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Introduction and Background

1.1 Course Overview

Motivation 1.1.1 At least two quite distinct issues can be associated with a program-
ming language:

(1) The definition of the SYNTAX of the language. This involves specifying an alphabet
of symbols and characters, along with a definition of the expressions, phrases, programs,
values and so on of the language.

(2) The definition of the SEMANTICS of the language. This involves specifying the
meaning of the expressions, phrases, programs, values, modules, datatypes and so on of
the language. We talk about giving a semantics to the syntax.

In this course we shall study (2). We shall see how techniques of mathematics and logic
can be used to give completely rigorous definitions of the meanings of programs written
in a particular syntax. What are the benefits of a formal semantics for a programming
language?

e [t gives a basis for:

e the correctness of implementations;

e verifications that programs meet their specification;

e efficiency analysis; and

e proving that certain fragments of code in a program are interchangeable.
e It can help to detect hidden, or non-obvious features of a programming language. For
example, the dynamic binding found in many versions of LISP was regarded as a “bug”

in the first, experimental implementations, but this soon became an accepted “feature”
of LISP.

e [t provides a mathematical analysis of computational and programming constructs which
are independent of the actual programming language.

e Semantic techniques can often be used in the design of a programming language; for
example ML arose in this way.

There are a number of different kinds of semantic styles:

(1) In OPERATIONAL semantics, the meaning of programming language expressions are
defined by giving rules which specify ways in which the expressions evaluate or execute.
The rules used make use of the syntactic structure of program expressions.
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(2) In DENOTATIONAL semantics, the meaning of a programming language is given by
specifying various mathematical structures and functions which provide a model of the
programming language.

(3) In AXIOMATIC semantics, the meaning of the expressions of a programming language
are given indirectly through a formal logic which expresses properties of programs.

In MC 308 we concentrate on operational and denotational semantics. Before we begin
in earnest, we give a summary of some very basic mathematical facts, and then present
an account of some techniques of induction which will be used throughout the course.

1.2 Notation Summary
Logic

We use superscripts and primes to denote variants of mathematical entities. For example,
if x and y are variables, so too are 1, T, Y19, &', ¥ and so on. We write A = B to
indicate syntactic identity. Thus 2+ 3 =5 but 2+ 3 # 5.

If P and () are mathematical propositions, we can form new propositions as follows:

e P and @ (sometimes written P A Q);

e P or ) (sometimes written PV Q);

e P implies () (sometimes written P = Q or P — Q);
e not P (sometimes written —P);

e P if and only if @ (often written P iff @ or P <= Q)—this is simply an abbreviation
for

(P= Q) and (Q = P);

e for all x, P (sometimes written Vz. P);

e there exists x, P (sometimes written Jz. P).

Sets

We shall use the following sets throughout MC 308:

empty set 16}
natural numbers N={0,1,2,3,...}
integers Z=A{...,-2,-1,0,1,2,...}

Booleans B={T,F}
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a € A denotes set membership, for example T" € B. The following definitions are assumed
to be well known:

Subset ACB <« forallae A,ae B
< forallz,(r € A=z € B)

Union AuB = {z|z€AorzeB}
Intersection Anp ¥ {z | x€Aandzr € B}
Difference A\ B o {z | x€eAandax ¢ B}
Powerset P4 € {s|ScCA}
Cartesian Product AxB ¥ {(a,b) | ac Aandbe B }

Total Functions

We define the set of total functions between sets A and B to be

def

[A,Blist = { f€P(AXxB) | Yaec A Jaunique b € B, (a,b) € f }.

We usually refer to a total function simply as a function. We write f : A — B for
f € [A Bl If a € Aand f : A — B then f(a) denotes the unique b € B for
which (a,b) € f. If also g : B — C is a function, then there is a function denoted by
go f: A — C, which is defined by (g o f)(a) aof g(f(a)) on each a € A. We call go f
the composition of f and g. Informally, g o f is the function which first applies f and
then applies g. The identity function, written id4 : A — A is the function defined by
ida(a) ' 4 on each a € A.

Partial Functions

We define the set of partial functions between sets A and B to be

def
[A, Blpar =

{fePAxB) | Vae AVbV € B,((a,b) € fand (a,b') € )= b=V}

We write f : A— B to mean that f € [A, B],,. lf a € Aand f: A— B either there exists
a unique b € B for which (a,b) € f, or such a b does not exist. In the former case we say
that “f(a) is defined” and in this case f(a) denotes the unique b. In the latter case we
say that “f(a) is undefined”. Note that @ € [A, B],,, satisfies the definition of a partial
function, so @ : A — B. We say @ is the totally undefined partial function between A
and B—why is this?
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Monotone Functions

If f:(D,%) = (D,=) is a monotone function between posets, that is d < d' implies
f(d) < f(d') for all d,d" € D, then x € D is a prefixpoint of f if f(z) < z, and a
fixpoint of f if f(x) = z. We write fix(f) for the least element in the set of fixpoints of
f, if the least element exists.

1.3 Inductively Defined Sets

Motivation 1.3.1  As motivation for this section, consider the following:

The set E C N of even natural numbers is the least subset of the natural numbers satisfying
(a)0 € E, and
(b) for alln € N, ifn € E thenn+2 € E.

Note that “least” means' that if another subset S C N satisfies (a) and (b) (by which we
mean 0 € S, and for alln € N, n € S implies n+2 € S) then £ C S. The above definition
of E' amounts to saying that the elements of E are created by the rules (a) and (b), and
that (by leastness) there can be no other elements in E. We say that F is inductively
defined by the rules (a) and (b). So F = {0,2,4,6,8,...}, another set satisfying (a) and

(b) is (for example) S aef {0,2,4,5,6,7,8,9,...}, and indeed E C S.

More generally, an inductively defined set I is the least (or smallest) set for which
(a) certain elements are always in I, such as ¢ € I; and

b) whenever certain elements hy € I and hy € I and ... and hy, € I, then ¢’ € I.
(

(a) is sometimes called the “base clause” and (b) the “inductive clause”. In the last
example, [ is E, ¢is 0, hy is n, k = 1, and ¢ is n + 2. We shall now give some machinery
in which we can give a very precise formulation of inductively defined sets.

Definitions 1.3.2 A rule R for inductively defining a set denoted by I is a pair (H, c¢)
where H is any finite set, and c is an element. Note that H might be &, in which case we
say that R is a base rule. If H is non-empty we say R is an inductive rule. In the case
that H is non-empty we might write H = { hy,..., h; } where 1 < k. We can write down
a base rule R = (&, ¢) for inductively defining the set I using the following notation

Base

(R)

¢ in [

and an inductive rule R = (H,¢) = ({ h1,...,hg },c) as

TLet & denote the set of all sets satisfying (a) and (b). Partially order & by C. Then E is the least
element of £.
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Inductive
hi in I hy in I ... hy in [
c in I
Note that the order of the statements hy in I he in I ... hi in [ appearing

above the line is irrelevant: the h; are elements of the set H. You may like to think of
the h; in [ as hypotheses and ¢ in [ as a conclusion. The notation h; in [ is meant
to suggest that h; is an element of the set I.

Any set S? is closed under a base rule —7 if ¢ € S; and is closed under an inductive
hpinl hpinZ ... hednl jf whenever hy € S and hy € S and ... and hy € S, then

cin |

c € 5. The set S is closed under a set of rules R if S is closed under each rule in R.

rule

We can now say that:

— Inductively Defined Sets
A set [ is inductively defined by a set of rules R if

IC I is closed under R; and

IL for every set S which is closed under R, we have I C S.

Note that a base rule corresponds to the “base clause” and an inductive rule corresponds
to the “inductive clause” as described in Motivation 1.3.1.

Example 1.3.3 A set® R of rules for defining the set F of even numbers is R = {1,2}
where
e in F

— (1) — 2

0 in E e+2 in F
IC means that elements of the inductively defined set may be built up by applying the
rules: it says that

(1) 0k

(2) foralle, ee E=e+2¢€ FE.

and thus the elements of E are 0, 2 (that is, 0 € F implies 0+ 2 = 2 € E), 4 and so
on. IL amounts to saying that there can be no elements of F other than those arising by
successive application of the rules: any other set S closed under the rules must contain F
as a subset. An example of such an S is {0,2,4,6,7,8,9,10,...}. Check this!!

2S is any set, and might well be I!
3Strictly speaking, the elements of the set R are the numbers 1 and 2. But these are just intended to
be labels for our two rules, and no confusion should result.
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Definitions 1.3.4 If [ is inductively defined by a set of rules R, a deduction of x in [
is given by a finite list

yp in I,ys in I,...,y, in [ ()

where
(i)m € N and m > 1,
(ii) y1 in [ is a conclusion of a base rule;

(iii) for any 2 < i < m, y; in [ is the conclusion of some rule R for which the hypotheses
of R form a (possibly empty) subset of {y; in I,...,y;—; in [} (thatis, the hypotheses
have already been deduced); and

(iv) Yy in lisz in [I.

Note that (x) is a list—the order of the y; is crucial. We call m the length of the
deduction.

Proposition 1.3.5 Suppose that [ is inductively defined by a set of rules R. Then

I ={ z | there exists a deduction of z in [}

Proof Write J & { x | there exists a deduction of z in I }. One can check that J
is closed under R (do it!) so that I C J by IL. We show that J C I as follows: we prove
by Mathematical Induction on n that

Vn > 1, for all deductions [ of length < n, Vz, if [ is a deduction of x in I, then z € I.

Check this! Thus if x € J there must be a deduction of z in I which has length n for
some n > 1, so that x € I. Hence J C I. We conclude that I = J as required. OJ

Remark 1.3.6 Proposition 1.3.5 amounts to saying that for any z,

rel if and only if there exists a deduction of x in 1.

>> Warning 1.3.7 IC means that the elements of the Inductively defined set I
are Constructed by “applying” the rules in R—uzx € I if there exists a deduction
of v in I. IL captures precisely the idea that I is the Least set satisfying the
rules, that is, there can be no elements of I other than those constructed by
the rules—zx € I only if there exists a deduction of v in I. Here, least refers
to the subset ordering C on sets.

Motivation 1.3.8 We now generalise the definition of an inductively defined set to that
of simultaneously inductively defined sets. This idea is crucial to the rest of the course!!
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Definitions 1.3.9 Let [y, 5,..., I, where n > 1 denote sets. A base rule takes the
form

Base

(R)

c in Iz

where 1 < i < n, and an inductive rule takes the form

Inductive
hl in [il h2 in [iz c. hk in Ilk
c in I;
where i1,1s, ..., 14,1 are elements of {1,2,... n}.
Sets S1, 52, ..., 5, are closed under a base rule —— if ¢ € S;; and are closed under an

1 in I'Ll ho in IiQ hg in I;

inductive rule " T L if whenever h; € S;, and hy € S;, and ... and
hi € Si,, then ¢ € S;. The sets 51, 95,,...,S5, are closed under R if 51, 95;,...,S5, are
closed under each rule in R. We can now say that:

— Simultaneously Inductively Defined Sets

Sets Iy, I, ..., I, are simultaneously inductively defined by a set of rules
R if

IC L, I,..., I, are closed under R; and

IL for every collection of n sets (say Si,Ss, ..., S,) which are closed under R,
we have I; C Sy and Is € Sy and ... and [, C S,,.

Definitions 1.3.10 If [;, [, ..., I, are inductively defined by a set of rules R a deduc-
tion that x in [; is given by a list

yi1 in I;,yo in I, ...y, in I; ()

with m > 1, iy,49,...,im € {1,...,n }, where
(i) y; in I;, is a conclusion of a base rule;

(ii) for any 2 < j < m, y; in I;, is the conclusion of some rule R for which the hypotheses
of R form a (possibly empty) subset of {y in I;,...,y;-1 in [;;_, } (that is, the
hypotheses have already been deduced); and

(iii) Y in I;, isx in I;.
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Note that (x) is a list—the order of the y; in I;; is crucial.

A labelled deduction that 2 in I; looks like

U1 in [il (Rll)
Y2 in Ii2 (RZQ)
Ym in I (Rip,)

in which the vertical sequence of the y; in I[;; is a deduction of x in [;, and each Ri;
is the rule from R which has been used to deduce that y; in I;,.

Remark 1.3.11 One can check that if I, I, ..., I, are simultaneously inductively de-
fined sets, then for each i € {1,...,n},

xr € I if and only if there exists a deduction of x in 1.

Examples 1.3.12

(1) Suppose that X is any set, which we think of as an alphabet. Each element [ of ¥
is called a letter. We inductively define the set >* of all non-empty words over the
alphabet X by the set of rules R o {1,2} (so 1 and 2 are just labels for rules!) given by*

. N 2
[ in X ww' in O (2)

A word is just a list of letters. IC says that >* is closed under the rules 1 and 2. Closure
under Rule 1 says that any letter [ is a word, that is, [ € X*. Closure under Rule 2 says
that if w and w’ are any two words, that is w € ¥* and w’ € ¥*, then the list of letters
ww' obtained by writing down the list of letters w followed immediately by the list of
letters w’ is a word (that is, ww’ € ¥*). Note that it may be helpful to think of [, w and
w' in rules (1) and (2) as variables.

As an example, let ¥ = {a,b,c}. We can show that abac € ¥* by giving a labelled
deduction of abac in >*:

a in X* (1)
b in X* (1)
ab in »* (2)
¢ in ¥* (1)
ac in ¥* (2)
abac in X* (2)

If we compare this labelled deduction with the general definition in Definitions 1.3.10, we
see that m = 6, and y; = a, y» = b, etc to yg = abac. We have

(i) y1 = a is a conclusion to the base rule (1);

“In rule (1), [l € ¥] is called a side condition. It means that in reading the rule, [ can be any element
of X.
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(ii) (for example if i = 5) y5 = ac is a conclusion to (2). Here, the set of hypotheses is
{a in ¥* ¢ in ¥*}, and certainly the set of hypotheses is a subset of those £ in >*
already deduced:

{a in ¥* ¢ in ¥*} C {a in ¥* )b in ¥* ab in ¥* ¢ in ¥*}

= {yl in 2*,...,y5,1 in Z*}

(i) Ym = ys = abac.

We can also write a deduction tree which makes explicit which hypotheses are used
when a rule is applied:

(1) — () — @) — ()

a in X* b in X a in X* c in X

ab in X ac in X*

abac in X*

(2) Let X = {a,b,c,d,e} and let sets I; and Iy of words be simultaneously inductively
defined by the rules

(1) 2) win I; w in b

b in I, c in I ww' in I (3)
w 1in Il w/ in Ig ?,U/ in 12
aadwe in I w'e in I aw'a in I,

A deduction tree for aaadbeace in I is

(1)

b in Il
— — (2)
aadbe in I ¢ in I

) (6) — ()
aaadbea in Iy ce in I

aaadbeace in I

1.4 Rule Induction

Definitions 1.4.1  We state the Principle of Rule Induction for Simultaneously Induc-
tively Defined sets:
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— Rule Induction

Let I1, I5, ..., I, be inductively defined by a set of rules R. Suppose we wish to
show that for all 7 € { 1,2,...,n } the property Prop; (x) holds for all elements
x € I;, that is, we wish to prove

for all # € Iy, Prop;, (v) and

for all z € I, Prop;,(v) and

for all x € I,,, Prop; (z).

Then all we need to do is
e for every base rule y— € R prove that if b € I; then Prop 7,(b) holds; and

. . hiin I; ..., hy in I; .
e for every inductive rule LRIk B e R oprove that if hy € I;, and

cinI;
hy € I;, and ... and hy € I, and Prop;, (hi) and Prop;, (hs) and ... and
Prop;, (ht) all hold, so does Prop; (c).

We call the assertions Prop; (h;) (where 1 < j < k) inductive hypotheses.
J

We refer to carrying out e above as showing that the properties are closed under
the rules in R, or sometimes as verifying property closure.

To see that Rule Induction works, write

g < {2 | z €I and Prop; (x) holds }.

Notice that checking the rules in R are closed under the properties amounts to verifying
that S, S5s,...,S, are closed under R. Thus property IL tells us that I; C S; for each 1.
Also, S; C I, for each i by definition. Hence S; = [; for each i. Soifi € {1,2,...,n} and
r is any element of I;, then x € S;, and so Prop; () holds.

Examples 1.4.2  Refering to Examples 1.3.12 part (2), suppose that we wish to prove
that

every word in Iy has an even number of occurrences of a.

Write #(w) for the number of occurrences of a in w. For a word w, what shall we take
Prop; (w) and Prop;,(w) to be? Obviously we want

Prop;, (w) o #(w) is even .

If we look at rule (4), it is clear that #(aadwe) will be even if #(w) is even, where w € .
So we guess that (maybe) #(w) is also even for all words in [, and set

Prop;, (w) o #(w) is even .
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Let us now apply Rule Induction: we check the closure of each rule (1) to (6) under the
given properties.

(Rule (1)): #(b) = 0, even, so Prop; (b) holds.

(Rule (2)): #(c) = 0, even, so Propy,(c) holds.

(Rule (3)): Suppose that Prop; (w) and Prop; (w’) hold (these are the Inductive Hy-

potheses). Note that #(ww') = #(w) + #(w’), and so #(ww’) is even by the inductive
hypotheses. Thus Prop;, (ww’) holds.

(Rule (4)): Suppose that Prop; (w) holds. Then clearly we have #(aadwe) = #(w) + 2
is even, so Prop;, (aadwe) holds.

(Rule (5)): Suppose that Prop; (w') holds. Then #(w'e) = #(w’) is even. Hence
Prop;,(w'e) holds.

(Rule (6)): Suppose that Prop;,(w') holds. Then #(aw'a) = 2 + #(w’) is even. Hence
Prop; (aw'a) holds.

Thus by Rule Induction we are done, and we can conclude that

for all w € I, #(w) is even, and
for all w € Iy, #(w) is even.

Thus we have proved both the original proposition, and into the bargain that all words
in I; also have an even number of occurrences of a.
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Operational Semantics of an Imperative Language

2.1 Introduction

Motivation 2.1.1  We shall look at a formal definition of a simple imperative language
which we call IMIP. We define the syntax of this language, and then describe how pro-
grams in the language execute—the operational semantics of IMIP. The expressions of
the language comprise integers, Booleans and commands. As our language is imperative,
it has a concept of state. Thus IMP has a collection of (memory) locations which hold
data—a state is any particular assignment of data to the locations. The commands of
the language comprise instructions for changing the state. A program, or configuration,
in IMIP consists of an expression together with a specified state. The program executes
by using instructions coded by the expression to manipulate the state. The (final) results
of a program execution are given by the state at the end of execution.

If e is an expression and s a state, then a configuration will be any pair of the form
(e, s). We shall define assertions of the form (e, s) ~» (€', s") which assert that in state
s, e executes in one cycle to ¢’ with the state after the computation cycle being s’. Such
assertions comprise a formal operational semantics. We shall also give an operational
semantics which shows how expressions can execute in a multiple number of steps to pro-
duce a final state (and a program output if the expression is an integer or a Boolean), and
show how this style of operational semantics matches the former “single cycle” definition
in an exact way.

