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Abstract

This University of Cambridge Computer Laboratory Technical Report is a revised
version of my Ph.D. thesis. The report is essentially the same as my original thesis
which was completed in July 1991, with corrections and alterations as suggested by
my Ph.D. examiners,

Dr. J.M.E. Hyland,

Department of Pure Mathematics and Mathematical Statistics,

Cambridge,

England

and

Prof. E. Moggi,
Dip. di Matematica,
Univ. di Genova,
Italy.

I have also made some modifications which I personally think improves the present-
ation of my original thesis. Any errors which remain are my sole responsibility.

Summary of Contents

A programming metalogic is a formal system into which programming languages can
be translated and given meaning. The translation should both reflect the structure
of the language and make it easy to prove properties of programs. This thesis
develops certain metalogics using techniques of category theory and treats recursion
in a new way.

The notion of a category with fixpoint object is defined. Corresponding to this
categorical structure there are type theoretic equational rules which will be present
in all of the metalogics considered. These rules define the fixpoint type which will
allow the interpretation of recursive declarations. With these core notions FIX
categories are defined. These are the categorical equivalent of an equational logic
which can be viewed as a very basic programming metalogic. Recursion is treated
both syntactically and categorically.

The expressive power of the equational logic is increased by embedding it in an intu-
itionistic predicate calculus, giving rise to the FIX logic. This contains propositions
about the evaluation of computations to values and an induction principle which is



derived from the definition of a fixpoint object as an initial algebra. The categorical
structure which accompanies the FIX logic is defined, called a FIX hyperdoctrine,
and certain existence and disjunction properties of FIX are stated. A particular
FIX hyperdoctrine is constructed and used in the proof of the above properties.

PCF-style languages are translated into the FIX logic and computational adequacy
results are proved. Two languages are studied: Both are similar to PCF except
one has call by value recursive function declarations and the other higher order
conditionals.

A dependently typed equational logic containing a fixpoint type and a universal
type is given together with its related categorical structure, namely a FIX category
with attributes. A representation theorem for Scott predomains is proved, which
gives rise to a concrete example of such a FIX category with attributes. Recursive
domain equations give rise to endofunctions on the universal type; using the fixpoint
type we may solve for fixpoints of such endofunctions and thus obtain a solution of
the original domain equation as the type coded by the fixpoint.
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Chapter 0
Categorical Logic in Computer Science

0.1 Introduction

During the late 1960’s and early 1970’s Scott and Strachey, researchers in the Uni-
versity of Oxford, became concerned with the methods used to define programming
languages, or perhaps we should say the lack of methods. At the time, the de-
scription of a language was essentially operational in nature and to some extent
language definitions were virtually synonymous with actual implementations. Very
little research concerning underlying mathematical theories of programming had
been undertaken. In the mid 1960’s, Landin noted connections between the A cal-
culus, a formalism developed by logicians for representing functions, and certain
constructs which appear in programming languages. Landin used the formal theory
of the A calculus to guide the construction of a machine for evaluating programs
[Lan64]. It is interesting to note that Landin comments “This paper is a contribu-
tion to the ‘theory’ of the activity of using computers.” Indeed, Landin observed
that the reduction rules of the A calculus resemble certain operational reductions of
commands and expressions in programming languages and his work was one of the
first formal treatments of the theory of operational specifications of programming
languages.

Scott and Strachey wanted to move away from operational specifications of lan-
guages and instead attempt to develop a denotational approach which concentrated
more on the intended meaning of a language. A simple example of their idea is il-
lustrated by the concept of natural number. Different languages can be used to
specify natural numbers, for example octal, decimal, roman, but in each case we
are really concerned with what is denoted (a natural number) and not how the
natural number is represented. The first examples of denotational specifications of
program fragments were worked out by Scott and Strachey; see [Sco70b], [Sco70a]
and [SS71]. In pursuing the notion of mathematical models of programming lan-
guages, the question of what constitutes such a model of the A calculus arose. The
A calculus allows syntactic expressions (which represent functions) to be applied to
themselves. It was clear that a mathematical model should interpret such function-
representing expressions as some form of set-theoretic function; and to model self
application certain sets would have to contain their own function space. Scott real-
ised that such a construction was possible by imposing certain conditions on the
kind of function which was allowed in the model; see [Sco69a] and [Sco71]|. For
further examples of denotational semantics see [Sco82|, [Str74] and [SWT74].

Once the foundations of operational and denotational semantics had been laid down,



other researchers took up the task of attempting more formal treatments of pro-
gramming semantics. It became clear that formal semantics would be necessary to
ensure that programs really behaved as they were supposed to. The semantics could
be used to reason about programs; in particular to prove that a program satisfies its
specification. Plotkin investigated different kinds of operational semantics of the A
calculus [Plo75] and also the connections with denotational semantics [Plo77], and
went on to clarify many issues which had arisen from both his work and the work
of others: see [Plo81a] and [Plo81b].

As programs became larger and more intricate, the task of proving programs correct
became much more difficult. One solution to this problem was the idea of a pro-
gramming metalogic which is a formal logical system in which it is possible to give
meaning to other programming languages. The programming metalogic will usually
have a very rich type structure and powerful rules for reasoning and will be used to
give meaning to a programming language by translating the source code into the
metalogic. This translation should preserve the structure of the original language,
thereby allowing properties of source programs to be proven by showing the prop-
erty holds in the metalogic. A proof in the metalogic should be substantially easier
than a direct proof using the semantics of the original language.

This thesis presents three such programming metalogics and describes some simple
applications. Each of the metalogics deals with recursively defined declarations
in a novel way, introducing a new type called the fixpoint type; see [CP90]. The
first of these metalogics is a simple equational logic which is an extension of the
computational let calculus [Mog89b]; the latter is a formal system for program-
ming semantics which separates the notions of computation and value. The second
metalogic is a predicate logic which subsumes the original equational logic via an
equality predicate. It is ideally suited to reasoning about languages presented in
the natural semantics style [Kah88|. The third metalogic is a dependently typed
equational logic containing a type universe: we use this to solve domain equations.
The solution of a domain equation can be regarded as a recursively defined type;
equivalently we may regard the equation as determining an endofunction on the
type universe. We can find a fixpoint of such a function using the fixpoint type and
the solution to the domain equation is the type represented by the fixpoint.

Categorical logic is the study of connections between formal logical systems and
category theory. As we have remarked, logics can be used to give meaning to
programming languages. Category theory can be used to guide the design of such
metalogics and also to give a uniform presentation of their semantics. Often it is
easier to prove a property of a metalogic by categorical means and then translate
the results into statements about the metalogic. The techniques of categorical logic
will be used throughout this thesis.

0.2 A Thesis Summary

This thesis divides into three parts.



e Part I A simple equational metalogic is described which builds upon the com-
putational let calculus. This system will form a basic core for the metalogics
described in Part II and Part III.

e Part II The equational metalogic of Part I is strengthened to a predicate
metalogic and we give some simple applications.

e Part III A dependently typed equational logic containing a type universe is
given; this is used to solve domain equations.

Part I
Chapter 1

We begin by giving a brief review of some basic category theory which will be used
throughout this thesis, aiming to set up notation for monads, tensorial strengths
and let categories. We also provide a few elementary examples of let categories
which illustrate their use in computer science. For some background in categorical
logic see [Law69] and [MR77].

Chapter 2

We review the computational let calculus and motivate both its uses and also the
form in which it is usually presented. This leads to a discussion of suitable extensions
and in particular to the fixpoint type: see [NPS90] for some background in type
theory. In the presence of a fixpoint type certain endofunctions must have fixpoints.
We introduce a categorical definition of the concept of fixpoint type, namely a
fixpoint object in a let category. In such categories, morphisms of certain kinds are
guaranteed to have fixpoints. This leads to the internal logic of fixpoint objects and
from this we describe an extension of the computational A calculus which, among
other things, contains the logic of a fixpoint object. This system is referred to as
the FIX_ logic.

Chapter 3

We define FIX categories and prove the usual categorical logic correspondence
between such categorical structures and FIX_. We show that FIX categories are,
in a precise sense, the most general structures for interpreting FIX_. We discuss
fixpoints both in FIX_ and in FIX categories and move on to show that FIX cat-
egories are functionally complete. Finally we carry out a gluing construction for let
categories which will be used to prove a result about equality of ground terms in
FIX_.



Part 11
Chapter 4

The language FIX_ captures certain computational features through an equational
theory: we increase its expressiveness by embedding FIX_ in a predicate logic
called FIX. We define the notion of a FIX theory and show that the pure FIX
logical system has a formulation in which some of the rules assume an adjoint form.
The chapter finishes with a number of results about FIX, some of which will be
put to use later on, together with the statements of three theorems concerning the
metalogical properties of FIX.

Chapter 5

We define a FIX hyperdoctrine, which is the categorical counterpart of the FIX
logic, and give a concrete example. The next task is to give a formal statement
of the categorical logic correspondence for FIX hyperdoctrines and the FIX logic.
With a view to using this correspondence to prove the metalogical properties stated
in Chapter 4, we define the “logical relations hyperdoctrine;” the proofs make use
of its internal logic.

Chapter 6

We investigate how well suited the FIX logic is for analysing two small program-
ming languages. Both of these languages are based on Plotkin’s PCF. We give
translations of both static and dynamic semantics into the pure FIX logic and prove
adequacy results which show that the translations we give preserve the structure
and properties of the source languages.

Part III
Chapter 7

We extend the notion of information system to provide a representation theorem
for Scott predomains; the latter have properties similar to Scott domains but do
not necessarily possess a least element. To effect this, the classical definition of
information system is altered in a simple way, giving rise to preinformation systems.
We present canonical constructions of products, coproducts and lifting, along with
partial function space, in the category of preinformation systems.

Chapter 8

We aim to develop a logic in which there is both a universal type and a fixpoint type.
Domain equations can then be solved by considering the endofunctions which will
be induced on the universal type. The FIX_ equational logic forms the backbone of



the system introduced here, namely FIX%. We describe the syntax and logical rules
of FIX® which is a dependently typed equational logic and introduce the notion of
a FIX% theory.

Chapter 9

A general categorical structure for dependently typed equational theories is re-
viewed, namely categories with attributes. We then define a FIX category with
attributes; such structures will be used to model FIX® theories. Having done this,
we give a concrete example of a FIX category with attributes and move on to con-
sider the general categorical semantics of FIX%. We finish this chapter with some
basic results about such semantics.

Chapter 10

We consider what has been achieved, the prospects for further research and draw
our conclusions together.

0.3 Foundation and Notation

Foundations of Category Theory

Throughout this thesis, if we say “let C be a category” we shall mean that we
have specified interpretations of the statements “A is an object of C” and “f is
a morphism of C,” along with interpretations of “identity morphism,” “domain,”
“codomain” and “composition.” There will be no assumptions as to whether the
collections of objects or morphisms of C form a set. We shall only impose restrictions
on collections when it is prudent to do so. In such cases, we shall refer to the notions
of small and locally small categories as appropriate and think of such concepts
within a given model of set theory.

Martin-Lof’s Theory of Arities and Expressions

We shall use the theory of arities and expressions due to Martin-Lof to present the
object level syntax in this thesis; to do this we make the following definition:

Definition 0.3.1  An abstract syntaz signature ¥ is a pair of sets (GAr,Con)
where the elements of GAr are called ground arities and the elements of Con are
called constants. Regarding the ground arities as the ground types for a simply
typed A calculus, we refer to the simple types as arities. The constants are assumed
to be tagged with an arity.

With these data, we can regard the abstract syntax signature ¥ as a signature in
the conventional sense for a (type tagged) simply typed A calculus with constants.



Definition 0.3.2 Given an abstract syntax signature X, an abstract syntax is
the collection of af8n equivalence classes of terms of the simply typed A calculus
generated from ¥ and we shall refer to this calculus as the meta A\ calculus. We shall
call individual classes expressions of the abstract syntax and refer to the variables
of this simply typed A calculus as metavariables. Abstraction of an expression e
will be denoted by u.e where u is a metavariable, substitution for a metavariable
by ele’/u] and application by e(e’). A multiple application e;(es) ... (e,) will be
denoted by e;(ea,...,e,) and fu(e) is the set of free metavariables of e.

Roughly, we shall view the syntax of object level languages as certain expressions
of an abstract syntax. Usually, the set GAr will consist of elements such as TERM
or TYPE. The constants Con will consist of the function symbols arising from
a given signature for an object level language, together with a countably infinite
set, of object level variables. The arity of the function symbols is specified for
the particular object level language being considered; likewise for the object level
variables. Then the raw syntax of an object level language will be defined as closed
expressions of an abstract syntax. Thus variable binding will take place only in the
meta A calculus and substitution of object level terms will become application in
the meta A calculus. An exposition of the theory of arities and expressions can be
found in [Cro90] or [NPS90].

Notational Conventions

(1) As a general convention, we shall omit typing information from morphisms,
functors etc. For example, if we speak of a natural transformation 7 (between a
pair of bifunctors) which has components 74, ) with domain A xT'B and codomain
T(A x B), then we shall often denote these data by

7:AxTB — T(A x B)

rather than
T(A,B):A xTB — T(A X B)

When using commutative diagrams, we shall place just enough typing information
on the morphisms to make the picture unambiguous.

(2) Throughout this document, we shall use rules of the form

Hypothesis

Conclusion
where “Hypothesis” and “Conclusion” are syntactic expressions. In any such rule
we assume that both “Hypothesis” and “Conclusion” are well formed.
(3) If we are given a list of expressions F1,..., F,, we will often abbreviate such a
list by E.
(4) When discussing object level languages presented using an abstract syntax,
we shall not introduce formal syntactic classes to distinguish between object level



variables and metavariables, but instead rely on the context of usage to make the
distinction. For example, if M and N are expressions of an abstract syntax, for an
expression of the form M[N/z] to be meaningful, z must be a metavariable.
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Chapter 1
Strong Monads and Let Categories

1.1 Introduction

Chapter 1 contains a review of some of the basic category theory which will be
used throughout this thesis. The account is by no means comprehensive; it is not
intended to be. We simply define some of the fundamental concepts which are
relatively new to computer science and which form the backbone of almost all of
the categorical structures which arise in this work. A standard reference for basic
category theory is [Mac71]; additional material on monads which is particularly
relevant can be found in [Man76] and [Kel82]. Those readers who are familiar with
the original works on monads, strengths and enriched category theory will see that
some of our basic notation is different from that used in the references. However,
as our story unfolds, we hope that the choice of notation will be seen to be both
appropriate and useful.

1.2 Monads and Tensorial Strengths

Definition 1.2.1 Let C be a category. Recall that a monad over C is a triple
(T, n, ) where T:C — C is an endofunctor, n: Idc — T is a natural transformation
called the unit of the monad, u:7T? — T is a natural transformation called the
maultiplication of the monad and these data satisfy the equations Idr = u o nr,
Idr = poTn (referred to by Monadn) and poTu = po ur (referred to by Monadu).
We shall often speak just of the monad 7.

Definition 1.2.2 Let C be a category with finite products and let (7,7, 1) be
a monad over C. The monad T is said to possess a tensorial strength if there is a
natural transformation 7 with components

T(A,B):A xTB — T(A X B)

which satisfy the equational identities represented by the following commutative
diagrams, where ¢ and j denote obvious canonical isomorphisms:

11



T td X n

1xTA T(1x A)Ax B AxTB
T: T
J n
TA T(A X B)
Tensorl Tensor?2
(A x B) x TC T - T((A x B) x C)
1 Ty

Ax (BxTC) X 4 7(B x 0) 2+ T(A x (B x C))

Tensor3

T
AXT?B -+ T(AxTB) —~ T?(A x B)

1d X p 1

AxTB ~ T(A x B)

Tensor4

A strong monad (T, 7) is a monad T for which there is a given choice of tensorial
strength 7. When no confusion can arise we refer to a strong monad 7.

1.3 The Definition of a Let Category

Two Definitions of a Let Category

We begin by making the following definition:

Definition 1.3.1 A let category is specified by a category C with finite products,
over which there is a strong monad 7'

We can give an alternative definition of let category, which will prove to be of great
value to us when we study the equational logic of these categories.

Definition 1.3.2 A let category is specified by a category C with finite products
which enjoys the following properties:

12



e For each object A in C, there is an object T'A,
e for each object A in C, there is a morphism n4: A — T A, and

e for each morphism f: Ax B — T'C, there is a morphism lif¢(f): AXTB — TC,

such that the following conditions are satisfied:

lLift(g(f x idg)) = lift(g)(f % idrp) LiftS
where f: A — A', g:A' x B — TC,
Lft(f)(ida x ng) = f LiftB

where f: A x B — TC,
lift(npmy) = T, LiftH
where my: A X B — B, and
Lift(lift(g)(mi, f)) = Lift(g)(my, Lft(£)) LiftA
where f:Ax B—>TC, g:AxC —TD.
We shall refer to the operation f — lift(f) as lifting.

It will be useful to work with a derived operation on morphisms of C which we shall
refer to as the let operation. We shall write f — let(f) for this. Take projections

m:1xA—A 7u1xTA—TA.

Then the let operation is specified by

A-LsTB

7|'71 5 mT1
TAZs1xT7A"™ ) 1R
This definition leads immediately to the following lemmas:

Lemma 1.3.3 Suppose we are given a let category in the sense of Definition
1.3.2. Then given morphisms f: A — T'B and g: B — T'C' the following equational
identities hold:

let(fin = f LetB
let(n) = id LetH
let(let(g)f) = let(g)let(f) LetA
Proof A trivial calculation. O

Lemma 1.3.4 Suppose we are given a let category in the sense of Definition
1.3.2. Given morphisms f: A — TB and ¢g:C x B — TD, then

lift(g)(id x let(f)) = Lft(Lift(g)(id x f))

Proof Immediate from the definitions. O

13



Equivalence of the Definitions

The previous definitions of let categories are equivalent in the following way:

Lemma 1.3.5 Given a let category C according to Definition 1.3.1 (Definition
1.3.2), then C has the structure of Definition 1.3.2 (Definition 1.3.1).

Proof Suppose we are given a category C with the structure of Definition 1.3.1.
We show C has the structure of Definition 1.3.2. Definitions of the operation T" and
morphisms 74 are clear. The lifting operation is defined by

AxB-LsTC
AxTB-ZsT(Ax B) 2L 1°C 45 TC

Now we have to check that our definition of lifting satisfies the necessary equations.
Although this is essentially routine manipulation we supply the critical details; in
each case we give the recipe for transforming the left-hand side of an equation to
the right-hand side. LiftS follows from the naturality of 7 and the functoriality of
T. LiftB follows from Tensor2, the naturality of n and Monadn, thus

f

Ax B TC

td X n td

T
AxTB-LraxB) L ome_* 1

LiftH follows from functoriality of 7', Monadn, naturality of 7 and Tensorl. To show

LiftA use functoriality of T' followed by Monadu and the naturality of p. Then we

need commutativity of

AxTB ~ T(A x B)
(ma,T) (%) T (74, id)
(ma, TfoT) AxT(Ax B) - T(Ax (A x B)) T(r4, f)
id x Tf T(id x f)
A X T*C r - T(4 x TC)

14



where the commutativity of (x) follows from

AxTB T T(A x B)
A X id T(A x id)
(Ax A)x TB T - T((A % A) x B))
i T

g |
Ax (AxTB) X220 Ax T(Ax B) L~ T(4 % (A x B))

with the lower square an instance of Tensor3. Finally apply Tensor4 to get the
result.

Conversely, suppose we are given a category C with the structure of Definition 1.3.2.
We give the recipe for showing C also has the structure of Definition 1.3.1. The
action of the monad T on objects and the components of the natural transformation
n are clear. The definition of the monad 7" on morphisms is given by

AL B
TA"=) 7R

The component of the natural transformation y at A is let(idr4) and the component
of 7 at A and B is lift(naxg). We omit the routine details which verify that
(T,n, u, ) is a strong monad. O

We have the following corollary:

Corollary 1.3.6 Given a category C over which there is a monad T, then C can
be considered endowed with the following structure: for objects A and B of C and
morphism f: A — T B there are morphisms 74: A — T A and operations A — T A,
f > let(f), where the latter operation is defined by
AL TB
TA“Y TB
These data satisfy equations LetB, LetH, LetA.

Conversely, given a category C endowed with such a structure, we can define a
monad T by
f:A— B
let(ngf): TA— TB

The components of 7 are clear and the component of y at A is let(idr4). O

Remark 1.3.7 The let operation arising from a monad T over a category C is
closely allied to the construction of the Kleisli category KI(C) where composition
in KI(C) is given by (f,g) — let(g)f.
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1.4 Why Let Categories?

Motivating Ideas

A fundamental slogan for the categorical semantics of programming languages is:
“types are interpreted as objects in a category and terms are interpreted as morph-
isms.” Of course, for complicated languages this basic idea is adapted in many
ways, but it is a good starting point. It has been known for some time now that
formal systems correspond in a precise way to certain kinds of categorical structure,
for example A calculi (which are the theoretical backbone of functional program-
ming languages) are the internal languages of cartesian closed categories and the
cartesian closed categories provide a notion of syntax-independent presentations of
A calculi.

While functional languages are based on the principles of the A calculus, the basic
reduction strategies of A calculi such as 8 and 7 do not elegantly distinguish between
certain kinds of operational semantics such as call-by-name and call-by-value. For
example, there is a notion of call-by-value strategy in A calculi where we consider
values to be those expressions of the formal system which are not applications. 3
reduction is then restricted to instances where the operand is a value. The naive
formal system which captures this notion of call-by-value is a little ad-hoc: for an
account see [Plo75].

Thus it might be reasonable to develop a formal system which separates the notions
of computation and value: this is exactly what strong monads do for us, but in the
world of semantics. Given a let category C, if an object A models a type « then
the object T'A models computations of values of type a. This will be more clear if
illustrated by example.

Examples Of Let Categories

Our examples will be over the category Set; they are lifted from [Mog89b).

Partial Computations

Given a type «, a partial computation of type o can be thought of as a program
which either terminates yielding a value of type «, or which does not terminate. If
values of type a are denoted by the set A, then we can denote the partial compu-
tations with values of type a by the coproduct A + {x}. Thus we have:

1. Operation on objects A — A + {x}.

2. Function 4 % it A — A + {*} the left coproduct insertion (with right inser-
tion 7).
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3. Given a function f: A X B — C + {x} then we define lift(f) by

lift(f)(a 5) { f((:) ’ ft}s;;wii(sbe)

Corresponding to this let category, there is a strong monad with
par (A+{x}) +{x} = A+ {+}

defined by
def | T if s =1i(r), re A+ {x}
na(s) = { j(x) otherwise

and tensorial strength
T(a,B): A X (B + {*}) = (A x B) + {x}

defined by
i(a,b) if s =1i(b)

T (a,s)
(4,B)1% j(x)  otherwise

The intuitive meaning of the monad multiplication y is that a partial computation
P’ of a partial computation P is defined when both P’ and P are (with result
given by composition of P’ and P), and is otherwise undefined. The strength 7
takes a pair consisting of a value and a partial computation and returns a partial
computation, say P. If the original partial computation is defined, then so is P,
with expected value. If the original computation is undefined, then so is P.

Computations which Raise Exceptions

Let E be a set which models certain exceptions. Then if the set A models values
(of some type say a) we might consider the following (categorical) model:

1. Operation on sets A +— A + E.

2. Function ny4 . A — A+ E the left coproduct insertion.

3. Given a function f: A x B — (C' + E) then we define lift(f) by

lift (f)(a, s) < { f((:) " e é((l;))

The intuitive explanation of this example is similar to that for partial computations.
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Computations with Side Effects in a Store S

Suppose that we are considering a model for an imperative language where the set
S is to model some set of states. One such model is:

1. Operation on sets A +— S = (A x S).

2. Function n4: A — S = (A x S) such that given a € A and s € S then
na(a)(s) = (a,9)-

3. Given a function f: A x B — (S = (C x 5)) then we define lift(f) by

lft(f)(a,t) € s — fa, m(ts))(ma(ts)).

The intuitive meaning of the corresponding monad multiplication p is to say that
a computation which takes a state s and yields a computation ¢ with side effect
(i.e. new state) s’ may be regarded as a computation which takes a state s and
returns the value and state which are the result of the computation ¢ on the value
s'. The strength 7 says that a value a and a computation ¢ may be regarded as a
computation which takes a state s and yields a pair of values, namely a and the
value arising from cs, together with the state arising from cs.

Non-Deterministic Computations

Given a set A modeling values of type a we might model non-deterministic com-
putations of type « via sets of possible results, namely P(A). A suitable model
is:

1. Operation on sets A — P(A).
2. Function n4: A — P(A) such that given a € A then n4(a) ¥ {a}.
3. Given a function f: A x B — P(C) then lift(f) is defined by

lift (f)(a, B) = U{f(a,0) | b € B'}.

We regard the denotation of a non-deterministic computation as the collection of
all possible outputs. Any value can be trivially regarded as a non-deterministic
computation. Finally, given a value and some non-deterministic computation we
can think of the pair as a non-deterministic computation.
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Chapter 2
The FIX_ Logical System

2.1 Review of the Computational Let Calculus

The computational let calculus! was introduced by Moggi [Mog89a]. Roughly, it is
a formal system which embodies the idea of separating computations from values
and is the syntactic analogue of the notion of let category. We make a formal
distinction between the elements of a type a and computations of elements of that
type; the latter are grouped into a new type T'a. We shall refer to a type of the
form Ta as a computation type. Moggi’s computational let calculus contains the
following formation rules:

[z: af
o type M: « E:Ta F(z):Tp
Ta type Val(M): T Let (E, F):Tg3

These rules, together with the usual rules for unit type and binary product type
constitute the term forming rules for the computational let calculus, which we shall
denote by MLz. Intuitively, Val(M) is the value M regarded as a trivial computation
which immediately evaluates to itself. The term Let (E, F') denotes the computation
which firstly tries to evaluate E to some value M:«a and then proceeds to evaluate
F(M). These intended meanings are captured by three equational axioms:

Let (Val(M),F) = F(M),
Let (E,z.Val(z)) = E,
Let (Let (E, F),G) = Let(E,z.Let(F(z),G)).

2.2 Extensions of the System MLy

The Basic Formal System MLy

The reader may be wondering why the most fundamental equational logic which we
discuss, namely MLy, is assumed to contain unit and binary product types along
with computation types. When considering practical computational issues, it will
be useful to deal with algebraic terms (i.e. terms with a finite number of object
level variables). According to the basic principle of categorical semantics (for an

'What we are calling the computational let calculus, Moggi refers to as the computational
metalanguage.
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account of this see [Cro90]), we shall need a category with at least finite products
to interpret algebraic terms. However, it can be shown [Pit95] that this is exactly
the structure which we need to interpret a unit type and binary product type. Thus
it makes little sense to exclude unit and binary product types and terms from the
logic; and we gain some uniformity when considering details of the correspondence
between the syntax of the logic and corresponding categorical structure.

