ap < £ 1 *=%}
= Nj{xk — Mk kESj}

where
def i N 4 ..
= |li=M; ™, = ; . J M res =¢(z: 2. cnxty,.
f [l M 1EN cnxtLJ C(Z)N]{l‘k — lk keS }]E ( GENg(I""’Un) t J]

O
We can now state the first soundness result. Theorem 3.4 states that OBJ encodes FIX.

Theorem 3.4 We have given an encoding of FIX into OBJ. More precisely, if T' -
M : o in FIX, then [I'| F [M] : [¢] in OBJ, and if ' = M = M’ : o in FIX, then
[C] F [M] = [M'] : [o] in OBJ.

Proof The proof proceeds by induction on derivations. We illustrate the proof on case
and iteration terms. The typing rule for case terms is
'-C:0+4+0" Tyz:obN:7 DI,2:d'-N':71
I'+ Case(C,z.N,z'.N') : 7

By induction, we have
[[] - [C] : V(X.coPRIIY

12



and hence we can derive

. [olilo']
[[] + [Cly) : COPRY]

[T], 2: C’OPR%Z%]];[[JI]],QE: [e] E[N] : [7] (by weakening)

[T], 2: C’OPR%Z%]];[[JI]],QE': [o'] = [N'] : [7] (by weakening)
[T], 22 COPRETV =2 Linl : [o]

From this we have ,
[,z COPR%:%;[UH FINJ{z < zvinl} : [7]

with a similar result for N'. Thus
[T] F [Clpry - cnxtl <= ¢(2)[N]{z < 2 inl} . enxtr <= ¢(2)[N'[{z’ + 2 .inr} : COPR[T
Finally, note that if we invoke the above object at the label res, we get precisely

[CT = [Clgrp o [IN] o [N'] - [7]

as required.

The typing rule for iteration terms is

De:TokFF:o I'EN: fix
TF(@F)N:o

By induction we have [['],z:[I":[o]]  [F] : [¢] and [I'] = [N] : fizop;. Then we have
[C] F atINBIFL: 1711 by typing rules in OBJ, and thus [I'] F itINGIFT, rec - [o].

The soundness of equalities not involving the fixpoint type is a direct consequence of
Lemma 3.2, which deals with functions, and Lemma 3.3 which deals with the other terms,
together with Lemma 3.1.

For example, soundness of
[+ Case(Inl(M),x.N,z'.N') = N{x + M}:7
requires

[T] - [Case(Inl(M), z.N, &/ N)] < A(X.inl8 Mg 0 [N] o [N']
=33 [N{z < [M]}:[7]
=31 [N{x + M}]

As for the fixpoint terms, we prove soundness for

I - (2.F)'®) = F{z < Let(E,n.Val((x.F)"))} : &

13



We have, using Lemma 3.1 and setting O def it;'d([[E]]);[[Fﬂ,

[C]F [(2.F)*®] ¥ 0. rec

F{z < [I" =(O . pow < UFId(O . pow) . I) . rec|}
{x < [IT =(O . pow < UFId(FId([E])) « IT) « rec]}

— = /] == /=

Fi{z « Let(E,n.Val((z.F)")}]: [0]

3.4 Encoding FIX Fixpoints

One interesting payoff of the encoding we have given is to look at the connections between
FIX terms and their encodings. In fact some of the more obscure objects which Abadi
and Cardelli discuss when looking at recursion are rendered in a rather trivial form by
examining possible pre-images under the translation. For example, their so-called “self-
returning” (untyped) object, [l =¢(z)z], in the typed setting, would be

FId([I" = <(2)Fld(z)])

But a pre-image under [—] is exactly w. This demonstrates beautifully (in the author’s
opinion!) how the primitive operation of “recursive” object reduction is captured in the
single FIX constant w. Further, the object type system allows the structure map s of
FIX to be naturally interpreted as a recursive folding, using the standard fold/unfold
terms.