2.2 The Syntax of Expressions

Motivation 2.2.1 We begin to describe formally the language IMP. The first step is
to give a definition of the syntax of expressions of the language. In this course, expression
syntax will in fact be abstract syntax—every syntactic object will be a finitely branching
tree. We shall adopt the following notation for finite trees: If 71, T5, T3 and so on to T}, is
a (finite) sequence of finite trees, then we shall write root(73, 75, T3, ..., T,) for the finite
tree

root

Tl‘TQ//T;;/ \Tn

whose root is denoted by the symbol root.
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For example, +(2, —(3,5)) denotes the tree
_'_
9 _
3 )
We shall often use infix notation, writing (for example) 2 + 3 instead of +(2,3) if such

notation is clearer to read. The above example would be written 2 4 (3 —5).

Definitions 2.2.2  The expression syntax of IMP will be built out of various sets of
symbols. These are

def

Loc = {x1,29,...} the set of locations;

Cst & {n | neZ} thesetof integer constants;
BCst < {b| beB} theset of Boolean constants;
IO0pr o {+,—, *} a fixed, finite set of integer valued operators;
BOpr o {=,<,<,...} afixed, finite set of Boolean valued operators;

We shall let the symbol ¢ range over elements of Z U B. Note that the operator symbols
will be regarded as denoting the obvious mathematical functions. For example, < is the
function which takes a pair of integers and returns a truth value. Thus <:7Z xZ — B is
the function given by (m,n) — m < n, where

T if m is less than or equal to n
m<n=

F otherwise
For example, 5 <2 = F.

Note that we write ¢ to indicate that the constant c¢ is “held in memory”. We shall
require that ¢ = ¢ if and only if ¢ = . Given (for example) 2 and 3 we cannot add
these “numbers” until our programming language IMP instructs that the contents of the
memory locations be added—thus 2+ 3 # 5. However, when 2 is added to 3 by IMP, the
result is 5, and we shall write

2+3=05.

The set of expression constructors is specified by
Loc U ICst U BCst U I0pr U BOpr U { skip, assign, sequence, cond, while }.

We now define the expressions of the language IMP. We begin by specifying three sets,
IEzp, of integer expressions, BFExp, of Boolean expressions, and Com, of com-
mands. The set Ezp of expressions of the language is given by the (disjoint) union of
these three sets:

Ezxp dof 1Exp U BExp U Com.

Each expression is a finite tree, whose nodes are expression constructors. If e ranges over
expressions, we shall adopt the following abbreviations:
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—— [when z € Loc] erLOC ——— [whenn €Z] eINT
xz in IEzp n in [Ezp

——————— eTRUE ————— €FALSE
T in BFExp F in BFExp

ie1 in I[Fxp 1eo in IFExp
[when op € IOpr] eloP

ie1 op ieg in IFxp

te1 in IFxp teq in I[Fxp

[when op € BOpr| eBOP
1e1 op teo in BExp

eSKIP te in IFxp

S — [when x € Loc]  eASs
skip in Com z:=1ie in Com

co1 in Com cos in Com

eSEQ
co1 ; coo in Com
be in BExp co; in Com coy in Com be in BExp co in Com
€COND eLOOP
if be then cop else coo in Com while be do co in Com

Table 2.1: Expressions e, be, and co in IMP

e We write e := ¢’ for the finite tree assign(e, ¢);
e ¢ ; ¢ for sequence(e, €);
o if ¢ then ¢’ else ¢” for cond(e, €', ¢”); and

e while e do ¢’ for while(e, €’).

The sets [Ezp, BExp and Com are simultaneously inductively defined by the rules in
Table 2.1. We shall also adopt the following bracketing and scoping conditions:

e Arithmetic operators group to the left. Thus ie; op ies op iesz abbreviates (ie; op
ies) op iesz with the expected extension to any finite number of integer expressions.

e Sequencing associates to the right.
o if be then co else co’ means if (be) then (co) else (co’).

e while be do co means while (be) do (co).

Remark 2.2.3 We will usually denote elements of any given set of syntactic objects by
one or two fixed symbols. So for example, e is always used to denote expressions, that is,
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elements of Fzp. This allows us to cut down on notation. As an example, the following
all have identical meanings:

efkoralle, ...
e For all expressions e, ...

eftorall e € Fxp, ...

The first sentence is shorter than the others, but conveys the same meaning. ie ranges
over integer expressions, be over Boolean expressions, co over commands, and op over
arithmetic operators.

We shall use brackets as informal punctuation when writing expressions, for example
compare the following two commands:

if be then co; else (cos ; co3) and (if be then co; else cos) ; cos.

>> Warning 2.2.4 A feature of inductively defined syntax is that whenever a
syntactic expression is known to be an element of an inductively defined set,
we can determine which rules were used to construct the expression. This
is precisely where we make use of the fact that IMP expressions are finite
trees. We illustrate by example. Suppose that while be do co is a command,
that is while be do co € Com. We know that there is a deduction of this fact,
using the rules in Table 2.1. Then the only rule which could be used in the
last step of the deduction must be eroop. This follows from the fact that the
root of the finite tree while be do co s while.

By way of illustration, if while be do co in Com had been deduced from another
rule, eseq say, then there would be commands co; and coy for which

sequence while

co1 CO9 be co

and so sequence = while which is nonsense. Similarly, no other rule (apart
from eroor) could be used to deduce that while be do co in Com.

It also follows that we must have be € BEzp and co € Com—these facts must
hold if while be do co € Com. Why?

2.3 A Transition Relation

Motivation 2.3.1  We shall consider the locations of IMP as being elements of some
given set Loc. A state is given by specifying what data is held in the locations. For us,
the data is simple and only consists of integers. Thus a state is a function from the set of
locations to Z. As we have mentioned, a configuration is given by a pair (e, s) where e is an
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expression and s a state. We shall in fact define a binary relation on configurations which
takes the form (e;, s1) ~ (eg, s2). Its intended meaning is that the first configuration
computes in one step or cycle to the second configuration. We shall also prove that the
computation steps are deterministic.

Definitions 2.3.2  The set States of states is given by [Loc,Z]i,. If s € States and
x € Loc, we refer to s(x) as “the integer held in x at state s”. If s € States, x € Loc and
n € 7Z, then there is a state denoted by s{z—n} : Loc — 7Z which is the function defined by

def n if Yy=x
(s{z=n})(y) = { s(y) otherwise

for each y € Loc. We say that state s is updated at x by n.

The elements of the set Frp x States will be known as configurations. We shall induc-
tivley define a binary relation on Ezp x States by the rules in Table 2.2, where we shall
write (e1, s1) ~ (eg, s2) instead of ((er, s1), (€2, $2)) in ~». We call ~» a transition
relation, and any instance of a relationship in ~» is called a transition step.

Proposition 2.3.3 The binary relation ~~ enjoys the following properties:

(i) For every transition (e, 1) ~ (€2, $2), then either e, e € IExp, or e, e € BEzp, or
e, eo € Com; and

(ii) for every transition (e, s1) ~> (€2, So), if neither e; nor ey is a command, then s; = s5.

Proof Both parts follow by a simple Rule Induction for ~». Details are left as an easy
exercise. We shall soon give a very detailed example of a more complicated proof by Rule
Induction. 0J

Example 2.3.4 Let us write co for while x > 0 do co’ where co’ is the command
y:=y+2;x:=x— 1. Suppose that s is a state for which s(z) =1 and s(y) = 0. Let us
write s’ % s{y—2} and s” def S{y—2H{z—0} = s'{z—0}. We give an example of a sequence of
configuration transitions for the language IMP in Figure 2.1. We also give, as an example,
the deduction of the transition step ~-, in Figure 2.2. Of course, each of the transition
steps given in Figure 2.1 have similar deductions to that for ~»,, but in practice one can
write down (correct) transition steps directly, without formal deduction trees, simply by
understanding the intended meaning of the language TMIP .

Theorem 2.3.5 The operational semantics of IMIP, as specified by the transition rela-
tion ~», is deterministic, that is to say that for all expressions e, ¢/ and e”, and states
s, s and §”, if

(e, s)~ (e, ) and (e, s)~ (", s")

then ¢/ = ¢’ and s’ = s”.
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Rules for integer and Boolean Expressions

—LOC (ie1, s) ~ (iea, s) o,

(w,8) ~ (s(x), ) (ieq op ie, s) ~ (iez op ie, s)

(iey, s) ~ (iez, s) ~>OP3
O (nyopng, 8) ~ (n1op g, )

(n op ie1, s) ~ (n op iez, s)
Rules for Commands

(iey, s) ~ (ieg, s) -
ASS9o
~rASS) (r:=mn, s) ~ (skip, s{z—n})

(x:=iey, s) ~ (z:=ieq, $)

(co1, s1) ~ (coz, $2)
~>SEQ2
~7SEQL (skip ; co, s) ~> (co, s)

(coq; co, s1) ~ (cog; co, s2)

(bey, s) ~ (bea, s)

~»COND1
(if bey then coq else coy, s) ~~ (if beg then co; else coq, $)

~~>CONDg9
(if T then coj else coa, s) ~ (co1, $)

~~»COND3
(if F then coj else coy, s) ~> (coz, $)

~»LOOP

(while be do co, s) ~ (if be then (co ; while be do co) else skip, s)

Table 2.2: Configuration Transitions (e, s) ~ (¢, s') in IMP
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(co,s) ~» (if x> 0then co’; co else skip, s)
~  (if 1 > 0 then ¢o’ ; co else skip, s)
~  (if T then co’ ; co else skip, s)
~ (o' 5 co, )
~ ((y:=0+4+2;2z:=x—1);co0,s)
~ ((y:=252:=2—-1);c0,5)
~y ((skip;xz:i=x—1);co, )
~ (zi=ax—150c0,9)
~ (x= 1;co,s)
v (z:=0;c0, )
~  (skip; co, s")
~ (co, s")
~  (if 2 > 0 then co’ ; co else skip, s”)
~  (if 0 > 0 then co’ ; co else skip, s)
~  (if F then co’ ; co else skip, s”)
~  (skip, §")

Figure 2.1: A Transition Sequence in IMIP

~ASS9

(y:=2, s) ~ (skip, s)
/

~SEQ1
y:=2;x:=x—1,58)~ (skip;x:=ax—1,s")

~SEQ1
=2;x:=x—1);co,5)~ ((skip;x:=2—1);co,s)

Figure 2.2: An Example Deduction for ~~
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Proof We can prove this result by Rule Induction. If we write
Prop(((e, s), (€', s"))) L for all (e",8"), (e, s)~ (", s")= (" =¢and s" = &)
then we can prove that

for all (e, s) ~ (e', s"), Prop(((e, s),(e", s"))) (%)

holds by using Rule Induction, and this latter statement is equivalent to the statement of
the theorem.

We consider property closure for just one rule, say

(ie1, s) ~ (ieg, $)

~>ASSq
(x:=idey, s) ~ (v:=1iez, s)

The inductive hypothesis is Prop(((ie1, ), (ie2, s))), that is
for all (v, 2), (ie1, s)~ (y, z2) = (y =ieg and z = 3) (IH)
We need to prove Prop(((xz:=iey, s),(z:=1iey, s))), that is
for all (u, v), (x:=iey, s)~ (u,v) = (u= (z:=1ey) and v =s) (C)

To prove (C') we choose an arbitrary configuration (e’, s’) and suppose that (z:=ieq, s) ~»
(¢, s"). This could only be deduced from ~» ass; and so € = (x:=ie3) and s’ = s for
some iez, where

(ie1, s) ~> (ies, s).

Hence using (I H) we can deduce ie3 = ies (and s = s !). Thus €' = (x := iey) and we
already showed that s’ = s. As (¢, s’) was arbitrary, we have proved (C).

Checking property closure of the remaining rules is left as an easy exercise. 0

>> Warning 2.3.6 You may care to compare carefully the above proof with
the general exposition of Rule Induction. Note that (x) is

for all £(e, s), (€', s')l € \*’j_,,fmp(((@a s), (€', "))

~~

Prop(i)

Now, Prop(i) is a mathematical statement involving i. Precisely what is it?
It is in fact

for all (", s"),  fst(i) ~ (", ") = €" = fst(snd(i)) and s" = snd(snd (7))

where fst and snd are functions which extract the first or second coordinates
of a pair.
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States [Loc, Zltot
Z:IExp —> [States, Zlio
B: BExp — [States, B) o

C: Com — [States, States|par

Z(ie)(s) = n where n € Z is the unique integer such that (ie, s) ~* (n, s)

B(be)(s) = b where b € B is the unique Boolean such that (be, s) ~* (b, s)

J unique s’ such that (co, s) ~* (skip, §') if s’ exists
ef
C(co)(s) =

undefined otherwise

Table 2.3: Evaluation Functions Z, B and C for IMP

Definitions 2.3.7 We say that a configuration (e, s) is terminal if there is no con-
figuration (€', s’) for which (e, s) ~» (¢’, s’). One can see from the rules which define
~- that the terminal configurations are (c, s) where ¢ € Z U B is any integer or Boolean
and s is any state, and (skip, s). An infinite transition sequence for a configuration
(e, s) takes the form

(e, 8)~ (e, s1)~ (€2, 82) ~ ...~ (€, 8)~ ...

where no configuration (e;, s;) is terminal. A finite transition sequence for a config-
uration (e, s) takes the form

(e,8)~ (e, s1)~ (ea, 82) ~ ...~ (€m, Sm)

where (e, , $,) is terminal. You should note that Theorem 2.3.5 implies that each non-
terminal configuration (e, s) has a unique transition sequence which is either finite or
infinite. We shall write ~~* for the reflexive, transitive closure of ~.

If it is the case that e € [Ezp U BEzp, then for any state s we can prove that (e, s)
has a finite transition sequence. (This can be proved using Rule Induction—try it as an
exercise.) Thus there are (well defined) functions Z and B as detailed in Table 2.3: for
example, for any integer expression ie, there is a total function Z(ie) : States — Z whose
value Z(ie)(s) at any state s is given in the Table. In the case that co € Com, then for
any state s it is possible (co, s) ~» (skip, s’) for some state s’. If so, by Theorem 2.3.5 we
know that s’ is the unique state for which the latter relationship holds. So, for any given
co, there are certain states s for which we can produce a unique s’ which depends on co
and s. Thus there is a function C as detailed in Table 2.3, where for each command co,
C(co) is a partial function from states to states.
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Examples 2.3.8

(1) Let co be while T do skip. Then we have

(co,s) ~- (if T then (skip ; co) else skip, s)
~  (skip ; co, $)
~ (co, s)

D

and this cycle repeats forever. Thus (co, s) has an infinite transition sequence, and
note that as s was arbitrary, C(co) : States — States is undefined on all states, that is

C(co) = @.
(2) Suppose that co is the command
y:=1;(whilex>1ldo (y:=azx*y;z:=2—1)).
Then C(co) : States — States is the (total) function defined by
dof { S{y—nH a1} ifn>1

S{y—1} ifn<1
where n & s(x).

Remark 2.3.9 Clearly IMP is not a particulary useful or practical programming lan-
guage. But it is Turing powerful in the usual sense. Fix a pair of locations x and y. If
f N — Nis any partial recursive function, then we can find a command co such that for
each n € N, if state s satisfies n = s(x) then

C(co)(s) is defined <= f(n) is defined
and when they are both defined, C(co)(s)(y) = f(n).

2.4 An Evaluation Relation

Motivation 2.4.1 We shall now describe an operational semantics for IMP which, in
the case of integer expressions, specifies how such expressions can compute to integers.
The operational semantics has assertions which look like (ie, s) {;m, n. The idea is
that such an assertion corresponds to the configuration (ie, s) making a finite number of
transition steps to the configuration (n, s). A similar idea applies to Boolean expressions
and commands. In Theorem 2.4.4, we clarify these intuitive ideas precisely.

Definitions 2.4.2  We shall inductively define the sets /g, Ipesp and Jcom. These
sets are in fact ternary relations of the following form:

Vigey € IExp x States x Z
Upryp C BExp x States x B

Vcom <€ Com x States x States

These sets are defined by the rules in Table 2.4. We shall use the following conventions:
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Jroc ————[where c€ ZUB] |} consT
(I, 8) UIErp M (Qa 5) U’IEzp Cc

(iel ) S) ‘U’IEzp m (262 ’ S) ‘U’IEzp @

- - [ where op € IOpr] opy
(ie1 op dea, 8) Yipwy 1 0P N2

(iel ) 8) ‘U’[Ewp m (7;62) S) ‘U’IEa;p @
[ where op € BOpr| lopy

(ie1 op ez, ) gy, N1 0P N2

(ie7 8) ‘U’IE:Ep ﬂ

. Yskip lJAss
(skip, 8) dcom (x:=ie, s) Jcom S{z—n}
(COl 9 81) ‘U’Com 52 (002 ) 82) ‘U’Com 83 (b@, 81) ‘U’BEzp I (601 9 51) ‘U’Com 52
IJSEQ JconDy
(co1 ; co2, $1) Yeom S3 (if be then coq else coz2, $1) dcom S2

(b€7 81) ‘U’BEzp E (0027 81) ‘U’Com 52
CONDg

(if be then coq else coz, $1) dcom S2

(be, s1) Vpesy T (co, $1) boom 2 (while be do co, s2) {boom S3
JLoopr,

(while be do co, s1) dcom 53

(b€7 S) ‘U’BEzp E

(while be do co, s) {com $

JLoop,

Table 2.4: Evaluation Relation (e, s) | s’ in IMP

We write  (ie, s) {m, n instead of (e, s,n) in g,
We write  (be, s) Jpp, b instead of  (be,s,b) in {zp,

We write (co, $1) dcom $2 instead of (co, $1,8) in {oom

Example 2.4.3 Let us write co for while x > 0 do co’ where co’ is the command
y:=y+2;x:=x— 1. Suppose that s is a state for which s(z) = 1 and s(y) = 0. A proof
of (co, s) | s{y—21{a—0} is given in Figure 2.3. It is an exercise to add in the appropriate
labels to the deduction tree, and to fill in 7.

Theorem 2.4.4 For any ie € [Exp, be € BExp, co € Com, s,s" € States, n € Z and
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where Pj is

P P P

(co, s) I s{y—2}{z—0}

(x>0,s) T
and P is
(y,s) 0 (2,s)12
(y+2,s)l2 T
(y=y+2,s) | s{y2} (x:=2—1, s{y=2}) | s{y—2}{z—0}

and P3 is

(y=y+2;z:=x—1,35) | s{y—2}{z—0}

(x, s{y—2H{az—0}) | O (0, s{y—2}{z—0}) 4 0
(x >0, s{y=2}{e—0}) | F

(co, s{y—2}{z—0}) | s{y—2}{z—0}

Figure 2.3: An Example Deduction of an Evaluation
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b € B we have that

“(n,s) = (e, s) b, n
(be, s) ~* (b, s) < (be, s) Uppy b
(co, 5) ~" (skip, s) <= (co, s) bcom &

where ~~* denotes reflexive, transitive closure of ~-.