The Use of MLy and its Extensions

At least one of our tasks is to push forward the development of a versatile and gen-
eral purpose metalogic for semantics of programming and computation languages.
We can view the computational let calculus (and its extensions) as a formal metalan-
guage in which to translate the syntax and rules of other languages; for related work
in this area the reader is referred to [Pit91].

In this thesis we shall consider various extensions of MLr. What extensions would
be worthwhile investigating? At present, we have unit and binary product types,
together with computation types. Additionally, some notion of function type will be
essential for interpreting functional programming and computation languages. The
equational logic MLy extended by function types is usually called the computational
A calculus and denoted AMLy. We refer the reader to [Mog89a] and [Pit91].

Some other fundamental datatypes are natural numbers, booleans and coproducts.
As discussed in Chapter 0, we shall introduce a new type called the fixpoint type.
It will be interesting to study how the fixpoint type interacts with certain other
types. For our purposes it will be convenient to study a calculus which, in addition
to the fixpoint type, contains a null type, unit type, binary (co)product types and
function type, along with a type of natural numbers. We are aiming to develop
a constructive logic for reasoning about programming languages in general and
recursive computations in particular: the logic arising from the terms and equations
associated with the types just listed provides a good foundation on which to build.

2.3 Fixpoint Objects

We define the notion of a fixpoint object in a suitably structured category. This
concept is due to Pitts; see also [CP90] and [CP92].

Definition 2.3.1 Given a category C with finite products, the C indexed category
C(-) is specified by:

e The objects of C¢ are those of C,
e C°(A,B) ¥ ¢(C x A, B) where composition of g and h in C€ is h(r, g) in C,
o CH(A) ™ A and C*(g) ¥ g(k x id),

where k:C' = CinCand A% B Din CC.

20



Note that given a let category C there is an indexed endofunctor T(-) on C(~) where
TC(A) T4 and TC(g) o lift(ng). With this we make the following definition:

Definition 2.3.2 In alet category C a fizpoint object is specified by the following
data

e An initial T(-) algebra whose structure map in the fibre C¢ is the morphism
CxTQ5 TQ % Qin C. Thus given a morphism f:TA — A in C°, there
is a unique morphism it(f):Q — A in C® for which the following diagram

commutes: .
cxTo— "% oxq
(me, lift(n o it(f))) it(f)
CxTA - A
f
e A global element w:1 — T2 which gives rise to an equaliser diagram of the
form
no
1 — . TQ Q.
id

The definition of a fixpoint object (which we shall abbreviate to FPO) is reminiscent
of a natural numbers object (NNO). Recall that the definition of a NNO in a
category with finite products takes a particularly simple form when the ambient
category is cartesian closed. Indeed we have the

Lemma 2.3.3 In alet ccc C a FPO is specified by

e An initial T algebra with structure map o: T2 — Q.

e A global element w:1 — TQ which is the equaliser of no and idrq (exactly as
in Definition 2.3.2).

Proof See Page 48; we shall use the internal logic of let ccc’s to prove this result.
(I

The usual category-theoretic considerations imply that the structure constituting a
FPO is determined uniquely up to isomorphism, within the given let category, by
the above properties. One should note also that o, being the structure morphism
for the initial algebra of an endofunctor, is itself an isomorphism.
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Some Examples of Fixpoint Objects

A domain-theoretic example of a let ccc with FPO is the category wCpo, whose
objects are posets possessing joins of countably infinite chains, and whose morph-
isms are Scott continuous functions. We will refer to the objects as wcpos. The
operation of adjoining a least element to an wcpo D to give the lifted wcpo

D, ={ld|deD}u{L}
gives a strong monad on wCpo. There is a FPO in wCpo, namely
Q={0<1<...<T},
which is equipped with structure map o:€2;, — ) where o is the continuous function
0 ife=1

o(e) ¥ n+1 ife=[n]
T ife=[T]

and w & [T] € .. Some other monads on wCpo that Moggi [Mog89b] points out
as arising in denotational semantics also possess fixpoint objects. For example the
exceptions monad T'(D) = (D+E), (with E some fixed discrete wcpo of exceptions)
and the side-effects monad T'(D) = S = (D x S), (with S some fixed discrete wcpo
of states) both possess fixpoint objects. We illustrate for the case of the exceptions

monad when F is the terminal object 1 % {%} of wCpo. The FPO has an underlying

set

QY (T, (n,a),(n+1,b) | n €N}

with order given by T a top element, (n,a) < (n + 1,b), and (n,a) < (n + 1,a),
along with structure map o: (2 + 1), — Q where o is the continuous function

ife=|[T

(0,a) ife=1
o | (B0 if e = [#]
ole) = (n+1 a) ife=/[(n,a)]
(n+2b) ife—[(n+1 b)]
[T

]
and w & [T] € Q. . This follows from the general theory for solving recursive domain

equations over wCpo enriched categories as presented in [SP82]. For suppose that
T is an wCpo enriched (strong) monad on wCpo (where wCpo is regarded as a
symmetric monoidal category via finite products and is enriched over itself) and
that 7" maps wcpos to pointed wcpos (i.e. wcpos with least elements). To obtain
a fixpoint object for such a 7', one constructs the initial fixed object for 7" in the
category of pointed wcpos and embedding-projection pairs by iterating 7' starting
at the one element wcpo, yielding an isomorphism o : T'(2) = Q. Then (Q,0) is
an initial algebra for T : wCpo — wCpo, and dually (Q,07") is a final coalgebra
for that functor: This follows from the limit-colimit coincidence for wCpo enriched
categories. The initial algebra property gives us the the first part of the definition
of fixpoint object; and Freyd has observed that the second part of Definition 2.3.2
is implied by the coalgebra property. We record this latter observation as a lemma.
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Lemma 2.3.4 Given a let ccc, suppose that o : TQ2 — €2 is an initial algebra for
the functor T' (so that in particular, o is an isomorphism). Suppose further that
o7l : Q — TQis a final coalgebra for T'. Then there is a global element w : 1 — T'Q)
making (), o, w a fixpoint object for T'.

Proof The final coalgebra property means that for any g : A — T A there is a
unique morphism § : A — Q satisfying 07'g = T'(g)g.
Define w : 1 — T to be o~ '7j;. From the defining property of 7; and the naturality
of n we get

w=0""p =T(h)m = nari = (Nao)w.

If f: A— TQ is any other morphism satisfying f = (nq0)f, we have to see that
f=w!l But from f = (nqo)f and the naturality of n one has

o of)=f=mnalcf)=T(cf)na

Hence by the uniqueness part of the coalgebra property, of = 14 and thus f =
07 'ns. The same argument applies equally well with w ! for f. Therefore f =
o lna=wl O

2.4 The Internal Logic Corresponding to a Fix-
point Object

It is well known that there is a natural correspondence between let categories C
and MLt theories [Mog89b]. Given such a C, the corresponding computational let
calculus is often referred to as the (equational) internal logic of the category C. It is
possible to extend the calculus MLt to capture syntactically the notion of a FPO.
This will entail adding a type fiz, called the fizpoint type, to MLy together with
certain term forming and equality rules. We present these rules here in an informal
natural deduction style:

[z: Tal
E:Tfiz F(z):a N:fiz
w: Tfix o(E): fix Ito(F,N): «
E = Val(c(F))
w = Val(o(w)) E=w
[z: Tal

F(z):a E:Tfiz
It,(F,o(E)) = F(Let (E,n.Val(lty(F, n))))

[z: Tal [n: fiz] le: T fiz]
F(z):a G(n):a G(o(e)) = F(Let(e,n.Val(G(n)))) N:fix
G(N) =It,(F,N)
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The type fiz is so called because in its presence we are always able to form fixpoints
of certain terms; correspondingly, in a let category with FPO, we are always guar-
anteed the existence of fixpoints of certain morphisms. We will leave the precise
details until after we have defined a formal system which contains the equational
rules for the fixpoint type.

2.5 The Equational Logic FIX_

In Section 2.2 we discussed some appropriate extensions to MLy. The most basic of
these was the addition of function types, resulting in the computational A calculus
AML7. Adding a fixpoint type fix, coproduct types o + 3 and a natural number
type nat to the computational A calculus AMLy, we arrive at a system FIX_ which
extends Godel’s system T [Gir89]. FIX_ admits sound translations of Plotkin’s
PCF [Plo77] and we shall return to the topic of PCF translations in Chapter 6. We
now formally define FIX_.

Signatures for FIX_

Definition 2.5.1 A FIX_ signature, denoted by Sg, is specified by:

e A collection of types. The types are built up in the following way. We are given
a collection of basic ground types, together with the distinguished ground types
unit, null, nat, and fiz. The types are now specified by the following grammar:

ax=7v |laxa | at+a | a=a | Ta
where 7 denotes any ground type.

e A collection of basic function symbols, together with the following distin-
guished function symbols: (), (—, —), Fst, Snd, Inl,, Inrg, {}a, {— —}, Aa,
App, Val, Let, O, Suc, ItNat, w, o, It,.

e A sorting for each of the basic function symbols, which is a list of n 4+ 1 types
and will be written:
frag,...,an = apy.

In the case that n is zero, we shall write f: a. We say that f is an n-ary basic
function symbol when its sorting consists of n + 1 types.

Given such a FIX_ signature, we define from this an abstract syntax signature
¥ = (GAr, Con). The collection of ground arities, GAr, is simply the one element
set {TERM}. The collection of constants Con consists of the basic function symbols
which have arity TERM"™ — TERM whenever the sorting of f consists of n+ 1 types,
a countably infinite set of object level variables which have arity TERM, together
with the distinguished function symbols. The distinguished function symbols which
will represent the simply typed A calculus, finite products and natural numbers have
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their usual arities. The remaining distinguished function symbols have the following
arities:

1. w: TERM

2. {}a,Inly, Inrg, Val, o: TERM — TERM

3. Let: TERM — (TERM — TERM) — TERM
4. lt,: (TERM — TERM) — TERM — TERM

5. {—,—}: (TERM — TERM) — (TERM — TERM) — TERM — TERM

Associated with a FIX_ signature is a collection of raw FIX_ terms. When no
confusion can arise we shall refer to these just as raw terms. The raw terms are the
closed expressions of the abstract syntax generated from ¥ with arity TERM.

Remark 2.5.2 We make the following abbreviations: Write F'M for App(F, M)
and FN (M) for ItNat(F, N, M).
Terms in Context for FIX_
A context, T', is a finite list of (variable, type) pairs written
[T1:00, ..., Tyt ]

where the object level variables z,...,z, are distinct. An empty context will be
denoted by white space. We will use the (self explanatory) notation I',z:a and
[, T' for the concatenation of contexts, (where of course z does not occur in I') and
will write I' C IV to mean that I' is a sub-list of I''. We shall write

I'EM:«

for the judgement that given the context I', the raw FIX_ term M is well formed
and has type «. In such cases the raw term M will be referred to as a FIX_ term
in contert. These judgements are generated by the following rules:

Variables

Lz:o,I'F2:c

Basic Function Symbols

'-Mi:oay,...,My:ap
Lk f(My,...,M,):«

where f is any function symbol with sorting f:a1,..., 0, - «
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Unit Terms

Tk (): unit

Null Terms

' M:null
' {}oa(M):

Binary Product Terms

T'M:a TFN:B TFPaxB TFPaxp
TH(M,N:axB TFFst(P):a T FSnd(P):8

Binary Coproduct Terms

T+ M:a TFN:8
I'Enlg(M):a+ 8 CHlinrg(N):a+ 3
Iyz:ak F(z):y T,y:8FG(y):y THC:a+p
'H{F,G}C):y

Function Terms

Cyz:atb F(z): 8 'FFia=0 THFM:«
F'FX(F)a=0 '-FM:g

Computation Terms

'-M:« 'E:Ta T,z:at F(z):TS
I'+Val(M):Ta L'k Let(E,F): TS

Natural Number Terms
' M:nat
'+ O:nat [+ Suc(M): nat
'FM:a T,z:ak F(z):a 't N:nat
T'-FN(M):«

Fixpoint Terms

'+ E:Tfiz Iz:Tak F(z):a Tk N:fiz
't w:Tfix L'k o(E): fix Lk lte(F,N): «

Remark 2.5.3 The usual rules for weakening of contexts, and substitution of
raw terms for object level variables, are derivable from the above rules by simple
structural induction.
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Equational Theories for FIX_

A FIX_ equation in context takes the form
'EM=DM:«a

where M, M' are raw FIX_ terms satisfying ' - M:a and ' - M":a. A FIX_
theory, Th, is specified by a FIX_ signature, together with a specific collection of
equations in context, which are called the axioms of Th. The collection of theorems
of Th is the least collection of equations in context which contains the axioms of
Th, and is closed under the following rules:

Function Symbol Congruence

Every function symbol is required to be a congruence

Weakening
I'FM=M":«
M = Mo where ' C .

Equational Logic

'FM:« r-M=M:« FrFM=M:a T-FM =M"«a
'FM=M:« '-M=M:« Fr-FM=M"«

Unit Equations

' = M: unst
L'+ M= ():unit

Null Equations

Dyz:nullk F(z):a T'F M:null
F'-F(M)={}a(M):«

Binary Product Equations

T-M:a THN:B T'+M:a TFN:B
T+ Fst((M,N)) = M:a T+ Snd((M,N)) = N: 3
THP:axf

T + (Fst(P),Snd(P)) = P:a x
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Binary Coproduct Equations
Mz:ab F(z):y T,y:BFG(y):y THM:«
'+ {F,G}(Inlg(M)) = F(M):~
Dyz:at F(x):y T,y:BFG(y):y THN:g
IL'F{F,G}(Inro(N)) = G(N):vy
Dyzza+ B+ H(z):y THFC:a+p
I' F {u.H(Inlg(u)),v.H(Inry(v)) }(C) = H(C): v

Function Equations

Iz:ak F(z):8 THFM:« '-M:a= g
TF A\ (F)M = F(M): 8 TF A(uMu) = M:a = 3

Computation Equations
'-M:a T z:at F(z): T8 F'+-E:Ta
L+ Let(Val(M),F)=F(M): T3 'l Let (E,z.Val(z)) = E: Ta

'E:Ta T,z:atb F(z): T8 T,y:BF G(y): Ty
'k Let(Let (E,F),G) = Let (E,u.Let (F(u),G)): Ty

Mono Condition

'+ Val(M) =Val(M'): T«
FrFM=M:a

Natural Number Equations

'-M:a T)xz:aF F(z):«
I'FFO(M)=M:a
'-M:a T,z:ak F(z):a T'F N:nat
L+ FSueN) (M) = F(FN(M)):«
{ '-N:nat THFGO)=M:a
Dyz:at F(z):a T,n:nat - G(Suc(n)) = F(G(n)):nat T,n:nat - G(n):q

I'FG(N)=FN(M):a

Fixpoint Equations

' E =Val(o(E)): Tfiz
't w = Val(o(w)): Tfiz '+FE=wTfix
I'z:Tatb F(z):a Tk E:Tfix
T F Ita(F, o(E)) = F(Let (E, n.Val(Ita (F, n)))):
{ '-N:fir T'o:Tat F(z):«
Tye:Tfiz - G(o(e)) = F(Let (e,n.Val(G(n)))):a T[,n:fix - G(n):
'FG(N)=Ilto(F,N): 0
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The usual rule for substitution is derivable from the above rules. More precisely we
have

Lemma 2.5.4 The rule
D,z:ab N(z) =N'(z):8 THM=M"«a
FI—N(M):N'(M'):ﬁ

is derivable from the rules given on Page 27.

Proof Use Function Symbol Congruence to deduce I' = A, (N) M = Ao (N') M': 3.
The result follows. O

Remark 2.5.5 The Mono Condition is the syntactic requirement which captures
the idea that values may be trivially regarded as computations which evaluate
immediately to themselves. Note also that there are no side conditions on any of
the extensionality rules due to the fact that object level variables are regarded as
constants in the meta A calculus.
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Chapter 3
Categorical Semantics of the FIX_ Logic

3.1 FIX Categories

Definition 3.1.1 A FIX category is a let ccc which is endowed with finite cop-
roducts, FPO, NNO and for which the components of the unit of the monad are
monics.

Imposing the condition that the unit components are monic captures semantically
the idea that a value may be trivially regarded as a computation. Note also that
to specify a FIX category we take a fized choice of strong monad.

The syntax of FIX_, in particular Null and Binary Coproduct Terms and Equations,
will be interpreted in FIX categories. In order to interpret such syntax soundly, the
FIX category must have stable finite coproducts i.e. the functor C' x (—) must
preserve finite coproducts. This is automatic: any FIX category is cartesian closed
and so C' x (—) has a right adjoint.

Definition 3.1.2 A FIX category morphism F:C — D is a monad morphism
(F, i) between the underlying monads for which F preserves the categorical structure
up to isomorphism, and each ¢ is a natural isomorphism.

Remark 3.1.3 Note that the operation on objects A — T A is not a categorical
property of the FIX category; as noted above there is a fixed choice of strong monad.
Thus to be given a FIX category morphism F: (C,T) — (D, S) means for each object
A in C we are given an isomorphism i4: FT A = SF A which is compatible with the
remaining structure. For example, suppose we are given a morphism f: AxB — TC

in C. Then there is a morphism g: FA x FB =2 F(A x B) Fl, FTC 225 SFC and

a morphism h: FAx FTB = F(Ax TB) "™ F7¢ for which, by definition, the
following diagram commutes:

lift(g)

FAx SFB SFC
’idX’iB Z'C’
FAx FTB FTC

The (categorical) isomorphisms are, of course, the canonical ones, arising from
the categorical property of “having (specified) binary products” together with the
definition of finite product preserving functor.
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An example of such a FIX category is wCpo. Note that the forgetful functor from
wCpo to Set reflects monics.

3.2 Categorical Semantics of FIX_

Structures for FIX_ Signatures

Let Sg be a FIX_ signature. A structure, M, in a FIX category C is specified by
the following data:

e An object [y] for each basic ground type «y of Sg, and

e for each basic function symbol f:aq,...,a, — «a, a morphism in C of the
form

[7]): Tea] % ... X [an] = [].

Interpretation of the FIX_ Types

Given a structure M we shall now show how to interpret the syntax of FIX_ in a
FIX category C. The types are interpreted as objects in the category, where the
interpretation of a type « is denoted by [«]. We make the following definition

Definition 3.2.1 The interpretation of a type « is given by:
o [unit] % 1 where 1 is the terminal object.
o [null] % 0 where 0 is the initial object.

[nat ] ' N where N is the NNO.

[fiz] & Q where Q is the FPO.
o x 6] = [a] x [4].

[or+ 8] % [a] + [8]-

[or = 8] = [o] = [B]-

[To] & T[q].
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Interpretation of the FIX_ Terms in Context

Given a context T' = [z1: v, . . ., Tn: o] let [T] & [ou] % ... X [@n]. Then for each
context I', raw term M and type a for which T' F M:« is a valid judgement, we
interpret th1s by giving a morphism

[T'F M:a]:[T] — [«].

Note that when I' F M:« is a valid judgement, because the type a is uniquely
determined by M and T, we will abbreviate [[" - M: «] to just [I.M], and to [M]
if ' is empty.

Definition 3.2.2 The semantics of terms in context is defined by a structural
induction on terms:

o [[,z:0,T".2] ¥ 7:[T] x [a] x [['] = [«].
o Let fray,..., a, — a be a basic function symbol; then
I.f(M,..., M,)] = def [FK[T. M]]) [T] = [ou] x ... % [an] — [e]-

r.()] €[] — 1.

T {}o(M)] EI[T.M]:[T] — 0 = [a].

T.Fst(P)] ¥ #[D.P]: [T] — [a] x [8] — [e].
I.5nd(P)] ¥ #[r.P]: [T] — [o] x [8] — [4]-

o [[{F,GHC)] = {IT,2:a.F ()], [T, y: B-G(y)]} id, [T-C])
I = [0 % (Ta] + [8]) = I

o [T.nlg(M)] & i[T.M]: [T] — [o] — [o] + [8]-

T.nro(N)] € F[D.N]:[T] = [8] = [o] + [B].

[
[
[
o [T.(M,N)] = ([T.M],[T.N]):[T] — [o] x [5].
[
[
[

T A(F)] % cur([T, 2: 0. F(2)]): [T] — ([e] = [4]).

I.FM] = ap([T.F], [T.M]): [T] = ([o] = [8]) x [o] = [8]-

T.Le 1 % tft ([T, z: . F(z)]) (id, [T.E]): [T] — [T] x T[] — T[B].

[
[
[
o [T.Val(M)] & y[T.M]: [T] — [a] — T[e].
[I.Let (E,
[r.0
[

F)
O] £ 0[] -1 — N.

I.Suc(N)] % s[P.N]:[I] — N — N.
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[L.FN(M)] % h(id, [L.N]):[T] — [T] x N — [a]

.
where h is the unique morphism arising from the universal property of the
NNO together with the morphism

[T, z: a. F(2)](id, [T .M]): [T] — [T] x [a] — [e]-

o [Fw] ¥ w!:[I] -1 TAQ.

e [[.o(E)] ¥ o[T.E]:[T] —» TQ — Q.

o [[.lto(F,N)] & n(id, [L.N]):[T] — [T] x @ — [a]

where h is the unique morphism arising from the universal property of the
FPO together with the morphism

[T, z:Ta.F(z)]:[T] x T[a] — [¢]-

This completes the definition of the categorical interpretations of the terms in con-
text.

Models of FIX_ Theories

A structure M in C for a signature Sg satisfies an equation in context ' - M =
M':« if [I'.M] and [[.M'] are equal morphisms in C. Given a FIX_ theory, Th,
then M is called a model of the FIX_ theory if it satisfies all of the axioms of T'h.

The Substitution Lemma

Lemma 3.2.3 The categorical semantics interprets the substitution of a term for
a variable in a term via composition in the category. More precisely, if I' - M;: «;
fori =1,...,n and also I" - N(zy,...,z,): 8 where I = [z1:q, ..., Ty @), we
have .

[D.N(M)] = [I".N(&@)] o ([T.M], ..., [T.M,]).

Proof The proof is a routine induction on the structure of N. Note that in
Section 3.3 we shall investigate the most general interpretation of the syntax of
a FIX_ theory subject to the requirement that substitution of syntax is modelled
by composition of morphisms; this, in essence, supplies the details of the proof for
terms N of computation or fixpoint type. O

The Soundness Theorem

The most important property of models M of FIX_ theories is that any theorem of
a theory must be satisfied by M. Indeed we have the

34



Theorem 3.2.4 [“FIX_ Soundness”] Let C be a FIX category, Th a FIX_ theory,
and M a model of Th in C. Then M satisfies any equation in context which is a
theorem of Th.

Proof We have to check that the rules for deriving equations in context are closed
with respect to satisfaction by M. The details are omitted. 4

3.3 Interpretations of Computation Types and
the Fixpoint Type

The interpretation of most of the syntax of a FIX_ theory is perfectly standard
and well understood. However, the interpretation of computation types and the
fixpoint type is relatively new. Thus we shall show that our interpretations are the
most general we could hope for, given the proviso that substitution of terms in the
syntax is to be modelled by composition of morphisms in the category theory. Let
us suppose that we are given a FIX_ signature S¢g and a FIX category C.

Modelling the Types

The interpretation of the computation types T« is forced. As noted on Page 31,
the operation A — T A is not a categorical property of the FIX category, but is
specified as part of the definition. Thus we interpret the type T« by the object

[Ta] 2o T[a]. As for the type fiz, we shall, for the time being, interpret it as an
undefined object (2.

Modelling Terms in Context of Computation Type

Consider the rules

'EM:« 'FE:Ta T,z:ak F(z): T8
'k Val(M): Ta ' Let(E,F): TS

In the syntax, substitution must commute with term formation. We model substi-
tution of terms, in the syntax, via composition of the interpreting morphisms in the
category C. Thus, to interpret the first rule, we need a natural transformation

6:C(—,A) = C(—,TA).
Using the Yoneda Lemma, we have a bijection
[Cop, Set] (C(_, A)a C(_, TA)) = C(Aa TA)a

and in particular the action of the components ¢ arise by post-composition with
a morphism f: A — T A. By definition, this morphism f will be n4. To summarise,

[.Val(M): Ta] ¥ ny[T.M].
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Similarly, to interpret the second rule, we shall need a natural transformation which
has components

6c:C(C,TA) x C(C x A, TB) — C(C,TB).
If we apply naturality to a morphism (id, g): C — C x T'A we find that

0(g, ) = 0(m2, f(m X id4))(id, g)

where m:C X TA — C and my: C X TA — T A. Thus we can soundly interpret the
second rule with a natural transformation which has components

6c:C(C x A, TB) — C(C x TA,TB).

Given a morphism f:C' x A — T' B we shall denote the effect of the components of
6 by f — f*. Combining our results, we are led to the following definition

[T+ Let (B, F)] = f*(id, e),
where by structural induction we already have

[Tyz:a.F(2)] = f
[T.E] = e

Modelling Equations in Context of Computation Type

Proposition 3.3.1 In order to soundly model the computation type equations
we need exactly the structure of a let category.

Proof Recall Definition 1.3.1. We established above the necessity of the existence

of the function
(=):C(C x A, TB) — C(C xTA,TB)

which is natural in C'. This amounts to asking that
(f(g x id))" = f*(g x id)

where f:C x A — TB and ¢g:C' — C. This is precisely LiftS.

The computation type equations are

[+ Let (Val(M),F) = F(M) (3.1
'k Let(E,u.Val(u)) = E (3.2
['F Let (Let (B, F),G) = Let(E,u.Let(F(u),Q)) (3.3)

Working through the details, in order to soundly interpret equation 3.1 we need

F*(id x n)(id, m) = f{id, m) (3.4)
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where f:C x A — TB and m:C — A. For this, it is clearly sufficient to ask that
LiftB holds. For necessity, take

m:CxA—A m:CxA—C.

Then we have

f = f(71'2 X Zd)(’ld, 7T1>
using an instance of 3.4 = (f(m X id))*(id x n)(id, )
using naturality of (—)* = f*(my x id)(id x n)(id, m)
= [f*(id x n).

In order to soundly interpret equation 3.2 we need
(nmi)*(id,e) = e (3.5)

where e:C — TA and m:C x A — A. It is sufficient for LiftH to hold. For

necessity, take
m:C xTA—TA m3:C xTA— C

m:(C xTA) x A — A.

Then we have

(pmy)* (73 X id)(id, m3)

(nmy (73 X id))* (id, m5)
(nma)* (id, )

using an instance of 3.5 =

(nm1)*
from naturality of (—)*

as required.