It is also interesting to look at the encodings in OBJ of the fixpoint operators which are
definable in FIX. Suppose that = F : To = To in FIX. Then if we define (see [3])
Fix(F) % (e.Let(e, 2.F 2))”

where e: TTo, we can show that Fix(F') = F Fix(F) in FIX. The encoding of Fix(F) in

OBJ is easily seen to be it?:[F1*l") rec where we have defined & o [w]. Noting that
[To = To] = [arg: [I": o], val: [[": 0]] we can then show the following lemma.

Lemma 3.5 Suppose that [' = F : [arg:[IT:0],val:[IT: 0]] in OBJ. Then we have the

eldT)

type assignment T' - it<3 F*(&7) rec : [I": o] and moreover

T E a2 o) rec = F o (it 77 [ rec) : [IT: 0]

Proof Of course, the lemma is an immediate consequence of Theorem 3.4. However, it
is instructive to perform the computations directly.

14



First note that

UFId(@) .17 % UFId(FId([I7 =<(2)FId(2)])) « 17
= [IT=¢(2)Fld(2)] . 1T
= FId([I" = ¢(2)FId(2)])

= W

17 = (it T pow <= UFId(it? 7" pow) . IT) . rec] . I7)
#2371  pow < UFId(it23 7 ") pow) . ") . rec)
#2371  pow <= UFId(@) « I7) . rec)

i@ o) pow < &) . rec)

—

—~~

4 The Systems FIX,, and OBJ,,

Here we replay the ideas of Section 2 but turn our attention to operational reductions
rather than simple equalities. If we wish to consider using objects to represent the oper-
ational behaviour of computational systems, this will be essential. Let us first consider
an operational semantics for FIX. While this is easily formulated, the details are not
published explicitly. Thus we give the definition of FIX,,. This system is essentially the
FIX syntax equipped with a one-step operational semantics, developed by orienting the
FIX equalities.

The theory FIX,, contains rules for deriving judgements of the following forms

'-M:o type assignment
LM~ Mo lazy one-step reductions

Note that a consequence of deriving an operational judgement is that the two terms
involved are well typed; for example if ' = M ~» M’ : o is a valid judgement, then
'EM:oand ' B M' : o are valid type assignments. We give the rules for deriving
the lazy one-step reductions, which are not present in [3], in Figure 6. The system is
lazy: we regard constructor terms as fully evaluated (and hence such terms do not feature
as reductands in the rules). The choice has been made because the rules are slightly
simpler than the analogous eager system. None-the-less, the lazy system is perfectly fine
for explaining the core ideas of our encodings. (We do not describe a notion of value, as
we do not consider evaluation semantics [7] in this paper.)

15



kP~ P:(o,0') T,2:0,2":c' FN:7T 'M:0 TFM':0 T,z:0,2":0' FN:T

[+ Split(P,z.2' .N) ~ Split(P',z.2'.N) : = T Split((M, M"),z.2'.N) ~ N{z,z' + M,M'} : 7
rrC~C:0+4+0 TDL,ziobN:7 T,2:0' -N':7

I'+ Case(C,z.N,z'.N') ~ Case(C',z.N,z'.N') : 7
'M:0 T,z:0-N:7 I,2:0' -N':71 M :¢ T,z:0FN:7 I 2:0' FN':1

['F Case(Inl(M),z.N,z'.N') ~ N{z <+ M} : 7 ['F Case(Inr(M'),z.N,z' . N') ~ N'{z' « M'} : 7

THFEF~F:0=0¢ TFA:0o Le:o-M:0' THA:0o
TFFA~F' A0 LEX2.M)A~ M{z+ A}: 0
'E~E :To T,z:0FF:To' 'M:0 T,z:0-F:To'

[+ Let(E,z.F) ~ Let(E',z.F) : To' [+ Let(Val(M),z.F) ~ F{x < N} : To'
I'N~ N':fiz Dx:To+-F:0 THE:Tfix