(ie, s) ~

Proof We break the proof into three parts:
(a) Prove the right to left implications by Rule Induction.
(b) Prove by Rule Induction for ~~ that
(ie, s) ~ (ie’, s) and (ie', s) | n =
(be, s)~ (be', s) and (be',s) b = (be,s) b
(co,s)~ (co',s") and (co,s)|s" =
(c) Use (b) to deduce the left to right implications.
(a) We shall prove by Rule Induction that
for all (e, $) iy n, (i€, 8) ~* (n, $)
for all (be, s) ppy b, (be, s) ~* (b, s)
for all (co, s) Vcom 8, (co, s) ~* (skip, s')

We shall just check the property closure of rule ({} Loor;). Suppose that the appropriate
properties hold of the hypotheses, that is we have

(be, s1) ~" (T, s1) (H1)
(co, s1) ~" (skip, s2) (H2)
(while be do co, s3) ~>* (skip, s3) (H3)

We need to prove that
(while be do co, s1) ~* (skip, $3) ()

Let us write co; for while be do co. Then

(coy, s1) ~» (if be then co ; cop else skip, s1) ~ LOOP)

if T then co ; coq else skip, s1) H1) and several uses of (~ conp;)
CONDg)

AN
H?2) and several uses of (~ SEQ)

~> SEQy)

3)

co1, $2)

(

( (

(co s cor, s1) (

~" (skip 5 cor, ) (
( (

( (H

skip , s3)
which proves (C).



2.4. An Evaluation Relation 25

(b) We shall define a binary relation on the set Exp x States of configurations with rela-
tionships denoted by

(e, s)—» (e, s)
which hold if and only if either

!/

e,e' € [Ezp, s=s and forallneZ (¢, s) lp,n= (e, s) lp,n

or

!

e,e' € BExp, s=3s and forallbe B, (¢, s) lpm, b= (e, s) lsm, b

or
e, € Com, and for all s” € States, (€', §') bcom 8" = (€, 8) dcom 5"

Then proving (b) is equivalent to proving that

for all (e, s) ~ (€', s"), (e, s)— (€¢,5)

which we can show by Rule Induction for the set ~. Let us just consider property closure
for the rule (~ Loopr). We have to prove that

(coy, s) — (if be then (co ; coq) else skip, s)
where coy L while be do co, that is for all states s” if
(if be then (co ; coq) else skip, s) || s” (1)

then
(co1,s) | s" (2)

But (1) can hold only if it has been deduced either from ({} conp;) or ({} conpy). We
consider the two cases:

(Case (I} conpy)): (1) was deduced from the hypotheses

(be, s) | T (3)
and
(co; coy,s)ls” (4)
where the latter assertion is deduced using ({} seQ) from the hypotheses

(co, s) s (5)

and
(cor, s") 5" (6)
for some state s’. If we apply ({} Loopr;) to (3), (5) and (6) we obtain (2).
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(Case (I} conDg)): (1) was deduced from the hypotheses

(be, s) | F (7)
and

(skip, s) I §” (8)
But (8) can only be deduced using ({} skip) so that s = s” and then ({} Loors) applied to
(7) yields (2) as required.

(c) It is easy to see that the relation — defined in the proof of (b) is reflexive and transitive;
hence since it contains ~~» (which is exactly what we proved in (b)) it also contains ~~*,
that is

for all (e, s) ~* (€', §"), (e, s)— (¢, 5).

Thus if (ie, s) ~* (n, s) then we have (ie, s) — (n, s) and hence by the definition of

forallm e Z, (n,s)m= (ie,s)|m

Taking n = m and using (| const) gives (ie, s) | n, as required. This shows the first
left to right implication. The remaining two implications are similar.

O

2.5 Semantic Equivalence

Motivation 2.5.1 We shall consider two commands to have the same meaning, that is
to be semantically equivalent, if they have the same affect on any arbitrary state. This
rather rough and ready idea is made precise in the definitions which follow:

Definitions 2.5.2 We say that two IMP commands co; and co, are semantically
equivalent if for all states s and s’

C(coq)(s) is defined and equal to s <= C(co2)(s) is defined and equal to s’

and when this happens we write co; ~ cos. It is a corollary of Theorem 2.4.4 that we
have co; ~ coy if and only if

for all s,s" € States, (co1, s) | s < (coq, s) | s

Example 2.5.3 Let us prove that the two commands

"

(if be then co else co’) ; co” and if be then (co ; co”) else (co’ ; co”)

are semantically equivalent.

Let us write co; for the first command, and co, for the second. First, suppose that we
have

(cor, s) | & (1)
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Then this can only have been deduced from ({} seQ) with the hypotheses
(if be then co else co’, s) |} " (2)
and
(co”, s") 1§ (3)

for some state s”. The rule used to deduce (2) must have been either (| conp;) or
(J conDy) so that either

(be, )4 T and (co,5) 4" @)
or
(be, s) | £ and (co', s) | s" (5)
In the first case, if we apply ({ seQ) to (3) and (4) we get
(be,s) T and (co;co”,s)ls (6)
and in the second case, if we apply ({ seEQ) to (3) and (5) we get
(be, s) J £ and (co’; co”, s) | s (7)
If (6) holds, then using (| conpy) we get (cos, s) { s'. If (7) holds, then using ({} conps)
we also get (cos, s) | ¢, as required.

In a similar fashion, we can begin with (cos, s) |} s’ and deduce (1) so that co; ~ coy as
required.

2.6 Command Contexts

Motivation 2.6.1 We pose a question which will be answered in the next chapter.
Suppose that co; ~ coy and that co[coq] is a command with an occurrence of co; in it.
If co[cos] denotes the command co[co,] with the command co; changed to coq, then is it
the case that co[coi] ~ co[cos]? We can make this precise by defining command contexts
C which are basically commands co possibly containing “gaps in the code”. These gaps
will be denoted by [J. An example of a command context is if T then [ else x :=2—code
for the first branch of the conditional is missing.

Definitions 2.6.2 We inductively define a command context C using the grammar

C == 01
| skip
|  x:=ie
| C;C
| if be then C else C
|  while be do C

Given any command co, we shall write C[co] to denote the command which results from
replacing all occurrences of [J in C by co (we omit the formal recursive definition). Note
that Cleo] is indeed another command.
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Theorem 2.6.3 For any commands co; and co,, we have
coy ~ cop <= for all command contexts C, C[co;] ~ C[cos].

Proof
(=>): See the end of Chapter 3.
(«<=): This is trivial: take C to be OJ. ]
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The Denotational Semantics of an Imperative Language

3.1 Introduction

Motivation 3.1.1 Recall the following functions, where States def [Loc, Z] o1

T : [Exp — [States, Z] o
B : BExp — [States, Bl

C : Com — [States, States]par

Each of these functions has a similar definition. In the case of Z, if ie is any integer
expression and s is any state, then the integer Z(ie)(s) is defined to be the unique n for

*

which (ie, s) ~* (n, s). This, as we saw, is a perfectly sensible definition, but how can
we calculate Z(ie)(s) directly? If we were asked to prove that Z(ie)(s) = n, we can do
this by using the rules defining ~~ to give a deduction of (ie, s) ~»* (n, s), but this does
not help us calculate n if we are just given ie and s. In fact this is a similar situation
to the simple functional languages in MC208. One has an operational semantics defining
P | V (where the latter relationship means that program P evaluates to a value V') but

given any P the definition of || does not let us calculate V directly.

However, in this chapter we shall describe another semantics for IMIP which goes some
way towards allowing us to calculate (execute) IMIP expressions directly. We introduce a
denotational semantics which will provide a framework from which we can (almost)
directly calculate the functions above.

A denotational semantics for a language can be thought of as a mathematical model of
the language. It is intended to be far more abstract than an operational semantics, and
the model attempts to free itself from the particular syntax and implementation details
of the programming language. One pay off is that using a denotational semantics we can
compare apparently quite distinct constructs from different programming languages—a
comparison is much easier in the setting of an abstract mathematical model.

3.2 Preliminary Denotational Definitions

Motivation 3.2.1 We shall define functions

[-] : IEzp — [States, Z] ;o
[—] : BEzp — [States, Bl;o

[—] : Com — [States, States] ar



30 Chapter 3. The Denotational Semantics of an Imperative Language

which have an obvious computation algorithm, and for which we can prove that
lie] =Z(ie) and [be] = B(be) and [co] =C(co).

Note that it is traditional to use the same symbol [—] to denote (three) different functions;
[—] is said to be overloaded. By “obvious computation algorithm” we mean that given
any ie, be, co and s, it is clear how to calculate [ie](s), [be](s) and [co](s) directly. How
might we define [—]? Suppose that e is an expression. We know that e is a finite tree,
and that it was constructed inductively. So e is of the form C(ey, ..., e,) where C is a
constructor and the ¢; are the immediate subtrees (subexpressions) of e. If we already
knew the definitions of the [¢;] then it might be possible to define [e] in terms of the
(already defined) [¢;]. But this just amounts to a recursive definition of the function [e].
This is preceisely how we formulate our denotational semantics—and the “computation
algorithm” referred to above amounts to computing [e] recursively.

In fact it is very easy to give definitions of the first two functions, but the third will take
some work. We shall have to introduce some mathematical machinery in order to allow
us to define [—] on commands. Once the definitions of the machinery are complete, we
shall give a full definition of [—].

Motivation 3.2.2  The function C : Com — [States, States],q, involves dealing with
partial functions between States and States. In order to specify such a partial function,
say f, for any state s we have to either say that f is undefined at the state s (in which
case we shall say informally that “f(s) is undefined”) or we have to say that f is defined
at s and specify a unique state which we denote by f(s) (in which case we say informally
that “f(s) is defined”). In fact we can give an alternative definition of the set of partial
functions between states. By alternative, we mean that there is in fact a set of total
functions which, in a precise sense, very much resembles the set of partial functions
between states. This latter set of (total) functions is conceptually easier to deal with, but
will still provide us with a perfectly good model for commands.

Basically the idea is this: We shall consider, just for the moment, any partial function
f : A— B between sets A and B. We consider replacing the target set B by a set
BU{ L} where L is distinct from the elements of B. Then the partial function f : A— B

“corresponds” to a total function f: A — BU{ L} where f(a) o f(a) if f(a) is defined,
and f(a) ' | otherwise. Conversely, given a function g : A — B U { L}, it is clear that
there is a partial function § : A — B (what is §?). It is easy to verify that f = f and
§ = ¢ and thus there is a bijection

[A, Blpar = [A, BU{ L }uot

and the two sets (of functions) are “mathematically identical”. We need to make this a
little more precise for our current setting:

Definitions 3.2.3 We shall define a set

States | dﬁf{[s] | s € States }U{ L}
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where you should think of [s] as a copy of s so that if [s] = [s] then s = s’ for all states
s and s, and L is a fixed element such that L # [s] for any state s. We call 1 bottom
or the undefined state. Note that this amounts to there being an injection

¢ : States — States |
where ¢(s) o [s].
Proposition 3.2.4 There is a bijection
I : [States, States],q, = [States, States | |ior
where for f € [States, States|,,, we define I(f) € [States, States| |r by
1)) der { [f(s)] if f.(s) is defined
L otherwise

for any state s.

Proof We shall prove that I is injective, and leave surjectivity as an exercise. Suppose
that I(f) = I(f"). We have to show that f = f’, that isif s is any state we need to see that
either both f(s) and f’(s) are undefined or else both are defined and f(s) = f’(s). By
hypothesis we have I(f)(s) = I(f")(s). We consider cases according to whether I(f)(s)
is bottom or not:

(Case I(f)(s) is bottom): Clearly I(f")(s) must also be bottom and thus neither f(s) or
f'(s) is defined.

(Case I(f)(s) is [f(s)]): We must have that I(f’)(s) is [f'(s)] (why?) and thus [f(s)] =
[f'(s)]. So f(s) = f'(s) as required.

As s was assumed to denote any arbitrary state, we are done. 0

Motivation 3.2.5 As we have said, the function [—] : Com — [States, States],q, will be
equal to C, but is to have a definition which allows for direct calculation of [co](s) for any
co and s. Now that we have seen that the sets [States, States|,,, and [States, States | |;, are
bijective, and thus essentially “mathematically identical”, we shall try to define a function
[—] : Com — [States, States | |- This will give us a perfectly good mathematical model.
To do this we shall need some auxiliary definitions. We shall now give each of these, and
then give our full definition of [—]. We shall motivate each of the auxiliary definitions by

seeing how they arise naturally when we consider what properties our denotational model
of IMIP should have.

A-notation

Suppose that f : X — Y is any function which is given by a mapping x — FE(z) where
E(z) € Y is an expression involving x. Then it is sometimes convenient to be able to refer
to the function f and at the same time make its definition explicit. We write Azex.E(x)
for the function f. Thus, for example, Azen.x + 1 : N — N is the function which maps
any number to its successor; for example (Azen.z + 1)(4) = 5.
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Lifting

Motivation 3.2.6 What is [co; ; cos]? Let us suppose that we know the definitions of
[coi] : States — States; and [coq] : States — States,

Operationally, the intended meaning of co; ; cos is that the command takes any state s,
performs command co; which either loops or produces a new state s’, and then in the
latter case performs command co, in state s’.

Hence [coq](s) is either L or is a new value state! [s']. Thus [co; ; cos](s) should be L
if Jeo1](s) is L, and otherwise should be [cos](s’). We can capture this neatly with the
following definitions:

Definitions 3.2.7 Suppose that g : States — States, and that x € States,. Then we
define a function g, : States; — States, by setting

gi(z) € {

where x is any element of States;. Thus we could define

g(s) if z = [s] for some s € States

1 otherwise

[coq ; cos] o AseStates. [coa] | ([co1](s))

which states precisely the intended denotation described above.

Conditionals

Motivation 3.2.8 Let us think about if be then co else co’. Given a state s, the latter
expression computes co in state s if be computes to T in state s, or computes co’ in state
s if be computes to F in state s. Thus we might wish to say that [if be then co else co’](s)
is [co](s) or [eco’](s) according to whether [be](s) is T or F.

Definitions 3.2.9 Given any b € B and x, 2’ € States, we define a function
cond : B x States| x States, — States |
by setting
wi | ifbo="T
cond (b, z,2') =
x ifb=F

We call this the conditional function for States. We can use this conditional function
to define the semantics of if-then expressions as

[if be then co else co'] & Asestates.cond ([be](s), [co](s), [co’](s))

assuming that, recursively, we already have definitions of [be], [co] and [co’].

We refer to elements [s] of States| as value states.
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Least Fixed Points

Motivation 3.2.10 Let us think about what [while be do co] : States — States,; should
be. Operationally, while be do co executes in a state s by first evaluating be in s. If the
result is 7', then the command co ; while be do co is executed, and if the result is F' then

skip is executed (and in this case the final state is s). This means that in our model we
should have

[while be do co](s) = cond ([be](s), [co ; while be do co](s), [s])

and writing f for [while be do co] this amounts to

f(s) = cond ([be](s), fL([co](5)), [s])-

Thus whatever f is, it must satisfy the latter equation. Hence [while be do co] should be
an element f € [States, States | i for which ®(f) = f where

O : [States, States | |,y — [States, States, |io
is the function given by
)\fe[States,Statesﬂtot.)\SEStates.Cond ([[b@]] (S), fJ_([[CO]](S)), [S])

Recall that such an f satisfying ®(f) = f is called a fixpoint of ®.

We have a problem in that & may have more than one fixed point. Which one of them
ought to be chosen for the semantics of our while expression? The answer is that it does
not matter, provided we can produce a useful model of our programming language. One
test of the usefulness of the denotational semantics is that, in some sense, it corresponds
closely to the operational semantics. We shall now show how we can choose our fixpoint
uniquely, and later show that we made a good choice in the sense just described. We
make our choice by considering a partial order < on the set [States, States, |;o;. We can
then consider the set of prefixpoints of

O : ([States, States | |ior, =) — ([States, States | |ior, =)

and choose the least one (assuming it exists) for our semantic definition. Let us define a
suitable partial order.

Definitions 3.2.11 Recall that we have
I : [States, States],ya, = [States, States | |ior

The set on the left hand side is by definition (see page 3) a subset of P(States x States)
and so we can consider relationships between its elements given by subset inclusion, say
f C f’. A moments thought reveals that this means for all states s, if f(s) is defined then
so too is f'(s) and f(s) = f'(s)—make sure you understand this!
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We can then transport these (partial order) relationships across the bijection, so that for
any
g,9" € [States, States | |1,

we define the relationship ¢ < ¢’ to hold if and only if f C f’ where f and f’ are the
unique elements for which /(f) = g and I(f’) = ¢’. Thus g < ¢’ if and only if

for all s € States, ¢g(s) # L = g(s) = g'(s).

With & defined as above, we have

Proposition 3.2.12  There is a function fiz(®) : States — States, for which
(i) ©(fiz(P)) = fixr(P), that is fix(P) is a fixpoint of &, and

(ii) for all g : States — States |, if ®(g) =< g (that is g is a prefizpoint of ®) then fiz(P) < g
(that is fiz(®) is a least prefixpoint of ®).

Proof This is delayed until Chapter 5. U

3.3 Denotational Semantics

Definitions 3.3.1 We can now give the full definition of the denotational semantics of
IMIP. We shall define the denotational functions

[-] : IExp — [States, Z)iot
[-] : BExp — [States, Bl

[—]: Com — [States, States )0

by recursion on the structure of e using the following clauses, where s is an arbitrary
state:

L [[Q]] é As€States. C;
L .Z'ﬂ = )\SEStates S(I)
[ ]

er op 62]] X \sestates. [er](s) op [ea] (s);
° Sklp]] = /\sEStates [ }

def

co ; co'] = Asestates.[co’] | ([co](s));
o [if be then co else co’] L \sestates. cond ([be](s), [co](s),[co’](s)) ; and

[
[
[
o [z:= ]] = )\SGStates.[S{xw[[ie]](s)}];
[
[
[

e [while be do co] o fixr(®) where @ is the function

Ag€|States,States | Jror. As€States. cond ([be] (s), g1 ([co](s)), [s])-
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Motivation 3.3.2  We shall show that there is a very precise correspondence between
the operational and denotational semantics of IMIP. This correspondence is stated in the
following theorem:

Theorem 3.3.3 For all ie € IExp, be € BExp, co € Com, n € Z, b € B and s,s" €
States we have

Z(ie)(s)=n . (ie,s) g, n —  [ie](s) =n
B(be)(s) =b =, (be, s) Uppap b = [be](s) =b
Cleo)(s)=s" <= (co,s)lem s <= [eo](s)=1¢]

Proof The bi-implications <=, were established in Chapter 2, and are included for
completeness in the statement of the theorem.