Finally, in order to model equation 3.3 soundly, we need to ask that

9" (id x f*)(id, (id,e)) = ((g9(m x 1d))*(ed, f))*(id,€) (3.6)
where

m:CxA—C f:CxA—TB
9:CxB—TD eC —TA.

Now consider the projection morphisms

m:C xTA— C m3:CxTA—TA
m4: (C xTA) x A — (C xTA).

Using naturality of (—)* the equation 3.6 becomes

g*(id x f*)(id, (id,e)) = (g"(m1, f))*(id,e). (3.7)
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It is certainly sufficient for equation LiftA to hold. Indeed, it is also necessary, as
we now show:

(1, £))* (w2 x id)(id, 73)

(m1, f)(mq x id))* (id, 73)

(mamy, f(my X id)))* (id, 73)

( ) (74, f(m2 % id)))*(id, 73)

o X id))*(id x (f(me x id))*)(id, (id, 73))
") (g X (mg X id))(id, (id, m3))

(g"(m1, f))°

using naturality of (—)* =

3

using equation 3.7 =

I
s
*
—~
.
SH
X
~

Modelling Terms in Context of Fixpoint Type

Consider the rules

't E:Tfix Iyo:Tak F(z):a THN:fiz
't w:Tfiz I'to(E): fi I'Flty(F,N):«

To interpret the first rule, we shall need a global element of TQ2. (Remember that
for the time being, €2 is just some arbitrary object of a let category). So we have

[T.w] ol [I] — 1 - TAQ.

To interpret the second rule, with the usual assumptions about the way we shall
model substitution, we shall need a natural transformation

6:C(—,TQ) — C(—, Q).

Using the Yoneda Lemma, the effect of the components ¢ arise by post-composition
with a morphism ¢: TQ — 2. Thus we have

[C.0(E)] ¥ oe,

where, by structural induction we already have [[".E] = e.

To interpret the third rule, we shall need a natural transformation with components
Bc:C(C x TA,A) x C(C,Q) — C(C, A)
Applying naturality to (id,n): C — C x Q, we get
0(f,n) =0(f(m x id),ms)(id,n)

where 71: C' X 2 — C and m: C x Q — ). Thus we can soundly model the third
rule with a natural transformation which has components

0c:C(C x TA, A) — C(C x Q, A),
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and we shall write f — f* for the effect of this function. Thus we are led to setting
[C.1t(F, N)] < f*(id,n),
where we already have

[T,z:Ta.F(z)] = f
[C.N] = n.

Modelling Equations in Context of Fixpoint Type

Proposition 3.3.2 In order to soundly model the fixpoint type equations, we
shall need exactly a let category C which is endowed with a FPO.

Proof The fixpoint type equations are

'Fw = Val(o(w)) (3.8)

T+E=Val(o(E)) > TFE=uw (3.9)

Vet G(o(e))=F(Let (e,n.Val(G(n)))) D T'k G(N) = It (F,N) (3.10)
I'Flt,(F,0(E)) = F(Let(E,n.Val(lt,(F,n)))) (3.11)

It is easy to see that for the sound modelling of 3.8 and 3.9 it is necessary and
sufficient that the triple (w, o, Q) forms part of the equaliser diagram of Definition
2.3.2 of a FPO.

Note that in the FIX logic, (modulo rules for which we have soundness), rule 3.10
is equivalent to

I'VetF G(o(e)) = F(Let (e,n.Val(G(n)))) D T',nk G(n) = It (F,n) (3.12)
In order to soundly model 3.12 we see it is necessary that
glid x o) = f(m, lift(ng))
g=1"

where f:C xTA — A, g:C x Q2 — A and m:C x TQ) — C; sufficiency of the
uniqueness requirement of a FPO is immediate.

(%)

Finally, we look at the structure needed to soundly model 3.11. Put
me:C' x T — TQ m3:C x Q — C m:C x Q — Q.
Working through the details we shall need
fr(id x o)(id,ey = f(id, lift(n(f (w3 x id))*(id, 74))(id, €)) (3.13)

where e: C — T). However, we can appeal to (%) to deduce that (f(m3 x id))* =
f*(m3 x id); thus 3.13 reduces to

fr(id x o)(id,e)y = f(id, lift(nf*)(id,e)). (3.14)

39



The universal property of a FPO is certainly sufficient to ensure that 3.14 holds.
To see that it is also necessary, note that

f<7r1a h’ﬁ(nf*» - (7T1 X 1d

f(m x id

)(id, lift(nf* (my x id))(id, m))
)(id, bift(n(f (w1 X id))*) (id, w2))
using an instance of 3.14 = (f(m X id))*(id x o)(id, 7s)
f*(m x id)(id x o)(id, ms)
f*(id x o).

Finally note that the universal property of a FPO ensures {2 and o are determined
up to isomorphism. O

3.4 The Categorical Logic Correspondence

Now we have all the ingredients to describe the usual categorical logic correspond-
ence for FIX_ theories and FIX categories.

Proposition 3.4.1 Given a FIX category C, we can define a certain FIX_ theory,
which we denote by Th(C).

Proof The basic ground types are the objects of C. For each morphism
fiAy x...x A, — B

in C there is a basic function symbol f:Ay,..., A, — B. There is clearly a
canonical structure G for this signature in C. The terms of the theory are then
generated up according to the rules on Page 27. The axioms of Th(C) are specified
by

' M = N:« is an axiom of Th(C) if ["M]e =][I.N]e

O

Proposition 3.4.2 For each FIX_ theory, Th, over some signature, Sg, we can
construct a syntactic FIX category which we denote by C(Th).

Proof

e The objects of C(Th) are the types of the signature Sg.

e The morphisms with domain o and codomain (3 are specified by

C(Th)(e, B) & {M(x) | @:at M(): 8}/ ~,
where the equivalence relation ~ is defined by

M(z) ~ M'(y) iff z:at M(z) = M'(z): 8.
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Composition is given by the usual substitution of terms; it is a tedious but straight-
forward task to check that this does define a FIX category. 4

Theorem 3.4.3 Given a FIX category C, then there is an equivalence of FIX

categories
Eq:C(Th(C))~C:Eq"

where Eq and Eq ! are FIX category morphisms.

Proof Define Eq and Eq ! by setting
e Eq(e) ™ [a]g and Eq~'(4) % A on objects, and
o Eq(M(z)) ¥ [2.M(z)]g and Eq *(f) & #(z) on morphisms.

Note that Eq is well defined by appealing to Theorem 3.2.4. That we have an
equivalence of categories via inverse FIX category morphisms is a lengthy calculation
which is omitted. O

3.5 Definability of Fixpoints

Fixpoints in FIX_

The fixpoint type is so called because in its presence one can always define fixpoint
terms at all types of the form o = T'3. We make this precise in the next proposition:

Proposition 3.5.1 [“Fixpoint Definability”] In the presence of a fixpoint object,
one may define expressions Y, g of the meta A calculus with arity TERM — TERM
for which given a FIX term in context I' - F: (o = T3) = a = T8 we may derive

TFYas(F):a=TB and TF FYas(F)=VYes(F):a= T
Proof We define Y, g by giving the representative

Yos(f) ¥ ltomrsleda(z.Let (e,y. fyz)), o(w)).

It is easy to see that the first judgement is derivable. For the second let us put
G % e Ny (z.Let (e,y.fyz)). Then

Yos(F) = ltamrsleda(z.Let(e,y.Fyz)),o(w))
= MAo(z.Let (Let (w, n.Val(ltamrs (G, n))),y. Fyx))
= MAo(z.Let (Let (Val(o(w)), n.Val(ltam (G, n))), y.Fyz))
= Aa(2.Fltamrs(G,0(w))x)
= FY,5(F).
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Fixpoints in wCpo

Using the categorical logic correspondence we can easily see that in a FIX category
fixpoints of certain morphisms always exist. In order to illustrate this we apply
the categorical equivalent of Proposition 3.5.1 on Fixpoint Definability to the FIX
category wCpo.

Suppose that D is an wcpo and that D, is its lifting. Write [D, D | for the con-
tinuous maps from D to D,. Then it is well known that any continuous map

(;52 [D,DL] — [D,DL]

has a least fixpoint. Now the categorical version of Proposition 3.5.1 on Fixpoint
Definability says that a fixpoint of ¢ should be given by it(4)(T) where we note

that in wCpo it is the case that w [T], T =0([T]) and it(¢) arises as the unique

mediating morphism of the following diagram

o

Q) Q

it(¢) .1 it(¢)

D,D.]. - D, D.]

It is easy to see, using the commutativity of the diagram, that given n € Q/{T}
we have it(¢)(n) = ¢"(L) and that from the continuity of it(¢)

it(¢)(T) =V ¢"(L).

neN

Thus it(¢)(T) is exactly the least fixpoint of ¢ with respect to the order on [D, D, |;
of course the argument above is really the proof that wCpo has a FPO.

A Category without a Fixpoint Object

It is not always the case that a concrete category of domains has a FPO even though
the morphisms between lifted domains may be guaranteed to have fixpoints.

Definition 3.5.2 Let OnCPO be the category which has

e objects posets possessing suprema of all chains and

e morphisms monotone set functions; (we will call them maps).

It is easy to see that this category is indeed a let ccc when we regard the lifting
functor as giving rise to a strong monad. It is the case that all maps f: D, — D,
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have a least fixpoint. For given any such map f, define for any ordinal o the element

fe(L) by

) = 1
L) = F(FeW)
L) = \/ f*(L) where X is a limit ordinal.
a<

This is a good definition. The only thing that is not trivial is the existence of fA(L):
the set {f*(L) | @ < A} must be a chain. But a simple transfinite induction shows
that o < o' < X implies f*(L) < £ (L). Next note that there is some ordinal 3 for
which f#(L) is a least fixpoint of f. Suppose this were not the case. By appealing
to Hartog’s Lemma, we can find a least ordinal (say ) whose cardinality is strictly
greater than the cardinality of the domain of f, say |D|. Using the hypothesis, it
must be the case that the cardinality of {f*(L) | a < v} is strictly greater than
|D, |, a contradiction.

Proposition 3.5.3 The let ccc OnCPO does not possess a fixpoint object.

Proof As OnCPO is cartesian closed we may appeal to Lemma 2.3.3.

Let us suppose that the fixpoint object  exists in OnCPO. We write 7:Q —
Qy, n — [n] for the (monic) component of the unit of the lifting monad at 2.
From the equaliser condition of the fixpoint object, io: 2, — €2, has a unique fix-
point (which is not bottom), say [T] € €2, . From remarks above there is an ordinal
B for which (ic)?(L) = [T]; note that 8 > 1.

We write o! for o(L), 0®*! for o[c®] and o* for V., 0%; note that each supremum
exists.

The ordinals w +2 and w+ 1 are objects of OnCPO; we take w def {1,2,...}. Define
amap f:(w+2); — w+ 2 by setting

1 ifr=_1
def | n+1 if z=[n]
@) = w if z = [w]

w+1l ifr=[w+1]
and a map f,: (w+ 1), — w+ 1 to be f with restricted (co)domain.
Consider the diagram




(1) commutes using the universal property of a FPO, (2) trivially. Similarly, there
is f: Q2 — w + 2 making

(wW+2), —w+2

commute. From uniqueness, f =7 fr. We shall now consider the cases when [ is
strictly less than, or greater than, w. In the latter case we obtain a contradiction
by defining a map different from f which makes (3) commute.

(Case 1 < 8 < w): By chasing (1) we see that for any finite ordinal k, f,(¢c*) = k.
From the definition of 3 it is easy to see that o = T. Chasing (1) at [T] € 0, we
get

B = fr(T) = f,.O'([T]) = frer([T]) = fr([fr(—r)]) =p+1
a contradiction. Hence we must have
(Case w < f3): Certainly o* < ¢* for any finite ordinal k, and so k = fr(o®) <
fr(0®). Hence fr(0¥) = w. As 0 = T we have w = f,(¢*) < f,(T) and so
fr(T) =w.
Define a function F: Q) — w + 2 by

F(n)d:ef ui—i—l ifT<n
f(n) otherwise

Note that F(T) =w+1 and f(T) =jf(T) = w, that is F # f. It is the case that
F' is monotone:

1. On elements of © not greater than T, F is monotone for f is.
2. f T <n<ninQ then F(n) = F(n).

3. If n < n' in Q where n' is greater than T but n is not, then F(n) <w +1 =
F(n).

Finally, F makes the square (3) commute.
1. Clearly o' < T and o' is not T. So Fo(L) = f(o') =1= fF.(L).
2. Suppose [n] € @, and n is greater than T. Then T = o([T]) < o([n]). So

Fo([n]) =w+1= f([F(n)]) = fF.([n]).

3. Suppose [n] € Q, and n is not greater than T. Then o([n]) is not greater
than T, for if so, as ¢ is an isomorphism, [T] = ¢ !(T) < [n] and this is not
so. Hence,

Fo([n]) = f(a([n])) = f(fL([n]) = F([F()]) = F(IF(n)]) = FFL(In]).
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By the uniqueness criterion, we have F = f. This is not so. Hence there can be no
fixpoint object in OnCPQO, as claimed. O

3.6 Functional Completeness

A concept which is closely related to the correspondence between FIX_ theories
and FIX categories is functional completeness. We begin by defining the notion
of functional completeness for let ccc’s and show these categories are functionally
complete. We refer to [LS86] for a similar discussion concerning cartesian closed
categories.

Definition 3.6.1 Let C be a let ccc and let A be an object of C. The polynomial
category C[X] in variable X is specified by the following data:

e The objects of C[X] are just the objects of C and

e a morphism of C[X] is an equivalence class, obtained by quotienting the col-
lection consisting of the morphisms of C together with an indeterminate global
element X:1 — A by the equivalence relation ~, where ~ is the least such
relation satisfying:

1. If fg=hin C, then gf ~ h.

2. If u ~u and v ~ v/, then vu ~ v'u'.

woid ~u~ idou.

(wv)u ~ w(vu).

Conditions forcing (formal) cartesian closure of C[X]; see [LS86].
If lift(f) = h in C, then Lft(f) ~ h in C[X].

If u ~ o' then lift(u) ~ lift(u').

© N e otose W

Conditions forcing C[X] to be a let category; for example, this amounts to
requiring

lift(v(u x id)) ~ lft(v)(u X id),

corresponding to LiftS of Definition 1.3.2; similar conditions hold for the
other let structure equations.

Remark 3.6.2 The polynomial category in n variables, C[X; ... X,], is defined
by iterating the construction just given.

Now we prove a version of functional completeness for let ccc’s. If we assume that
we have already the categorical logic correspondence for let ccc’s, then we may
prove the next theorem using internal languages. Alternatively, the theorem can be
proved with bare hands, and the categorical logic developed in the same way that
Lambek and Scott prove an equivalence between ccc’s and typed lambda calculus.
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Theorem 3.6.3 [“Functional Completeness”] Let C be a let category and C[X]
its polynomial category. For every morphism u: B — C in C[X] there is a unique
morphism

A(u):Ax B—=C
in C such that

Au)(X",id) = u

where !: B — 1. In particular, each global element of C' in C[X] is of the form fX
for some unique morphism f: A — C in C. Note that we now write = for ~, that
is, for equality in the polynomial category.

Proof As there is a proof of this result for ccc’s in [LS86], we just give details of
the proof for the let structure. Take morphisms

v : Bx B —TC,

and hence lift(u) : BxTB — TC,
| : (AxB)x B — Ax (Bx B,
m : Ax(BxTB')— (Ax B)xTH,

where [ and m are the obvious isomorphisms. By induction, we shall assume that
there is a morphism

Alu): Ax (Bx B") =>TC

that satisfies functional completeness. Then we define
A(lift(w)) % Lift(A(uw)D)m,

and refer the reader to [LS86] for the definition of A on the ccc structure. We have
to check that this is well defined, i.e. if v = v in C[X] then A(u) = A(v) in C[X].
This amounts to showing that A respects each of conditions (1) to (8) of Definition
3.6.1; most of these are easy to verify, but we check in detail one of the let structure
equations of condition (8), namely lift(v(um, ")) = lift(v)(umr,n’). We have

A(lLift(v{umr, 7)) = bLft(A(v(um,7)))m
by definition is = [Lft(A(v)(r, (A(u){m, 77"), #'7")) (m7, (x'm, 7)) )m
which is = Lft(A(v){mm, (A(u)7,7')))m
for appropriate I’ = lift(A(v)l'({(m, A(u)) x id))m
from the let structure = lift(A(v)l") ({7, A(u)) x id)m
= Lft(A()l"Ym/(m, (A(u)(r, 77"y, 7'7"))
= A(lift(v))(m, A((um, 7))
= A(lift(v)(um, ')

which is what we had to show. Now that we know A is well defined we prove the
result itself. Indeed,

AUift(w))(X Y id) = Gift(A(u)l)m(X),id)
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= lft(A(u)l)((X,id) x id)
which as C[X] is alet ccc = Lft((A(u)l)((X!,id) x id))
= lft(A(u)(X!,id))
and by induction = [lift(u).

Hence the proof is complete. O

Thus we have presented a proof of the functional completeness result by direct
calculation. As remarked above, we can then use the result to derive the categorical
logic correspondence. For an explanation of the general ideas, see [L.S86].

Theorem 3.6.4 Given a FIX category C, then there is an equivalence of FIX
categories
Eq:C(Th(C)) ~C,

where Fq is a FIX category morphism.

Proof (Sketch) The types of the theory Th(C) are the objects of C and the terms
of the theory T'h(C) of type A are defined to be global elements in C[X] ... X,,] of the
object A. The rules of inference for finite products and lambda terms can be found

in [LS86]. For the let structure suppose that we are given the terms E:1 — TA
and M:1 — TB in Th(C). Then the term Let (E, X.M) is defined to be

lift(A(M)i)(id, E): 1 — TB

where 7 is the isomorphism 1 x A = A x 1. Equality of terms is given by equality
in C[X; ... X,

The category C(Th(C)) has objects the types of Th(C) and morphisms terms of
Th(C) with one free variable. Now define Eq by the following recipe:

o Set Eq(A) ¥ A and

e given that (X: A, M(X):B): A — B in C(Th(C)) where of course X:1 — A
and M(X): A — B in C[X], we put

Eq(X: A, M(X): B) € A(M(X) 0 X)6

where 0: A =2 A x 1 in C and we have made use of Theorem 3.6.3. The
remainder of the proof is routine calculation.

47



3.7 Further Results about FIX Categories and FIX_
Theories

The Proof of Lemma 2.3.3

Proof Suppose that C is a let ccc and that the triple (w, 0, Q) is a FPO satisfying
the hypotheses of Lemma 2.3.3. Let f:C' x TA — A. We shall use the categorical
logic correspondence and work with the internal language of C. We need to find a
unique morphism f:C x Q — A such that

fid x o) = f(m, lift(nf)). (3.15)

With a view to using the uniqueness property of the 7' algebra, we look for a
morphism (say g) of the form ¢:T(C = A) — (C = A). Define such a g via the
term in context

e:T(C = A)F Ac(e.f(e, Let (e, z.Val(zc)))): (C = A).

Let us write F(e) for the raw term (in context e). From this, we can define f by
the term in context

c:Con:QF It(F,n)c: A.
Let u: TQ). Using the rules of the logic FIX_ we get
c:Cou:TQF It(F,o(u))ec = F(Let(u,y.Val(Ilt(F,y))))c
by definition of F(e) = f(c,Let(Let(u,y.Val(lt(F,y))),z.Val(zc)))
= f(e, Let (u,y.Let (Val(It(F,y)), z.Val(zc)))
= f(e, Let (u,y.Val(lt(F, y)c))).

This says exactly that the equation 3.15 holds in C, as desired, with uniqueness
immediate from the FIX_ rules.

)
)

Conversely, given the existence of a T algebra for each C, just take C to be 1 to
get the required 7' algebra. O

Elementary Domain Theoretic Features of FIX_

FIX_ has certain features which seem to be close in spirit to those of axiomatic
domain theory and some properties of the abstract categorical semantics are very
similar to those of the concrete model wCpo. We note certain results concerning
FIX_ which have well known analogues in wCpo and begin with the following lemma:

Lemma 3.7.1 Work in an arbitrary FIX category. We can define a morphism
14: Q — T A which is unique such that let(1,) = 140.

Proof Set 1, & it(let(idr4)). Note that let(id)let(nt,) = let(let(id)nt,) =

let(1,). Hence the result follows from the universal property of the FPO. O
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Corollary 3.7.2 Given a FIX category C and a morphism f: A — T'B then the
following diagram commutes:

Q

T4 T

let(f)

TA TB

Proof Note that let(let(f)1,) = let(f)let(t4) = let(f)T40. Then the result is
immediate from Lemma 3.7.1. a

For any object A of the FIX category C there is a morphism | 4:1 — T'A which is
defined to be 1 40w. In the concrete FIX category wCpo, the morphism 1,:Q — A
is of course the continuous function which is constantly bottom. Thus the morphism
14:1— A, just selects the bottom element from the domain A .

A question that remains unanswered is just how like axiomatic domain theory is the
FIX_ logic? For example, how do abstract fixpoints in FIX_ relate to least fixpoints
in the category of domains wCpo? We shall return to these issues in Chapter 10.

Fixpoint Objects in Polynomial Categories

Proposition 3.7.3 Let C be a FIX category with FPO Q. Then C[X] also has a
FPO, given by i(f2), where i : C — C[X] is the canonical inclusion functor.

Proof We show that the category C[X] has a FPO by appealing to Lemma 2.3.3.
Consider the diagram:

T 7 Q
(X1, id) (X1, id)
dXo
let(nh) AxTQ AxQ h
k t(A(f))
A 4
axtp M) p——=—p
(X1, id) N
TB B
f
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where k & (14, lift (nit(A(£)))). We set h % it(A(f))(X!, id), where the morphism
A(f) is defined by appealing to Theorem 3.6.3. In order to prove that ho = flet(nh)
we inspect the diagram above. It is clear all regions commute except for k(X! id) =
(X!,id)let(nh). To prove this it is enough to show that lift(nit(A(f)))(X!,id) =
let(nit(A(f))(X!,id)). We appeal to Theorem 3.6.3 and note

A(let(mit(A(f)) (XY, id))) = Lft(A(nit(A(f)))(m,
= lift(nm'(m, it (A(f))n') (, (m,

= lift(nit(A(f))(m, 7).
It remains to prove uniqueness. Suppose also that go = flet(ng). Note that if
A(g) = it(A(f)) then h = it(A(f))(X!,id) = A(g)(X!,id) = g; so it is sufficient to
prove the former. For this, if we can show A(g)(id x o) = A(f)(ma, lift(nA(g))) we

are done using the universal property of the FPO Q in C. As A(go) = A(g)(id x o)
it is sufficient to prove A(f)(ma, lift(nA(g))) (X!, id) = go. We have

A(f)(ma, Uift(nA(9))) (X! id) = A(F)(X!, lift(nA(g))(X; id))

A((X1,id))))
™))

(
(

using uniqueness of A(—) = A(f)(X!, let(ng))
= flet(ng)
and so we are done. Finally, the equaliser condition is simple to verify. O

Completeness of the Models of FIX_ Theories

Theorem 3.7.4 The semantics which we have given to FIX_ theories T'h is both
sound and complete. By complete, we mean that an equation in context is a theorem
of Th just in case it is satisfied by all models of T'h.

Proof We proved soundness on Page 35. An equation F is a theorem of the
theory Th just in case it is satisfied by the generic model G. But if F is satisfied
by all models, in particular it is satisfied by G. O

Remark 3.7.5 It is possible to check that for any FIX category D and model M
of Th in D there is an essentially unique FIX category morphism I:C(Th) — D for
which we have I[l.M]g = [[.M]m. In particular, if Th is the pure FIX_ theory
(no extralogical axioms), then C(Th) is (essentially) an initial object in the category
of FIX categories and FIX category morphisms.

3.8 Gluing for Let Cartesian Closed Categories

The technique of gluing originated with Freyd, who presented a neat method for
proving the existence and disjunction properties of certain intuitionistic type theor-
ies. His proof made use of a certain topos £ manufactured from two other toposes;
£ is the so-called glued topos and for an account of this see [LS86]. The essence of
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the method involves the careful application of a certain theorem from topos theory.
A simple version of the theorem just for ccc’s can be found in [Laf88]. We now
prove a version of the theorem for let ccc’s.

Lemma 3.8.1 [“Let ccc Gluing”] Let I: D — C be a functor where D is a let
ccc and C is a ccc. Suppose also that C has pullbacks and that I" preserves finite
products. Write GI(T") for the category (CJ/I') and note that there is an obvious
functor 7: (C{I') — D. Then it is the case that

1. GI(T) is a let ccc.

2. 7 is a morphism of let ccc’s.

Proof Tt is a well known result that GI(T') is a ccc, for example see [Laf88]. We
shall denote a typical morphism in GI(T") by

(a,s): (A, f,X)— (B,g,Y).

Note that the property of being a let ccc is not a categorical property. By the
statement that GI(T") is a let ccc, we mean that there is an obvious canonical choice
for a let structure. We make the following definitions:

1. T(A, f,X) = (A,T(n)f,TX).

2. nasx) 2 (id,n): (4, f,X) — T(A, f, X).

3.
(a,5): (A, f, X) x (B, g,Y) — T(C, h, Z)

lift(a,s) ¥ (a, lift(s)): (A, f, X) x T(B,g,Y) — T(C, h, Z)

The first two definitions clearly make sense. We note that the third definition is
good:

AxBf—X’irerYEr(XxY) LGdxn) pox « 7y
a I'(s) '(lift(s))
o " rz LW pry = ITZ

We have to verify that the equations of Definition 1.3.2 on page 12 hold. We just
check LiftA. Take morphisms

(a,s):(C,h,Z) x (A, f,X) — T(B,g,Y)
(b,t):(Cyh,Z) x (B,g,Y) — T(D,k,W)
(m,7"): (C,h, Z) x (A, f, X) — (C, h, Z).
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Consider the commutative diagram:

Cx A (m,a) -C X B b D
h bx f h x T'(n)g
I'Z xI'rx - 'z xTX I'Z xTTY
idxT(n)
= L(n)k
o Z X X o
%ﬁ 71'\
I'Z - F ZXTY) ————TTW
(2T (' lift(s ) TR
C(Lift (1 ,

From this, it is easy to see that

Lft(Lift(b,t) o (m, '), (a,5))) = Uft(Lift(b,t) o ((m,a), (7', 5)))
and using the diagram = [ift(b,t) o ((m,a), (7', lift(s)))
(

= lift(b,t) o ((m, 7"), (a, lift(s))).