Tk (@)~ @F)Y 16 Tk (@F)°'® w F{z « Let(E,n.Val((z.F)"))} : o
NFw: fiz

[k w~ s(Val(w)) : fix

Figure 6: Rules for Generating I' = M ~» M’ : o in FIX

Our last task in this section is to describe the system OBJ,, which is new. This system
extends OB.J. It provides an operational semantics for the OB.J syntax. It also has
some extra term forming operations which are used to correctly model the lazy FIX,,
reductions. The types are the same as those of OBJ. The terms are given by the same
grammar as for OBJ, but extended by

M == ... terms from OBJ
| Eval, (M) eager method and update bodies
| Letvalu=MinM eager local declaration
| Letinvo = MinM eager local method invocation

The rules for deriving type assignment in OBJ,, extend those of OBJ. We also have the
rule

OF M: [li:aiig]
O F Eval;(M) : [I;: ;"]

and the rules for the typing of Letvalv = M in N and Letinvo = M in N are exactly the
same as those usually associated with let-evaluation terms.

Abadi and Cardelli present one step operational reductions for our OB.J syntax. For
example, the rules for folding and unfolding appear on page 120 of [1]. The rules for
deriving reductions in OB/J,, extend these rules. The additional rules are those given in
Figure 7. The basic idea is that Eval,(—) enforces an eager evaluation of object method
bodies and object update bodies. The term Letvalv = M in N is an eager local decla-
ration, evaluating M as far as possible before binding the result to v in N. The term

16



OFM~M:0 O,vickN:o
Ok Letvalv = M in N ~ Letvalv = M'inN : ¢
OFM:0 O©,vic-N:o
O F Letvalv = RinN ~» N{R + v} : 0’

OFM~M:0 O,v:c-N:0
O Letinvo = MinN ~ Letinvo = M'inN : ¢’

20. Al. M=0.l

OFO: [0/ ©,vi0;FN:d
O Letinvo = O.1;in N ~ N{v « Bj{z; + O}} : o’

[li = C(Zi)Bz' ie[]

OF M~ M : [l;: 0]
O F Eval (M) ~ Evaly(M') : [I;: 5]

©,z:[l;: 0" Bj ~» Bj : 0;
OFr Evallj ([lz = §(ZZ)BZZ€I]) ~ [lz = g(zi)Bi#j, lj = §(Z])B;] . [ll O'Z'iEI]

0,z [l 0" |F By~ By :0; OF M :[l;:0,]'¢
O b Evaly, (M +1; <= (2;)B;) ~ M . 1; <= <(2) B} : [l 0,

Note that we shall also write Letval v; = M;*€{1"}in N as an abbreviation for
Letval vy = M in (Letvalvy = Myin (... (Letvalv, = M, in N)...))
provided that none of the variables v; appear in any of the M; for any i,5 € {1,...,r}

The notation Letinvv; = M;*{1"}in N will be used analogously.

Figure 7: Additional Rules for Generating © = M ~» M': o in OBJ,,

Letinvv = M in N is an eager local declaration, evaluating M to an object of the form
[li=¢(vi)B; '] . I; before binding the invocation of [; to v in N. We shall write also

define Eval] (M) % Eval;(M) and for n > 1 we set Eval’™ (M) % Eval,(Eval?’(M)). This
notation will be used in Theorem 5.4.

5 A Sound Translation For Operational Judgements

5.1 The Translation
We define a translation function [—]: FIX,, — OBJ,, on the types and terms of FIX,,.

The definition of this function is similar to the one given in Section 3. More precisely, the
definition of — — [—] is the same as that in Figure 5, except that we use the auxiliary
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o it Vil [T = (2. IT?)E, pow = N, rec =¢(2')Letvalv = 2/ . [T in F]
where & % Eval?r ([I” =(Eval?,,,(z . pow < UFId(z . pow) . [)) . rec])

pow

o fun o [arg = 1, val =¢(2)Letinve = z . argin M]

Figure 8: Auxiliary Definitions for Translating FIX ,, into OB.J,,

o [T Fw: fir] € UFIA(FIA(O)) . IT where O ¥ [IT = ¢(2)FId([I” = UFId(FId(2)) . I7])]

o [T (wF)N:0] = [I]F Letvaln = [N]in it F, rec : [0]

Figure 9: Translating FIX,, into OBJ,,

definitions given in Figure 8, and one new clause given in Figure 9.