(=) We prove the left to right implications by using Rule Induction for the simultane-
ously inductively defined sets gz, | BEzp and {com. For example,

Propy . ((ie,s,n)) o [ie](s) = n;

what are the other properties?
We shall just check property closure for the rules |} ors and |} Loop;.

(Case |} opy): The inductive hypotheses are
[ie1](s) =ny  and  [ies](s) = ng
and we have to prove that [ie; op ie2](s) = n1 op ny. But this is trivial, as
[ier op ie2](s) o [ie1](s) op [iea](s) = ny op ngy

with the latter equality following by the Inductive Hypotheses.

(Case |} Loopy): Let co’ be while be do co and suppose that the following Inductive
Hypotheses hold for some states s;, s, and s3:

[be](s1) =T and [eo](s1) = [se] and [co'](s2) = [s3] (H)

We have to prove that
[co’)(s1) = [s5] (C)
Now [co'] = fix(P) where

O = Age[States, States | ]ror. Asi €States. cond ([be](s1), g1 ([co](s1)), [1])

Hence we have

[co'] = fix(®) = O(fixr(P)) = D([co]) = Asiestates.cond ([be](s1), [co'] | ([eo](s1)), [s1])
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Thus we have
[co')(s1) = cond ([be](s1), [co'] ([col(s1)), [s1])

= cond (T, [co’] ([s2]), [s1]) by (H)

= [eo] ([s])

= [co')(s2)

= [s3] by (H)
which is (C'). We leave the reader to check property closure for the remaining rules.
(«<=) We use Rule Induction for the sets IEzp, BExp and Com. So for example we take

Prop rg,, (ie) ' for all n € N, for all s, [ie](s) =n = (ie, s) Y1z, 0

what are the other properties?

We only consider property closure for the rule eroopr. We write co’ for while be do co.
The Inductive Hypotheses are

for all s,s" € States, [co](s) =[s'] = (co, $) Yoom & (Hy)

and
for all b € B, for all s € States, [be](s) =b= (be, s) Jsp, b (Hs)

and then we have to prove that
for all s,s" € States, [co'](s) = [s'] = (co’, s) Vcom & ()
Now, (C') is equivalent to
[co'] 2 I(C(co”)) € [States, States| i (1)
where we recall from page 20 that
dof unique s" such that (co’, s) {c.. " if s exists
C(co")(s) =
undefined otherwise

and [ is the bijection of page 31.

But we have [co’] = fiz(®) and so using Proposition 3.2.12 part (ii), (1) will hold providing
that
O(I(C(c0'))) = 1(C(c0')) (2)

which is equivalent to saying that for all states s,
Q(I(C(co)))(s) #L = @(I(C(co)))(s) = I(C(co"))(s) (&)
Now for any arbitrary s,

®(1(C(c0")))(s) = cond ([be](s), (1(C(co"))) L([col(s)), [s])
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and so if ®(1(C(co’)))(s) # L then either

[bel(s) = T and  ®(I(C(c0")))(s) = (I(C(co")))L([col(s)) # L (3)

or

[be](s) =F and ®(I(C(co’)))(s) = [s]. (4)
In the first case (3) we have

L(C(co"))(s")
L £ B(I(C(c0')))(s) = (I(C(co))) . ([eo] () = 4 1 Leol(s) =

1 otherwise

[s'] for some s’

and thus [eo](s) = [s'] and I(C(co’))(s") = [s"] for some states s’ and s”. Then by
(Hy) and the definition of C we have (co, s) | ' and (co’, ') || s". As [be](s) = T
by assumption, (Hs) tells us that (be, s) | T. Applying ({} Loor;) we conclude that
(co', s) | s". So C(co’)(s) = s" and thus I(C(co’))(s) = [s"] using Proposition 3.2.4.
Hence

O(I(C(co")))(s) = [s"] = I(C(co"))(s).

In the second case (4) we have ®(I(C(c0')))(s) = [s] and using (Hs) we deduce that
(be, s) Uppp F. Applying (I} Loopry) we have (co’, s) Yc,n s and so I(C(co’))(s) = [s].
Hence

O(I(C(c0")))(s) = [s] = 1(C(co"))(s).

From cases (3) and (4) the desired conclusion (C") follows. O
Corollary 3.3.4 For commands co; and coy we have co; ~ coy <= [co1] = [cos].
Proof This follows immediately from Theorem 3.3.3. Why? U
Motivation 3.3.5 We can now complete the proof of Theorem 2.6.3:

Proof
(=>): We can prove by induction on C that

for all coy, for all coq, for all C, ([co1] = [cos] = [C[co1]] = [Clcos]]).  (*)

Then if co; ~ coq, the corollary gives [coi] = [cos], (%) gives [Clco1]] = [C[cos]], and
thus the corollary gives C[co1] ~ C[coy]. This is true for any arbitrary C. O
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The CSS Machine

4.1 Architecture of the CSS Machine

Motivation 4.1.1 We have seen that a denotational semantics gives a direct method for
calculating the functions Z, B and C. This involves a mathematical model of IMP, and
while this situtation is fine for a theoretical examination of IMIP, we would like to have
a more direct, computational method for calculating the above functions. We provide
just that in this chapter, by defining an abstract machine which executes via single step
re-write rules.

You may like to compare these ideas with those in MC208 where we introduced the
SECD machine, which was an operational architecture for computing a value V from any
program P (provided that such a V satisfying P |}¢ V exists). In this chapter we shall
describe an architecture for directly computing/executing IMIP expressions. An analogy
with MC208 is

functional language compares to IMIP
functional programs compare to IMIP ie and be expressions
functional values compare to constants ¢
calculating values from programs compares to calculating Z and B
SECD machine compares to CSS machine
SECD re-writes compare to CSS re-writes

You should note that this comparison is very rough and ready, and should be treated with
caution. But it ought to give you a clearer idea of the aims of the current chapter.

Definitions 4.1.2 In order to define the CSS machine, we first need a few preliminary
definitions. The CSS machine consists of rules for transforming CSS configurations. Each
configuration is composed of code which is executed, a stack which consists of a list of
integers or Booleans, and a state which is the same as for IMP .

A CSS code C'is a list which is produced by the following grammars:
ins :==e| op | STO(x) | BR(coy, cos) C ==nil | ins : C

where e is any IMIP expression, op is any operator, x is any variable and co; and co, are
any two commands. The objects ins are CSS instructions. A stack o is produced by
the grammar

oux=nil|c:o
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where ¢ is any integer or Boolean. A state s is indeed an IMP state. We shall write —
instead of nil for the empty code or stack list.

A CSS configuration is a triple (C, 0, s) whose components are defined as above. A CSS
transition takes the form

(0170—1751)}_>(C270—2782)

and indicates a relationship between CSS configurations. Thus —— is a binary relation
on the set of all CSS configurations. This binary relation is defined inductively by a set
of rules, each rule having the form

(0170-1781)}—>(0270-27SQ)

that is, every rule has no hypotheses. We call such a binary relation as — which is
inductively defined by rules with no hypotheses a re-write relation. The CSS re-writes
are defined in Table 4.1, where each rule R is written

G foi]s]—[C]os]s]

Remark 4.1.3 You may like to compare such re-write rules with the transition steps of
IMIP which we met in Chapter 2. They are similar, except that any individual re-write
does not require justifying via a deduction tree, because by definition a re-write step is
defined by a rule with empty hypotheses.

no tree
RKoH——> R > Ko ——> Rg3+—>Kq4...—> Kp,
K — Kit+1

Rewrite Rules (Abstract Machine)

deduction tree deduction tree deduction tree deduction tree
’}/0 e d ’}/1 e d ’}/2 el ’}/3 el R 4 ")/n
Transition Semantics

In this informal picture, k denotes a typical CSS configuration, and v a typical IMP
configuration.

4.2 Correctness of the CSS Machine

Motivation 4.2.1 We prove that the CSS machine is correct for our operational seman-
tics. This means that whenever we execute an expression according to the semantics in
Chapter 2, the result matches that of the CSS machine, and vice versa. We make this
precise in the following theorem:
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-
lieiopies:Co|ls| — [ieg:ier: op :C o] s]
w0 e Ts) — [C]@e]s)
(v Clminaio ][] — [Clmopmra]s]
(TioTo]s] — [ClTe]s]
[FClo]s] — [C]Eo]s]
@ Cla]s] — [Cla]s]
|z:=ie:C o] s| — |ie:STO(x):C o] s]
[STOW Cnio]s] — [C]a]simm]
(oo - Clo]s] — [eorrenClo]s]
| if be then coy else co : C [ o[ s| — | be:BR(coy,co0):C o] s]
(BR(eor con) O Tio]s] — [en:Cla]s]
| BR(co1,c00): C[[F:o|s| s |cop:Clo]s]
[while be do co: C [[o [[s] > [be:BR((co; while be do co),skip): C [ o [ s |
Table 4.1: The CSS Re-Writes
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Theorem 4.2.2 For alln € Z, b € B, ie € [Exp, be € BExp, co € Com and s, s, 83 €
States we have

(ie, ) b = [ie[—[s|—"—[n]s]

(be, s) bop b = [Be] —[s ][ [[2]s]

(0. ) b s = [w]=[a]—' [T

where —! denotes the transitive closure of —. (Note that in the CSS configurations,
we have written ie instead of ie : nil, n instead of n : nil, and so on. This slight abuse of
notation should keep things tidy, and not cause any problems).

Motivation 4.2.3  The proof method for Theorem 4.2.2 is as follows: For the —
implication(s) we use Rule Induction for the sets {1gsp, V5ryp and Jeom. For the <=
implication(s) we use Mathematical Induction on k, where of course k —! x’ iff for some
keN,

K=K)— Ky —...— K =K.

If it is not immediately clear to you how Mathematical Induction will be used, then
look ahead to page 45. We shall need a few preliminary results before we can prove the
theorem.

Lemma 4.2.4 The CSS machine re-writes are deterministic, that is each CSS configu-
ration re-writes to a unique CSS configuration:

More precisely, if

Clofs]—[C]an]s] ad [Clo]s]—[Co]on]s]

then Ol = 027 01 = 02 and S1 = S92.

Proof This follows from simply inspecting the definition of —: given any |ﬂ|
either there is no transition (the configuration is stuck), or there is only one transition
which is valid. U

Lemma 4.2.5 Given any sequence of CSS re-writes, we can (uniformly) extend both
the code and stack of each configuration, without affecting the execution of the original
code and stack:

For any codes Cj, stacks o;, states s; and k € N,

(Cifo]s1]—="[Cofos] 5]

’01:03“01:03“51‘r—>k’C’2:C’3H02:03HSQ‘

where we define ——° to be the identity binary relation on the set of all CSS configurations,
and of course —! means just ——; and we write C' : C’ to mean that the list C'is appended
to the list C".
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Proof We use induction on k € N, that is we prove Prop(k) holds for all & € N where
Prop(k) is the assertion that

for all appropriate codes, stacks and states

(G s]—"[C]oz] 5]

’leCgHO’l!O’gHSl"—>k’CQIC3HUQZU3HSQ‘.

(Proof of Prop(0)): This is trivially true (why?).

(Proof of for all ky € N, Prop(k)g<k, = Prop(ko + 1)): Let ko be arbitrary and assume
(inductively) that Prop(k) holds for all & < ko. We prove Prop(kq + 1) from these
assumptions. Spelling this out, we shall show that if

for all codes, stacks and states,

Cio[s]—"[Calloa] 5]

’01:03‘\01:03“51‘l—)k’ngchagzagHSQ‘

holds for each k < kg, then

for all codes, stacks and states,

G ]s]—""[C o] 5]

’01:03“01:03“81‘l—>k°+1’02:03H02:03H32 ‘

Let us choose arbitrary codes, stacks and states for which

(G o [s1 ] =" [Co ] o2 ] ]

We now consider the possible forms that C; can take; here we just give a couple of cases:

(Case Cy is —): We have to prove that

o ls]—""[Cloa]s]

]—:03H<71:03H31‘»—>k°+1]02:03H02:03H32‘

But there are no transitions from a configuration with empty code. Thus the above
implication asserts that “false = 77" which is true. (Ask if you are confused by this).

(Case Cy is n: Cp): Suppose that we have

[2:C o [[s1]—=*"[Ca] oz ] 5]
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We need to prove that

’E:Clici),HO'l:O'gHSl‘i—>k0+1’02203H0'220'3H82‘ (1)

By Lemma 4.2.4 we must have'

(n:Cfofs]—'[C]n:a]s]—"[Clo]s]

and so by induction (kg < ko !!)

’CliogHﬂiO'lia'gHSl‘l—>k0’02103H0'210'3H82‘ (2)

But

]@:C’lngHalzagHsl‘|—>1]C’1:C’3H@:01:03H81‘ (3)

and then (2) and (3) prove (1) as required.
(Case Cy is BR(coy, coy) : C1): Assume that?

[BR(co1,c09) : CL [T oy [ 51 [ [ Co [ on [ 52 ]

We need to prove that

’ BR(co1, cos) : C1 : Cy H T :0;: 03 H 5 ‘»—)k()“’ Cy: Cy H 09 1 03 H 9 ‘ (4)

Now

’ BR(coq, cos) : Cy H T:0; H s ‘r—>1’ coy : C H o1 H s ‘

and so by induction we have

[cor:Cr:Gy[lovios s =[G Cs[lonios ] (5)

But
"BR(cor,c0) 01 G5 [T v o3 [51 |~ [cor Cr i Gy o so5 [s1]  (6)
and then (5) and (6) imply (4) as required. We omit the remaining cases. O

Lemma 4.2.6 Given a sequence of re-writes in which the code of the first configura-
tion takes the form of two appended codes, then each of these codes may be executed
separately:

For all £ € N, and

LAll we are saying here is that any sequence of re-write steps must have a unique form. We often use
determinism of — in the next few pages, without always quoting Lemma 4.2.4.

2Given that the code begins with the instruction BR(co1, cos) and we know that there is a valid
re-write, the stack must begin with T'.
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for all appropriate codes, stacks and states, if

(GG Jo]s]—"[=]o"[4"]

then there is a stack and state o’ and s, and ky, ks € N for which

where k1 + ko = k.

Proof We use Mathematical Induction on k; let Prop(k) denote the property of k given
in the above box.

(Proof of Prop(0)): This is trivially true (why?).

(Proof of for all ky € N, Prop(k)g<k, = Prop(ko + 1)): Let ko be arbitrary and assume
(inductively) that Prop(k) holds for all & < ko. We prove Prop(kq + 1) from these
assumptions. Let us choose arbitrary codes, stacks and states for which

[C1: G o[ s]—=M [ = [o" 5"
and then consider the possible forms that C can take.

(Case C is while be do co : C):

We suppose that

’ while be do co : C : Cy H o H s ‘»—>k°+1 =II s

and hence by Lemma 4.2.4

’whilebedoco:C’lngHa\s‘

|
—1 | be : BR((co ; while be do co),skip) : C1 : Cy | o | 5|
0 LT

So as ko < ko (!), by induction we have ki, ko where ko = k; + ko and ¢’ and s’ such that

[ be : BR((co ; while be do co),skip) : Cy o [ s |—" [ =] o' [ &] (1)

and
oo s ][] s (2)

But

| while be do co : Cy || o || s |—"| be : BR((co ; while be do co),skip) : C1 [ || s| (3)

and so we are done using (1) with (3), and (2). The other cases are left as exercises. [
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Lemma 4.2.7 For all appropriate codes, stacks, states and natural numbers,

Lie[lo[s]—=F[=[o]s] =
s=s and o =n:osomené€Z and ’z’eH—Hs‘»—ﬁ’—H@Hs‘
and
Lelo[s]—" =] ]s] =
s=s and o' =b:osomebeB and ’beH—Hs‘r—>k’—HZ_)Hs‘
Proof A lengthy, trivial Rule Induction on [Ezp and BEzp. 0

Proving Theorem 4.2.2

Let us now give the proof of the correctness theorem:

Proof (=): We use Rule Induction for g, {peyp and Ycom. We show property
closure for just one example rule:

(Case |} opy): The inductive hypotheses are

Lies [ [[s|—="[=[m]s] and [deo] =]s|—"[=[na]s]

Then we have

’z’elopz'eQH—Hs‘ — ’z’egzielz op H—Hs‘

by Lemma 4.2.5 and inductive hypotheses ! ] ie1: op H Ny H s ‘

by Lemma 4.2.5 and inductive hypotheses ! ’ op H ny i N H s ‘

— [CTaem]s]

as required. We leave the reader to verify property closure of the remaining rules.

(«<=): We prove each of the three right to left implications separately, by Mathematical
Induction. Note that the first is:

for all ie, n, s, ]ieH—Hs‘»—ﬁ]—H@Hs‘ = (ie, $) $py 1.

But this statement is logically equivalent to

for all &, ‘ for all ie, n, s, |-| —k =|| —  (ie, $) dmypn

which you should check!! We prove the latter assertion by induction on k& € N, letting

Prop(k) denote the boxed proposition:
(Proof of Prop(0)): This is trivially true (why?).
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(Proof of for all kg € N, Prop(k)g<r, = Prop(ko+ 1)): Suppose that for some arbitrary

ko, ie, n and s
Lie[=[s]—""[=]n]s] (+)

and then we prove (ie, s) |z, n by considering cases on ie.

(Case ie is m): If m # n then (x) is false, so the implication is true. If m = n, note that
as (n, $) {m, n there is nothing to prove.

(Case ie is iey op ies): Suppose that

Lievopiies ]| = [ s |—""" = [n]s]

and so

Lieaiier: op [ = [s]—="[=]n]s]
Using Lemmas 4.2.6 and 4.2.7 we have that
Liea [ = [[s] —" [=[na]s]
Liev: op [na]s] == [=[n]s]
where ki + ko = kg, and repeating for the latter transition we get
Lie [na [s] =" [=]mins[s]
Lop [[mains[s] —f [—[n]s] (1)

where kg + Koy = k. So as ki < ko, by Induction we deduce that (iez, s) s, 12, and

from Lemma 4.2.7 that
e [ [ s]—" = [m]s]

Also, as ko1 < ko, we have Inductively that (ie;, s) {5, 71 and hence

(iel op ey, 5) Uwzp N1 Op Na.

But from Lemma 4.2.4 and (1) we see that n; op ny = n and we are done.
We omit the remaining cases.

Note that the second right to left implication (dealing with Boolean expressions) involves
just the same proof technique.