This is exactly LiftA for the glued category GI(T'). It is immediate that 7 is a
morphism of let ccc’s. O

Let U be the forgetful functor from the category of locally small let ccc’s to the
category of locally small categories. There is, of course, a free functor F' from the
category of locally small categories to the category of locally small let ccc’s, where
on objects we write FC for F(C). Then F is left adjoint to U and we write I for
the unit of the adjunction; thus there is for each locally small C a canonical functor
Io:C — F. Now we can prove

Corollary 3.8.2 Let C be a locally small category, and JC the freely generated
let ccc. Then the canonical functor I:C — JFC is full and faithful.
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Proof Consider the commutative diagram

I

C F

o

C°P, Set]

where H is the Yoneda embedding of C into its topos of presheaves, and the functor
® arises (essentially) as the mate of H across the adjunction (F - U) where [C, Set]
is regarded as a let category with the identity strong monad. H is faithful, implying
1 is too.

Let I be the composite
I"o H: FC — [FC, Set] — [C?, Set].

There is certainly a natural transformation a:C(—,+) — FC(I(—),I(+)). So, for
each A in C there is a natural transformation

as:Hy — ToI(A):C — [C?P, Set].
Thus we may define a functor
J:C — ([CP, Set|{T)

by setting J(A) © o4 and J(f) o (f«,TI(f)). That J is well defined follows the
naturality of @ and that ([CP, Set]|T") is a let ccc follows from Lemma 3.8.1.

If 7r: ([CP, Set]{I') — [C°P, Set] and 7': (|CP, Set]{I') — JFC are the usual projection
functors, then clearly we have #J = H and ©'J = I.

The universal property of the category FC says that the following diagram commutes
up to natural isomorphism,

where, say, 1: KI = J. Now, 'i:7w'KI = 7'J = I. By the uniqueness condition of
the universal property, there is a natural isomorphism k: 'K = Idrc. It is also
clearly the case that k; = 7't.

53



Now take objects A and B in C and a morphism ¢g: A — IB in FC, and consider

the diagram
1

Hy————1JA A, KA
m(tpoKgouy') mKg
Hy—— 1JB "B L KIB

The Yoneda embedding is full, thus there is f: A — B in C for which f, = w(h)

where we set h % 1 o Kgou,'. Now, for each object A in C, we have a natural
transformation

apHy=71JA —Trn'JA=TIA.
This leads to

agf. = agom(h)
= (Ton')(h)oay
= T(kipomKgom'i')oay
= T(g)oau
= H;(f) oy

Hence it is the case that ag 4 0 H;‘ = H;A o aa 4 and applying this to id4 we get

I(foidpsoidy) = goidrsoidrs
that is I(f) = g,

which says exactly that the functor I is full. O

The last result follows from an adaptation of Pitts’ proof of the corresponding result
for ccc’s. We may derive from Corollary 3.8.2 the following

Proposition 3.8.3 Given a AMLy theory Th, any term M of ground type 7y
containing no object level variables is provably equal in the equational logic of
AML7t to a ground term M’ of type . (A ground term is simply a raw term of
AML7 for which all function symbols are basic.)

Proof The term M corresponds to a global element of the denotation of « in the
classifying category of the theory T'h. But by Corollary 3.8.2, this global element
arises as a global element of the denotation of v in the syntactic category arising
from the ground types and terms. This says exactly that M is provably equal to a
ground term M’ in the logic of AMLr. O
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Presheaves on Categories with Monads

We finish this chapter with a miscellaneous result, namely:

Proposition 3.8.4 Let C be a locally small category and (7,7, 1) a monad over
C. Then the category of presheaves on C is a let category for a certain choice of
monad.

Proof We define a strong monad (S, ¢,v,7) on [C%, Set] by setting
o SF(A) Y F(TA) and SF(f) ¥ F(Tf),
o (Sa)s ¥ ara,
o (er)a ™ F(na),

(vF)a ¥ F(ua) and

* (T(ra))a o F(na) % idgra

where f: A — A’ is a morphism of C and a: F — G is a morphism of [C%P, Set].
It is routine to check that that we have defined a strong monad and appealing to
Lemma 1.3.5 we are done. O
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Part 11

The FIX Logic
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Chapter 4
The FIX Logical System

4.1 Why Introduce the FIX Logic?

roy The definition of an initial T" algebra o: T2 — 2 for an endofunctor 7' contains
both an existence and a uniqueness clause. The uniqueness requirement amounts
to a form of induction principle, which is stated precisely in the following theorem
for which a reference is [LS81].

Theorem 4.1.1 [“Initial T' Algebra Induction Principle”| To show that a subob-
ject 2:.S < (2 is the whole of €2, it suffices to show that the composition 6Ti: T'S — €2
factors through 7: S — (0. a

For the functor (—)+ 1 on the category of sets, the object part of the initial algebra
is the natural numbers and the above theorem is equivalent to the usual principle
of mathematical induction; this is a well known fact.

As another instance of initial T algebra induction, we consider the case when the
category is wCpo, the endofunctor is lifting and subobjects are given by inclusive
subsets. Suppose that i:.S < 2 is an inclusive subset of the fixpoint object 2 =
{0 <1< ...< T}. Then we have that S, is just the inclusive subset of Q, given
by {e € 2, |Vn € Q.[n] = e D n € S}. Thus we can state Theorem 4.1.1 by way
of following induction principle:

Vee Q,.(VneQ.nl=eDdDneS)Do(e) €S
Q=S

Just as least fixed points are definable using the universal property of the initial
(—). algebra €, so is Scott’s induction principle for least fixed points [Sco69b]
derivable from the above induction rule.

Proposition 4.1.2 [“Scott Induction”] Let P C D, be an inclusive subset, and
let f: D, — D, be a continuous function. Then we have

leP VdeD,.dePDf(d)eP
fis(f) € P

Proof In Theorem 4.1.1 take S % {n € Q | h(n) € P} where h is the unique
mediating morphism arising from f,:(D,), — D, and the FPO Q. Then S =
and so fix(f) = h(T) € P. O
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In order to formulate this induction principle for the fixpoint type in FIX_ we
introduce a constructive logic [Bee85], called FIX, of properties of terms over FIX_.
There are similarities between FIX and the traditional “axiomatic domain theory”
of LCF [Pau87] and to Plotkin’s approach to denotational semantics using partial
continuous functions [Plo85].

4.2 The Predicate Logic FIX

The FIX propositions constitute part of a predicate logic with equality. The rules
for equality, conjunction and universal quantification (over elements of a given type)
form a fragment of first-order intuitionistic predicate calculus [Dum?77]. Addition-
ally there are certain predicate constructors which implicitly contain forms of im-
plication, disjunction and existential quantification. In order to set up a formal
system for our logic, we begin by defining an extension of the notion of FIX_ sig-
nature, which was defined in Section 2.5.1.

Signatures for FIX

Definition 4.2.1 A FIX signature Sg is specified as in Section 2.5.1, together
with the following data:

e A collection of basic relation symbols, together with the following distinguished
relation symbols: =,, true, false, A, Vo, O, O, +.

e A sorting for each of the basic relation symbols, which is a list of n types, and
will be written:
R:aq,...,ay.

In the case that n is one, we shall write R: «. We say that R is an n-ary basic
relation symbol when its sorting consists of n types.

We use the signature Sg to define the propositions of our logic. Given such a Sg,
we shall define from this an abstract syntax signature ¥. The collection of ground
arities, GAr, is the set {TERM, PROP} and the collection of constants, Con, consists
of all function symbols, all relation symbols, and a countably infinite set of object
level variables. The function symbols have the same arities as those designated
on Page 24 and the object level variables arity TERM. The n-ary relation symbols
are considered to have arity TERM" — PROP, the distinguished relation symbols
which will represent truth, falsity, equality, conjunction and universal quantification
have their usual arities and the remaining distinguished relation symbols have the
following arities:

1. +:(TERM — PROP) — (TERM — PROP) — TERM — PROP

2. 0: TERM — (TERM — PROP) — PROP
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3. O:TERM — (TERM — PROP) — PROP

Associated with a FIX signature Sg is a collection of raw FIX terms and raw FIX
propositions. These are the closed expressions of the abstract syntax generated from

Y of arities TERM and PROP respectively.

Propositions in Context for FIX

We shall write
I' = ® prop

for the judgement that given the context I' the raw proposition ® is well formed.
These judgements are generated by the following rules, where in the case of the
basic relation symbols, the sorting of a certain symbol is used to determine the

form of the introduction rule.

Basic Relation Symbols

THM:ay,...,TF Moy,
'+ R(M,...,M,) prop

where R is a basic relation symbol with sorting R:aq,...

y Op

Equality Propositions

I'-M:aa THFM"«
I'-M =, M prop

Truth

I' - true prop

Falsity

I' - false prop

Conjunction Propositions

'-® prop I' ¥ prop
I'-® AV prop

Coproduct Propositions

yz:a bt ®(z) prop Ty:8F ¥(y) prop 'HC:a+

L'k (®+ T)(C) prop
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Universal Quantification Propositions

I,z:aF ®(z) prop
I' - V4(®) prop

Universal Modality Propositions

,z:a b ®(z) prop T'FE:Ta
'+ O(E,®) prop

Existential Modality Propositions

O,z:a b ®(z) prop T'FE:Ta
'+ <O(E,®) prop

Remark 4.2.2 The usual rules for weakening of contexts, and substitution of
raw terms for object level variables, are derivable from the above rules by simple
structural induction.

Propositional Theories for FIX

Now that we have the propositional syntax for the FIX logical system, we present
rules for deducing the validity of the propositions. These rules will be presented in
a sequent natural deduction style. We will use a sequent in context as our basic
judgement, which will take the form:

T|A+®.

Here, A is a finite set of propositions. The intended meaning of a judgement is
that one has a deduction of ® which involves a certain number of undischarged
hypotheses, each of which must occur in the set A. We shall write I',) A, ¥ - & for
IAU{¥} - ® and in the case that A is empty, we simply omit the symbol A from
the judgement. A FIX theory, Th, is specified by a FIX signature, together with a
specific collection of sequents in context, which are called the azioms of Th. The
collection of theorems of Th consists of the least collection of sequents in context
which contains the axioms of Th, and is closed under the following rules:

Weakening
LAF®

——— (vk) where I' C TV
T A+ ®

Identity
I'® prop I'F A prop
(id)
LA,PH®
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Substitution
T, z:o,A(z) - ®(z) THM:«

(sub)
L, A(M)F®(M)
Cut
LAF® T, AT
(cut)
LA AN -T
Equations

Every logical rule for deducing equations in FIX_ becomes a rule in the FIX
logic,

where judgements of the form I' - M = M': a become judgements of the form
'-M=,M.

Null Type Falsity Entailment

— (null)
z: null - false

Truth Entailment
' A prop
', A+ true

Falsity Entailment
I'Atfalse T'F® prop
AR

Equality Entailment

— (= ref)
r:abkxr=4T

(= sym)
. I, o
T, T, T=q T kI =4

(= tran)
' " N N N /] o
Ty Ty, T, T =%, T =q FT=q

Cyz:abk M(z):8

Dyziayz'ia, £ =o ' - M(z) =5 M(2')
[,z:aF ®(z) prop

(= sub1l)

/ / - (= sub2)
Dra,z:a, z =4 ', ®(z) - &(2')
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Conjunction Entailment

T,A-® T[,AFU

(&1)
T, AF®AT
T, AF®AT T, AF®AT
(&) ———— (&e)
T, A+3 T, AT

Universal Quantification Entailment
z:a, AF ®(2)

T A+ Vo ()
T, AFVYe(®) Tk Mo

T, A+ &(M)

i

Universal Modality Entailment
[ z:a, A,Val(z) =74 E F ®(x)

01)
L|A+O(E,®)
I, AFO(E,®) T, AFValM)=7,E
(Ce)
L |AF®(M)

Existential Modality Entailment
C,AFVal(M)=p, E T, A+ ®(M)

i)

T, A+ O(E,®)
O,z:a, A,Val(z) =74 E,®(z) ¥ T, A O(E, D) (0e)
Oe
T, AFW
Coproduct Entailment
'y AF®(M) T,y:8F ¥(y) prop 'y AFY(N) T,z:aF ®(z) prop
+i
I AF (2 4+ %) (Inlg(M)) I, AR (@4 T)(Inrg(N))

LA (24 0)(C)
I'z:o, A, Inlg(z) =o45 C, ®(z) - O(F(x))
Fvy:ﬁv Av Inra(y) =a+8 Ca \Il(y) + G(G(y)) (+e)

' A-O{F,G}C))

Disjoint Sum Condition

(djsum)

I, A, Inlg(M) =448 Inrg (V) F false
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Modality Condition
', A Let(E,F) =14 Val(M)
C'|AFO(E,z.F(z) =74 Val(M))

(mod)

Nat Induction
'y AF®(0) T',n:nat, A,®(n)+F ®(Suc(n)) I'F N:nat

(natin)
T, A+ ®(N)
Fix Induction
T,e:Tfiz, A,0O(e,®) - ®(c(e)) ' N:fix
(fixin)

T, A+ &(N)

This completes the rules for deriving sequents.

Informal Explanation of the FIX Propositions

The FIX logic has many features in common with intuitionistic predicate calculus;
for the latter see [Dum?77]. However, it introduces propositions of the form O(e, ®),
O(e, @), (P + ¥)(z), and so we shall describe informally the intended meaning of
this syntax.

For the universal modality, O(e, ®), the intended meaning is
Vz:a.(Val(z) = e D ®(z)),

which we read as “for all = of type «, if it is the case that e is provably equal to the
value of z then necessarily ®(z) holds.”

For the existential modality, (e, ®), the intended meaning is
Jdz:a.Val(z) = e A ®(xz),

which we read as “it is possible that e is provably equal to Val(z) and that ®(z)
holds.”

For coproduct propositions, (® + ¥)(z), the intended meaning is
(Fz:a.z = Inlg(z) A ®(z)) V (Fy: B.2 = Inre(y) A E(y)).

which we read as “it is either the case that z is provably equal to Inlg(z) and that
®(z) holds, or it is the case that z is provably equal to Inr,(y) and that ¥(y) holds.”

Remark 4.2.3 Each of the terms F¥ (M) and It,(F, N) is unique up to provable
equality in the FIX logic. In FIX_ it is necessary to impose rules which make
uniqueness explicit. However, in the FIX logic, this uniqueness is derivable from
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the rules for Nat and Fix Induction. Consider, for example, the uniqueness rule for

the fixpoint type. Set ®(n) & G(n) =, It(F,n) where n: fir. Using the FIX rules
we may deduce that

{ Tye:Tfix,n: fir, A,e = Val(n),
O(e, ®) - F(Let (Val(n),u.Val(G(u)))) = F(Let (Val(n), u.Val(It(F, u))))

and this implies I, e, A, O(e, ®) - ®(o(e)); we are done by (fixin).

4.3 Adjoint Style Formulation of the FIX Logic

The Adjoint Rules

The FIX logic can be presented using rules which are closely related to the cat-
egorical semantics given in Chapter 5. The new system is given by substituting the
following rules for their counterparts in the FIX logic.

Equality Entailment
T, z:a, 2:a, A, 2 =4 ' F ®(2)

T, z:a, A ®(2)

(= ad)

Conjunction Entailment

T|A+-® T|[AFT
T|AF®AT

(&ad)

Universal Quantification Entailment
[, z:a, A+ &(x)
L |AFVy(®)

(Vad)

Universal Modality Entailment
T, z:a,A(Val(z)) - &()
T, e:Ta,Ale) - O(e, )

(Oad)

Existential Modality Entailment
T, z:a,A(Val(z)), ®(z) - ¥(Val(z))
T, e:Ta,Ale), Oe, @) - T(e)

(Cad)
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Coproduct Entailment
L, z:a, A(lnlg(z)), ®(z) F O(F(z)) T, y:8,A(lnra(y)), ¥(y) - O(G(y))
L, zia+ B,A(2), (24 ¥)(2) - O({F,G}(2))

(+ad)

Equivalence of the Systems

Lemma 4.3.1 The following are derived rules in the FIX logic, where I' - M: «
is a FIX term in context:

T |AF &(M) T, A(M)F ® (
t es
Ty, A,z = M+ ®(z) Tz, A(z),z=MFE®

Proof We omit the proof of rule (ts); for rule (es), note that the backwards
direction follows from (sub). For the forwards direction, it suffices to show the case
when A is a single proposition. Indeed, we have:

(hyp)

I',z = ©(x) prop
,z,2',0(z),z =2+ O(x)
(sub) (hyp)
Iz,0(x),z = MF ©(M) F,a:,@(M)l—%) )
cut
[z,0(z),r=M"F®

(sub2)

O

Theorem 4.3.2 The original FIX logic and the system defined on Page 66 are
equivalent.

Proof The proof of the equivalence for equality, conjunction and universal quan-
tification is well known. We give details for the remaining forms of proposition:

(Case (Oi)(Oe) imply (Dad)):

(hyp)
T,e,Ale) - O(e, @)
[, z,e,Ae),e = Val(z) - O(e, D) I',z,e,A(e),e = Val(z) - e = Val(z)
[y z,e,Ae),e = Val(z) - ®(z)
I, z,A(Val(z)), Val(z) = Val(z) F ®(z)
Iz, A(Val(z)) - ®(x)

(Ce)

sub)

(hyp)
Iz, A(Val(z)) - ®(z)
T',z,e,Ae),e = Val(z) - ®(z)
[ye,A(e) F O(e, D)

es)

(04)
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where (es) was established in Lemma 4.3.1.
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(Case (Oad) implies (Oe)(01)):

(hyp)
I'|AFOE,®)
(ts)
Te',A,e' = Et+ 0O(, ®)
(Oad)
T,z, A Val(z) = E - ®(z) (hyp)
sub
T, A,Val(M) = E - &(M) T'|AF Val(M)=E
T |AF ®(M)

(cut)

(hyp)
[yz,A,Val(z) = E + ®(x)
Ie,A,e=FE I O(e, )
I'|A+O(E,®)

(Dad)

(Case (O1)(Ce) imply (<ad)):

(hyp)
I, z,A(Val(z)), ®(x) - ¥(Val(z))
T,e,z,A(e),®(z),e = Val(z) - ¥(e)
Tye,z,A(e), Ole, @), ®(x),

e = Val(z) - ¥(e) Tye,Ale), Oe, @) F Ofe, @)
Tye,Ale), Oe, @) F T(e)

where the last rule is (Ce).

s (hyp)
(1d)(©1)
Tye,z,A(e),®(z),Val(z) = ek O(e, @) [, z,e,Ae), Oe,®) - U(e)
[ye,z,Ae), ®(z),Val(z) = e+ ¥(e)
[, z,A(Val(z)), ®(z) - ¥(Val(z))
(Case (Cad) implies (O1)(<Ce)):
(hyp)
I,z,A,E = Val(z), ®(z ) (<>ad)
T,e, A, E =e,Oe,®) (hyp)
T, A, O(E,®) - ¥ T [AF O(E,®)

T|AF U
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(hyp)
Te, A, Ofe, ) F Ofe, ) T | Ak &(M)
A D (Cad) (ts)
,z, A, ®(z) - O(Val(z), @) iz, Az =M+ ®(z)
Tz, A,z = M+ &(Val(z), @)

L |AF O(Val(M), ®)

and the result follows using I' | A - E = Val(M).
(Case (+1i)(+e) imply (+ad)):

(hyp)
L, z,z, A(Inl(z)), ®(z) F O(F(x))
[, z,z,A(2),z = Inl(z), ®(z) - ©(F(z))

T, z,z,A(2),
L0 = (o) b(e) - 6P i @ v e

)
and similarly for G
T, 2,A(2), (® + ¥)(2) - O({F,G}(2))
where the final rule is (+e).

(hyp)
[z, A(2), (@ + T)(2) F O({F,G}(z)) [z, A(Inl(z)), ®(z) - ®(x) (11)
{ T,z { T, z, A(Inl(z)),
A(Inl(z)), (® + T)(Inl(z)) - O(F(z)) O(z) - (P + P)(Inl(z))
[z, A(Inl(z)), ®(z) - O(F(z))
(Case (+ad) implies (+1i)(+e)):
Loz, Ay (4 T)(2) F (D + T)(2) tad)
Tz, A, ®(z) F (2 + ¥)(Inl(z)) (hyp)
LA, (M) F (D + T)(Inl(M)) L'|AF®(M)
L'|AF(®+ P)(Inl(M))
(hyp)
Tz, A Inl(z) = C,®(z) - ©(F(z)) (1ad)
[z,A,z=C,(®+ ¥)(2) F O{F,G}(2)) (hyp)
LA, (®+ 9)(C) - O({F,G}(CO)) F'|AF(®+T)(C)

' AFO{F,G}())
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4.4 Extensions of FIX

Some Inconsistent Extensions of the FIX Logic

The induction rule for nat is just the usual principle of mathematical induction.
The induction rule for fiz can be rendered informally as: to prove that a property
®(n) holds of all elements n in fiz, it is sufficient to prove for all computations e
of an element of fix that ®(o(e)) holds if whenever e evaluates to a value, that
value satisfies ®(x). This principle is consistent (see Section 5.1) but only because
the FIX propositions have limited forms. In fact, extending the FIX logic with
unrestricted intuitionistic negation, implication or existential quantification renders
it inconsistent.

Proposition 4.4.1 Extending the FIX logic with intuitionistic implication renders
the system inconsistent.

Proof Since FIX contains falsity (false), adding implication (& D ¥) means that
one also has negation (-® = (® D false)). So consider the proposition

(n) ¥ ~(0(w) = n)

about n: fiz. From (ts) we can deduce that T',e: Tfiz, A, O(e, ®),w = e - O(w, P)
and using Proposition 4.5.1 we see that I'; A, 0(Val(o(w)),®) F ®(o(w)). Recall-
ing that w is provably equal to Val(o(w)) together with the rules for intuitionistic
implication it is easy to see that

Tye:Tfix,\,O(e,®?),w = e,0(w) = o(w) I false.

But the structure map of any initial 7" algebra is an isomorphism, which means that
in FIX we have I',e, A, 0(w) = o(e) - w = e. Hence

[ye:Tfix,A,O(e,®),0(w) = o(e) I false

and applying (fixin) we have T',n: fiz, A F ®(n).
So the induction principle for fiz entails that ®(n) holds of all n € fiz, and in
particular of o(w), which is a contradiction. O

Proposition 4.4.2 Extending the FIX logic with intuitionistic existential quan-
tification renders the system inconsistent.

Proof This proof mimics the ideas which show that the category wCpo together
with inclusive subsets does not model standard intuitionistic predicate calculus
[Dum77]. Recall that in wCpo, Beck Chevalley conditions fail for left adjoints to
projections; for if this is not the case we can deduce that such left adjoints take
inclusive subsets to inclusive subsets by unravelling Beck Chevalley at a global
element in wCpo. Then considering the wcpo N x € and inclusive subset

{(m,n) | meNAneQ\{T}An<m}
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we can deduce that {n |n € Q\ {T}} is inclusive in Q. This is not so.

Consider the term 1 % ltrs, (e.Let (e, z.z), 0(w)): Tfiz (recall the discussion of do-
main theoretic properties of FIX on Page 48). Set

B(n) % Fpas (m- (w0 (Val(w)))"(0(1))) = n

Using the usual rules for intuitionistic existential quantification together with the
FIX rules we may deduce e,n,e = Val(n),O(e, ®) - ®(n) - ®(o(Val(n))) and from
(fixin) we have n: fir = ®(n). In particular this means that

= Jnat(m.(u.o(Val(u)))™(0(L))) =pz o(w).

Using (mono) and that ¢ is an isomorphism we conclude - 1 = w. O

4.5 Further Results about the FIX Logic

The Modality Conditions

We state and prove a proposition which we shall make use of in Chapter 5 where it
will be used in establishing a categorical logic correspondence for the FIX logic.

Proposition 4.5.1 Within the FIX logical system, the following birules are de-
rivable:
I'|AF®(M) I'AF®(M)
I'| A+ O(Val(M),®) ['|AF<O(Val(M),®)

'AF®M) T, y:8,AF¥(y) pop T |AFTY(N) T, z:a, A ®(z) prop
LJAF(®+T)(Inl,(M)) L'[AF(®+T)(Inrg(N))

Proof The forward directions of each of these birules are easy to see and thus we
omit the details. We shall give details of the backwards directions for the existential
modality and coproduct.

First, the existential modality. We have

(mono)(cut)
T, z,y, A, Val(z) = Val(y), ®(z) F ®(y)
Tye,y, A, e = Val(y), e, @) F ®(y)
Ty, A, O(Val(y), @) F B(y)

from which the result is immediate. Now we move to the coproduct.
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We have

( (hyp)
T|AF (®+T)(Inl

T, z, A, Inl(z) = Inl(M), ®(z) F ®((u.u)(z))
(djsum)(L)
L, y, A, Inr(y) = Inl(M), ¥(y) = &((v-M)(y))
L'|AF®({uu,v.M}(Inl(M)))

(+e)

and the result follows from the rules for Coproduct Equations. O

Frobenius Reciprocity for the FIX Logic

To prove a Frobenius Reciprocity style rule for the FIX logic, it is convenient to use
the next lemma:

Lemma 4.5.2 In the FIX logic, if ['; A, ® - ¥, then

Tye, A, Oe,y. @) F e, y. V).
Proof Use ($ad) and (sub). O
Proposition 4.5.3 Within the fix logical system, the following birule is derivable:

Dye,z,A b O(e, y.B(x, Val(y)) A ¥(z,y))
Dye,z,AF B(z,e) A O(e, y.¥(, y)

Proof First we prove the forwards direction. From the hypothesis, Lemma 4.5.2,
and the rules (&ad) for conjunction, we deduce’

O(e, y.@(z, Val(y)) A ¥(z,y)) F Ole, y.2(z, Val(y))) A e, y.¥(x, y)).
Also, we have

(id)(= ad)(sub) a)
e = Val(y),
{ @(x,VaIéjy)) - ®(z, e) O(e, y-®(z, Val(y))) - (e, y.2(z, Val(y)))

O(e,y.®(z, Val(y))) F ®(z, e)

(Ce)

and the result is immediate from the rules (&ad).

For the backwards direction, note that using (<i) we have

®(z,e),¥(z,y),Val(y) =e b (e, y.®(z, Val(y)) A ¥(z,y));

'For sake of space we omit contexts in this proof.
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label this sequent (). Hence

Ole,y.¥(z,y)), (x)  2(z,e),O(e,y.¥(z,y)) - Oe, y.¥(z, y))
O(z,e),Oe,y.V(z,y)) - (e, y.®(z, Val(y)) A U(z,y))

(Ge)
and from (&ad) and (cut) we are done. O

The Existence and Disjunction Properties

We now give two results which witness the constructive nature of the FIX logic.
They bear some resemblance to the existence and disjunction properties of standard
intuitionistic logic [L.S80], [Pit89].

Theorem 4.5.4 [“Existence Property”] If E is a closed term of type T, then
- O(E,®) is derivable in FIX if and only if there is a closed term M of type «
for which -+ E =7, Val(M) and - ®(M) are derivable. (In other words, a formal
proof that E evaluates to a value satisfying ®(z) necessitates the existence of a
term denoting that value.)