5.2 A Proof of Soundness

The soundness of the encodings depends on three key lemmas. The motivation is the
same as for the equational setting (see Section 3.3). If R is any binary relation, we shall
write R* for its reflexive, transitive closure.

Lemma 5.1 IfI'M:oand I'vio = N : 7 in FIX, then for [-]: FIX — OBJ,, we
have
[NI{v « [M]} = [N{v < M}]

where = denotes syntactic identity.

Proof This is proved easily by induction on the structure of N. We omit the details.

O
Lemma 5.2 IfO©,z:0-M:7and ©F N :0in OBJ,, , then
OF fun) @ N ~ * Letinve = NinM : 7
Proof A simple calculation on OBJ,,. We have
fun o N ¥ [arg =1, val=¢(z)Letinvv = z . argin M] . arg < N . val
~ [arg= N,val=¢(z)Letinvv = z . argin M] . val
~ Letinvv = [arg= N,val =¢(z)Letinvv = z .argin M].argin M
~ M{v + N}
O
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Lemma 5.3 All judgements in this lemma are in OBJ,,. Suppose that © = M; : o;
where 1 < i < n, and ©,2;:0;*% = N; : 7 where 1 < j <m and S; C {1,...,n} and
LiY{l | kesS;}. Let

GENS " € {12 07 " enxty,: X 7™ res: X
and also
gen’y i 11, = M, e, cnxty, =1 7" res=¢(z: GEN" )z enxty,, ]
of type GENG .

We shall also write (see page 17 for the notation)

OoN,oNyo...oN,, & (O .cnxty, < ¢(z)Letinvay, = 2. 51 in N

.cnxty, < ¢(2)Letinvay, = 2. [,FSm in N, ).res
Then it follows that

OF (A(X.gen)]‘élj;"';M"))T oNioNyo...oNy ~ *Ni{wg + M, *5} . 1

Proof The proofis a simple calculation of reductions in OB.J,,.

(A(X.genﬁ\(/[;lj;“';M”))T oNyoNyo...oN,, ~ gen%;;"';M" oNioNyo...0N,,

~* € ares
~ Eaenxtr,
~  Letinvay, = €. 1,*% in N

¥ N]{l‘k Y Mk kESj}

where

def

£ =

[1; = M; =", cnxtr, =¢(z)Letinv z;, = 2 FE% in NG TE™ res = ¢ (2 GEN %) zaenxty, ]
O
Theorem 5.4 states that object calculi encode FIX reductions:

Theorem 5.4 We have given an encoding of FIX into OBJ,,. More precisely, if I' -
M : o in FIX, then [I'] + [M] : [o] in OBJ,,, and if I' = M ~» M’ : ¢ in FIX, then
[T] = [M] ~ *[M'] : [o] in OBJ,,.

Proof The proof proceeds by induction on the derivations of type assignments and
reductions. For type assignments, the details are routine, and we omit them. For reduc-
tions, we give a few details. Consider the first rule in Figure 6. We have to verify that if
' [P] ~ [P'] : [(0,0")] then T' = [P] o [N] ~ [P'] o [N] : [r]. Recall that [P] o [N]
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is simply an update and invocation of the object [P]; thus soundness follows from the
OBJ,, rules

OFO~0":0 OO ~0":0

OFO0.l~0.:0 OFO.l<c2)B~0.l<2)B:0o

The soundness of the remaining rules in Figure 6 with a similar format follows analogously,

apart from the rule
I'EN~ N': fix

T (2.F)N ~ (. )N o

Recalling that [T F (z.F)Y : o] % [I] F Letvaln = [N]in it® "] . rec : [o] one can
see that soundness follows from the first rule in Figure 7.

The soundness of the rules in Figure 6 which involve the destruction of a constructor term
(such as the second rule, but excluding the penultimate rule) follows from Lemmas 5.2
and 5.3.