The third right to left implication is (equivalent to):

for all &,

for all co, s, s’ |=| —F EIEI — o=— and (co, s) deom s

which you should check!! We prove the latter assertion by induction on k € N, letting

Prop(k) denote the boxed proposition:
(Proof of Prop(0)): This is trivially true (why?).
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(Proof of for all kg € N, Prop(k)r<x, = Prop(ko + 1)): Choose arbitrary ky € N. We
shall show that if

for all co, s, s, |=| —F EIEI = o=— and (co,s)om §

for all k < kg, then

for all o5, ', [@] [ 5] [C[7][F] = o=- and (e, )b

Pick arbitrary co and o and s, s’ and suppose that

Lo =[s]—=""[=lo]s]

We consider cases for co:

(Case co is x = ie): Using Lemma 4.2.4, we must have

(z=ie | = [ s |—="[ie:STO@) | - [ s]—"[=[o] ]

and so by Lemmas 4.2.6 and 4.2.7

e[ =] —" [=]n]s]
[STO@) [afs| —* [=[o]s] (1)

where ki + ky = ko. By determinism for (1) we have 0 = — and s{z—n} = s’. By the first

right to left implication for integer expressions (proved above) we have (ie, s) {5, 1.
Hence (x :=ie, s) Vcom S{z—n}, and as s{z—n} = s’ we are done. NB this case did not
make use of the inductive hypotheses Prop(k)g<,!

(Case co is co ; co’): Do this as an exercise!

The remaining cases are omitted. U

4.3 CSS Executions

Examples 4.3.1

(1) Let s be a state for which s(z) = 6. Then we have

=] ]5] — [0 ]3]
— [ —]6]s]
— [C]1076] 5]

Bt

—

e

where we have written — for both empty list and subtraction—care!
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(2) Let s be a state for which s(x) = 1. Then we have

oS thens =7 lekeskip] 5] — [50 BRG@ =7 —Lskp) [ ]5]
— |0:2>:BR(z:=2—1,skip) [ — [ 5|
— 2> BRz=x—Lskip) | 05|
— [>BR(z=x— Lskip) [1:0] s
— ]BR(m::x—l,SkiP) HIHS‘
— [ei=z 1] -]5]
— [2=1:ST0(@) [ =[]

— |Ll:2:—:STO(z) |

[5]

) —
— [2:—:STO(z) [[1] s]

— | —:STO(z) [[1:1] s]
— [STOW 0]}

— [ =] stem0t]
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Elementary Domain Theory

5.1 Introduction

Motivation 5.1.1 We have seen how to give a denotational semantics to IMIP. This
involved us dealing with partial functions between states. In particular, in order to model
a while loop, we needed a fixpoint of a certain function (between [States, States|,q, and
itself). To choose that fixpoint, we introduced a partial order on the set of partial functions
between states. This is fine for a simple language such as IMIP, but for more complex
languages we need to be able to choose fixpoints at a more abstract level, and this involves
dealing with more complex partial orders (recall the partial order on [States, States],q, is
really very simple, being given simply by the subset C relation).

We can achieve this abstraction by using Domain Theory. Basically, a domain is a certain
kind of partially ordered set for which we can guarantee that fixpoints of certain kinds
of functions always exist. These functions are called continuous. We will model recursive
programs as least fixpoints of continuous functions. In fact, in order to ensure that
whatever we are doing within our model, fixpoints always exist when we need them, all
of our programming language constructs (not just recursive programs) will be modelled
by continuous functions. Now, of course there are fewer continous functions than total
functions, but this does not present a problem as continous functions are sufficient to
model the kinds of programming languages we are interested in. Let us now introduce
continuous functions:

5.2 Cpos and Continuous Functions

Definitions 5.2.1 Recall that a partial order < on a set D is a binary relation on D
which is

o reflexive (for all d € D, d < d);

o transitive (for all d,d',d” € D, d < d' and d’' < d” implies d < d"); and

e anti-symmetric (for d,d’ € D, d < d' and d' < d implies d = d').

A partially ordered set P is a pair (D, =) where D is any set and < is a partial order
on D. We often abbreviate partially ordered set to poset. We call D the underlying set

of the poset P. If d,d’ € D are any two elements, we say that d and d’ are comparable if
either d < d' or d < d. The two elements are incomparable if they are not comparable.

We shall often refer to a poset simply by naming its underlying set (so we might say
“consider the poset D”) and we shall use the same symbol < to denote the partial orders
on a variety of different posets (we might say that the symbol < has been overloaded).
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Definitions 5.2.2 A chain in a poset D is a function ¢ : N — D for which

cojcljc2<...

where we write ¢, instead of the more usual notation ¢(n) for functions. This helps us to
think of the elements ¢,, (where n € N) as a “sequence” of elements of D which are indexed
by the natural numbers. We call each ¢, a link in the chain ¢. We shall often refer to a
chain in D by explicitly naming the elements in the image of the chain ¢ : N — D, that
is, just naming the links of the chain. We might say “consider the chain

o= X=X ...

in D”. Finally, we may also say “consider the chain (¢, | n € N) in D” where the
notation indicates that we have specified a sequence of elements in D (but have not made
the ordering explicit).

Note that the image of ¢ is a subset of D, that is
{ecn | neN}CD.

Thus we can consider the join (least upper bound) of this subset of D, which if it exists
will be denoted by \/)° ¢,,. So, recall that this means

foralld € D, \/c, 2d<= (foralln €N, ¢, =d)
n=0

We refer to the element \/ - ¢, of D as the join of the chain c¢. A cpo is a poset D
which possesses a join for every chain ¢ in D.

Examples 5.2.3

(1) The powerset P(A) of a set A which is partially ordered by C is a cpo. Given a chain
Xo C X; C X,...in A, its join is given by (J7 , X,,, that is

V- ()x.
n=0 n=0

We check that |J,—, X, is indeed the least upper bound of the chain (X,, | n € N). It is
trivially an upper bound: X, C |~ , X, holds by definition of union for each m € N. So
we check that |J)~ X, is least. If U is any element of P(A) for which X,, C U for each
n € N, then we need to verify that |J,-, X,, C U. This is trivial:

oo
a € UXn:>aEmeorsomem€N:>aEU.

n=0

(2) The set [A, B],a- of partial functions from A to B, partially ordered by C, is a cpo
with joins given by union, just as in (i). It is an exercise to verify this.
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(3) For any set A the relation of equality is a partial order:

!/ !/

foralla,a’ € A, a=<d <+ a=a

With this order, A is in fact a cpo. We call it the discrete cpo on A. So any chain ¢ in
A must satisfy co = ¢; = ¢ = ... and so \/,_, ¢, = ¢p. Check this!

(4) Set N*° “NU { o0 }. We can define a partial order on N> by setting

for all 2,2 e N*°, 2z <2’ <= (z,2’ € Nandz <2’)or (2’ = c0).

We call N> the topped vertical natural numbers. Then it is an exercise to verify
that N*° is a cpo. We can draw an informal Hasse diagram of N*°:

©¢)

Definitions 5.2.4 Recall that a function! f: D — E between cpos is monotone if
foralld,d € D, d=<d = f(d) = f(d)

(where of course f(d) < f(d’) refers to the partial order on E).

We say that f : D — FE is continuous if it is monotone, and for all chains ¢ in D we
have

FV e =\ flen) (%)

n=0
Remark 5.2.5 We make two comments about the definition of continuity:

(i) Note that the composition foc: N — FE is indeed a chain? since f is monotone, that
is (f(¢,) | m € N) is a chain in E. Thus the join on the right hand side of (%) does exist.
(ii) For any m € N we have ¢, < \/~ ¢,. Thus when f is monotone, f(c,) =< f(\,—yn),
and so

\/ flem) = FCV/ )

n=0

Thus (x) holds if and only if f(\/,—ycn) = Voey f(cn).

Tn these notes, the adjectives monotone and continuous will only be applied to total functions; and
whenever we just talk of a “function” it is implicit that it is total, unless we specifically state that it is
partial.

2thus (f o C)n déf f(C”)'



52 Chapter 5. Elementary Domain Theory

Proposition 5.2.6
(i) The function idp  \ep.d : D — D is continuous.

(ii) The composition go f o Mdep.g(f(d)) : D — F of continuous functions f : D — F
and g : £ — F is continuous.

(iii) If D is a discrete cpo, then any function f : D — E is continuous.

Proof An exercise. [l

5.3 Constructions on Cpos

Motivation 5.3.1  You will be familiar with various procedures for building up new sets
from certain given sets, for example we can construct the cartesian product A x B given
the sets A and B. We can perform similar operations with cpos replacing sets, which we
now describe. All of these constructions will be used in giving a denotational semantics
to the languages which appear later on in the course.

Binary Product

Definitions 5.3.2  Given cpos D; and D,, their binary product has underlying set
which is the usual (cartesian) binary product Dy x Dy with a partial order defined by

for all dl,dll € Dl,dg,dé S DQ, <d17d2) < (dll,d,z) < d1 = dll and dg = d/2

This poset is indeed a cpo: let us see that joins of all chains exist. Suppose that ¢ : N —
D; x Dy is a chain, where each ¢, is an element of D; X D, which we denote by (c!,c?).

n’-n

It is easy to see that each of (¢} | n € N) and (2 | n € N) is a chain in Dy and D,
respectively. Then it is the case that

oo ) %9
_ 1 2

V= Ve

n=0 n=0 n=0

where the joins on the right exist as each of Dy and Dy is a cpo. It is an exercise for you
to check this.

There are continuous projection functions given by

fSt Dy X Dy — Dy fSt(dl,dg) Cl:ef dy
snd : D1 X D2 — DQ SRd(dl,dg)

Given continuous functions f; : E — Dy and f, : E — D, there is a continuous function®
denoted by (fi, fo) : E — D1 x Do which is defined by (fi, f2)(e) o (fi(e), fa(e)).

3Care! Note that (f1, fo) € [E, D1 X Ds]cts and that (f1, f2) € [E, D1]ets X [E, D2]ets-
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Given continuous functions f; : Ey — D; and f5 : Es — D there is a continuous function
denoted by fi X fo: By X Es — Dy X Dy which is defined by

Ji X fa 5 (fio fst, fy 0 snd).

Thus it follows that (fi x fa)(e1,e2) = (fi(e1), fa(e2)).

Examples 5.3.3 An informal Hasse diagram of N> x N*:

({?o,o?)

(0. Lo ey T (50,0
(1,2) (2,1)
S N N
(0,2) (1,1) (2,0)
N SN S
(0,1) (1,0)
N
(0,0)
n-ary Product
Definitions 5.3.4 Suppose that Dy, D,, ... D, are each cpos, where n is a finite non-

zero natural number. We can extend the definition of binary product to the case of n
cpos. There is a cpo denoted either by D; X Dy X ... x D, or often by ITI!="'D; whose
underlying set consists of n-tuples of elements

21D, < { (dr,..dn) | di€ Dy}
with an order defined by
(dy,...,d,) =2 (d},...,d,) <= forallie{l,...,n}, d;=d

Thus, informally, two n-tuples are related by < in IT'Z7D; if and only if each of their
respective components are related in the appropriate cpo D;. We shall write d as an
abbreviation for (di, ..., d,) when no confusion can result.
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There are continuous projection functions proj, : 1=y D; — D; given by (dy, ..., d,) +
d;. Thus in the case that n = 2 we have fst = proj, and snd = proj,. We sometimes
write proj,;(t) as ¢; when ¢ € III=1D;.

We write D" to denote the cpo
Dx...xD
————

n-times
Finally, we let D° denote the one-point cpo { * } (where  is some arbitrary element).

Cpos of Continuous Functions

Definitions 5.3.5 Suppose that D and E are cpos. Then the cpo of continuous functions
denoted by [D, E].s has underlying set*

{f | f€[D,Elw and f is continuous }
with a partial order given by
[ f < forallde D, f(d) =< f'(d).

Joins of chains in [D, E] . are given pointwise: Suppose that ¢ : N — [D, E] . is a chain,
so that each ¢, is a continuous function between D and E. Then

<7 Cpn = AdeD. i} cn(d),
n=0 n=0

that is, if we write f < Vo Cn, then f(d) = \/,_, ¢,(d) for any d € D. You should check
the details of these definitions and assertions very carefully!

There is a continuous function ev : [D, E] s X D — E which is defined by ev(f, d) o f(d).

We call ev the evaluation function. Finally, given a continuous function g : D'x D — E
there is a continuous function cur(g) : D' — [D, E].s where for each d" € D’ we have
cur(g)(d) o Mdep.g(d',d). We call cur(g) the currying of g. Note that the following

equation is a simple consequence of the definitions:

g=evo(cur(g) X idp).

Proposition 5.3.6  The function ev : [D, El].s x D — E is continuous. Let the function
g: D' x D — E be continuous. Then cur(g) : D' — [D, E].s is also continuous.

Suppose that h : D' — D is continuous, and that F is a cpo. Then the function h* :
(D, Els — [D', E]cys defined by h*(f) & £ 0 h is continuous.

Proof A routine exercise. O

4Thus [D, E]ss C [D, E]sor; any continuous (total) function is certainly a total function.
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Bottom Elements

Definitions 5.3.7 Recall from MC150 that a bottom element of a poset D is an
element | € D satisfying 1. < d for each element d € D. If D has a bottom element, say
L, then this is unique. For suppose that L’ were also a bottom element. Then we have
1" < 1 and also L. < 1’ and thus by anti-symmetry | = 1L’. We may write L for the
bottom element of D.

Examples 5.3.8

(1) The poset P(A) has a bottom, namely &.

(2) The set of partial functions [A, Bl has a bottom, namely the totally undefined
function, & C A x B.

(3) The discrete cpo on a set A has a bottom iff A has exactly one element.
(4) Clearly 0 is a bottom of the cpo N*°.

(5) Suppose that D; and D, are cpos, each with bottom, in which both bottoms are
denoted by L. Then D; x Dy is also a cpo with bottom, with (L, 1) as the bottom
element. Check this!

(6) If D and D’ are cpos, and D’ is also a cpo with bottom, then the set of continuous
functions [D, D'] . is a cpo with bottom. The bottom element is given by the function
AdeD. L, that is the function which maps each d € D to 1. € D".

(7) Now go back over each of these examples with pencil and paper and make sure you
really understand all of the missing details!!

Lifted Cpos

Definitions 5.3.9 Suppose that D is a cpo. The lifted cpo D, has underlying set

D, ¥ {[d|deD}u{L}

where we assume that d — [d] is an injection, and L # [d] for any d € D. The partial
order is given by

either xr = L
r 27 =
or there exists d,d' € D, z =|[d]and 2’ =[d]andd < d
Thus L is a bottom of D, , and the injection
def
Lt = Mep.[d]: D — D,

is order reflecting which means that for any d,d’ € D, whenever [d] < [d'] then d < d'.
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If f: D — FE is a continuous function where E is a cpo with bottom and D is a cpo, then
there is a continuous function f, : D, — F given by

fi(x) déf{

We call f, the lift of the function f. Note that we have f, ot = f, which you may find
helpful to picture as a diagram of functions:

f(d) if x = [d] for some d € D
1 ifx=_1

f

D E

L

S\&
D,

Finally, note that there is a continuous function lift : [D, E],s — [D., E]us which is

defined by lift(f) & f1. Thus lift maps a continuous function f to its lift. Of course, we
should check that all of our assertions about continuity are true; we summarise things in
the next proposition:

Proposition 5.3.10 Let D and E be cpos, let E have a bottom, and let f: D — E be
continuous. Then

(i) The injection ¢ : D — D, is continuous.
(i) The function f, : D, — F is continuous.

(iii) The function lift : [D, E].s — [D1, E]qs is continuous.

Proof We prove (iii) and leave (i) and (ii) as exercises. Suppose that (¢, | n € N) is a
chain in [D, E].s (so that each ¢, is a continuous function between D and E). We wish
to prove that lift(\/7", cn) = /oy lift(c,), that is

[e.e] [e.e]

(\/(Cn)h = \/(Cn)L D, — E (1)

Let x € D) be arbitrary. If x = L, note that (¢,), (L) = L for each n € N and so

(V e)r@) =V e)o(D) = L=\ (e)(L) =\ (e)i(2) = (\ () )(@).
If x = [d], note that (c,).(z) = ¢,(d) and so
(V en)o@) =\ e)d) =\ eald) = \/ (en) (@) = (\/ (ea) L)(2).

Thus as x was arbitrary, () holds. O
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Examples 5.3.11
(1) A Hasse diagram for B) = { T, F } ,:
[ 7] [F]

1

(2) We can regard the set of integers Z as a discrete cpo, rather than as a poset with the
“usual” vertical ordering. Thus we have n < m if and only if n = m for all n,m € Z.
Then an informal Hasse diagram for Z is

—2 -1 0 1 2

and we call the cpo Z with the discrete partial order the flat integers.

An informal Hasse diagram for the lifted flat integers Z, is

s
Definitions 5.3.12  Suppose that f: D; x Dy x ... x D,, — FE is a continuous function
where FE is a cpo with bottom, and the D; are cpos. Then there is a continuous function

fJ—Di Dy X Dyx...x (D) Xx...x D, — FE
which is defined by the mapping

f(dl,...,di,...,dn) if v = [dz] for some dzEDZ
(dl,...,l',...,dn) —
We say that f has been lifted on the ith component. We can extend this idea to a
multiple number of arguments; we just illustrate for n = 3. If f : Dy x Dy x D3 — E| then
fLDleDS : (D1)1L X Dy x (D3), — FE is the function which maps (z1, ds, z3) to Lg if either
zy or x3 is bottom, or if x; = [di] and w3 = [d3] then fi,, 1, (21,ds,73) = f(d1,ds,d3).
If we lift f on all its components, then we write f; for the lifted function.

Examples 5.3.13 Let p:Z X Z X Z — 7, be defined by p(z,y, 2) = [z + y + 2] where
7., and 7Z are the lifted flat integers, and flat integers. Convince yourself that the product
cpo Z x 7. X 7 is discrete. Note that

pIIZLXZLXZL—)ZL

and that we have for example py (L, L, L) = 1, p;([2],[4],L) = L and p;([2],[5],[8]) =
[15]. Verify that p; is continuous!
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Conditional Functions

Definitions 5.3.14 If we regard B as a discrete cpo, then for each cpo D there is a
conditional function

cond :Bx D xD — D

whose value at any triple (b,d,d") € B x D x D is given by

(4 ifb=T
cond (b,d,d") =
d itb=F

Least Fixed Points

Motivation 5.3.15 Suppose that D is a cpo with bottom and that f : D — D is

continuous. Let us think about the elements L, f(L), f2(L) o FOF(L), (L) ... and
so on. Note that

1 =< f(L) since L is a bottom

F(L) =2 F(fF(L) = (L) since f is monotone

f2(L) = 3L since f is monotone
etc etc

Thus L < f(L) < f*(L) < ...is a chain in D and so we may define

fix(£) =\ (L)
n=0
where fO(1) € 1 and f+1(L) & f(fm(L)).
Now, as f is continuous, we have

oo oo

Ffiw(f) =\ FU L) =\ Q).

n=0 n=0

But it is trivial to see that the join \/72, f"™ (L) must be equal to the join \/o, f™(L)
(just think about the definition of a join) and so

f(fix(f)) = fie(f).