Theorem 4.5.5 [“Disjunction Property”] If E is a closed term of coproduct type
a+ B, ®(z) and ¥(y) are properties of @ and 8 and F (® + ¥)(FE) is derivable in
FIX, then either - E =, 3 Inl(M) and - ®(M) are derivable for some closed term
M of type a, or = E =45 Inr(N) and - ¥(N) are derivable for some closed term
N of type (.

Standardness of the Natural Number Type

The Existence Property enables one to produce closed terms of type nat from a
computation of a number (i.e. a closed term of type T'nat) together with a proof
that the computation converges. There remains the possibility that a closed term
of type mat is not a value, i.e. a standard numeral. However, this is not so:

Theorem 4.5.6 [“Standardness of nat”] Every closed term of type nat in FIX is
provably equal to a standard numeral Suc™(O).

Theorems 4.5.4, 4.5.5 and 4.5.6 will be proved in Chapter 5.

Miscellaneous Results

Lemma 4.5.7 Modulo the remaining rules of the FIX logic, the modality condi-
tion

I'y AF Let (E,F) =r4 Val(M)
T |AF O(E,2.F(z) =rq Val(M))

(mod)

74



is equivalent to the rule
I'AFO(E,z.0(F(z),®))
' A+ O(Let (E, F),®)

mod')

Proof (Case (mod) implies (mod')): Applying (CDe) twice to the hypothesis of
(mod’) we have
T,y,2,A, E = Val(z), F(z) = Val(y) - ®(y)
and using (mod) we obtain
Iy, A, Let (E, F) = Val(y) F O(E, z.F(z) = Val(y)).
By a suitable weakening of the hypotheses of the above derived judgements, we can
apply (©e) and (O1i) to obtain the result.

(Case (mod')implies (mod)): As this direction is not entirely straightforward we give
a full proof tree:

(id)
T, z,y,A, E = Val(z), F(z) = Val(y) - E = Val(z)
(id)
T',z,y, A, E = Val(z), F(z) = Val(y) - F(z) = Val(y)
T,z,y, A, E = Val(z), F(z) = Val(y) - O(F,u.F(u) = Val(y))
I'A-O(E,z.0(F(z),y.O(E,u.F(u) = Val(y))))
I'|AFO(Let (B, F),y.O(E,u.F(u) = Val(y)))

Using this conclusion together with the premiss of (mod) as the premisses for (Ce)
completes the proof. O

(©1)

(04)

(mod")

Lemma 4.5.8 Modulo the remaining rules of the FIX logic, the rule
T'| A+ Val(M) = Val(M")
TIAFM=M

(mono)

is equivalent to the rule
I'|AF®(M)
I'| A+ O(Val(M), ®)
Proof We sketch the details.

(Case (mono) implies (mono’)): The rule (mono) yields

[,z,A,Val(M) = Val(z) - M = z.

(mono’)

Applying (ts) to the hypothesis of (mono’), cutting (cut) and using (Oi) we are
done.

(Case (mono') implies (mono)): The rule (mono') yields
T |AF O(Val(M),z.c = M).
Now apply (Oe) to this along with the hypothesis of (mono). O
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Chapter 5
Categorical Semantics of the FIX Logic

5.1 FIX Hyperdoctrines

For background on hyperdoctrines and indexed categories see [JP78], [See83] and
[Pit89].

Definition 5.1.1 A FIX hyperdoctrine is specified by a FIX category C (referred
to as the base category) together with a C indexed poset, C:C%? — Poset, where
if f:A — B is a morphism in the base category C we denote the corresponding
pullback function by f*:C(B) — C(A) with the fibre at A denoted by C(A). We
adopt the following notational convention. If

A B

g h

C D
k

is a commuting square in C then right Beck-Chevalley conditions are said to hold
(which will be abbreviated to RBC) if f*:C(B) — C(A) and k*:C(D) — C(C) have
right adjoints which satisfy the identity Vf o g* = h* oVk. We use a dual convention
for left Beck-Chevalley conditions, LBC. The indexed poset satisfies the following
conditions:

1. The fibres are meet semi-lattices with least element, and the fibre over the
initial object is a singleton. The top element is denoted by T, the bottom
element by L, and the meet of elements z € C(A) and y € C(A) by z Ay €
C(A). The pullback functions preserve meets, top and bottom elements.

2. RBC holds for all squares of the form

CxA—" .C

fxid f

C'xA—— ("
e
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where the morphisms 7 and 7’ are product projections.
3. RBC and LBC hold for all squares of the form

1d X n

Cx A CxTA

fxid fxid

C,XA_d—X>CIXTA
v n

Also, the hyperdoctrine enjoys a form of Frobenius Reciprocity, namely given
r€C(C xTA)and y € C(C x A) we have

A(id x n)((id x n)*(z) Ay) =z A 3(id x 7)(y)-

These conditions ensure the soundness of the rules for Universal and Existen-
tial Modality Entailment.

4. There is an operation + on fibres
+:C(C xA)xC(C xB)—C(C x (A+ B))
which is natural in C. Suppose we are given elements

reC(CxA) velC(Cx(A+B))
yeC(CxB) ze€C(Cx D)

and morphisms f:C x A — D, ¢g:C x B — D. Then we demand that

(ide x i)*(u) Ao < (ma, £)*(2) (ide x §)*(u) Ay < (7B, 9)*(2)
u(z+y) < (m{f,g})*(2)

where i: A — (A + B) and j: B — (A + B) are coproduct insertions,

(C x A) +(C x B) %5 C x (A+ B)
is the obvious isomorphism and

TaCxA—C 7mp:CxB—C mCx(A+B)—C

are product projections. Finally, {f, g} def (f,g] o ¢~ where [f,g] arises
from the coproduct structure of C. Note that if x + y exists, it is determined
uniquely. These requirements ensure the soundness of the rules for Coproduct
Entailment.
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5. LBC holds for
id X A

CxA CxAxA

TA (A, )

A Ax A

The left adjoint to id x A satisfies the following Frobenius Reciprocity condi-
tion,

3(id x A) o (id x A)*(z) =z A3(id x A) ow:(T)

where z € C(C x A x A) and 7c:C x A — C. (Recall that the pullback
function 77, preserves the top element by definition.) These conditions ensure
the soundness of the rules for Equality Entailment.

6. We demand the inequalities
(?7 X ?7)* o HA(TTA) S EA(TA)
and
(1,7)" 0 IA(Tarp) = L

where T4 € C(A), Tra € C(TA) and T 4,5 € C(A+ B) are the top elements
of the fibres and i: A — (A + B), j:B — (A + B) are coproduct insertions.
This guarantees the soundness of the Mono Condition and the Disjoint Sum
Condition.

7. Given a morphism f:C'x TA x B x A — TB then we demand the inequality
() ) FA(T) < Hid x m) o {f,ms)” o IA(T)
where T € C(T'A) is the top element of the fibre and
m:CxTAXBXxTA—B 7m3:CxTAxBxA—B

are product projections. This ensures the soundness of the Modality Condi-
tion.

Finally, to complete the definition of a FIX hyperdoctrine, there are two
fibrewise induction conditions and a coherence condition. The induction con-
ditions ensure soundness of the induction rules in the logic and the coherence
condition guarantees that semantic equality of terms coincides with derivable
equality in the FIX logic.

8. Given elements z € C(C), y € C(C x N) then we demand that

z < (id,00)*(y) 7 (z) Ay < (id x 5)*(y)
™(z) <y

where m: C x N — C is a product projection and 0:1 — N, s: N — N are
given as part of the structure of the NNO in the base category.
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9. Given elements z € C(C), y € C(C x ) then we demand that

m* (2) AV (id x 1)(y)
' (z) <

< (id x 0)*(y)
y

where m: CxTQ — C, 7©':CxQ — C are product projections and o:TQ — Q
is given as part of the structure of the FPO in the base category.

10. Given morphisms f,g: B — A and the diagonal A: A — A x A, then we ask

that
(fr9)70dA(M) =T
f=g in C

This completes Definition 5.1.1. A morphism of FIX hyperdoctrines C and C’ is
specified by a FIX category morphism between the base categories (referred to as
the base functor) say F:C — C’, together with an indexed collection of monotone
functions, called fibre morphisms, F4:C(A) — C'(F A) for each object A in C. These
monotone functions are required to preserve the structure of the fibres in a canonical
fashion. For example, the pullback functions are preserved by the fibre morphisms
in the sense that given a morphism f: A = B in C, the following square commutes

Fy

C(A) —A. ¢'(FA)

f (F(f))

C(B) —— C'(FB)

B

Also, the structure of the fibres is preserved by the fibre morphisms; for example

e Given T € C(A), then Fy(T) =T € C'(FA),
e given z,y € C(A), then Fa(z Ay) = Fa(z) A Fa(y), and
e given r € C(C x A) and y € C(C x B) then

Fox(avn)(z +y) = Foxa(z) + Foxn(y)-

The remaining structure of the fibres is preserved in a similar way; the details are
omitted.

The FIX Hyperdoctrine wCpo

The definition of a FIX hyperdoctrine is quite involved and so we must give a
concrete example. We have the
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Proposition 5.1.2 Recall that the category wCpo is a FIX category. There is
an wCpo indexed poset, Z: wCpo® — Poset, where I takes an wcpo D to the set of
inclusive subsets of D which are ordered by inclusion and I takes each continuous
function f: D — D' to its inverse image function f~! restricted to inclusive subsets.
This gives rise to a FIX hyperdoctrine.

Proof It is trivial to check that f~1:Z(D') — Z(D) is well defined and indeed
monotone and that I is a functor. We define the operations that make wCpo a FIX
hyperdoctrine, but omit detailed verifications.

1. With meet given by intersection of inclusive subsets, it is clear that each fibre
is a meet semi-lattice with least element. It is easy to see that each pullback
function is a morphism of pointed meet semi-lattices. Finally Z(@) = {@} is
a singleton.

2. The right adjoint to projection is given by restriction of the dual image func-
tions to inclusive subsets; that RBC holds is trivial.

3. The existence of left adjoints is well known, given by restriction of the set
theoretic direct image functions to inclusive subsets. The right adjoint to

(id x 1) " Z(C x D;) — Z(C x D)
is given by
V(id x )(I) % (id x )(I) U {(c, L) | c € C}

where I € Z(C x D). Tt is easy to see that this is a good definition and yields
the required adjoint. Checking RBC and LBC is easy; Frobenius Reciprocity
is virtually immediate.

4. Let i:D = D+ D' and j: D' — D + D' be coproduct insertions. Given
elements I € Z(C' x D) and J € Z(C x D') we define

+:Z(C x D) x Z(C x D') — Z(C x (D + D))

by
T+ J % 3(id x §)(I) u3(id x §)(J).

Note that the fibrewise induction conditions are satisfied because any inclusive
subset of an wcpo is an wcpo. Finally note that the existence of this concrete model
implies the consistency of the pure FIX logic relative to Zermelo Fraenkel set theory.

(Il

5.2 Categorical Semantics of FIX

Structures for FIX Signatures

Let C be a FIX hyperdoctrine and Sg a FIX signature. Then a structure, M, in C
is specified by the following data:
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e A structure in the base FIX category C (see Section 3.2), and

e for each basic relation symbol R: aj,...,a, an element [R] in the fibre over
[aq] x ... x [an]-

Interpretation of the FIX Propositions in Context

Given a structure M we now show how to interpret the FIX logic in a FIX hyper-
doctrine. The propositions of FIX are modelled by elements in the fibres of the
hyperdoctrine; more precisely, for each context I' and proposition ® for which we
can derive I' = & prop, we specify an element [I'.®] of the fibre C([I']). If T is
empty we write [®] for this. The semantics of propositions in context is defined
using the structure of the propositions:

o [[.true] & T e c([T]).

o [[.false] ¥ 1 e c(]rY).

o [[.M =, N] ¥ ([T.M],[L.N])* o IA(T).
o [[.&ATU] Y [I.8] AlT].

[L.Vo(®)] & vy ([T, 2: 0. 8)).

o [[.O(E,®)] ¥ (id, [T.E])* o ¥(id x n)([T, z: 0. ®(z)]) .
o [L.OE,®)] ¥ (id, [L.E])* o 3(id x n)([T, z: a.®(x)]).

o [[.(®+0)(C)]Y (id, [L.C])*([T, 2: . ®(2)] + [T, y: 8.9 (y)]).

Models of FIX Theories

If A is a finite set of propositions, each of which is well formed in the context T,
then set
[T.A] Y A [r.6].

OcA

A structure M in a FIX hyperdoctrine C satisfies a sequent in context I' | A - @ if
[T.A] < [I.®] holds in the fibre C([T']). Given a FIX theory, Th, then M is called
a model of the theory if it satisfies all the axioms of Th.

The Substitution Lemma

The next lemma tells us how substitution of terms for variables in propositions is
modelled.
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Lemma 5.2.1 PutI' = [z;:0y4,..., Tpi oy, let T - ®(zq, ..., z,) prop be a FIX
proposition in context and let I' = M;: a; for i = 1,..., n be FIX terms in context.
Then

—

[[.®(M)] = ([C.My],. .., [C.M,])*([T.@(2)])-

Proof The proof proceeds by induction on the structure of propositions; we
illustrate with O(F, ®) and (® + ¥)(C).

[[F-ﬁ-D(E(ﬁ),@(QZ))(M)]I

= [[.O(E(M),®(M))]
(id, [L.E(M)])*[T, e.0(e, ®(M))]
(id, [L.E(M)])* o ¥(id x n)([T, z.®(M, z)])

induction = (id, [[.E(M)])* o V(id x 1) o ({[L.M]) x id)*([I", z.®(Z)(z)])

(id, [T.E(M)])* o ({[D.M]) x id)* o ¥(id x n)([I", z.8(Z)(x)])
(id, [T".E(&)[{[T.M]))" o (([*.M]) x id)*([I",e".0(e’, &(Z))])
(({[D-M]) x id) o (id, [T".E(&)[([T.M])))*([T",¢.0(e', ®(£))])
(([0.M]), [T E@)([C.M])* (I, .0, (2))])
((id, [I".E(Z)]) o ([T.M]))*([I", €".0(e’, (Z))])

= ([0.M])*(id, [I".E(@)])"(IL", €' .0(e, 2(2))])

= ([0.M])"([".O(E(Z), 3(2))])
[[.i2.(® (i) + W (i) (C(i))(M)]

= [[.(®(M) + T (M))(C(M))]

= (id, [[.C(M)])*[T, 2'.(B(M) + T (M))(2')]
(id, [T.C(M)])* ([T, z.®(M)(z)] + [T, y. ¥ (M) (y)])

induction = (id, [[.C(M)])*((([T.M]) x id)*

([T, 2.8(&)(x)]) + (([T-M]) x id)*([I", y.¥(2)(y)]))

= (id, ([T.M]))" o (id x [I".C(2)])*(((IT.M]) x id)*
([T, 2.8(2)(2)]) + (([T.M]) x id)*([I', . (Z)(y)]))

= ([0.M])* o (id, [I".C(@)])* (", z.2(&) ()] + [I, y-¥ (&) (y)])

= ([D.M])*([T".(2(&) + ¥(&))(C(@))])-

The Soundness Theorem

The categorical semantics of the FIX logic is sound; indeed we have:

Proposition 5.2.2 [“Soundness for FIX Theories”] Let C be a FIX hyperdoc-
trine, Th a FIX theory and M a model of Th in C. Then M satisfies any sequent
in context which is a theorem of Th.
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Proof We need to check that the collection of sequents in context which are
satisfied by M is closed under the rules for generating sequents in context. We
give just one example of this, by checking the soundness of Existential Modality
Entailment. We have

G)/\A[[F,x.@(Val(x))]] AT, z.®(z)] < [T, z.¥(Val(z))]

iff
e/\A(id x n)*[T,e.0(e)] AT, z.®(z)] < (id x n)*[T,e.T(e)].

Pullback functions preserve meet, so this is iff
(id x n)*[T,e.A(e)] AT, 2.®(x)] < (id x n)* [T, e.¥(e)].
Using adjointness, this holds iff
A(id x n)((id x n)*[T,e.A(e)] AN [T, z.®(z)]) < [T,e.¥(e)]
and from Frobenius Reciprocity iff
[T, e.A(e)] A 3(id x n)[T, z.®(z)] < [T, e.¥(e)]

iff
[Ty e.A(e)] AT, e.Cle, )] < [T e.¥(e)]

which is what we want. O

5.3 The Categorical Logic Correspondence

Proposition 5.3.1 For each FIX theory Th over some FIX signature Sg, we
may construct a syntactic FIX hyperdoctrine, which we shall denote by C(Th) or
sometimes F.

Proof The objects of the base FIX category are the types of Sg. The morphisms
are equivalence classes of terms in a single variable context. We set

F(a,8) ® {M(z) | z:a - M(x): B}/ =

where M(z) = M'(y) iff z:a - M(z) =5 M'(z) is a theorem of Th. We now define
an F indexed poset. For each object o € F the underlying set of the partial order
F(«) consists of equivalence classes of propositions in a single variable context,
z:a = ®(z) prop. We shall often omit the context itself; with this convention we
impose a preorder by asking that

b(z) < VU(y) iff ®(z)F ¥(x).

The required partial order is the poset reflection of the preorder. Given a morphism
F:a — (B in F, the pullback function F*: F(3) — F(«) is defined by substitution:
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F*(®(y)) & &(F). We check that the conditions defining a FIX hyperdoctrine are
satisfied. For condition (1), it is obvious that that the fibres are meet semi lattices
and that the pullback functions preserve the structure. For condition (2), the right
adjoint to Fst(2)*: F(y) — F(y x a), will be written Vm: F(y x a) — F(7y) where

Vi ((2)) © Vo (2.8((y, z))).

That this is the required adjoint is well known; RBC is simple to check. We check
condition (3) with some care. The right adjoint to

(Fst(u), Val(Snd(u)))*: F(y x Ta) = F(y X )
will be written 0: F(y x a) = F(y x Tar) where
O(®(u)) & O(Snd(2), z.B((Fst(z), z))).
We check that this definition gives a right adjoint, that is
®(z) - O(¥(u))
(Fst(u), Val(Snd(u)))"(®(2)) - ¥(u)

We have
u, ®((Fst(u), Val(Snd(u)))) - ¥(u)

o B VAl - ) o
er0s®({y,e)) F O(e, . %((y,2))
z, ®((Fst(z2),Snd(2))) - O(Snd(z), z.¥((Fst(z), z)))

The converse direction is equally easy; we omit the remaining details for condition
(3). For condition (4) we define an operation

+: F(yxa) x F(y xa') = F(y x (a+')).
For elements ®(v) € F(y x a) and ¥(w) € F(y x ') we set

B(v) + T(w) = (2 + T)(P(u)),

where P(u) is the isomorphism P(u):y X (a4 ') — (v x )+ (7 x ). To see that
this satisfies condition (4), take morphisms M (v):y X & — ¢ and N(w):y X o’ = ¢
together with elements ©(z) € F(vy x §) and II(u) € F(y x (o + ')). Then it
remains to show that

{ (Fst(v), Inl(Snd(v)))"TI(u) A @(v) &= (Fst(v), M(v))"6(2)
(Fst(w), Inl(Snd(w)))"TI(u) A ¥(w) = (Fst(w), N(w))"O(z)

() A (@ + ®)(P(u)) = (Fst(u), {M, N}(P(u)))*O(2)
which follows from careful application of the rule (+ad) and the Coproduct Equa-

tions rules. Conditions (5) and (6) are easy to verify. Moving on to condition (7),
the left adjoint to (id X A)*: F(y x a X a) = F(y X ), is defined by

I(id x A)(®(u)) <
®((Fst(z), (Fst(Snd(z)), Snd(Snd(2))))) A Fst(Snd(z)) = Snd(Snd(z)).
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We have now given all the structure needed to specify F; the remaining details are
routine and omitted. Note that condition (10) is immediate from the construction
of F. O

Proposition 5.3.2 Given a FIX hyperdoctrine C, then we can define a FIX
theory which we denote by Th(C).

Proof The basic ground types and basic function symbols for the base FIX
category are exactly those defined in Section 2.5. For each object A; x ... x A, in
C there are relation symbols R: Ay, ..., A, which are copies of the elements in the
fibre C(A; x ... x A,). This gives us data for a FIX signature; there is an obvious
canonical structure for this signature in C which we denote by G. Then the axioms
of the theory Th(C) are exactly those sequents in context which are satisfied by the
canonical structure; the theorems of Th(C) are generated by the usual rules of the
FIX logic. O

Now we can state the categorical logic correspondence:

Theorem 5.3.3 Let C be a FIX hyperdoctrine; then there is an equivalence of
hyperdoctrines (i.e. an equivalence of indexed posets)

Eq:C(Th(C))~C: Eq ',

where FEq is a FIX hyperdoctrine morphism. Thus there is a categorical equivalence
of base categories, together with an isomorphism of posets

Bga : C(TH(C))(a) — C(Bq(a) : (Bq ) pya.

Proof For the definition of Eq and Eq ! see Theorem 3.4.3. Define Eqq,(®(z)) &

[2.®(z)]e and (Eq ')[aje(R) o R(z) where R € C([a]a). We omit the routine
details of the proof. O

5.4 The Logical Relations Hyperdoctrine

Now that we have formalised the correspondence between FIX theories and FIX
hyperdoctrines, we define a new FIX hyperdoctrine and use it, together with its
corresponding theory/logic, to prove Theorems 4.5.4, 4.5.5 and 4.5.6. We shall
write F for the FIX hyperdoctrine constructed from the pure FIX logic.

Definition 5.4.1 Let I' 7 — wCpo denote the functor which assigns to each
object a € F its set ['(a) of global elements equipped with the discrete partial
order. We construct a new FIX hyperdoctrine, denoted by L£r, using a construction
that is closely allied to the theory of logical relations. An object of Lr is a triple
(D, <,a), where D € wCpo, « € F and < is an inclusive subset of D x I'(a). A
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morphism (D, <,«) — (D', <, ') in Lr is a pair (f, F), where f: D — D' in wCpo
and F:a — o in F, satisfying the following condition:

Vd € D.M € T'(a).d << M D f(d) <" FM.

It remains to define a Lr indexed poset. We shall denote the fibre at an object
(D, <, a) by Lr(D, <, «). The elements of the fibre consist of all triples (S, <, ®(z)),
where

1. S € Z(D), i.e. S runs over the inclusive subsets of the wcpo D.
2. ®(z) € Fla).

3. € Z([S X Ta() ()N <) where To()(a) & {M € T'(a) |- ®(M)}; note that
[S x Tg(m)(a)]N < is an wepo.

The order is given by inclusion in the first and second coordinates, and by entailment
in the third. Given a morphism (f, F): (D', <',a') — (D, <, ) in Lr, we define the
pullback function

(f,F):Lr(D,<,a) — Lr(D',<',a')

by
(£, F)*(S,9,8(x)) ¥ (f71(5), 9%, ®(F))

where <*% {(d, M) € [f1(S) x T ()N <'| f(d) < FM}.

This completes the definition of the logical relations hyperdoctrine, Lr. Clearly we
need to see that Lr really is a FIX hyperdoctrine:

Proposition 5.4.2 The construction of Lr detailed in Definition 5.4.1 gives rise
to a FIX hyperdoctrine.

Proof It is a simple exercise to verify that this definition makes sense. We
check that each (f, F')* is indeed monotone. Suppose that (S;, <i, ®1(z)) < (S2, <s
, ®2(z)) in the fibre Lr(D, <, ). Then,

e S CSyandso f1(S1) C f1(Sy).
e &;(z) F Py(x) and so ®1(F) F ®,(F) by substitution.
e To see that <;C <} note that & (FM) - ®y(FM).
We also need to see that given
(D", <", 0" CE (D, <, oy Y (D, 4,a)

it is the case that (f', F')* o (f, F)* = (ff', FF')*. The details are tedious but easy
and so they are omitted. Now we have to check that the definitions of objects and
morphisms yield a base FIX category, and that the Lr indexed poset does indeed
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constitute a FIX hyperdoctrine. Firstly we check that we have a FIX category; most
of the details are simple calculations, once it is clear how one defines the various
categorical constructs.

The terminal object is (1, <ypit, unit) where * <ypi; idyniz. The binary product is
given by
(D,<,a) x (D', <', ) def (DxD',<ax < axd),

where (putting <1, &< x <),
(d,d) <9, Niffd < Fst(N) and d' < Snd(IV).

It is clear that <1 is inclusive, and easy to check the remaining details. Exponentials
of objects are defined by

(D', <',d,) = (D, <,0) & (D' = D,<d'=4,d = a),

where
f<d=<F iff Vd e D'VL' eT(d').d <" L' D f(d') < apo (F,L"
and ap is the evaluation morphism in F. The transpose rule is given by

(f,F):(Dx D', <y,a x o) — (D", <", a")
(cur(f),cur(F)):(D,<,a) — (D' = D", <'=<",a = ")

and the evaluation morphism is (ap,ap). Finite coproducts are also defined in the
same (hopefully now familiar) coordinatewise/logical relations manner. The NNO
of Lr is specified by (N, <ln., nat), where n <,,; N iff N = Suc™(0),' and the zero
and successor morphisms are the expected coordinatewise ones. We now show that
for a particular choice of monad, the category Lr does indeed become a let category.
The action of the monad on objects is specified by T(D, <, «) aef (D, <r, Ta),

where
edr E iff Yde D.[dl=eD>3IM eTl'(a)d<aMAnM=E,

and 7(p,q,q) © (1,ma): (D, <4,0) — (Dy,<,Ta), with ©: D — D, the canonical
inclusion. Finally the lifting rule is
(f,F):(Dx D',<y,axd)— (D], Ta")
(fi,uft(F)): (D x D'\, x <fp,a x Ta') — (D', <., Ta")

where of course f, (d,[d']) = f(d,d") and f,(d, L) = L.

Now we show that Lr does indeed possess a FPO. This will be determined up to
isomorphism; thus as for the previous constructs we exhibit a candidate and show
that it satisfies the required properties. The expected candidate for the FPO would
be (2, <fg, fir), with structure morphism (o, o). By definition of the action of the

We shall often drop the sequent symbol I~ from equalities such as - N = Suc™(0)
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monad on objects, in the relation </ one has L <¥ M, for any M e I'(Tfiz).

As (0,0) must preserve the relation, then 0 <g, 0 M must hold, and the action of
the monad yields [0] < noM. Once again (o, 0) preserves this, so we must have
1 Qg onoM. In general we are forced to have n <, (on)"o M. Finally, considering
that the relation <z, has to be a certain inclusive subset, we are led to the following
definition:

(Q, <fig, fiz) is a FPO for T over Lr, where
e n g N iff AM € I'(fix).N = (on)"M, and
o T Qp, Niff Vn e Q\{T}.n <p, N.