This leaves the final two rules in Figure 6, for which we give an explicit calculation. One
states that
L' F (2.F)*®) s F{z < Let(E,n.Val((z.F)"))} : &

We have, using Lemma 5.1 and setting O & #Fd([ZD; 7]

[C]F [(2.F)*®] ¥ Letval FId([E]) = ninit" [T, rec
~ O .rec
~ Letvalz = O T in [F]
~ Letval = Evallr ([I” =(Eval?,,, (O - pow <= UFId(O . pow) . [7)) . rec]) in [ F]

pow

~ Letval z = Evaljr ([I" =(Evaly,,, (O « pow <= UFId(FId([E])) . IT)) « rec]) in [ F]
~ Letval 2 = Evaljz ([I7 =(O . pow <= [E] . ") . rec]) in [F]
s Letval z = [I7 = itlPH IFT vec]in [F]
o [F{z  [IT = itlPHT I rec])
= [Fl{z < [I" = it"5FL rec]{n < [E].1"}}
= [F{z < Let(E,n.Val((z.F)™))}]: [o]
The last states that Mo fie
I'Fw~ s(Val(w)) : fiz
Setting O % [I7 =¢(2)FId([I” = UFId(FId(2)) « I7])] we have

[T] F [w] & UFId(FId(0)) . IT
~s O T
~ FId([{" = UFId(FId(0)) . ["])
= [s(Val(w))]
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6 Conclusions

In this paper we have attempted to explain, in a general and uniform manner, the ways
in which object calculi are able to encode other type theories. In particular, we have
shown that object calculi can encode many (simple) type systems, in a way which is
reflective of the theory of arities and expressions. These ideas have been illustrated with
examples by Abadi, Cardelli and others, but we have shown how these examples fit into
a general framework. Further, we have given new encoding results for the computational
let calculus and the FIX system. The precise details of the encoding are enlightening,
especially with regard to the fixpoint type. Notice that Lemmas 3.2 and 3.3, together
with Lemmas 5.2 and 5.3, encapsulate the soundness of our translation. It is only those
terms and equations associated with the fiz or computation types which require separate
treatment in the proofs of type soundness and soundness of equalities.

We have dealt with both equational and operational systems. The material on equational
systems appears to work out very neatly. In contrast, the material on operational seman-
tics is rather less pleasing. We have attempted to demonstrate, in a rather intentional
way, that the operational behaviour of a well know type theory presented via transitions
can be captured by the rather finer grained transitions of an object theory. However,
in order to cope with the rather “neutral” object transition semantics, which is neither
clearly call-by-value or call-by-name, we have introduced some additional syntax which
forces expression evaluations. This is not particularly desirable. Of course, our results
would perhaps look neater if we translated the FIX type theory into an “abstract ma-
chine for objects”. In doing this, the high level term formers (such as Eval;(M)) would be
rendered as simple machine instructions. The author and S. Ambler have considered the
use of the results in this paper to provide a framework which will use object calculi as a
mechanized metalanguage to represent programming language semantics. When mecha-
nizing theories, uniformity is essential to reduce coding, and the results here provide this.
In order to pursue this, we would ideally need stronger results about the properties of
the translation, such as computational adequacy. More precisely, one might consider the
standard OB.J operational semantics and associated program equivalences, and prove the
translation adequate.

Other work includes an account of type theories with higher order contexts and their
connection with objects; looking at direct implementations of the FIX theories and com-
paring them with OBJ implementations; and a deeper investigation into issues of eager
and lazy reduction in the setting of object calculi.

I would like to thank two anonymous referees for comments on this paper. The first referee
asked that the motivation and general ideas be made more clear; I think this resulted in
a substantial improvement. The second referee pointed out a technical problem with my
exposition of the OBJ,, semantics, which has now been remedied, and made a number
of useful comments about the second half of the paper. Some of these comments are
incorporated in this conclusion.

Finally I would like to thank Simon Ambler (Leicester), Andy Gordon (Microsoft, Cam-
bridge) and Guy McCusker (Oxford) for useful comments on the original draft of this

paper.
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