Thus fiz(f) is indeed a fixpoint of f. If f(d) =X d, we call d a prefixpoint of f. Note
that for such a d € D, f*(L) < f*(d) < dandso \/,_, f"(L) = d, that is fir(f) < d. In
particular, if f(d) = d, then f(d) < d and so fiz(f) < d. Thus fiz(f) is the least element
in the set of prefixpoints of f, and also the least element in the set of all fixpoints of f.
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Theorem 5.3.16  Given a cpo with bottom D and a continuous function f : D — D,
then f has a least fixpoint which is given by

fir(£) =\ (L)

where fO(L) % 1 and (L) ¥ F(#7(L)). Thus f(fiz(f)) = fiz(f), and for any d € D

)
if f(d) = d then fiz(f) < d. Moreover, if f(d) =< d then fix(f) =< d.
Proof See above. O

Motivation 5.3.17 We summarise all of the results of this section in Table 5.1.

5.4 Denotational Semantics of IMP

Motivation 5.4.1 We can now complete the results of Chapter 3 by proving Proposi-
tion 3.2.12.

Proof The relation < defined on [States, States | |:,: on page 34 coincides (on restriction
to the continuous functions) with the partial ordering on the set of continuous functions
[States, States | ].s, where States is the discrete cpo on the set of states, and States
is the lifted cpo. Check the coincidence!! Note that [States, States,].s is a cpo with
bottom, as States; (trivially) has a bottom. Hence Proposition 3.2.12 is a special case of
Theorem 5.3.16, provided that

O : [States, States | |10 — [States, States, |io
is continuous. Recall that
b = )\gE[States,Statesl]m.)\sEStates.CO’/Ld (ﬂb@]](&‘), gJ_([[CO]](S)), [S])

Now consider the following function I':

cond o ([be] o snd, ev o (([co]” o lift) X idsiates), L © snd)

[States, States | s X States States |

where
ev : [States, States |1o¢ X States — States,

and

cond : B x States, x States; — States .

If (g,s) is an arbitrary element in [States, States|.s X States it is easy to check that
(g, s) = ®(g)(s). Thus of course & = cur(I"). It follows from Table 5.1 that ® is indeed
continuous, because the functions

[be] : States — B and  [co] : States — States

are continuous as States is discrete, and thus ® is built up from continuous functions.
O
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Suppose that D, E, F', Dy, Do, ... D, are each cpos, that S is a set regarded as a
discrete cpo, and that we have continuous functions
l:D'— D f:D—FE g:E—F
k:DixDy — FE (fi: E— D 1<i<n)
K IZ0D; — E

Then the following functions (which are built out of the above functions) are also
continuous:

(i) idp : D — D.

(il)gof:D — F.

(iii) A : S — D where h is any function between S and the underlying set of D.
(

iv) h : D — E where h is any constant function such that h(d) e foralld e D
and fixed ey € F.

(V) " 2 [D, Elets — [D', Elcts-
(vi) fst :Dx E— D and snd : D x E — E.
(vii) proj; : iZ¥D; — D;.
(viil) (f1,..., fn) : E = 1} D;.
(ix) ev : [D,E]us x D — E.
(x) cur(k) : Dy — [Da, E]cts-
(xi)¢: D — Dj.

(xii) fi : D; — E provided E has a bottom.

(Xlu) - II (D;) 1 — E provided E has a bottom.

(xiv) lzft [D, Elcts — [D1, E]es provided E has a bottom.
(xv) cond : B x D x D — D.

Table 5.1: Properties of Continuous Functions
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Operational Semantics of Functional Languages

6.1 Introduction

Motivation 6.1.1 In this chapter we turn our attention to functional programming
languages. Such languages provide a syntax of expressions in which one can write down
functions directly, much as they appear in mathematics, without having to think about
how to code them as commands acting on a state. In fact the simple functional languages
we meet here do not have any kind of state: a program is an expression which potentially
denotes a value which can be returned to the programmer. The operational semantics
gives rules for reducing programs to values. In this chapter we shall study the syntax and
operational semantics of four small functional programming languages.

6.2 Types and Expressions for FUN®

Motivation 6.2.1 We begin by defining the types and expressions of a simple language
called FUN®. (We shall assume that readers have some familiarity with the datatypes of
functions, pairs and lists. If not, consult the course notes for MC 208.) We then briefly
recall the idea of a functional programming language. Such a language provides a syntax
within which one can write down functions much as we do in mathematics. The language
has no concept of state. Every expression of the language can be thought of as a data-
value (as against, say, a command) and the language executes by simplifying complex
expressions to much simpler expressions. The simpler expressions are returned as output
to the programmer.

Definitions 6.2.2 The types of the language FUN® are given by the grammar
o == int|bool|o — o |(0,0)]]|0]

We shall write Type for the set of types. Thus FUN® contains the types of integers,
Booleans, (higher order) functions, (binary) products and lists. We shall write

01y —>09 —>03—> ... > 0p —>0

for
op— (02 = (03 = (... > (0, > 0)...))).

Thus for example o1 — 09 — 03 means o1 — (09 — 03).

Let Var be a fixed set of variables. We shall also need a fixed set of function identifiers
Fld, with typical elements denoted by F. These symbols will be used to define higher
order functions in FUN® —compare



62 Chapter 6. Operational Semantics of Functional Languages
Fre' =2+ 2" in FUN® to fxy=x+y  in Miranda.

The expressions of the functional language FUN® are given by the grammar!

E =z variables
| ¢ constant
| F function identifier
| Ey op By operator
| if E; then E, else F;3 conditional
(B, B) pairing
| fst(E) first projection
| snd(F) second projection
|  EiEs function application
| nil, empty list
| hd(FE) head of list
| tI(E) tail of list
| Ey: By cons for lists
| elist(E) test for empty list

Remark 6.2.3 We shall adopt a few conventions to make expressions more readable:

e The expressions of the language are in fact finite trees. We have not bothered to make
this explicit, as we assume the reader is by now used to this fact. For example, fst(F)
denotes a tree whose root is a constructor symbol fst and whose single immediate subtree
is E. Note that the formal definition of expressions as (certain obvious) finite trees makes
various desirable equations hold. Thus for example if fst(F;) = fst(E>), then we must
have E) = F5 (make sure you understand this!).

e In general, we shall write our “formal” syntax in an informal manner, using brackets
“(” and “)” to disambiguate where appropriate—recall that in Miranda one can add such
brackets to structure programs. So for example, if we apply Fs to E3 to get Ey F3, and
then apply FE; to the latter expression, we write this as Ej (Fs E3).

e FyEyEs ... E, is shorthand for (... ((E\Ex)Es)...) E,. We say that application asso-
ciates to the left. For example, E} Ey E3 is short for (E; Es) E3. Note that if we made the
tree structure of applications explicit, rather than using the sugared notation £ E’ instead
of, say, ap(E, E'), then (E; Es) E3 would be a shorthand notation for the tree denoted by

ap(ap(Er, E»), E3).

e The integer valued integer operators also associate to the left; thus we will write (for
example) n +m + [ to mean (n + m) + [, with the obvious extension to a finite number
of integer constants.

e The cons constructor associates to the right. So, for example, we shall write F; : Es : Ej
for By : (Ey : E3). This is what one would expect—the “head of the list” is appended
to the “tail of the list”. (Recall that lists such as [1,4, 6], which one often finds in real
languages, would correspond to the FUN® list 1:4: 6 : niljy).

LAs usual, ope {+,—,*,<,<}. If Ej represents a function f, and E, an argument a, then E; E,
represents f(a).
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e Try writing out each of the general expression forms as finite trees.

Definitions 6.2.4  For an expression £, the set fvar(E) consists of the variables which
appear in . Being a set, a variable may appear in F many times, but is only recorded
once in fvar(E). We could give a formal recursive definition of fvar(F) using the inductive
definition of F, but we do not bother with this. We shall also talk of the function identifiers
which appear in F. Again, we do not bother with a formal definition, as there are no
technical difficulties such as bound function identifiers in our simple setting.

If E and Ey,..., E, are expressions, then E[E;, ..., E,/z1,...,x,] denotes the expression
E with E; replacing xz; for each 1 < i < n. (We omit the proof that the finite tree
ElEy,...,E,/z1,...,x,] is indeed an expression).

Examples 6.2.5 Examples of expressions are

—~
=
<
)
Y
S~—
M
)
+
oo
N
~
8
<
2
I
-n
YamnS
)
+
|
N—
)
w

Definitions 6.2.6 A context I is a finite set of (variable, type) pairs, where the type
is a FUN® type, and the variables are required to be distinct so that one does not assign
two different types to the same variable. So for example I' = { (21, 01), ..., (2,,0,) }. We
usually write a typical pair (z,0) as z = o, and a typical context as

I'=ax 201,...,2, 0,

Note that a context is by definition a set, so the order of the z; :: o; does not matter
def

and we omit curly braces simply to cut down on notation. We write I, IV = I' UI"” and
def

Fezo=TU{z:0}.

A function arity is a type of the form 0y — 09 — 03 — ... — 0 — o where k is a

non-zero natural number. You should think of such a function arity as typing information
for a function identifier: the function takes k£ inputs with types o; and gives an output of
type 0. We shall denote function arities by the Greek letter a.

A function environment is specified by a finite set of (function identifier, function
arity) pairs, with a typical function environment being denoted by

A=F taq,....,F,an.
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We say that «; is the function arity of F;, and that if «; is
0L —>09 —>03 —> ... >0 — O

then we refer to k as the numerical arity of F;.

We shall say that a variable z appears in a context I' if z :: ¢ € I" for some type o. Thus
z appears in « = int,y = [bool], z : int — int. We shall similarly say that a type appears in
a context, or that a function identifier or arity appears in a function environment.

Example 6.2.7 A simple example of a function environment is

A Y map = (int — int) — [int] — [int], suc = int — int
which declares the arities of the map function and the successor function. Note that
(int — int) — [int] — [int] is the function arity of map; its numerical arity is 2. Another
simple example of a function environment is plus :: (int,int) — int.

Motivation 6.2.8 Given a context I' of typed variables, and a function environment
A, we can build up expressions £ which use only variables and function identifiers which
appear in I' and A. This is how we usually write (functional) programs: we first declare
variables and types, possibly also functions and types, and then write our program F
which uses these data. We shall define judgements of the form A | I' = E :: ¢ which
should be understood as follows: given the function environment A, and the context I'
of variable typings, then the expression E is well formed and has type o. Given A and
I, we say that E is assigned the type 0. We call A |T'F E = 0 a type assignment
relation.

Definitions 6.2.9 We shall inductively define a type assignment (ternary) relation which
takes the form A | '+ E = o using the rules in Table 6.1.

Proposition 6.2.10 If A | '+ E : o, then the function identifiers which appear in £
appear in A, and the variables which appear in £ appear in I,

Suppose that A; A’ is a function environment, that I', I is a context, and that A | T
E : 0. Then in fact A, A’ |T,T"+ F = o is also a derivable type assignment.

Proof Follows by a simple Rule Induction. Exercise! U

Remark 6.2.11 Note that if A | ' = F = o, then A and I' may contain function

identifiers and variables which do not (necessarily) appear in E. For example
Fuint—int| 2z zint,y =int, 2 mintF Fx @int

is a valid type assignment. The motto is “just because we declared some variables or

function identifiers, does not mean we need to program with them”.

Note that the second part of the previous proposition says that “given any type assign-
ment, we can add function identifiers to the function environment, and variables to the
context, without changing the type of F.” Sometimes this is called weakening.
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—— (wherez:0€l') FVAR —— FINT
A|lTFz:o A|TFn:int

FTRUE FFALSE
A |T'+ T : bool A|TF F = bool

A|THE =int A|TFEy:int
A|T'F Ey op Ep zint

( where op is integer valued ) F op;

A|TFE zint A|TFEy:int
A |T'F Ey op E3 = bool

( where op is Boolean valued ) F opy

A|TFE zbool A|THFEy:0 A|THE3:0
A |+ if E; then Es else F3 = o

FCOND

A|TFE 00— 01 A|TFE:o9
A|T'F EyEy o

FAP

A|TFE 201 A|TF Ey:o
A|TF (B, Ep) = (01,02)

FPAIR

A|TFE:(01,02) A|TFE: (01,09)
FFST FSND
A|THAfst(E) = o A|TFsnd(E) = o9

( where F = a € A) FFap

A|THF:a«
NI A|THFE =0 A|TF E:|o]
AT F nil, = [o] FCONS
nilg = |0 A|TF E;: Ey o]
A|TFE:|[0] A|TFE:|[o] A|TFE:|[o]
FHD FTL FELIST
A|TFhd(E):0o A|TFtI(E) : o] A | T F elist(E) = bool

Table 6.1: Type Assignment Relation A | '+ E :: ¢ in FUN®
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Proposition 6.2.12 Given a function environment A, a context I' and an expression E,
if there is a type o for which A | T'F E = o, then such a type is unique. Thus FUN® is
monomorphic.

Proof We can prove this using Rule Induction. In fact we verify that
foral A|T'F E o0y, foralloy, (A|TFE:oy=— 01 =09).
We check property closure for the rule ap: The inductive hypothesis is that
forall oo, (A|T'F E 0y = [0] = 09)
where A | ' E = [o]. We wish to prove that
forall oo, (A|L'Fhd(E): 0y = 0 =09)

where A | T'F hd(E) : 0.

Let oy be arbitrary, where A | T' + hd(E) 5. Then we must have A | ' - E = [o9].
From the inductive hypothesis we see that [o] = [09]. It follows that o = 04 as required.

Property closure of the remaining rules is left as an exercise. O
Examples 6.2.13
(1) With A as in Example 6.2.7, we have

A |z zint,y =int,z = int F mapsuc(x :y : 2 : niliy) = [int]

(2) We have

twicehead :: [int] — int — (int,int) | y = [int],z = int I twicehead y x :: (int, int)

(3) We have

& | @ Fif T then fst((2 : nilit, nilin)) else (2 : 6 : niliy) = [int]

6.3 Function Declarations and Programs for FUN®

Motivation 6.3.1 A function declaration is a method for declaring that certain function
identifiers have certain meanings. We look at two examples:

We begin by specifying a function environment, such as plus = (int,int) — int or fac =
int — int. Then to declare that plus is a function which takes a pair of integers and adds
them, we write plus z = fst(z)+snd(z). To declare that fac denotes the factorial function,
we would like

facz = if z < 1 then 1 else z x fac(z — 1)
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Thus in general, if F is a function identifier, we might write Fx = E where F is an
expression which denotes “the result” of applying F to z. In FUN®, we are able to specify
statements such as Fx = E which are regarded as preliminary data to writing a program—
we declare the definitions of certain functions. The language is then able to provide the
user with functions F whose action is specified by the expression F. Each occurrence of
F in program code executes using its declared definition. This is exactly like Miranda.

In general, a function declaration will specify the action of a finite number of function
identifiers, and moreover the definitions can be mutually recursive—each function may
be defined in terms of the others. Note that the factorial function given above is defined
recursively: the identifier fac actually appears in the expression giving “the result” of the
function.

A program in FUN® is an expression in which there are no variables and each of the
function identifiers appearing in the expression have been declared. The idea is that a
program is an expression in which there is no “missing data” and thus the expression
can be “evaluated” as it stands. A wvalue is an “evaluated program”. It is an expression
which has a particularly simple form, such as an integer, or a list of integers, and thus is
a sensible item of data to return to a user. We now make all of these ideas precise.

Definitions 6.3.2 A function declaration deca, where A =F; = aq,...,F,, = a,, is
a given, fixed, function environment for which

Cl{j:(fjl—)(fjg—)(fjg% ...—>Ujkj—>0j

consists of the following data:

Fiog ... 2y = Fp, where A |27 =091, Ty O F R, ooy
Fo o1 ... 20k, = IF, where A | 291 = 091, .., Dok, = Ook, — EF, = 09
Fizji... Tjk, = L, where A |z t05,..., Tik; Ok, F Ef; 0
Foo Zm1 -« - Tmg,, = FEr,  where A | &y = omi, - Tk, = Ok, E EF,, 5 O

Note that the data which are specified in deca just consist of the declarations F;7 =
Ef;; the type assignments just need to hold of the specified Er,. We shall sometimes
abbreviate the jth type assignment to A | I'r, F Ef, = 0;. We call the expression Ef; the
definitional body of F;. Note that the type assignments force each of the variables in
{®j1,..., 2, } to be distinct (for each j € {1,...,m}).

We define a program expression P to be any expression for which fvar(P) = @, that
is, no variables occur in P. A program in FUN® is a judgement of the form

deca i P

where decp is a given function declaration and the program expression P satisfies a type
assignment of the form
A|l@kFP:o.
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We may sometimes simply refer to P as a program, when no confusion can arise from
this. We call o the type of the program dech in P (and sometimes just say o is the
type of P).

Examples 6.3.3

(1) Let A = F; = [int] — int — int,Fy = int — int. Then an example of a function

declaration deca is
F1l’111’12 = hd(tl(tl(l’n)))—i-l:gl’lg

Fomor = @91 * 29y

Note that here we labelled the variables with subscripts to match the general definition
of function declaration—in future we will not bother to do this. It is easy to see that the
declaration is well defined: for example A | 297 = int b 2y % 227 : int.

(2) Let A be F ::int — int — int — int. Then we have a declaration deca
Fryz=x+y+=2
where of course A | z = int,y :int,z = intF 2 4y + z = int.

(3) The next few examples are all programs

Fr=ifz<l1lthenlelsez*xF(z—1) in F4

(4)
Fizyz = if x <1thenyelse z
m ng
Foz = Fizl(z«F(z—1))

Eve = if 2 =0then T else Od (z —1)
m Ev12
Odz = if z =0then Felse Ev(z — 1)

Note that Ev and Od are defined by mutual recursion, and that they only correctly de-
termine the evenness or oddness of non-negative integers. How would you correct this
deficiency?

(6)Fz = Fz in F(3 : nily) is a program which does not evaluate to a value; the
program loops.

6.4 Operational Semantics for FUN*

Definitions 6.4.1 Let deca be a function declaration. A value expression is any
expression V' which can be produced by the following grammar

Vi=clni, | (V,V)|F,V|V:V
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where ¢ is any Boolean or integer, ¢ is any type, and V is an application of the form
ViVa ... Viog Vi where 0 < | < kj, and k; is the numerical arity of F;. Note that [
is strictly less than k;. See Remark 6.4.4. A value is any value expression for which
deca in 'V is a valid FUN® program.

Motivation 6.4.2 The operational semantics of FUN® gives rules for proving that a
program P evaluates to a value V within a given function declaration deca. For any
given function declaration, we write this as deca = P ¢ V, and a trivial example is, say,
deca =3 +4+10 ° 17.

This is an eager or call-by-value language. This means that when expressions are evalu-
ated, their arguments (or sub-expressions) are fully evaluated before the whole expression
is evaluated. We give a couple of examples:

In evaluating a function application FP; P, we first compute values for P, and Ps, say V;
and V5, and then evaluate FV; V5. In evaluating a pair (P;, Py), we compute values for
Py and Py, say V; and Vs, giving a final value of (V3, 13).