We check that the relation <g, is inclusive. Take a chain in <g,, say {n, <g
N | r € N} where N € T'(fiz). We need to check that \/{n, | r € N} <5, N. If
V{n, | r € N} is not T we are done. Otherwise, given any n € Q \ {T}, we can
choose r € N such that n, > n. As n, <z, N, we get

N = (on)" M = (on)"(on)" "M,

and so n <g, N. As n was arbitrary, we are done. Now we check that (o,0) is a
morphism in Lr, where (o, 0): (0., < Tfiz) — (Q, <fiz, fir). We have three cases
to cover.

1. If | < E then o(L) =0 <, oE.
2. If [n] < E note that E = n(on)"M for some M.

3. Suppose that [T] <% E. Then T <z, N and hence ¥n € Q\ {T}.n <4, N. In
particular, we have n — 1 <z, N, and so there is some M € T'(fiz) for which
N = (on)" ' M, giving onN = (on)"M. So we have Vn € Q\{T}.n <z, onN,
that is T <5, oF.

Finally, we have to verify that our definition yields an initial T algebra in Lr. Take
(f,F):(D.,<r,Ta) — (D,<,«a). The unique mediating morphism for (o,0) has
to be (f, F) & (it(f),it(F)) whose coordinates are the mediating morphisms in
wCpo and F. Firstly we check that it is a morphism in Lr. Suppose that n <z, N.
Then for some M we get N = (on)"M. From the definition of the <r relation, we
get L <y let(nF)o "M and so f(L) <t Flet(nF)o M = FM. Now suppose that
fr(L) < F(on)~'M, where r < n — 1. Clearly [f"(L1)] <z nF(on)""'M, and so
frY(L) < F(on)"M. Inductively we have f**'(1) < F(on)"M = FN, which is
what we had to prove. Finally, if T <z, N we need V (L) < F'N, which follows
from inclusivity of <t . We omit to verify that the morphisms

(IT],w): (1, Sunit, unit) = (@1, <7, Tfiz)  (0,0):(Q1, <7, Tfiz) = (2, U, fir)

constitute a FPO in Lr.
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We now verify conditions (1) to (10) of Definition 5.1.1. It is easy to see that
condition (1) holds. We check condition (2) in detail. Firstly we define the right
adjoint to

(m,Fst(2))*: Lr(C, <',v) = Lr(C x D, <" x <,v X )

which we denote by
Vr: Lr(C x D, <,y X a) — Lr(C,<',7)

where we set VY (S, <, ®(2)) & (v (S), <2, Vr(®(2))) with

B {(e,N) € [V1(S) X Dyn(agay (1IN <]

Vd € DVYM € I'a).d < M D (¢,d) <y (M, N)}.

This makes sense. For certainly V7 (S) € Z(C) and Vr(®(z)) € F(v). Let us see
that <5 € Z([Vr(S) X Dyr(a(z)) (7)]N <'). With the obvious notation, let {(¢;, N) | i €
N} be a chain in <5 and so Vd € D.VYM € I'(a).d < M we have {((¢;,d), (N, M)) |
i € N} in <, . But < is inclusive, so the supremum of the latter chain lies in <,
for all d and M such that d << M. But this is exactly that (V{c; | i € N}, N) €<,.
Finally, it is clear that V7 is monotone. Now we verify that (m, Fst(z)) - Vr. Take
(U, <", ¥(y)) € Lr(C,<',7v) and (S, <y, ®(z)) € Lr(C x D,<y,vy % «). Then we
need to check that

(r=1(U), (2, ¥(Fst(2))) < (5, D, 2(2))
(U, <, ¥(y)) < (Vn(5), <2, Vm(2(2)))

It is clear that all is well in the first and third coordinates, as both wCpo and F are
FIX hyperdoctrines. All we need to do is examine the second coordinates.

Suppose that (<')* €<, . Hence it remains to show <'C <, . Let ¢ <" N. Thus we
need

1. cevn(S9),

2. N e FV(z@((y,z)))(fY),
3. ¢c<' N,
4. ¥d € DVM € T'(a).d < M D (¢,d) < (M, N).

We check each of these in turn.

1. Clearly c € U C VY (S).
2. We are given - ¥(N) and ¥(y) - V4 (z.®({y, z))), hence F Vo (z.2((N, z))).

3. Immediate.
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4. By definition
()" = {((c,d), (N, M)) € [r7(U) x Py(raa(a (v x @)]N <] ¢ &' N}

Suppose that d <t M. We have ¢ € U, so (c,d) € 7 }(U) and - ¥(N) implying
(N, M) € D'y(ret(z)) (7 X @). Also ¢ <" N and so (c,d) <x (N, M). With these
facts, we see that (¢,d)(<')*(N, M) and using the hypothesis we are done.

Now suppose that <'C<9; it remains to show (<')* C<dy. Let (c,d)(<')*(N, M).
Then from the supposition we get ¢ <3 N, which means that (c d) <y (N,M). So
we do get the required right adjoint.

We must verify that RBC holds, namely that the square

v
Lr(C x D,<' x 4,7 X a) AR Lr(C,<',7)
(f x id, F x id)* (f, F)*

Lr(C'x D, <" x 4,9 x ) v Lr(C',<",~")
Vs

Of course, we already know that everything is fine in the first and third coordinates.
We just need to check the second coordinate. We have that

<2 = {(¢,N) € [Vx(S) x Tyn(a(ey(N)IN <'| VAYM.d < M S (c,d) <y (N, M)}

< = {((d,d), (N, M)) € [(f x id)7"(S) X T(pridy(a(z)) (Y x @))N <" x <
(f x id)(c',d) <y (F x id)(N', M)}

()" = {(¢,N) € [f 7 o Vn(S) X Tprovn(az) (V)N <"| f(¢') <5 FN'}

(23)° = {(¢,N') € [V o (f x id)7'(S) X Dymo(rxiay @) (V)N <]
VdVM.d <1 M D (d,d) <% (N',M)}

Suppose that /(<% )*N'. We show /(<% )°N'. Hence we need to see that d << M
implies (¢/,d) <* (N', M). This amounts to showing

1. (¢, d) € (f x id)"'(S).

Do

(

- (N', M) € Da((p(Fsi(zr)),sna(z ) (7 X ).
3. (d,d) <" x < (N', M).
4. (§(¢),d) 9« (FN', M).
We check each of these:

1. Note that ¢ € f~'oVr(S) =Vmo (f x id)7'(9).

91



2. We have N' € T'y_(,.a((Fs))) and hence = ®((FN', M)).
3. Immediate from ¢’ <" N'.
4. Immediate from f(c¢') <5, FN'.

Thus (9%)* C (J%)°; the reverse inclusion is similar.
We move on to condition (3). The right adjoint to

(id X t,id x n)*: Lr(C x D, <" X <p,y X Ta) = Lr(C x D, <" x <,y X )
which we shall write as

O: Lr(C x D, <,y x a) = Lr(C x Dy, <%,y x Ta)

is defined by 0O(S, <, ®(u)) ¥ (O(9), <%, 0(®(u))) where O(S) and O(®(u)) have
the expected meaning, and where

< € {((c,e), (N, B)) € [0(S) x Toay (v x Ta))n <7

VdVM.d QM Ne=[d|ANE =Val(M) D (¢,d) <. (N, M)}.

We omit to check that the definition of O makes sense, and that it is the required
adjoint. We shall just check that RBC does indeed hold, i.e. the following square
commutes:

O

Lr(C x D, <y, X ) Lr(C x D, <%,y x Ta)

((f xid), (F x id))* ((f xid), (F x id))*

Lr(C'x D,<" x 4,9 x ) = Lr(C'x D, ,<" x <r,v' x Ta)

Once again, all we need to do is check things work in the second coordinate. We
have:

G = {((c,e), (N, E)) € [A(S) x Ty (v x Ta)]n <]
VdYM.d < M Ae=[d]AE =Val(M) > (¢,d) <y (N, M)}

< = {((d,d), (N, M)) € [(f x id)7'(S) X T(pxiay @)y x a)JN <" x |
(f(c),d) < (FN' M)}

(S50 = 1), (V" ) € [(f x id) " o O(8) x oot x T
A < x <] (7(¢),€) <, (FN', B)}

(23)” = {((c,e),(N',E)) € [Bo(f x id) *(S) X Taspxidy @) (v x Ta)]
N<"x <p| VdVM.d < M Ne=[d|AE =Val(M)D(c,d) <% (N', M)}

Suppose that (¢, e)(<%)*(N', E). Then it remains to prove (¢, e)(<%)°(N', E'). This
means given any d € D and M € I'(a) for which d << M, e = [d] and E Val(M)
we must show
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. (d,d) € (f x id)7H(S).
- AN", M) € T(pxiay(a) (v X @)
3. (¢yd) <" x < (N', M).
- (£(¢),d) < (FN', M).
Using the hypothesis, we have (f(c'),e) <% (FN', E) and hence
d<MAe=[dAE=Val(M) > (f(c),d) 9y (FN', M).
We check each of 1 to 4:
1. (¢,[d]) € (f xid)"1oO(S) = Do (f xid)~1(S) and so (¢,d) € (f x id)~1(9).
2. (N, E) € To(snd(z),e.0((FFst(x),e))) (7 X T'r), which means that
FO(E,z.®((FN',z))).
But F = Val(M), thus appealing to Proposition 4.5.1 we have = ®((FN', M)).
3. By hypothesis.

4. Immediate.

Suppose that (¢',e)(<%)°(N', E). It remains to prove (c,e)(<%)*(N', E). Thus
given d € D and M € T'(«a) for which e = [d], E = Val(M) and d < M, we
need to show

f(&),e) € O(S),
FN > S Fg( 3(u ))(’7 X TOz),

L (
2. (
3. (f(),e) <% (FN', E),
4. (f(c),d) <« (FN', M).
Using the hypothesis, we get
d<MAe=[dAE=Val(M) > (f(c),d) Qx (FN', M).

We check each of 1 to 4:

1. (d,[d]) € Oo (f x id)™'(S) = (f x id)~t o O(S).

2. We have (N', E) € T'g(snd(z),z.0((FFst(z),2))) (7 X T'a), and so

- O(E,z.9((FN',1))).

But £ = Val(M) and so - ®((FN’, M)) by appeal to Proposition 4.5.1.
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3. Trivial.

4. Immediate.
We now define the left adjoint to

(id X t,id x n)*: Lr(C x D, <" X g,y X Ta) = Lr(C x D, <" x 4,7 X ).
Denote this by

O: Lr(C x D,<y,y x a) = Lr(C x D, <",y x Tar)
where we set (S, Iy, ®(u)) of (O(S), 9%, O(P(u))) with

< E {((c,e), (N, B)) € [O(S) x Toaquy(y x Ta)n <7
dAM.Ad < M Ae=[dAE = Val(M) A (c,d) <y (N, M))}

We omit to check that this is well defined and that LBC is satisfied, but give brief
details of the Frobenius Reciprocity condition. Take

(U, ﬁz,\Il(z)) € Lr(C x Dy, <|Z,7 x Ta)

and
(S, <y, ®(u)) € Lr(C x D, <y,y X ).

Observe that U N <O(S) = O((id x ¢) " (U) N S) and

U((y,e)) A Ole, z.2((y, z))) = (e, z.¥((y, Val(z))) A 2((y, 7))).

We require ((<%)*N <,)° =< N < . Suppose that (c,e)((<L)*N <,)°(N, E).
Then there exist d and M for which (c,d)((<%)*N <.)(N, M). Unravelling the
supposition and appealing to the above observation, we conclude that (c,e) € UN
O(S) and - U ((N,E)) ANO(E,2.®((N, z))). Using Proposition 4.5.1 we may deduce
= ¥((N,E)) and = ®((N,M)). So we can conclude that (c,e) <% (N,E) and
(c;e) I3 (N, E).

Suppose that (c,e)(<L N <2)(NV, E). We need to find d and M for which (¢, d)(<%
)*(N, M) and (c,d) <y (N, M). Now (c,e) <% (N, E) implies that there are d and
M for which d < = [d] and E = Val(M). From the observation above, we
deduce that (c,e) (( id x 1)™' N S) and - O(E,z.¥((N,Val(z))) A ®((N, z))).
Thus (¢,d) € (id x ¢)""(U) N S and appealing to Proposition 4.5.1 we deduce
= W((N,E)) AN ®((N,M)). Using these conclusions along with the supposition we
are done

Now for condition (4). We define the operation +

M, e
S
X
N,

+:Lr(C x D,<¢ X <,y x a) X Lr(C x D')<de x <,y x ') —
Lr(Cx (D +D'), <o x(< + <),y X (e + o))

94



by sending the elements
(I,<1,®(v)) € Lr(CxD,<¢ x <,7 X )
(J, <45, 9(w)) € Lr(Cx D' <ecx<'yxa)
to (I + J,<3,®(v) + ¥(w)) where

def
s =

{((c,e), (N, E)) € [(I + J) X Paw)w) (7 X (a4 )N < x (<2 + <) |
3d.3M.d < M Ae=i(d) AE = Inl(M) A (c,d) <y (N, M)

' AM'.d < M Ne=j(d)AE = Ine(M')A (c,d') <y (N, M')}.

We omit to check that condition (4) is satisfied and move to condition (5). The left
adjoint to

(1d x Ayid X A)*:Lr(Cx D x D, <" x 4 X <,y Xaxa)—
Lr(C x D,<" x 4,7 X a)

denoted by
A(id x A): Lr(C x D, <y,y X a) = Lr(C x D x D, <,y X a X @)
is defined by setting
A(id x A)(S, D, B(u)) = (Fid x A)(S), 2%, 3(id x A)(2(w))),

where

<% Y {((c,e), (N, E)) € [3(id x A)(S) X Taana)@w) (¥ X @ x a)n <,

AdIAM.d < M ANe=A(d)ANE =AM A (¢,d) I« (N,M)}.
Let us check that we have defined the required adjoint. Take an element
(U, <, ¥(z)) € Lr(C x Dx D,<’,,y X a X «a).

Of course we only need to check details in the middle coordinate. The action of
(id x A,id x A)* on this element gives

(<) % {((e:d), (N, M)) € [(id x &)~ (U) X Taaeay e (v X )N <
(e,d,d) <, (N,M,M)}.
So we need to verify that
<. C ()"
LK
We check one direction. Suppose <5 C<’, and take (¢,d) < (N, M). Then (c,d) €
S C (idxA)"Y(U) and - ®((N, M)) hence = ¥ ({N, M, M)). It is clear that (c,d) <.
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(N, M). So it remains to show that (¢, d,d) <, (N, M, M). It will be enough to show
(e,d,d) € F(id x A)(S) and - ®((N, M)) A M = M. But this is clear, for we have
(e, ) € S and (N,M) € T'su(y % a). Finally, for Frobenius reciprocity, write
(C x D, <+, T) for the greatest element in Lr(C x D, <,y x «). Then it is easy to
see that

(<)) = {((e,d,d),(N,M,M)) € I(id x A) o (id x A)~'(U) %
D'3(iaxa)o(iax a) (w(2)) (7 X @ X )N < | (¢,d,d) <, (N, M, M)}
= <N

We have now shown how to define all of the adjoints and operations needed to verify
that Lr is a FIX hyperdoctrine; we omit the remaining details. O

5.5 Proving Existence and Disjunction Proper-
ties

We shall soon prove the Existence Property, Disjunction Property, and Standard-
ness of nat; these results were stated in Section 4.5.

The Initial Model of the FIX Logic

Proposition 5.5.1 The FIX hyperdoctrine F, arising from the pure FIX logic,
is (essentially) initial amongst all FIX hyperdoctrines.

Proof This is immediate from the definition of FIX hyperdoctrine morphism. O

We shall need the following observations: Using the initiality of F, we see that there
are FIX hyperdoctrine morphisms [—] and I, together with obvious projections 7
and 7’ where

[-]: F = wCpo m: L1 — wCpo
LF— Lr ' Lr — F.
These FIX hyperdoctrine morphisms satisfy the following commutative diagrams:
f’
id I (-1
F < p Lr » wCpo
T v
F(a)
idg I, [-]a
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The Disjunction Property

We prove Theorem 4.5.5. First note that the closed term E:« + (3 corresponds to
a morphism E:unit — « + ( in F. The action of the base functor component of
I: 7 — Lr on this morphism, using the above commutative diagrams, is

I(E) = (IE], B): (1, Qunir, unit) — ([o] + [B], Qs o+ B)-

Also, the following square commutes:

Fla+B) =2 Lo(la] + [8], darsra + )
B ([E], B)*

F(unit)

Lr(1, <ynit, unit)

unit
The theorem follows by observing the effect of the two possible routes of the square.
Let z be a variable of type « + 3, and consider (® + ¥)(z) € F(a + ). Then we
have
Lingt(B*((® + ¥)(2))) = IL((2+ ¥)(E))

where because - (® + ¥)(E) by hypothesis and I,,; preserves greatest elements,
the relation <,,; must be non-empty. Also, we have

([E], B) (lasp((® + ¥)(2))) = ([E], B)*([2.(® + ¥)(2)], oy, (2 + ¥)(2))
= ([E] "([(2 + ¥)(2)]), L, (B + T)(E))

where

Xip = A iduna) € [[E]([2.(@ + ¥)(2)]) X Tarw)(m (unit)]N <unit|

[B1(+) Sass Boid}.

But this relation is exactly <ynq, hence is non-empty, yielding [E] (%) <445 E which
implies [E](x) <a+s E. By definition of the relation <,z this means without loss
of generality there is a global element M € I'(«), that is a closed term M, for which
FE =44p Inl(M), and from this we may derive - ®(M) using Proposition 4.5.1.

The Existence Property

We prove Theorem 4.5.4. Take a proposition <(e, ®) € F(Ta) and use the square

F(Ta) Lra, Lr([a]y, <Qrq, Ta)

E* ([E], B)*

F(unit) —— Lr(1, Qypit, unit)

unit
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As above, this yields

*
ﬁum‘t = SlTa

= {(xid) € [[E] '([e-O(e, ®)]) * To(m,a)(unit)]N <unit| [E](+) <ra B}

This has to be non empty and so [E]() <Jr, E, which implies [E](x) <ro E. By
assumption we have - O(E, ®) and therefore {*} = [E] 'n([z.®(z)]) implying that
[E](*) is not bottom. Hence there is some closed M for which -+ E =7, Val(M)
and using Proposition 4.5.1 we have - ®(M).

A Formal Adequacy of the FIX Logic

We finish this section by remarking that the Existence Property expresses a formal
adequacy of the FIX logic. Indeed, we have the following

Corollary 5.5.2 Given a closed term F of type T'a, it is provably equal to a value
Val(M), where M is a closed term of type «, if and only if the wCpo interpretation
[E] € [Ta] = [o].L is not L.

Proof Immediate from the proof of the Existence Property. O

5.6 Proving Standardness of the Natural Number
Type
We prove Theorem 4.5.6. Let NV be a closed term of type nat. Using the square
Inat
F(nat) — Lr(N, <pat, nat)
N* (IN], V)
F(unit) — Lr(1, <ypi, unit)

unit

and arguing the same way as in the previous section, we conclude that [N](*) <pu
N and from this we deduce H N =,,; Suc™(0), using the definition of the <4
relation in the NNO of Lr.

98



Chapter 6
Applications of the FIX Logic

6.1 Introduction

In this chapter we shall define the syntax and operational semantics of two little
programming languages, both of which are closely allied to Plotkin’s PCF. PCF is
an acronym for Programming Computable Functions. In essence, the syntax of PCF
is that of simply typed lambda calculus (with ground types just the natural numbers
and booleans) which has been enriched with explicit operations for arithmetic, a
conditional at ground types and fixpoint operators. This syntax is then equipped
with a call by name operational semantics, giving rise to the language PCF. PCF
was first investigated by Plotkin and the results appear in [Plo77].

The two languages we investigate here, which we call QL. and HPCF, resemble PCF
in that their syntax consists essentially of simply typed lambda calculus with extra
arithmetical, procedural and fixpoint features. They differ in having conditionals at
higher types. The syntax of QL, while similar to that of PCF, makes use of higher
order metaconstants. QL has recursive function declarations instead of fixpoint
operators and the operational semantics is call by value. HPCF has a call by name
operational semantics and apart from conditionals at higher types is identical to
PCF.

We shall specify the syntax and semantics of these languages, then give a translation
into a suitable FIX theory. For each language we state two adequacy results, one for
static semantics and one for dynamic semantics, which shows that the translation
preserves the structure of the original language. We emphasise that both QL and
HPCF are no more than very simple adaptations of Plotkin’s PCF. The intention
of this chapter is just to investigate how well suited the FIX logic is for interpreting
and reasoning about two quite standard languages. The FIX logic can be viewed as
a metalogic in which we interpret both QL and HPCF; for an account of this style
of programming language analysis see [Plo85].

6.2 The Language QL

We define the language QL by specifying the basic syntax of types and raw expres-
sions; this syntax will then be given a static and dynamic semantics.
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The Types and Expressions of QL
The types of QL are given by the grammar:
o = bool |nat |oc =0

The (raw) expressions of QL are given by the grammar:

m = z variables
| tt truth
| ff falsity
| ky natural numbers
|  Cy(b,m,n) conditional
| S(m) successor
| P(m) predecessor
| Z(m) zero test
| mn application
|  Az:om function definition
|

R;,(m,n) recursive functions

The Static Semantics of QL

The static semantics assigns types to expressions in context. Each judgement takes
the form I' F m: 0. The rules for deriving these judgements are given below. The
context I' consists of a list of typed variables (the variables are assumed distinct).
Variables are bound in the usual way by lambda abstractions and recursive function
declarations. Given a QL expression in context, I' F m: o, it is easy to see that the
free variables of m all occur in I'; and that the type o assigned to the raw QL term
m is unique. The types nat and bool will be referred to as ground types.

Variables

Lz:o'F 20

Constants

I'F tt:bool I'F £f:bool I' - k,,:nat

Conditional

I'tFb:bool I'Fmio I'tnico
't Cy(b,mn):0o

Arithmetic

I' F m:nat I' F m:nat I' - m:nat
[+ S(m): nat ' P(m):nat [+ Z(m): bool
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Functions

F'Frmo=7 I'tno DzobmT
I'-mn:7 '-Az:iomo=1

Recursive Functions

I,fioc=>o,r:0t-mo Thkno
I'F Ry (mn): o

The Dynamic Semantics of QL

We call a QL expression m closed if - m: o is derivable for some (necessarily unique)
type o. The canonical QL expressions comprise the subset of closed expressions
given by the grammar:

c = tt|ff |k, |Ar:om

We now give the syntax of QL a call by value dynamic semantics via an evaluation
relation, which will take the form m |} ¢, where m and ¢ are closed QL expressions
and c is canonical. The rules for generating the evaluation relation are given below:

Canonical Forms

¢ canonical

clc

Conditionals

bytt mic blyff nlc
Co(b,mn) | ¢ Co(b,mmn) | ¢

Arithmetic
m | ky, m{ kyiq m | ko
Sm) § k1 Pm) Uk,  P(m) ko
m U’ ko m ll kn+1
Z(m) | tt Z(m) | ££
Functions

m{ Az:om’ nlc wc/z]c
mn |} ¢

Recursive Functions

nlc" mAz:oRs e (mz)/f,c'/z] e
Ry o (m,n) ¢
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It is easy to see that the dynamic semantics is deterministic and if m |} ¢ then m and
¢ have the same type.

6.3 Translation of QL into the FIX Logic

We shall give a translation of QL into a theory over FIX. We aim to give an inter-
pretation of the language QL which will preserve all of its structure and properties.
In fact the pure FIX logic will interpret QL; more formally, the FIX theory we
consider consists simply of the FIX signature with no basic function symbols or
relation symbols, together with no extralogical axioms. We shall not be too formal
and simply refer to the FIX logic. The first step is to translate the static semantics
of QL into suitable judgements in the FIX logic.

Interpretation of the Static Semantics

For each expression in context, x;:0; - m: o, we give a a term in context of FIX,
and we think of this process as a translation of QL into FIX. The static typing
judgement xi:0q,...,x,: 0, - m: o is translated to

zy: [o1]% - - oz [0,]° F @ m]? (2): T[o],

where for any term m in a context of n variables {z1,...,z,}, [m]" is an expression
of the abstract syntax generated from the pure FIX logic with arity TERM and for
which fo([m]") = {u1,...,u,}. Given a closed QL expression (in context) - m: o,
this is of course translated to a judgement - [m]”: T'[o]". Note that the superscript v
on the semantic bracket [—]" refers to the fact that we are specifying a translation
of a call by value language. We shall often refer informally to a call by value
translation. In order to specify the translation, we shall define expressions of the
abstract syntax generated from the object level signature of FIX which have arity
TERM — TERM and which we shall denote by Pred and Zero. The (representatives
for these) expressions are (using 7 equality in the meta A calculus) defined by

Pred(n) % Snd((x.(Suc(Fst(z)), Fst(z)))*((O, O)))
Zero(n) % (2.0n1ynit(()) (Inlynie(())

Note that the judgements n: nat = Pred(n): nat and n: nat &= Zero(n): unit + unit
are FIX terms in context; moreover, it is not difficult to see that Pred and Zero have
the properties we would expect of them. We also make the definition

Fixe(f) & Ity(e.Let (e, z.f7), 0 (w))

for which it is immediate that f:Ta = Ta b Fix,(f): Ta is a FIX term in context.
The translation of QL into FIX is given below:
o [nat]' ¥ nat
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o [bool]’ & unit + unit

o [o=7]" ¥ [o]" = T[]

o [z]" ¥ Val(u) where u is a meta variable.
[££]” = Val(Inlna(()))

o [££]" = Val(Inrynie(()))

o [k,]" & Val(Suc"(0))

[Co (b, m,m)]” = Let ([b]", 2. {y.[n]", y.[0]"}(2))

o [S(n)]" ¥ Let ([n]", z.Val(Suc(z)))

o [P(n)]" = Let ([n]", z.Val(Pred(z)))
o [2(n)]* ¥ Let ([n]", z.Val(Zero(z)))
[un]” < Let ([m]*, f.Let ([n]’, . fz))
o [Mz:om]” ¥ Val(Age (z.[m]?))

o [Roor(m,0)]" < Let ([n]”, y.Y[ope o1 (A(f-(A(z-[m]*)))) )

Interpretation of the Dynamic Semantics

Clearly the minimal requirement of an interpretation of the dynamics semantics of
QL is soundness, namely that if m || ¢ then we have F [m]” = [c]” where the latter
equality holds in FIX. Further, it would be pleasing if whenever F [m]* = [c]?,
there is a canonical ¢’ for which m |} ¢’ and F [¢']? = [c]?, that is to say that
FIX is computationally adequate for interpreting QL. We shall soon see that this
is indeed the case, and in order to do this we shall need a little additional notation.
For canonical closed terms ¢ of QL, note that the interpretation takes the form
[c]* = Val([c]) and we shall take this as an informal definition of [c]|. We translate
the dynamic semantics of QL into judgements in FIX simply by taking each instance

of the evaluation relation m || ¢ to the judgement - [m]” = [c]’.

6.4 Adequacy Results for QL

Static Adequacy for QL

Proposition 6.4.1 [“QL Static Adequacy”] The interpretation of the static se-
mantics of QL in FIX is adequate, in the sense that z;:0; - m: o is a well formed
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QL expression in context iff

is derivable in FIX.

Proof Both directions proceed by structural induction. We give one example,
for the backwards direction.

(Case m is R(m,n)): From the definition of [R(m,n)]", the FIX logic rules and the
induction hypothesis, we have

rii0;, f:0 = o,z:0' Fmo and z;:0; - n:o’,

from which z;:0; - R(m, n): o is immediate. a

Dynamic Adequacy of QL

We shall require a Lemma based on Plotkin’s methods given in [Plo85]. We write
D(—) for the composition [—] o @.[—]"(Z): QL — FIX — wCpo where [—] is the
standard domain theoretic semantics of FIX. We define a relation <1, between ele-
ments d € D(o) and canonical forms F c:o by induction on the structure of o.
In the definition which follows, <, is the relation between elements e € D(o)
and closed QL terms F m:o defined in terms of <, by asking that e <, m iff
Vd € D(o).e =[d] D Jdem |} c Ad <, c. We define:

® i(*) <poor tt and j(x) <poor £f where ¢,5:1 — 141 are coproduct insertions.
o N <.t kK, where n € N.
o [ <oy Aziomiff Vd € D(0)Ve:0.d <, ¢ D f(d) <, (Az:om)c.

With this, we have

Lemma 6.4.2 Let x1:0q,...,2,:0, Fm: o be a QL term in context and suppose
that for i = 1,...,n we have d; € D(0;), - ¢;: 0; and d; <,, ¢;. Then the continuous

=

function D(T - m): D(01) X ... X D(0,) — D(0), satisfies D(T' + m)(d) <, m[¢/Z].

Proof The proof proceeds by induction on the structure of m. We illustrate the
proof with two cases

(Case m is Az:o.m): Suppose that the conditions of the lemma are satisfied. Then

=

we need to show that D(I' F Az:o.m)(d) <,-, Az:o.m[C/Z]. Using the definition of
D(—) we can show that D(I' - Az:o.m) = ¢ o cur(D(T',z: 0 - m)) where

1:D(0) = D(1);, — (D(6) = D(1),),.

— —

Hence D(T' + Az:o.m)(d) = [cur(D(T, z: 0 - m))(d)]. By definition of the < relation

=

we show that cur(D(T',z:0 F m))(d) <y=r Az: o.m[C/Z]; thus if d <, c it remains to
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show cur(D(T F Az:om))(d)(d) <, (Az:o.m[¢/Z])c. By the induction hypothesis,
D(T,z:0 - m)(J d) <, m[C/Z, c/x] and so m[C/Z, c/z] || ¢’ for some ¢’ provided that
D(T F Az:om)(d)(d ) not L. But then (Az:o0.m[¢/Z])c | ¢’ and we are done.

(Case m is mn): We need to show that D(T  mn)(d) <, m[¢/Z]n[E/Z] where, say,
I'bmo = 7and [+ n:o. Suppose that D(I' - mn)(d) is not L. One can check
that neither are D(I' - m)(d) or D(T  n)(d); let us write [f] and [d] for these.
By the induction hypothesis we have [f] <,-, m[c/Z] and [d] <, n[¢/Z]. Hence
m[C/Z] || Az:om’ and n[¢/Z] || c. This leads to f(d) <, (Az:o.m’)c and from the
original supposition there is some ¢’ for which (Az: o.m’)c || ¢’. Thus we may deduce
m'[c/z] | ¢’ and conclude m[¢/Z]|n[c/Z] || c'. O

We shall also need the following Lemma:

Lemma 6.4.3 With the call by value interpretation of QL, and z:0 Fm: 7, c: o
QL terms in context with ¢ canonical, we have

= [mlc/2]]" = [m]*[[c]/ul,

where [z]” o Val(u) and [[c]/u| means substitution in the meta A calculus.

Proof N.B. Recall Section 0.3 of Chapter 0. The proof is a trivial structural
induction on m. We illustrate with one example.

(Casem is R(m,n)):

F[R(mn) [c/y]]” = Let([n[c/y]]",w.Y(A(Sf-(Alz-[m[c/y]]"))))u)
which by induction is = Let ([n]”, u.Y(A(f.(A(z.[m]"))))u) [[c]/v]

= [R(m,n)]"[Te]/y].

O

Theorem 6.4.4 [“QL Dynamic Adequacy”] The interpretation of QL in the FIX
logic is computationally adequate; more precisely, given closed QL terms m and ¢ for
which c is canonical, then m |} ¢ implies F [m]” = [c]”, and F [m]” = [c]” implies
there is some canonical ¢’ for which m |} ¢’.

Proof The proofin the forwards direction proceeds by induction on the derivation
of m |} ¢; we give details for the cases of application and recursive function terms.

(Case mn |} c): Using minimality of |} and the induction hypothesis, we obtain

Fm]* = Val(A(z.[m]"))
F[n]® = Val([c'])
F[w'[c"/z]]" = Val(
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Thus we have
F [mn]* = Let([m]?, f.Let ([n]",z.fz))
[
= []°[Tc"]/]
which by Lemma 6.4.3 = [c]’,

as required.

(Case R(m,n) |} ¢): Using minimality of || and the induction hypothesis, we obtain

F ] = Val([c'])
F [m[Az:o0.R(m,z)/f,c'/z]]" = Val([c]).

Let us put M = A(f.A(z.[m]")) and note that

F [Az:oR(m,2)]° = Val(A(z.Y(M)z))
= Val(Y(M)).

Thus we have

F[Rmn)]* = Let([n]", y.Y(A(f-(A(2.[n]")))y)
= (

which by Lemma 6.4.3 =

and so we are done.

For the converse direction, suppose that - [m]” =, [c]’. We have [m]” = Val([c])
and hence it is the case that D(- m)(*) is not L, say [d]. Appeal to Lemma 6.4.2 to
deduce that [d] <, m and hence there is some canonical ¢’ for which m |} ¢’ by the
definition of <. O

6.5 A Further PCF style language, HPCF

We define the language HPCF by specifying the basic syntax of types and raw
expressions; this syntax will then be given a static and dynamic semantics.

The Types and Expressions of HPCF

The types of HPCF are given by the grammar:

o = bool |nat | o =0
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The (raw) expressions of HPCF are given by the grammar:

Ax:o.m function definition

m = z variables
| tt truth
| ff falsity
| ky natural numbers
| C, conditional
| s successor
| P predecessor
|z zero test
| Y, fixpoints
|  mn application
|

The Static Semantics of HPCF

Variables

Iz:0,T'Fx:0

Constants

' - tt:bool I'F £ff:bool I' F k,:nat

Conditional

'k Cyibool = (0 = (0 = 0))

Arithmetic

I' - S:nat = nat I' - P:nat = nat I' +Z:nat = bool

Fixpoints

F'+Ys:(o=0)=0

Functions

F'Frmo=7 I'tno DziobmT

I'Fmn:7 I'FAziomio=T1
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The Dynamic Semantics of HPCF

The canonical HPCF expressions consist of the subset of closed expressions given
by the grammar:

C i= tt|ff|Cy |k, |S|P|Z]|Y,|Az:om|C,b | Cybm

We now give the syntax of HPCF a call by name dynamic semantics. Apart from
conditionals at higher types, HPCF is in every respect identical to Plotkin’s lan-
guage PCF. The dynamic semantics will be presented using an evaluation relation
just as for QL:

Canonical Forms
¢ canonical
clc
Conditionals
ml C, ml Csb
mb |} C,b mn |} C,bn
ml C,bm’ bltt m|c m| C,bm bl ff nlc
mn | ¢ mn |} ¢
1JC, bttt mlc 1])JC, bYff nlc
lbmn |} ¢ lbmn |} ¢
Arithmetic
m{S nl|k, m{P n|kyi1 m{P nlkg
mn | kpt1 mn |} kp mn ) ko
m{Z nl|kop m{yZ nlkyit
mn |} tt mn |} £f
Fixpoints
m{Y, n¥snl|c
mn | ¢
Functions
ml| Az:om' m'n/z] | c
mn | ¢

Remark 6.5.1 Plotkin originally specified the operational semantics of PCF via
a single step reduction relation of the form m ~~ n where m and n are closed terms.
Clearly HPCF could be given an operational semantics in the same way: for details
of the original specification of Plotkin’s PCF in this style of semantics see [Plo77].
We omit the details, but remark that presenting HPCF in this style would lead to:
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Proposition 6.5.2 Let m and ¢ be closed HPCF terms with ¢ canonical. Then
m |} c iff m ~~* ¢, where ~»* is the reflexive transitive closure of ~-. a

This can be proved succinctly through:

Lemma 6.5.3 If m ~» n then for all closed canonical ¢, we have n || ¢ implies
m| c. 0O

6.6 Translation of HPCF into the FIX Logic

Interpretation of the Static Semantics

For each expression in context, z;:0; - m:o of HPCF, we give a translation into
a term in context of FIX. The static typing judgement zi:04¢,...,z,:0, F m: o is
translated to

1 Tlo1]", ..., zp: T[on]" b @.[m]™(Z): T[o]™.

The translation of HPCF into FIX is given below:

o [nat]" ¥ nat

e [bool]” &t it + unit

o [0 = ]* <€ To]" = T[r]"

o [z]" 4t ) where u is a meta variable.
[££]" & Val(Inlyni(()))

o [££]™ % Val(Inryni(()))

o [k,]" & Val(Suc(0))

o [Co]™ % Val(Agpmoorye (b.Val Mgy (2. (Val (Argop (2. Let (b, z.{y.2,y.2' Hz) . ..)
o [S]" = Val(Arfuacpe (v-Let (3, 2.Val(Suc()))))

o [P]" % Val(Arfnac)s (y.Let (y, v.Val(Pred(z)))))

o [Z]" % Val(Arjuasye (y.Let (y, #.Val(Zero()))))

o [Y,]" “ Val g oy o1 (U-Fixjorr Arpop (w.Let (y, £.£2))))

[ma]" < Let ([n]", /.f[n]"))

o o] © Val(Arropn (z.[m]™))
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Note that this interpretation is one of a number of possibilities. Of course, for
most of the syntax of HPCF there will only be one sensible translation. However,
in the case of the fixpoint constants Y,, there are two reasonable translations and
(as we shall see) they have quite different properties. This said, the important
requirement of any translation is that it preserves the structure and properties of
the original language. In Section 6.8 we shall give an alternative translation of Y,
and investigate its properties.

Interpretation of the Dynamic Semantics

This is the same as for QL: see Page 103

6.7 Adequacy Results for HPCF

Static Adequacy for HPCF

We prove the following Proposition, establishing that the translation of the static
semantics of HPCF is, in a sense to be made precise, information preserving.

Proposition 6.7.1 [“HPCF Static Adequacy”]| The interpretation of the static
semantics of HPCF in FIX is adequate, in the sense that x;:0; - m:o is a well
formed HPCF expression in context iff

z;: To;]" F a.[m]™(2): T o]

is derivable in FIX.

Proof The forwards direction is an induction on the structure of the term m; we
illustrate one case.

(Case m is Y,m): By induction and the definition of the translation, we have
z;: Tos]" F 4.[m]™(Z): T (T[o]" = T[o]")

and thus (using the fact that the raw terms (represented by) 4.[m]"(Z) and [m]"[Z /]

are the same)
z;: To;]" F Let (Jm]", z.Fix(x)): T[o]".

From the definition of [Y,m]” we are done. Clearly the reverse direction is equally
easy. |

Dynamic Adequacy for HPCF

We shall need the following Lemma:
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Lemma 6.7.2 With the call by name interpretation of HPCF, and z:0 - m: 7,
Fn:o HPCF terms in context, we have

- Imfn/2)]" = [m]*[[n]" /l,
where [z]" % u

Proof Trivial induction. O

Theorem 6.7.3 [“HPCF Dynamic Adequacy”]| The translation of HPCF into the
FIX logic is computationally adequate; more precisely, given closed HPCF terms m
and ¢ where c is canonical, then m |} ¢ implies - [m]” = [c]™ and if F [m]"* = [c]”
then there is a canonical ¢’ for which m |} ¢’.

Proof The “only if” uses rule induction on the derivation of the evaluation rela-
tion. We shall just give two cases, namely for application and fixpoint terms.

(Case Functions): Using minimality of |} and the induction hypothesis, we obtain

= [m]" = Val(A(z.[w]"))
= [w'ln/z]]" = [e]™

Hence we get

which via Lemma 6.7.2 = [c]”

as required.
(Case Fixpoints): Using minimality of |}, the induction hypothesis and the trans-

lation of application terms, we have
= [m]" = [Y,]"
- Let ([n]", g.g[¥on]") = [c]".

Hence we get
[ma]” = Let ([Y,]" f.f[n]")
Fix(A(z.Let ([n]", f.fz)))

Let ([n]", f.f[Y,n]")
= [c]",

which is what we had to prove.

To prove the converse direction we could use a method similar to the one used in
the proof of QL Dynamic Adequacy. The details are omitted. 0O
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6.8 An Alternative Translation of Fixpoints

All of the results of Sections 6.6 and 6.7 remain true for a slightly different transla-
tion of the fixpoint constants Y,. However, the proof of computational adequacy of
the translation is not so straightforward as before. We present a proof which uses
the Existence Property of the FIX logic which was stated on Page 74.

The translation of the fixpoint constants Y, now takes the form

n def .
[Y,] def Val(Ar(ropr =101 (¥-Let (y, 2. Fixgopn (2))))-

In order to prove a computational adequacy result which uses this new translation,
we shall need

Lemma 6.8.1 Suppose that

' W E:Ta
ye:a B F(z): TP
T,y:6 £ ®(y) prop

are well formed judgements in FIX. Then we have

T, A+ O(Let (B, F), ®)
T, A+ O(E,2.0(F(z), ®))

Proof The labelling of steps in the prooftrees is informal and for guidance only.
We have

(©1)
Tz:a,y: B,A, ®(y), F(x) = Val(y) - O(F(z), @) »
Ly:8,A, O(E,2.®(y) A F(z) = Val(y)) - O(E, z2.0(F(z), @) (£2)
Dy: 8,A, ®(y) ANO(E, z.F(z) = Val(y)) - O(E, z.0(F(z), ®))
and
(mod)(Aad)

[,y:6,A,Let (E, F) = Val(y), ®(y) - ®(y) A O(E,z.F(z) = Val(y))

where the step (%) follows from Lemma 4.5.2 and rule (fr) is proved Proposi-
tion 4.5.3. Applying (cut) to the above conclusions we have

T,y:8,A, Let (B, F) = Val(y), ®(y) - O(E, 2.0(F(z), ®)).

Using this together with the hypothesis I, A, O(Let (E, F'), ®) and (<e) we are
done. a

Now we can prove computational adequacy:
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Theorem 6.8.2 Theorem 6.7.3 remains true if we replace the translation of the
constants Y, given on Page 109 with that given on Page 112.

Proof Clearly the change to the original proof will only involve the fixpoint
constants. Indeed, for the “only if” direction:

(Case Fixpoints): Applying minimality of |}, the induction hypothesis, and the
translation of application terms, we have

- [m]” = [Yo]"
F Let ([n]™, f.f[Yon]") = [c]”,
and thus
F O(Let ([n]”, f.f[Yon]"), z.2 = [c]).
Applying Lemma, 6.8.1 we obtain

F O (0], y-O(y[Yon]?, z.2 = [c])).

Appealing to the Existence Property (Theorem 4.5.4), there is a closed term N for
which F [n]* = Val(N) and - O(N[Y,n]*, z.z = [c]), that is = N[Y,n]" = [c]".
Via the definition of [Y,]™ we see that - [Y,n]" = Fix(N), yielding

= [mn]" = Let([Y,]", f.f[n]")
= Let([n]", z.Fix(z))
= NFix(N)
= [c]™
as required. The details for the converse direction are omitted; the proof uses a
technique similar to that adopted in proving QL Dynamic Adequacy. O
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Chapter 7
Representations of Scott Predomains

7.1 Scott Domains and Information Systems

It is well known that the class of Scott domains together with Scott continuous
functions form a category which is equivalent to the category of information systems
together with approximable maps. Note that here the Scott continuous functions
are those set functions which preserve filtered colimits (i.e. directed suprema). For
details see both [Sco82] and [WL83|. Of course, it is by definition that a Scott
domain has a least element. We now extend Scott’s results to structures which
are just like Scott domains but which do not necessarily possess a least element;
we shall call these Scott predomains. The literature describes many different kinds
of domain and a number of the definitions are non-standard. For this reason we
elaborate on precisely what we mean by a Scott predomain.

7.2 Scott Predomains and Preinformation Sys-
tems

The Category of Scott Predomains

Definition 7.2.1 If P is any poset then a subset S is bounded iff S is non-empty
and we have dp € P.S < p. We write Bd(S) for this. We say that P is bounded
cocomplete if every bounded subset has a supremum.

An w cocomplete partial order is a poset which possesses suprema (colimits) of w
diagrams. We refer to these as wcpo’s and often call w diagrams w chains.

A directed cocomplete partial order D is a poset which has suprema of directed
diagrams (recall that a directed diagram is a functor f: F — D where F is a poset
which is a filtered category). We refer to these as dcpo’s. The image of such a
directed diagram will be referred to as a directed subset of D. If S is a directed
subset of D we shall write | |S for its supremum; we shall suppose that part of the
force of this notation is that S is directed. For other subsets we write \/ S for the
supremum. Finally, note that any dcpo is an wcpo.

An element d € D is finite iff d < ||S implies s € S.d < s for all directed S. The
set of finite elements of D will be written as D°. A dcpo D is algebraic if for every
d in D we have d = | |{e | e € D° A e < d}; note that by definition, for any element
d of D there is a finite element below d.
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A Scott predomain is a bounded cocomplete algebraic dcpo. We shall say that a set
function between Scott predomains which preserves suprema of directed subsets is
Scott continuous. (Note that as a functor between categories, this coincides with
the categorical notion of continuity as preservation of filtered colimits).

Proposition 7.2.2 Scott predomains and Scott continuous functions form a cat-
egory, Ppd. O

Definition 7.2.3 Let C be a let category. Suppose that for all objects B and C'
the functor C((—) x B,TC):C% — Set is represented by an object B— C. Then we
shall say that C has T-exponentials.

Proposition 7.2.4 The category Ppd is a let category with respect to lifting
of domains, which has (finite products), stable finite coproducts, |-exponentials,
NNO and FPO.

Proof We just sketch the details. The forgetful functor U: Ppd — Set creates
stable finite (co)products in Ppd. Given a Scott predomain D we define the lifted
Scott predomain D, as expected. There is an obvious inclusion 7: D — D and for
a Scott continuous function f: D x D' — D' there is f*: D x D| — D' sending
(d, L) to L. It is easy to see that this gives rise to a let category. Now we show that
Ppd((—) x B,C) is representable, say by a Scott predomain B — C. We define
the underlying set of B—C to be the set of Scott continuous functions from B to
C'| which is a poset ordered pointwise. B— (' is a dcpo: For let FF C B—C be a
directed subset. Then setting (| |F")(b) | |Fb yields the supremum of F. Now let
F be non-empty and bounded by f. Then we have Fb < fb for any b € B; as C|
is bounded cocomplete \/ F'b exists in C'| and hence we have \/ F' in B—C. Finally
we have to show that B—C' is algebraic. Consider the set function defined by

def | ¢ ifb<x
b, (=) = { 1 otherwise

where b € B°, ¢ € C{ and z € B. Then it is easy to check that every [b, c] is Scott
continuous and finite; indeed all finite elements of B — C arise in this way and it
is the case that if f € B—C then f = [I{[b,c] | [b,c] < f}. We omit details: the
essence of the proof can be found in [Sco71]. Recall that the category C of dcpo’s
and Scott continuous functions is a ccc. Of course Ppd is a full subcategory of C
and thus the natural isomorphism

Ppd((=) x B,C.) = Ppd((—), B—~C)

is immediate. Finally, the expected candidates for the NNO and FPO are easily
seen to work. O

Remark 7.2.5 Note that the category Ppd is not cartesian closed. For more
details about cartesian closure of categories of domains see [Jun88|.
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The Category of Preinformation Systems

Information systems provide a form of representation theorem for Scott domains.
In essence, every such domain corresponds in a natural way to a set of sets which is
ordered by inclusion. We shall describe a version of the original information systems
from which we may derive a similar representation theorem for Scott predomains.

Definition 7.2.6 The category of preinformation systems, PInSys consists of
objects A & (A, ], F) triples which are either (&, d, ), or else A is a nonempty
set, | is a nonempty set of finite subsets of A, and F is a subset of | x A. The
three coordinates of the triple are respectively known as the tokens, the consistent
sets and the the entailment relation. Note that we shall confuse the preinformation

system A with the token set A. These triples satisfy the following data:

1. od].

2. X C/ Y] implies X|, where Cf denotes non-empty finite subset and X|
means X € |.

3. a € A implies {a}|.

4. X + a implies X U {a}|.

5. X/ Aa € X implies X F a.

6. X FY t aimplies X - a where X Y means X -y for each y € Y.

Note that part of the force of the judgement X I a is that X is consistent. We refer
to the objects as preinformation systems and (&, &, &) as the empty preinformation
system.

The morphism sets PZnSys(A, B) are empty if B= @ and A # &, {@} if A=O
and otherwise consist of all those r C |4, x |5 which satisfy

1. Va € A3Y |g.{a}rY.
2. XrY A XrY' implies Xr(Y UY").
3. X'k4 XrY Fg Y’ implies X'rY".

We refer to a morphism r: A — B as a preapprorimable map; the identity on A is
just F4 and composition is the usual composition of relations.

Remark 7.2.7 This definition is clearly very similar to that of an information
system as given in [Sco82] and [WL83]. In Scott’s original paper, the token sets
contain a distinguished element A which plays the role of a least element in the cor-
responding domain. However, if this requirement is removed, the resulting inform-
ation systems still represent Scott domains as is noted in [WL83]; the (consistent)
empty set plays the role of a bottom element. Thus in [WL83] there are simply
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more information systems in any equivalence class which represents a particular
domain than is the case in Scott’s paper [Sco82]. However, if the requirement that
the empty set be consistent is removed, then the resulting structures will, as we
shall see, represent Scott predomains.

However, if this step is taken, the original definition of approximable map must
be altered in order that the category of preinformation systems be equivalent to
that of Scott predomains. Condition (1) imposes a direct “total functionality”
condition on the preapproximable maps. If the definition of approzimable map is
inspected, where say r: A — B is an approximable map, then for any {a} € A there
may not be Y| 5 for which {a}rY. If this is the case, then the continuous function
|| between domains |A| and |B| corresponding to r: A — B would map a to L.
Working with Scott predomains means that there may not be a least element to
absorb this inherent partiality in the definition of approximable map

Proposition 7.2.8 Definition 7.2.6 does indeed yield a category PZnSys.

Proof This is essentially routine. We just look at condition (1) for the com-
position A =+ B 5 C between non-empty preinformation systems. Let a €
A. As r and s are preapproximable maps there is Y]p such that {a}rY and
Vy € Y3Z, s {a}rY +p {y}sZ,; hence {a}rYsZ, But Y is finite and thus
YsU{Z, | y € Y} implying {a}srU{Z, | y € Y}. The details of conditions (2)
and (3) for preapproximable maps are essentially as in [Sco82]. 0

7.3 Equivalence of the Categories PInSys and Ppd

Scott Families

Our aim now is to prove that the categories PInSys and Ppd are equivalent. In
order to do this we introduce the auxiliary notion of Scott family of sets.

Definition 7.3.1 A Scott family of sets is a set of non-empty sets F where
1. For directed S C F we have )2 S € F.

2. For non-empty U C F we have U € F whenever U is non-empty.

Remark 7.3.2 We shall often refer to Scott predomains as domains, Scott con-
tinuous functions as continuous functions and preinformation systems as presystems.

Proposition 7.3.3 There is a functor |—|: PZnSys — Ppd given by the following
prescription:

On objects, |A] is the empty domain when A is the empty presystem and otherwise
consists of the non-empty subsets U C A such that

(i) X €/ U implies X|.
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(ii) X S UA X+ a implies a € U.
On morphisms, |r|: |A| — |B| is given by
r|(U) ¥ {b e B|3X < UXr{b}}.
We shall refer to an element U of |A| as a point of A.
Proof The following Lemma will prove useful:
Lemma 7.3.4 Let (4,],F) be a non-empty presystem, X| and Y Cf A. Then
(i) XY implies X UY | and Y.
(i) If X| then X % {a | X I a} is a point of A.

Proof (i) is a simple induction on the cardinality of the (finite) set Y. (ii) is a
consequence of (i). O

We have to show that |A| is a domain; this has only to be checked when A is non-
empty. First we prove that |A| is a Scott family of sets and then show every such
family is a domain.

By construction |A] is a set of non-empty sets. We check it is a Scott family:

1. Take S C |A| directed. Certainly U° S is a non-empty subset of A. (i) Let
X cf|PS. Xis finite so X Cf S € S and thus X|. (ii) Let X F a; then
aceSC|PSs.

2. Take non-empty U C |A| for which NU # &. By hypothesis there is U € U:
(i) X /' NU C U implies X|. (ii) If also X  a then a € U for any such U,
i.e.aeNU.

Obviously |A| has a poset structure when ordered by inclusion; that it is a Scott
family says immediately it is a dcpo.

|A| is bounded cocomplete: Take U C |A| bounded, say by U’ € |A| and set
VE LV e|A|U CV};as U €V, V is itself non-empty. By hypothesis there is a
non-empty set U € U; then any element v € U will be an element of every V € V
and hence NV is non-empty. As |A| is a Scott family, this means UU = NV € | 4|
and this is certainly the supremum of U/.

Finally, we show that the dcpo |A| is algebraic: It will be convenient to have the

Lemma 7.3.5 The finite elements of the dcpo |A| are given by the collection
X | X1},

Proof (Suppose U € |A| is finite): Clearly U = U?{X | X C/ U}; this makes
sense, for any such X is consistent in A. As U finite, U C X, for some X, C/ U.
As U is entailment closed, we have also X, C U, as desired.

(Suppose X € |A| for X]): Let X C U?S. X is of finite cardinality and so X C S
for some S € S. By entailment closure X C S € |A| showing X is finite. O
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Let U € |A|. Then certainly we have U = U{X | X C/ U} and it is easy to
see using Lemma 7.3.5 that the directed set consists precisely of the finite elements
below U i.e. |A] is algebraic.