Definitions 6.4.3 We shall define an evaluation relation whose judgements will take
the form

deca P ¢V

where P and V are respectively a program expression and value expression whose function
identifiers appear in the function declaration deca. The rules for inductively generating
these judgements are given by the rules in Table 6.2.

Remark 6.4.4 You may find the definition of F V as a value expression rather odd. In
fact, there is good reason for the definition. The basic idea behind the definition of a value
is that “values are those expressions which are as fully evaluated as possible, according to
the call-by-value execution strategy”. This explains why F V is indeed a value expression;
a small example will clarify:

Suppose that
F :int — int — int — int,

and that P, and P, are integer programs, which compute to the values n; and ny. Then
F P, is not a value, because the language is eager. It will evaluate to Fn,. But this latter
expression cannot be evaluated any further—informally, the function F cannot itself be
called until it is applied to three integer arguments. Thus Fn, is a value. Giving it the
argument P, we have a program Fn; P, which evaluates to the value Fn; ny. Again, we
have a value, as the expression cannot be computed any further. Finally, however, we can
supply a third argument to Fn, ny giving Fny ny P3. This evaluates to F ny ngng, and at
last F has its full quota of three arguments—thus the latter expression is not a value as
we can now compute the function F using rule |}¢ rap.

Examples 6.4.5
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e e
VAL deca =P {°m deca t Pa ) Bﬁueop
e
deca =V I°V deca = P1 op Po U mopn

deca Py ¢ T decal Py |6V
J¢coNDy

deca - if Py then Py else P3¢V

deca = Pr I F deca - P3¢V
deca = if Py then Py else P3 ¢ V

| ¢COND9

decA H P1 U,e Vl decA F PQ lLe V2

J°PAIR
decA = (Pl, PQ) U,e (Vl, Vg)
deca F P ¢ (V1, Vo) deca B P ¢ (V, Va)
JersT U¢sND
deca Ffst(P) ¢ Vq deca Fsnd(P) ¢ V;

deca - PLUCFV decat Py e Vo decaFFV Vo€V
where either P; or Py is not a value

deca =Py Py ¢V

JéApP

decA F EFj[Vly"'a ij/xl,...,xkj] Ue v

[szi" = EF]. declared in deca] {J°FAP
deca = FjVio . Vi, L€V

deca F P 1€ nil, deca P UV V' deca =P UV :V
“NIL J¢HD JerL

deca = tI(P) I nil, deca Fhd(P) ¢ V deca FtI(P) )¢ V'

deca =P ¢V deca - Py ¢ V'
deca Py : Py ¢V V/

J¢cons

deca = P ) nil, deca - PV :V/
J¢ELIST, Y ¢ELIST2
decp Felist(P) ¢ T decp I elist(P) |J¢ F

Table 6.2: Evaluation Relation deca = P ¢ V in FUN®




6.4. Operational Semantics for FUN® 71

(1) With F as in the last remark, the expressions F2 and F 23 are (programs and) values.
F23(4+ 1) is a program, but not a value: the function F has numerical arity three, and
can now be evaluated.

(2) Let deca be that of Examples 6.3.3 part (2). Then we can prove that
deca FF23(4+1)° 10

as follows:

F230°F23 4

where T is the tree

24°2 34°3
2+34°5 54°5
2+3+51°10
(v +y+2)[2,3.5/7,y,2] 410
¢ FaP
F235(°10

Note that we have omitted all occurrences of deca  in the tree above to save space—
please feel free to do the same when you write down such deductions of evaluations. It is
an exercise to fill in the missing labels on the rules.

(3) Consider the program largez = 1+largez in fst((3,large0)). If we attempt to prove
that this program evaluates to a value V', the deduction tree takes the form:

1+ large0 ¢ V'
3y V large 0 }¢ V'
(3, large 0) 4« (V, V')
fst((3,large0)) ¢ V

for some value V’. It is easy to see that no finite deduction exists, and so there is no value
V for which deca F fst((3,large0)) ¢ V. Informally, we cannot take the first component
of the pair without first evaluating its sub-expressions, as FUN® is eager. Compare this
evaluation to the execution of the same program in the lazy FUN' on page 73.

Theorem 6.4.6 Let deca be a function declaration. The evaluation relation for FUN®
is deterministic in the sense that if a program evaluates to a value, that value is unique.
More precisely, for all P, Vi and Vs, if

deca H P 1¢ Vi and deca F P ¢ V5
then V; = V5.
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Proof We prove by Rule Induction that
for all deca = P ¢ Vi, forall Va, (deca b P ¢ Vo= Vi = 13)

The routine details are omitted. O

Theorem 6.4.7 Evaluating a program deca in P does not alter its type. More

precisely,
(A|gkFPuioanddeeaFPY°V) = A|OFV:o

for any P, V, 0 and A. The conservation of type during program evaluation is called
subject reduction.

Proof We prove by Rule Induction that
forall deca P ¢V VYo(A|@FPro = A|@kF Vo).

The proof is omitted O

6.5 The Language FUN

Motivation 6.5.1 The language FUN' is identical to FUN®, except that it has a lazy
operational semantics. We explain below exactly what this means. The expressions,
contexts, function environments, function declarations and type assignments of FUN'

are exactly the same as for FUN®. In a nutshell, we can say that the definition of the
relationships A | T'F E = o for FUN' is specified by the rules in Table 6.1.

6.6 Operational Semantics for FUN

Motivation 6.6.1 The operational semantics of FUN' is lazy or call-by-name. This
means that certain expressions can be evaluated before their subexpressions are computed.
This method of computation applies to functions, pairs and lists. This has the advantage
that if any of the subexpressions are not required in the computation of the expression,
then no time is lost evaluating the subexpression. Lazy refers to the fact that the language
does not bother to compute subexpressions if it does not need to. The definition of program
is the same as before. We shall need a different notion of value in FUN'. We give the
new definition of value, and then give the lazy operational semantics of FUN' .

Definitions 6.6.2 Let deca be a function declaration. A value expression is any
expression V' which can be produced by the following grammar

Vi=c|nil, | (P,P)|F;P|P:P

where ¢ is any Boolean or integer, o is any type, P and P’ are any program expressions,
and P is an application of the form PP, Py ... P_; P, where 0 < [ < kj;, and k; is the
numerical arity of F;. Note that [ is strictly less than k;.

A value is any value expression for which deca in V is a valid FUN' program.
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Definitions 6.6.3 We shall define an evaluation relation whose judgements will take
the form

deca - P 'V

where P and V are respectively a program expression and value expression whose function
identifiers appear in the function declaration deca. The rules for inductively generating
these judgements are given by the rules in Table 6.3.

Examples 6.6.4

(1) Recall Examples 6.4.5. Consider the program largex = 1+ largez in fst((3,large0))
once again. Let us try to see if this program evaluates to a value, say V. Working the
rules in Table 6.3 backwards, there must be P; and P, and rules R and R’ such that we

have
/

)z
(3, large0) % (P1, P») PtV
fst((3,large0)) |}' V

and clearly we have a valid (finite) deduction tree when P; is 3, P is large0, V is 3 and

! FsT

R and R’ are both instances of |}/ vaL. In the lazy language, we can extract the first
component of a pair without having first to compute the second component.

(2) Let A be F = int — [int], and deca be Fx = z : F(z + 2). Then there is a program
deca in hd(tl(F1)). We prove that deca - hd(tI(F1)) {* 3.

1:FA+2) 4 1:F(1+2)

UJ! Fap

FLY'1:F(L+2) T 1411 2012
HFD V' (1+2):F((1+2)+2) 1+24'3
hd(tl(F1)) ' 3
where 7' is the tree
U vaL

(L+2):F(A+2)+2) ¥ (1+2):F(1+2)+2)
F(L+2) JF (L+2):F((L+2)+2)

It is an exercise to check this deduction tree is correct, adding in the labels for the rules.
Why might we call F1 the lazy list of odd numbers? Try evaluating F 1 using the eager
semantics. What happens?

Theorem 6.6.5 The language FUN' is monomorphic, deterministic, and satisfies sub-
ject reduction.

Proof The proofs of these facts are basically the same as for FUN® and are omitted.
O
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! !
WAL decaFP1"m decatF Py l'n Vor
deca b Py op Py b mopn

deca - V'V

decat Pi V' T deca Py )tV decat Py ' F decat P3|tV

Jtconpy tconpy
deca Fif P then P else Pg ill V deca b if P then Ps else Pg l}l V

deca - P ||t (P1, Py) deca PtV
deca F fst(P) |} V

WFsT

deca = P )1 (P, Py) deca Py |V

RSN
deca Fsnd(P) §! V

{ deca Py UL FP decaFFPPy |1 V

where either P; or Py is not a value
Ulap

deca Py Py ItV

deca & Eg,[Pr,..., Py an, .. o] UV
deca - FjPy... Py, 'V

[F;Z = Ef, declared in deca] {'rap

deca P {* nil,
deca + tI(P) ! nil,

N1

deca - Py ' Py: Py decat Py ' V
deca F hd(P) ' V

J'up

deca - Py ' Py: Py decat P3|l V

YL
deca Ftl(Py) !V

deca + P |t nil, deca - Py |} Py : Py
VELIST) VELIST,
deca elist(P) J' T dec - elist(Py) ' F

Table 6.3: Evaluation Relation deca F P ! V in FUN'




6.7. The Language TUR® and its Operational Semantics 75

6.7 The Language TUR® and its Operational Semantics

Motivation 6.7.1 The language TUR® is basically a simplified version of FUN“. We
introduce it because giving a denotational semantics to FUN® is rather too tricky for
an undergraduate course. We shall study a denotational semantics of TUR® in the next
chapter.

Definitions 6.7.2 The types of the language TUR® are given by the grammar
o == int|bool

(So all expressions in TUR® will be either integers or Booleans).

Let Var be a fixed set of variables. The expressions of the functional language TUR®
are given by the grammar

E = 2 variables
| ¢ constant
| Eopk operator
| if E then E' else E” conditional
| F(Ey,..., Ep) k-ary functions

where k ranges over the non-zero natural numbers.

Remark 6.7.3 In this language, an expression such as F(FEy, Ey, F3) is not “an appli-
cation of F to a triple”. The language TUR® does not have application expressions, or
pairing, or indeed tuples of any kind. All it has is expressions of the form F(Ey, ..., E)
which are intended to be the result of a function identifier F acting on k£ arguments. Such
an expression denotes a tree of the form

Ey Ey Es e Ex

We also intend such function identifiers to act only on integer expressions and to only
return integer expressions. The reason for this rather gross simplification is simply to
make the presentation of material in the next chapter as simple as possible, while still
retaining the essential ideas.

Definitions 6.7.4 A function arity is now a natural number & € N. This reflects
the intended meaning of function identifiers—we only need to specify the number of their
arguments, and not the types (which are assumed to be of type int).
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—— (wherez zintel’) FVAR ——————FINT
A|TF z:int A|TFn:int

FTRUE FFALSE
A|TF T = bool A|TF F = bool

A|TFE zint A|TF Es:int
A|TF Ey op Es = int

( where op is integer valued ) F op;

A|THE =int A|TFEy:int
A |T'F Ey op Es = bool

( where op is Boolean valued ) F OPg

A|TFE;zbool A|TFEy:oc A|l'FEs:o
FCOND

A | Tk if Ey then Es else F5 = o

A|TFE zint ... A|I'FE;:=int
FrAP

AF:ok|THF(E,. .., E) = int

Table 6.4: Type Assignment Relation A | '+ E :: ¢ in TUR®

A function environment is specified by a finite set of (function identifier, function
arity) pairs, with a typical function environment being denoted by

A=Fky,....Fp k.

We shall inductively define a type assignment (ternary) relation which takes the form
A | T+ E = o using the rules in Table 6.4.

Definitions 6.7.5 A function declaration deca, where A = Fy = ky,...,F,, = k,, is
a given, fixed, function environment consists of the following data:

Fi(2in, ...y 21gy) = FF, where A |z zint, ... 2, int b g nint
Fo(21, ..., ok,) = FEF, where A | a9 zint, ..., 2k, tintE B, int
Fi(zjn, ..o k) = EF, where A | z;; zint,. ..,z cint B B, oint
FooTmty -y Tmk,,) = FEf,  where A |z, int, .. Ty, = intE Eg oint

We define a program expression P in TUR® to be any expression for which fvar(P) =
&, that is, no variables occur in P. A program in TUR® is a judgement of the form

deca in P
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deca = Py ||° deca = Py ||°
N e L N T
deca Fc ¢ deca = P1 op Py J* m op n

deca =P ¢ T decat Py |¢c deca = P1 ¢ F deca - P3 |°c
ll¢coNDy {CcoNDy
deca - if Py then Py else P3 |J¢ ¢ deca if Py then Py else P3 |J¢ ¢

deca =Py dfm ... decat Py 4 ng;
deCA - EFj[mw "7%/z17"‘ 7176‘7'] ‘U’e n

[Fj (%) = Ef; declared in deca] |}°Fap
deca = Fj(Pr,...,Pg;) 4 n '

Table 6.5: Evaluation Relation deca - P {}¢ ¢ in TUR®

where decp is a given function declaration and the program expression P satisfies a type
assignment of the form
A|lgFP:o

where o is of course either int or bool. We may sometimes simply refer to P as a program,
when no confusion can arise from this. We call o the type of the program decn in P
(and sometimes just say o is the type of P).

A value is any ¢ where ¢ is any Boolean or integer.

Definitions 6.7.6 We shall define an evaluation relation whose judgements will take
the form
deca F P ¢ ¢

where P and c are respectively a program expression and value. The rules for inductively
generating these judgements are given by the rules in Table 6.5. Note that the operational
semantics is eager.

Theorem 6.7.7 The language TUR® is monomorphic, deterministic with respect to the
evaluation relation, and subject reduction holds.

Proof The proof method is identical to that for FUN®, and indeed the details are pretty
much the same. It is an exercise to provide some of the details of the appropriate Rule
Inductions. O

6.8 The Language TUR' and its Operational Semantics

Definitions 6.8.1 The expressions, contexts, function environments, function declara-
tions and type assignments of TUR' are exactly the same as for TUR®. In a nutshell, we
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l l
BhvaL deca P 'm decab Py’ n Wor

—
decat-cl' ¢ decAl—P10pP2Ulw
deeca F PL Ut T deca Py | ¢ deCAkplillE deCA'_P3UlQ
Jtconpy JtconDy
deca I if Py then Py else Ps ! ¢ deca Fif Py then Py else Py I} ¢

deca + EFj[&,---7i/$1,-.-7$kj] Un
deCA = Fj(Pl,...,ij) lll n

[F;(Z) = Ef, declared in deca] |'rap

Table 6.6: Evaluation Relation deca - P |! ¢ in TUR

can say that the definition of the relationships A | T'F E = o for TUR' are specified by
the rules in Table 6.4.

The operational semantics is (slightly) different. We shall define an evaluation relation,
whose relationships will be written deca - P ||' V, via the rules given in Table 6.6. Note
that this is a lazy language.

Theorem 6.8.2 The language TUR' is monomorphic, deterministic with respect to the
evaluation relation, and subject reduction holds.

Proof The proof method is as usual. O

Examples 6.8.3 Show that the program

large(z) = 1+ large(x)
in const(large(0))
const(z) = 4
evaluates to 4 in TUR!, but does not evaluate to a value in TUR®.
In TUR' we have
—— vaL
44
4[large(0)/z] |}' 4
const(large(0)) |}' 4

The case of TUR® is an exercise.

Ulrap
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The Denotational Semantics of Functional Languages

7.1 Introduction

Motivation 7.1.1  We shall now present a denotational semantics for TUR®. The basic
idea behind this kind of semantics is just the same as for IMIP. Such a semantics can
be thought of as a mathematical model, in which we attempt to abstract away from
the operational details of the programming language, seeing the crucial concepts of the
language appearing in a very general setting. We shall see that the method of modelling
the recursion present in the operational semantics of a while be do co loop in IMP is
just the same as the method of modelling recursive function declarations in TUR® —by
fixpoints of continuous functions. Thus we have a framework in which two apparently
different languages, with quite distinct operational semantics, can in fact be seen to be
quite similar.

7.2 Denotations for Type Assignments in TUR®
Motivation 7.2.1 Let us think about how we might model the type assignment
Ful|zzintk E :int

The type assignment indicates that £ is an expression containing the identifier F and the
variable z. Thus E “depends” on F and xz. Now, z is of type int so we could model x
by specifying an integer e in Z. Also, F is of type int — int and we could model this by
giving a function between Z and Z, that is a function f in [Z,Z];,;. We can then regard
the meaning of £ as a function (call it h) which acts on the meanings of F and z, namely
f and e, and returns an integer (as £ has type int). So we could require h to take the
pair (f,e) as input and return an integer h(f,e) as output. Thus

h:(Z,Z)iot X Z) — Z ()

is a function which we can regard as the meaning of F = 1| z = int+ E = int.

These ideas need refining. First, F may “represent” a recursive program which can loop.
Thus we really need to model it as a partial function on integers. As we have seen, it is
easier to think about functions between Z and Z,. Similarly, F is an expression whose
operational behaviour may constitute a loop, so its meaning ought also to be a partial
function. Moreover, £ may contain recursively defined functions. As we have seen, we
can model such recursion using fixpoints, and in order to ensure that these exist we have
to deal with continuous functions. We can regard Z as a discrete cpo, and then the set
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of total functions [Z,Z ] coincides with the set of continuous functions [Z,Z|.s. We
shall partially order this latter set of continuous functions just as we did in on page 54,
and moreover we have a cpo

[Zu ZJ_]cts X 2
defined using the definitions in Section 5.3. So in fact we should ask that

hi[Z,Zl]cwXZ—)ZL

be a continuous function (which is a refinement of (x)).

If in fact F = k, then we can model F as a function which acts on a k-tuple of integers,
and returns an integer. The meaning of F is thus a continuous function from Z* to Z |,
that is an element of [Zk, Z)ets- The latter is of course also a cpo—see Section 5.3.

What about modelling A = Fy = kq,...,F,, = k,,7 It seems sensible to model this as an
m-tuple of functions, say (f1,..., fm) where each f; models F;. Thus f; € [Z*,Z]. and

—

f = (fla cee 7fm) € H?iT[ij7ZL]cts
Similarly, we can model I' = zy :int,... 2z,  int as an n-tuple of integers, say

€= (e1,...,en) EZL"

Putting this all together,

we can regard the meaning of A | ' E = int as a function (say h) which takes f and € as
inputs, and either returns an integer as output, or L if “E loops.” Thus

h: (IWZV (2N, 2 ) os) x 2" — Z,.

Remark 7.2.2
(i) In fact H?i’ln (7% 71 ] s is a cpo with bottom. It has a bottom element given by
(Aiezm. L, ... Aiezkm. 1)

where \iezbi. 1 1 ZF — 7, .

(i) It may be helpful to spell out the definition of the partial order on HizT ViclANp
explicitly. If f, f' € I=]"[Z*, Z,]ss, then f < f7 if and only if

forallj=1,...,m, forall (ny,...,nk,) € Z",
fi(na, oo ong) 2 fi(na, ..o nyg;) in Zy
if and only if
forall j =1,...,m, forall(nl,...,nkj)Eij, for alln € Z

filna, o) = [n] = fi(na, ... ,mg,) = [n]
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[AITF](f,) € [e]
[ATH(f,d) < [
[A|TFE op BI(F,&) < (oop)r (AT FENF), [A|TF E](f.)
- def

[A | T Fif Ey then E; else E3](f,€) =

cond 1, ([A | T F B(f,0),[A | T - E(f.e).[A | T+ B[(f.)

AT FFi(BL .. B )I(fe) S (f):(A T F EI(fe),....[A|TF E](f.e)
op : IZXZ—X
toop : ZXZ— X,
(toop)y ¢ ZyxXZy — Xy
cond;, : B xX; xX| — X
fi ZF — 7.,
Ny = (@) —17,
X = ZorB

Table 7.1: Denotational Semantics [A | T'+ E] in TUR®

(iii) f ' = @ we take n = 0 and if A = & we take m = 0.

Definitions 7.2.3  Recall that in general, if ezp is a syntactical expression in a program-
ming language, and we are intending to model exp as some mathematical entity, then we
shall write [exp] for the object modelling exp. We can think of [exp] as a semantical
explanation of exp, and we refer to [ezp] as the denotational semantics of ezp.

Thus for TUR®, for each type assignment A | I' - E :: o (where o is either int or bool)
we shall define a (continuous) function of the form

[A[TFEzint] : (V272N 21 x Z7) — Z1

or
[A|TF E = bool] : (IEZNZM, Zy]es x Z7) — By

We do this recursively, using the rules in Table 7.1, where we denote a typical element of
(Hgi’ln[Zkf,Z ]ets) X Z™ by (f, ). Note that because TUR® enjoys subject reduction, we
omit the type of F in each of the judgements defining the denotational semantics. You
may like to recall the notation of Section 5.3. Note that in this chapter we sometimes use
prefix notation for operators op. Thus, for example, <(6,8) = T.
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Example 7.2.4 Set A © suc 1,F = 4. So

[Alzzinty zintt o <yl (2,21 ])ws X (2,21 ) ) X 22 — B,
and we have m =2, ky = 1, ks =4 and n = 2. Then

[A|zint,y =intE 2 < y]((f, f), (4,3))
[A |z =int,y =int b z]((f, f),(4,3)), [A |z =int,y =int = y]((f, f), (4,3)))

What role, if any, do the function identifiers play?
Proposition 7.2.5 Each function [A | I' F EJ is indeed continuous.

Proof (Please see page 60). This is proved by induction on the derivation of A | I" -
FE :: 0. The base cases are when FE is a variable or constant. In the first case, the denota-
tional function is a projection, hence continuous, and in the second case, the denotational
function is constant, hence continuous. In the inductive cases, the denotational functions
are built up from continuous functions, using continuity preserving operations. 0

Remark 7.2.6  Recall that programs P satisfy type assignments of the form A | @ F
P :: 0. Thus their denotations are functions of the form

[A| @+ P]: (V729,21 ]ws) x 2° — X

where X is Z or B depending on . Now Z is the cpo with just one element, say { * }.
Thus the previous function essentially determines a function of the form

g: H;zgn[z’kjazi]cts — Xi

where g(f) o [A | @+ P](f,*). From now on we shall abuse notation, and consider
program denotations as functions of the form

[A| @+ Pl T2V (29, 2 ] — X1
Similarly, if I' has n variables, we shall take
[o|THE].Z" — X,

with X as above.
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7.3 Denotations of Function Declarations and Programs in TUR®

Motivation 7.3.1 We aim to give a denotational model of programs decn in P.
First we need to give a model of a function declaration deca. Roughly, the idea behind
modelling deca is this: Each function in the declaration is determined by its definitional
body. Further, each function may be recursive. We can give a denotation to the function
bodies using Table 7.1. We can then form the tuple of functions modelling the declaration
bodies. Then the denotation of the function declaration is given by the fixpoint of the
tuple function.

Definitions 7.3.2  Suppose that deca is a typical function declaration for TUR®

F1($117 ce $1k1) = EF,
F2($21,...,$2k2> = EF2
Fi(zn, . m;) = EF,
Fm(xmla ceey xmkm) = EFm
where A = F; = ky,...,F,, = k,,, and we let j run between 1 and m. We write ['g; for

Tjp st ..., Tjk; = Int.

By Proposition 7.2.5 we know that each definitional body FEf, determines a continuous
function

[A | Te, b Be,] : T2 25, e x 289 — 7y

and hence

®; % cur([A | Te, F Br,]) - EZV (29, 21 ) oy — (259,21 ] s

Thus there is a continuous function
OE (D, .., D) IOTV[ZH 2 ] g — WP ZD 2] .
We can apply Theorem 5.3.16 to see that ® has a least fixpoint
fiz(®) € TEZZM 2 ).

With this, we define

def

[deca] = fiz(®) = fix({cur([A | Te, & Er,]),. .., cur([A | T, F Er,]))).

Finally, we define the denotation of a program deca in P to be

[deca in Pl [A| @+ P]([deca]).

Examples 7.3.3
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(1) Let A be P = 2, and let deca be P (z,y) = . +y. Writing ' for x = int, y = int, clearly
A | T F x4y = int. Note that, with respect to our general notation, we have m = 1,
1<j<m,kj=Fk =2, and n=2. So
PE AT +ysint]:[Z2 21w x 2> — Z,.
If (f,(e,€)) € [Z? Z,)es x Z?, then
p(fi(e,€)) = (o+)r ([A[THZ](f (e;€)), [AITEYI(f, (e €)))

= (co+)r(lel, [€])

= fe+el (4
Now, [deca] is defined to be fiz(®) where

@ déf cm’(p) : [Z27 ZJ_]cts — [Z27 ZJ_]cts-

But for any f € [Z2,Z].s we have cur(p)(f) = Aee)ez?.[e + €] using (x). Thus ® is a
constant function. Using this, it is trivial that for each n > 0 € N we have

n def n
(I) +1(J-[Z2,ZJ_}MS) = (I)((I) (J_[ZQ’ZJ_]C“)) = )\(e,e’)ez2.[e + 6/]

and thus for all (e,e’) € Z?

[deca](e,€') = \/ (L2 z,).) = e+ €]

n=0

Did you expect this?!? Note that the link ®°(Lz27 1.,.) is L2z, ).
in the chain (®"(Lp2z,1,.) | n € N) is the function A(e.e)ez?.[e + €'].

(2) Let A be F :: 1 and let deca be

and every other link

F(z) =if x < 1thenlelse z « F(x — 1).
Writing Ef for the body of the function declaration, and I' for x :: int we have
h AT E] 2,2, ) X Z — 7, .
If (f,e) € [Z,7Z,]us X Z, then
h(f,e) = cond (AT Fz <1](f.e), [A|TEL(f,e), [A[TFazxF(z—-1](fe)

= CO’I’LdLB((LO S)I([[A | '+ x]](f,e) ) [[A | I }_l]](f’ 6)), [1] )
(ox)r ([ATF2[(f ), [A[THF(—-1)](fe)

= condy, (0 <)z ([e] . (1), (1] o)z (le). (AT Fa—10)(f.e))

= condy,(le <1], [1], (cox)r ([e] . fr((o—)z(le], [1]))))
= cond (e <1], 1], (tox)p(le], fr(le—1])))
= condLB([e < 1] ) [1] ) (L © *)I ([6] > f(e - 1)))
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Thus we have

1] ife<1
h(f,e) =< [exe] ife>1and f(e—1)=[¢] for some e € Z (1)
1 ife>1land f(e—1)=_1

We now claim that for each e € Z, [deca] : Z — Z, where
1] ife<1
ex(e—1)x...x1] ife>1

[decal(e) = ¢ = {
Recall that [deca] o fiz(®) where ® = cur(h). Now if we write Lz7, 1, for the bottom

element of [Z,7Z, s, we have [deca] =\, ®"(Lizz,]...) and so we will prove that for

any e € 7, . "~
£ = \/ P"(Lizz,)..)(€) (2)
n=1
We claim that for each n > 1,
1] ife<l1
" (Lizz j)e) =13 [ex(e=1)x(e—=2)x...x1] fl<e<n Prop(n)
s ifn<e

If Prop(n) holds for all n, then it is an exercise to verify that (2) follows. So we shall
now prove by induction that for all n > 1, Prop(n). First note that Prop(1) holds, for
(Lizz,1..)(€) = cur(h)(Lizz,..)(e) = h(Lzz, ... €) and thus using (1) we have

1] ife<1

Q(J_[Z,ZJ_]cts>(e) = .
1 ifex>1

Now suppose inductively that Prop(n) holds for an arbitrary n. As @™+ P oo we
haVe ®n+1 (J—[Z7ZL]cts)(e) = é(én(J—[ZyzL]ctb>)(e) = h((bn(J—[Z7ZL]cts)7 6)7 and S0

1] if e <1
" (Lizz,m)(€) =1 lexe] ife>1and ®(Lgz,.,.)(e—1) =[] some ¢ € Z
1 if e>1and ®"(Lzz )., )(e—1)=1

But whenever e > 1, then! by Prop(n)
D" (Lizz,)m)(e—1) =[] somee €Z <<= 1<e—1<nore=2
(and ¢ = (e —1)x (e —2) x...* 1) and

"(Lgz.)(e—1)=1 +—= n<e—1

Lfrom where does e = 2 arise?
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Thus
[1] ife<l1
" Lizzu)(e) =% lex(e—1)x(e—2)x...x1] ifl<e<n+1
1 itn+1<e

Thus Prop(n + 1) holds and the induction is complete.
Let us finish by computing the denotation of deca in F(3). We have

[deca in F(3)] = [A|@F F(3)]([decal)

Did you expect this 71?7

7.4 Equivalence of Operational and Denotational Semantics

Motivation 7.4.1 We would like to prove a correspondence between the operational
and denotational semantics of TUR®, which mimics correspondences such as

Z(ie)(s)=n = (ie, ) Yimp 0 = [ie](s) = n.

To this end, we set up some suitable notation, and then prove a correspondence theorem,
the latter making use of the next lemma.

Definitions 7.4.2  Let us define £(P)(deca) by
a [ ] if deca F P 1} ¢ for some c € ZUB
E(P)(decp) =

L otherwise

This gives us some notation for program evaluation. What about function declarations?
In view of Theorem 6.4.6, we can see that for any function declaration dech and F;
appearing in A, then

{ (... ng,),n) | decAl—Fj(E,...,%) en}

defines a partial function in [Z*, Z],,, which we denote by D(F;)(deca). Equivalently, we
have defined a function D(F;)(deca) : Z% — 7Z, for each F; € A given by

[n] if deca - Fj(mv s 7nkj) l}e n for some n € Z
D(Fj)(decA>(n1...,nkj) = Tokj

1 otherwise
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Lemma 7.4.3 Suppose we have a type assignment of the form A | I';TV F FE = int,
vzhere I" = yn1 wint,...,yn = int. Then for any (€1, lny€hits--yehy) € ZM and
felZy (7% 7.1 ] .45 we have

[A T By, /Uiyl (o (€1, €n) =

AT T EJ(f,(e1, .- en€higy-. s €h)).

n

Proof We use Rule Induction on the expression E. The details are omitted. [l

Theorem 7.4.4 Let deca be a given function declaration with A = Fy = ky, ..., F,, = k.

We define

Diee, L (D(Fy)(deca), ..., D(Fp)(deca))

and so (by definition) (Dge., ); = D(F;)(deca).

(i) We have
[[deCA]] = DdecA € H;iT[ij7ZJ-]CtS

that is,

[decal;(ni....ny;) =[n] <= D(F;)(deca)(ni ... ny;) = [n].

(ii) We have
[decn in P] = E(P)(deca)

that is
[A| @t P]([deca]) =[] <= E(P)(deca) = [c].

Proof We shall prove the following statements:

(a) For all P and ¢,
E(P)(deca) =[] = [A]|@F P]([deca]) =[]
(b) Daecy = [deca] in TEZT[ZH, 71 ] .

(¢) [deca] = Daecy in TEZTZH, 71 ) .
(d) For all P and ¢,

[A| @+ P]([deca]) =[c] = E(P)(deca) = [c].

The theorem follows trivially from the latter statements.
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(a) This part follows by an essentially routine Rule Induction; in particular we prove
for all deca b P ¢ ¢, [A|@F P]([deca]) = [c].

Let us consider property closure of the rule {J¢ rap for some F;. The inductive hypotheses
are

[A ] @+ P]([decal) = [n.]

where 1 <r < k; and

[A| @k B, /o, ) ([deeal) = [):
Then we have
[Al@EF;(Py, ..., Py)]([deca])

= ([decal;):([A | @+ Pi]([decal), . .., [A ]| 2 = Py]([decal))
= ([deca];):([na], - - [rw,])
= [decal,(ni, ..., ;)
=. cur([A| T, F Be,])([decal)(na, ..., m,)
= [A|Te F B ([decal, (na, ..., nx))
= [AoF Bylny . omg /o, a )] ([decal)
= [n]

where step * uses the fixpoint property of [deca] and the penultimate equality follows
from Lemma 7.4.3 (with n =0 and n’ = k;).

(b) By definition of the partial order on the product cpo Hj:z’ln[Zkf , 7 ]ets and the partial
order on each cpo [Z¥ | Z,] s, we can see that Dy, =< [deca] in H;z” (7% 7.1 ] 4 iff for
each 7 between 1 and m we have

D(F;)(deca) = [decal; n (25, 2] ess,
if and only if for all (ny...,ny,) € Z" and n € Z

deca b Fj(ny ... mp) 4° n= [deca];(n1 ... ,ny;) = [n].

So suppose that deca = F;(ny...,n%;) 4° n. Then it follows by part (a) that

[A]@FFi(n...,n,)]([deca]) = [n].

But by definition of the denotational semantics we have

[Al@FFi(na...,ng,)([deca]) = [deca];(nr ... ny;)

as so part (b) follows.
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(c) Because [deca] is defined as the least fixpoint of the function & : H;:jl" [ZF3i 7)) o5 —
H;zT[Zkﬂ',Z 1]ets, to prove (c) it suffices to show that Dy, is a prefixed point of @,

q)(DdecA) -_< DdecA in H;quﬂ [iju ZL]cts
that is, for each j between 1 and m we have
®;(Daecn) = D(F;)(deca) in [Z%, 7)) oss.- (1)

Using the definition of ®; on page 83 and of D(F;)(deca) we see that (1) holds if for all
(ny...,n,) € Z% and n € Z

[A|Te, F Ee, ] (Daecs, (n1 ... ,np;)) = [n] = decAl—Fj(m...,%)iLeQ (2)
[A| Tk, F Ee, [(Daecy, (n1 ... ,n;)) = [n] = decAl—EFj[m...,%/f]Ueﬂ (3)

Instead of proving the previous statement we prove the following stronger statement (4)
and then deduce (3) from (4): For all E, (n1...,n,;) and c,
HA|PF]' l_E]](DdeCA7(n1"'vnkj)):[C] = decAl_E[nl---a%/f] ‘U’eg (4)

We prove (4) by Rule Induction on E. We shall look at just one case, when E is of the
form F’, (Ef, ..., E,;j,). In this case we see that [A | T'r; = E](Daecy, (11 ..., 1)) = [c]
means that there are m, € Z where 1 <r < k; for which

[A [Tk F E](Daeca, (1 -+, n4;)) = [my] and (Diecy ) jr (M, - - - ;) = [c]
Using the latter assertions we see that by induction we have for each r
deca b Eplny ..., /2] 4° my (5)
and that by definition of Dy, ,

deca = Fy(ma,...,my,) 4€ c (6)

Applying (/¢ Fap) to (5) and (6) we obtain

as required. We omit the other inductive cases. Therefore (4) holds and hence so does
(3).
(d) This is proved by Rule Induction on P. We shall just consider the induction step

when P is F;(Pf,..., Py ). In this case, using the definition of the semantics, if

[A | @ P]([deca]) = [d]
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then there must be m, where 1 <1 < my; for which

[A | @+ P([deca]) = [m,] (7)
and
[decal;(ma, ... ,my;) = [c] (8)
By induction, (7) gives
deca = P/ ¢ m, (9)

and by parts (b) and (c¢) we have [deca] = Dgec,, s0 (8) gives
deca = Fj(my, ... ,my,) 4°c (10)

Applying (¢ rap) to (9) and (10) we obtain deca + P |° ¢ as required, that is
E(P)(decp) = [c].

O

7.5 Further Denotational Semantics

Motivation 7.5.1 Consider a variable z :: int. In the lazy or call-by-name language, a
program, rather than a value, may be passed to a variable. This program may loop. Thus
we model a variable of type int as an element of Z, , rather than Z, with L modelling a
looping program.

Consider a function identifier F :: 1. In the language TUR®, which is eager (call-by-value)
we thought of each F as acting on an integer value, and returning a possibly looping
program. Thus we modelled F as a function f : Z — Z,. In TUR', we think of F as
acting on an integer program and returning a possibly looping program. Thus there is
the possiblilty that the program which F acts on may itself loop and so we shall model F
by a function of the form Z, — Z, .

In general, we model an identifier F :: k by a function of the form (Z, )* — Z, , and model
a type assignment of the form A |T'F E :: ¢ by a continuous function of the form

[A|TFE o] : (W27 (Z0)%, 2] ) X (Z0)" — X

where X is Z if o is int and B if o is bool.

Definitions 7.5.2  We define the functions [A | I' - E] by the rules in Table 7.2. Note
that as TUR' satisfies subject reduction, we omit the types from the expressions to save
space.

Theorem 7.5.3 For all c € ZUB we have

[A | @ P]([deca]) =[] <= deca - P ' c.

Proof The proof is identical in principle to the proof of Theorem 7.4.4. Try looking at
the details of induction steps involving expressions of the form F;(Ey, ..., E,). O
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[AITFz)(f) = e
[A[TFA(fe) < [
[AITHE op BI(1.8) £ (oop); (IA|THE(f.8). [A|TF E(].9)
[A | Tk if Ey then Ej else Es](f,8) =
cond 1, ([A | T E(f,€),[A | T F E](f,8),[A| T+ Es](f,8)

[A[TFF(E,....B)](f.e) &

fi([A T E E(f.8),....[A[TF E](f,€)

op : ZxZ-—X
toop : ZXZ-— X|
(toop)y ¢+ ZyixXZi — X)
cond;, : B xX; xX, — X,
fi ¢+ (@) —1Z,

Table 7.2: Denotational Semantics [A | I' F E] in TUR'