Thus we have shown that |A| is a domain; it remains to demonstrate that | — | is
well defined and functorial on morphisms.

Let r: A — B be a preapproximable map. Then |r| is well defined: Take U € |A]|
and we show |r|(U) € |B|. Let Y C/ |r|(U). Then for any y € Y we have
3X, Cf U.X,r{y} and it follows from the properties enjoyed by U and r that
W{X, |y €Y} Fa Xyr{y} F5 {y} implying U{X, | y € Y}r{y}. But y is arbitrary
in the finite set Y giving U{X, | y € Y}rY and so Y]p. If also Y g b then it is
immediate that U{X, | y € Y}r{b} and we are done.

|r| is a continuous function: To see this take {U; | i € I} C |A]| directed. It is
easy to see that {|r|(U;) | i € I} is directed and hence U° {|r|(U;) | i € I} exists
in |B|. Certainly U? {|r|(U;) |i € I} C |r|(U?{U; |i € I}). For the converse take
be|r|(UP{U;|ieI})andso3dX Cf U{U; |ic I}.Xr{b}. But X is finite and so
X cf U, ie be|r|(Ui,) CW{Ir|(U:) | i € I}.

| — | is functorial on morphisms: | - | = id| 4| for any U € |A| is entailment closed.
Now take A = B - C between non-empty presystems and let U € |A|; we omit to
check the degenerate cases involving empty presystems. We have

sr|(U) = {c| X <! U3V |5.XrY AYs{c}}
and
Is||r|(U) = {c | Y Cf {b|3IX CF UXr{b}}.Ys{c}}.

Take c € |s||r|(U) so that Vy € Y.3X, Cf U.X,r{y} where Ys{c}. Y is finite and
so we have U{X, | y € Y} b4 X,r{y} leading to U{X, | v € Y}r{y} and thus
U{X, |y € Y}rY. Thus c € |sr|(U). The reverse inclusion is trivial and so we may
deduce from this that |sr| = |s||r|. This completes the proof of Proposition 7.3.3.

a

Now we show that there is a functorial construction of presystems from domains.
More precisely we have the

Proposition 7.3.6 There is a functor Z: Ppd — PInSys given by the following
prescription:

On objects define =D to be the empty presystem if D is empty and otherwise
2D ¥ (D°, |,+) where

1. D¢ is the set of finite elements of D.
2. X|iff X C/ D° A Bd(X).
3. XFdit X Ad<VXAde D
On morphisms, Ef: 2D — ZF is specified by the relation =f C |z X |zp given by
XEfY it VY < f(VX).
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Proof We have to show that =D is a presystem; we just sketch the details when
D is non-empty. D is algebraic so there must be at least one finite element, implying
@ # | C Psin(D°). We have =C | x D° by definition. The conditions (1) to (6) of
Definition 7.2.6 are easy to verify. For (1) the empty set is not consistent for it is
not bounded. For (6) suppose that X Y F d; it is immediate that d < VY <V X,
ie. X Fd.

Now we need to see that = is well defined and functorial on continuous functions; we
just sketch the former. Take f: D — E a continuous function between non-empty
domains. We look at condition (1) of Definition 7.2.6. Let d € ED and so by
algebraicity of F there is a finite e € F with e < f(d). Thus {d}2f{e}; conditions
(2) and (3) are equally trivial. Confirming functoriality on continuous functions is
a routine calculation. O

Proof of the Equivalence

With the machinery just set up we can now prove the next theorem:

Theorem 7.3.7 The functors | — |: PZnSys — Ppd and Z: Ppd — PInSys give
rise to an equivalence of categories.

Proof Let D be a domain and A a presystem. It will be convenient to write

=p & (D°,],F). Of course we simply check that we have an isomorphism which
is natural on components D and A; we consider D first.

There is an isomorphism natural in D, #: D = |=ZD]| : ¢, given by

0(d) ¥ {eecD’|e<d}
s(U) = LIy,

on non-empty D and by the empty continuous function when D = &.

0 is well defined: U % {e € D° | e < d} is a directed hence non-empty subset of
D°. To see that U € |ED| let X C/ U. Then

1. X is bounded by d so X|.
2. f XFethene<VX <|JU =dandsoeeU.

Now for continuity: Take S C D directed. Then 6(.S) is certainly directed and that
U?6(S) = 6(LUS) is easy.

¢ is well defined: Take U € |ZD|; we show that U is directed. U is non-empty by
definition and if {e,e'} C/ U we have {e, €'} consistent in =D implying Bd({e, e'}).
Hence s & V{e, €'} exists in D and s will clearly inherit finiteness from e and €/,
showing s € U on noting {e, e’} I- s.

¢ is continuous: Take U C |ED| directed. @(U) inherits directedness from U.
Clearly ¢(U) < ¢(U°U)) and U < |p(U); this is all we need. That the pair (¢, )
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yields an isomorphism of domains is virtually immediate; we omit the verification
of naturality.

Now we write 4 % (A,],F) and E|A| o (JA]°,)',F"). We show that there is a
natural isomorphism r : A = E|A| : s given by the empty preapproximable map
when A is empty and otherwise

Xr{X;|ieI} if X AX|AVielX;CX
(X;liel}sX iff X;JAXIAXCIU{X;|iel}).

This definition makes sense. To see this recall Lemma 7.3.5 and also note that the
supremum exists for {X; | i € I}]' implying that Bd({X; | i € I}) in |A].

r is a preapproximable map: For (1) {a}r{{a}}. Condition (2) is easy. For condition
(3) suppose that X' = Xr{X; |ic I} ' {X}|j € J}. The only thing not clear is
that for any j we have X C X'; but it is easy to see that X] C U{X; |[i € I} C X
and X C X',

s is a preapproximable map: For (1) note that {X}sX. Condition (2) is easy.
For (3) suppose that {X}|j € J} F {X;|i€ I}sX F X'. We need to see that
X' U{X]|j € J}; but it is the case that X Cf U{X; |i € I} CU{X]|j € J}
and we are done by entailment closure.

Checking that sr =F is easy. We sketch the details for rs =F'. Suppose that
{Xi|i€I}lrs{X}|j€ J} and so for some X| and for each j we have X]; C X C
U{Xi| i€ I} implying that {X; [i € I} ' {X} | j € J}. Conversely suppose that
{Xiliel} H {X}|je J}. We see that

U{Xjlie} P UXjliey cU{Xiliel} el

implying U {X} | j € J}|. Finally we can conclude that {X; | i € I}sU{X] | j € J}
and U{Xj] |j € J}r{X]|j € J} so we are done.

To finish, we give one case of naturality, namely given a preapproximable map
m: A — A’ we check that the following diagram commutes:

24— A
E|m)| m
=4 — 2 n

Suppose that {X; | i € I}sE|m|X’. Then for some {X]|j € J} we have X' C/
U{X;|j€J} C|m|(U{Xi|i€ I}). Recall that X' is non-empty and using the
definition of |m| we see that Vo' € X'.3Y, Cf U{X; |i € I}.Ypym{z'}. As X' is a
finite set we deduce U{Y, | z' € X'} because U{Yy |z’ € X'} Cf U{X; |i € I}
and thus U{Yy | 2’ € X'} F Ypm{z'}. Collecting our conclusions together we see
that U{Yy | 2’ € X'ImX' and {X; |i € I}sU{Yw | 2 € X'} ie. {X;|i€ I}msX'.
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Conversely let {X; | i € I}msX'. Then there is some X| for which {X; |i € I}sX
and XmX’ and taking ' € X' we have Xm{z'}. Hence we deduce that X' C
Im|(U{X; |i € I}) € |A'| using the definition of |m| and entailment closure of
points of |A'[; but this says that {X; | i € I}Z|m|{X"}. Of course {X'}sX’, so we
are done. O

7.4 The Large wcpo of Presystems

Here we shall be a little more precise about set-theoretical conventions. Let us work
with Zermelo Fraenkel (ZF) set theory and assume the existence of a universe of
sets U. Then a class will be a (meta)-subset of the universe U. This can be made
more precise by defining a class to be an equivalence class of ZF-formulae identified
under universally quantified bi-implication, but we omit all formal details. We now
show that the collection of all presystems forms an w cocomplete partially ordered
class under a suitable ordering.

Definition 7.4.1 Given presystems A and B we define an order relation < on
the class PS of all presystems where (&, &, @) is a least element and for non-empty
Aand B, A< B iff

1. AC B.
2. X1, iff X CAAX|g.
3. Xtaaif X CANac ANX Fga.

Lemma 7.4.2 1If A < B and the token set A equals that of B then A= B. O

Theorem 7.4.3 The class PS of presystems with the above ordering is an w
cocomplete partially ordered class with a least element.

Proof It is easy to see that the order < is indeed a partial order. Suppose that
we have a chain {4; | i € w} of presystems. Then the supremum exists and is given
by the presystem (U{A4; |7 € w},U{l; | i € w},U{Fi| i € w}). The least element is
the empty presystem. a

Definition 7.4.4 The category wCPO has objects which are w cocomplete par-
tially ordered classes and morphisms which are Scott continuous function classes.
Thus the category wCpo is a full subcategory of wCPO.

Proposition 7.4.5 The category wCPO is a let category with respect to lifting
of domains which has (finite products), stable finite coproducts, |-exponentials,
NNO and FPO.

Proof The only thing in doubt is the existence of | -exponentials; it is possible
to check that wCPO is closed under the formation of |-exponentials in the chosen
formulation of set theory. O
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Our aim is to see that the object PS in the category wCPO can be used to play the
role of a type universe. The precise details of how this can be done will emerge in
Chapter 9. Clearly the essence of the idea comes from the fact that the categories
PInSys and Ppd are equivalent, but as we have just seen, the class of all presystems
can be seen as a (large) wcpo. We saw in Proposition 7.2.4 that Ppd has finite
(co)products and L -exponentials. Thus so does PInSys. With a view to using PS
as a type universe, we give constructions of these categorical structures directly,
and show that their formation is continuous with respect to the order on PS. We
will need the following observations:

For each finite ordinal n € w there is a large wcpo PS™ L pSx...xPS enjoying the
obvious pointwise order. Then it is easy to see that any morphism f: PS™ — PS is
continuous iff it is so in each coordinate. This observation, together with the next
lemma will be found useful in later work; we need the

Definition 7.4.6 Let f: PS — PS be a function class on the the underlying
class of PS. Then f is said to be continuous on token sets if given a chain of
presystems {A, | n € w} we have f(U{A, | n € w}) CU{f(A4,) | n € w} where the
containment is between token sets.

Lemma 7.4.7 Let f: PS — PS be a morphism. Then f is continuous iff f is
monotonic and continuous on tokens.

Proof The “only if” case is immediate. Conversely let {A, | n € w} be a chain
of presystems. Then U{f(4,) | n € w} < f(U{A, | n € w}) and by Lemma 7.4.2
we are done. a

7.5 Categorical Constructions in PInSys

We give explicit (canonical) constructions of finite (co)products and L-exponentials
in the category PInSys. These constructions are continuous in the following sense:

Lemma 7.5.1 There are morphisms in the category wCPO

01— PS 11— PS T11PS — PS
"x7: PS? — PS "+7:PS? —» PS 7. pPS? — PS

which give rise to the canonical initial object, terminal object, liftings, binary
(co)products and | -exponentials in the category PInSys.

Proof Throughout the proof let A and B be non-empty presystems; the effect of
the morphisms which involve empty presystems will be clear, although we do make
this explicit for the 1 -exponential construction. We omit all details concerning well
definedness and continuity, except for "—1.

Put "07(x) dof (9,2,2) and "17(x) wof ({*}, {{*}},{x} F #); it is clear these
definitions work.
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Now we prescribe "1 ": PS — PS; this will take the empty presystem to the one
point presystem and take A = (A4, ],F) to (A, ,F ) where

o A, ¥ AU{LY} where L ¢ A.
o X| iff X\{L}] or X ={L}.
e XH aiff X\{L}Faora=1.

Given presystems (A, ] 4,F4) and (B, ] g,Fp) define A" x'B to be (P, ],F) where

e P¥ A xB.
® Z\L iﬂ?TlZJ,AAWQZJ,B.

o Z/tpiff mZ b4 mpAmeZ Fp mp where m and w5 are the projections of the
product A x B in Set.

We define A + B to be (C, |, ) where
o C% A+ B where we shall put A+ B % {1} x AU {2} x B.
o ZLiffIX|,.Z={1} x X or IV |,.Z = {2} x V.

o ZFciffda€ A3X],.Z ={1}xXAc=(1,a)AX Fyao0r3be BIY 5.7 =
{2} xYAe=(2,0) NY Fpb.

The morphism ™ PS? — PS is defined by

((9,2,9),(9,9,9)) = ({x} {1} {x} %)
(4,(2,2,2)) = () e k) F x)
(2,2,2),4) = () {xh F ¥)
(A,B) = (F,,F)

where
FE{Xpb|X|,Abe BYU{x}.

o Z|iff Z Cf Pyin(F) and it is either the case that Z = {x} or we have
Z\A{x} # 9 AVI < n.U{X;|i€I}|, implies {b; | i € I}|5 where n =
{0,...,n—1} and Z \ {x} = {X;»b; | i € n}.

o Zt fiff Z| andeither f =xor f AZxANZ\{x} ZSAU{b; | X b4 X;} Fpb.

First we see that F really is a presystem. As A and B are non-empty the basic
criteria of Definition 7.2.6 are satisfied. Further:

1. @ € | by definition.
2. If 7' Cf Z| then Z'| is immediate.
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3. Let f € F. If f = % then {x}| by definition and if f = X»b just note that
X1, and {b}|p.

4. Let Z F f. If f = * then Z U {*}] is immediate. Otherwise let f = X»b
and write {X;»b; | i € n} for the non-empty set Z \ {*}. Let I C/ n.
Suppose that U{X; | i € I} U X],. Using Lemma 7.3.4 we may deduce that
U{X;|ieT}UU{X; | X F4 X;}| 4 and as Z| this means that U {b; | i € T}U
U{b; | X F4 X,}|5. Finally note that U{b; | X F4 X;} Fp b from which we
can deduce that U{b; | i € I} U {b}|p.

5. Let Z| and X»b € Z. Write Z \ {x} = {X;»b; | i € n} where X, = X and
bg = b. Then it is trivial that U{bz | X I_A Xz} I_B b.

6. Suppose that Z' = Z = f. The result is trivial if f = x and so let f = X»b.
Checking the definitions we may safely put Z \ {x} = {X;»b; | i € n} and
Z'\{x} = {Xj»b; | j € n'} and deduce that U{b; | X F4 X;} Fp b and U{?] |
X; Fa Xj} Fp b (Note that we have X = X; for at least one i). Obviously
X F4 U{X; | X -4 X;} and so by Lemma 7.3.4 we have {X; | X 4 X;}| 4.
Hence U{b; | X X} 5 and from U{b; | X; -4 X;} C U{b; | X 4 X;}
we can deduce that U{b'j | X F4 X]'} Fp b;. Thus U{b'j | X F4 X]'} g b as
required.

It remains to show that ™ PS? — PS is a morphism in wCPO. We have only to
see continuity in each coordinate, and appealing to Lemma 7.4.7 we may simply
verify that "—7 is continuous on token sets in each coordinate. We verify this for
the first coordinate of ™—.

Take A < A’ and B in PS. We show F % A= < pr & g~ op.

1. J4,Clys0 FCF.

2. Note that Z| implies Z C F. We need Z| iff Z C F and Z|'. This is clear
unless Z \ {*} is non-empty, say Z \ {*} = {X;»b; | i € n}. Using the note
we see U{X; |i €T}, iff {X;]|i€ I}l andso Z|] iff Z]'.

3. We need to show that Z - fif Z C FAf e FAZF f. This is only non
trivial if f is not * and @ # Z \ {x} = {X;»b; | i € n} with f = X»b. Note
that Z - f implies Z C F and as X k4 X; iff X -4 X; we have Z - f iff
ZH f.

Take a directed set {A4; |7 € I} in PS. We need to prove ([[{4;|i€ I})™—"B C
L{F;|i€I}. Take f € (U{A; |7 € I})™—"B. Certainly we are okay if f is *; let
f = Xw»b. Then X| op4,icry 80 X C’ A; for some i and hence X4, Therefore
Xwbe A""BC||{F;|iclI}. O

Definition 7.5.2  Suppose that A and B are Scott predomains. A continuous
function m: A — B is called an embedding if there is a (necessarily unique) continu-
ous partial function r: B — A for which rm = id4 and mr < idg. r is referred to as
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a partial-projection. The class of Scott predomains together with embeddings (and
specified partial-projections) forms a category which will be denoted by Ppd . We
shall write r(a) | to mean that r is defined at a € A.

Lemma 7.5.3 There is a functor | — |: PS — Ppd . Moreover, the effect of
| — | on objects commutes up to isomorphism (in Ppd) with the functors "¢~ and g
where g runs over 0, 1, 1, X, + and — .

Proof | — | is defined on objects by taking points. Given A < A', U € |A| and
U' € |A'| we define an embedding partial-projection pair (m,r) where

m: |A| |A"| : 7
by setting

m(U) ¥ {deA|IX T UXFydl,
() dgef | ANU' if this is non-empty
undefined otherwise

We omit the routine details verifying that (m, r) is a well defined embedding partial-
projection pair. We give the definitions of the isomorphisms and check details for
—. We begin by noting that all is clear for 0 and 1.

Define ¢ : |A|| = [T L7(A)|: ¢ by

o [UU{L}if U#L ef | VA{L}if V#{L}
9(U) < {{J_} otherwise o(V) = {J_ otherwise

Define 9 : |A| x |B| 2 |A"xB| : ¢ by 9(U, V) € U x V and (W) & (m, W, muW).
Define 9 : |A| + |B| = |[A"+"B| : ¢ by
def {1} xU if C =(1,U)
) = { (2} xV if C = (2.V)

(1L,U{Xz | Z Cf W}) where Z = {1} x X,
or
{ (2,U{Yz | Z Cf W}) where Z = {2} x Yy

p(W) &

where the definition of Xz and Yz and well definedness of ¢ can be seen from
inspection of the construction of A”+7'B in the proof of Lemma 7.5.1.

Define 9 : (JA| = |B|.) = |A™B]| : ¢ by
9g) = {Xwb|beg(X)}u{x}

def b|3X Cf UXwb e VY if this is non-empt
s {01 } bty

(Recall that |A|— | B]| def |A| = |B|_; see Proposition 7.2.4). 9 is well defined: Take
Z CF 9(g). If Z = {x} then Z|. Suppose not; take Z \ {x} def {Xi»b; | © € n},
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I Cf nandlet U{X;|i€c I}, From the definition of ¥ and the monotonicity of
g we see that

{lieny <! Uie(X) lie Iy cgUiXi[ie I} € |Bl..

Thus Z| as required. Now suppose also that Z + f. If f = % then f € 9(g).
Suppose not. We have U{b; | X - X;} Fp b where f = X»b and so X F X; for at
least one i: let I index such X;. Note that X - J{X; |i € I} so by Lemma 7.3.4
U{X;|ie I}l . Of course U{X;|i € I} C X and arguing as above we conclude
{b; |i €I} Cf g(X) € |B|. implying that b € g(X). Hence f € 9(g).

¢ is well defined: Take V € |[A™—"B|, U € |A| and show ¢(V)(U) € |B|.. For the
non trivial case take Y Cf o(V)(U) and let y € Y. Then 3X, Cf U.X,py € V.
Noting that U{X, | y € Y} Cf U and {X,»y | y € Y} C/ V along with the
definition of | we have U{y | y € Y} = Y|5. Now suppose that Y Fp b. Noting
that Y =U{y |U{X, |ye Y} F4 X, } Fpbwehave {X,py |yc Y}FHU{X, |y€
Y }»b which implies that U{X, | y € Y}»b € V and thus b € ¢(V)(U). Finally we
have to see that ¢ is a continuous function; we omit the simple details.

(9, ¢) is an isomorphism: Suppose that ¢(¥#(g))(U) is not L. Then we have

e(9(9)(U) = {b|3IX T UXwbe {Xpb|be g(X)}U{x}}
= {b|3IX T Ube g(X)}
= U{y(X) | X c/ U}
= g(U)

where the final step follows by continuity of g. For the converse, note that
Ip(V)) = {Xwb | 3X' </ X.X'wbec V}IU{x}.

Certainly V' C J¢(V). Now take X»b € Jp(V). We can find some X' for which
X F4 X" and hence U{b | X -4 X'} Fp b implies {X'»b} - X»b. Thus X»b e V,
completing the proof. O

Remark 7.5.4 Note that the construction of the product A" x'B in PInSys is
quite different from the usual construction of products of information systems; for
a discussion of products of information systems see [Sco82]. Note also that we
have not given the full details of the categorical constructions, for example the
preapproximable maps which are the projections of |A”x 'B|. The details are easy
to fill in.

7.6 The Small wcpo of Presystems

We can avoid the set-theoretical complications of the last section by restricting the
cardinality of the sets which underly our constructions.
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Definition 7.6.1 A Scott predomain is countably based if its set of finite elements
is countable. Such Scott predomains give rise to a full sub-category Ppd, of Ppd.
A presystem is countably based if its token set is countable. Such presystems give
rise to a full sub-category PZnSys, of PInSys.

With this definition, it is not too difficult to verify the following results, which will
be put to use in Chapter 9.

Theorem 7.6.2 The functors | — [: PZnSys — Ppd and =: Ppd — PInSys
defined in Section 7.3 restrict to an equivalence Ppd, ~ PZnSys,,. O

Lemma 7.6.3 The set PSy of all presystems whose token sets are subsets of N
is an wcpo with least element.

Proof Suprema in PSy are given by unions and the least element is the empty
presystem. The details are easy to verify. O

Lemma 7.6.4 There are morphisms in the category wCpo

01— PSN 11— PSN F PSN — PSN

"x: PS% — PSy T+7: PS% — PSy "7 PSZ — PSy
which give rise to the canonical initial object, terminal object, liftings, binary
(co)products and | -exponentials in the category PZnSys,,. O
Lemma 7.6.5 There is a functor | — |: PSy — Ppd . Moreover, the effect of
| — | on objects commutes up to isomorphism (in Ppd,) with the functors "¢ and
g where g runs over 0, 1, L, x, + and — . O

7.7 Some Miscellaneous Results

While it is not central to out main concerns, we note a pleasing relationship between
Scott families of sets and presystems, namely that there is a one to one correspond-
ence between them.

Definition 7.7.1 Given a Scott family of sets F define Ar = (Az#,],F) to be
the empty presystem if F is empty and otherwise put

1. A ¥ yrF
2. X|if X A oAV e FXCIU.
3. Xtaiff X| Aae UFA VU € F.X CU implies a € U).

Proposition 7.7.2 For a Scott family F, Ar is a preinformation system. O
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Proposition 7.7.3 Let F be a Scott family. Then |[Az| = F.

Proof We sketch the details. Showing F C |A| is easy. To prove the converse
take U € |Az| (we assume that F is non-empty). The proof goes by approximating
U via appropriately chosen sets; in particular that U = UB{X | X S/ U} e F. To

do this, set V dof {V.e F| X C/ V} It is clear that NV is non empty and so
X =NV € F; hence {X | X Cf U} C F. Note that this latter set is directed
({X,Y} C X UY); showing U is its supremum is easy. O

Proposition 7.7.4 Let A= (A,],F) be a presystem. Then A = Ay,

Proof The empty case is trivial so let A be non-empty. We need to show the
following facts:

1. A =U|A]L
2. Xy, i X #0730 €|ALX CTU.
3. X b, X1, , NaeUIA[A(VU € |AL.X C/ U implies a € U).

The easy details are omitted. O
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Chapter 8
The FIX? Logical System

Our goal is to define a logic in which we are able to solve recursive domain equations
with the aid of the fixpoint type. The approach we adopt is to set up a logic in which
there is a universal type [Car86]. The elements of this type act as codes for the
external or observable types. Thus a recursive type can be realised by considering
the corresponding fixpoint of the universal type. In order to make things precise,
we shall define a dependently typed equational logic called FIX“. This is essentially
the same as FIX_ but has T-exponentials and a universal type.

8.1 The Dependently Typed Equational Logic FIX®

Signatures for FIX“

A FIX*” signature Sg is specified by

e A collection of basic type valued function symbols which are tagged with an
arity ¢: TERM"™ — TYPE.

A collection of distinguished type valued function symbols denoted by wunit,
null, nat, fixr, dom, El.

A collection of distinguished type valued type constructor symbols x, +,—, T.

A collection of basic term valued function symbols which are tagged with an
arity f: TERM"™ — TERM.

A collection of distinguished term valued function symbols which consists of
the distinguished function symbols from a FIX_ signature augmented with
Topull?, Tundit™, Tx 7, T4, T 0T p, Jp, e, Je, I, Jf, Ret.

We now define an abstract syntax signature ¥ = (Gar, Con) where we shall set
Gar={TYPE, TERM} and Con consists of the function symbols, type constructor
symbols and a countable number of object level variables of arity TERM. The
distinguished symbols have the following arities:

e unit, null, nat, fix, dom : TYPE.

e FEl: TERM — TYPE.
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X, +,—: TYPE? — TYPE.

e T : TYPE — TYPE.

Tnull’, "unit ' : TERM.

“T, Ip, Jp, Ic, Jc, If, Jf, Ret : TERM — TERM.
e "X T4 "7 TERM? — TERM.

The raw FIX? types are closed expressions of the abstract syntax generated from
Y which have arity TYPE and the raw FIX“ terms closed expressions with arity
TERM.

Judgements in FIX%

The logic FIX% is a dependently typed equational logic. The forms of judgement
which we use involve contexts I', raw terms M, raw types « and finite lists of raw
terms y. A context

I'=lzii0q,..., 2, )

is a finite list of (variable,type) pairs where the variables are distinct and OV (a;) C
{z1,...,2;_1}, with OV () the finite set of object level variables in «. We use the
notation Len(L) to denote the length of a list L. The judgements that we consider
are

1. I' ctxt.
2. '+ a type where OV(a) C OV(T).
3. '+ M:«a where OV(M) U OV(a) C OV(I).
4. x:T' — I where OV(x) C OV(I).
5. I =TI" where Len(T') = Len(I").
6. I' F a = o/ where OV(a) UOV(a') C OV(T).
7. T+ M = M"«a where OV(M)UOV(M')UOV(a) C OV(T).
8. x = x:T' = I" where OV(x) UOV(x') € OV(I') and Len(x) = Len(x') =
Len(T).
Equational theories for FIX*

A FIX*" theory Th over a signature Sg is specified by the following data:

e For each basic type valued function symbol an introductory aziom of the form
[y (%) type.
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e For each basic term valued function symbol an introductory axiom of the form
Ff F f(f) Qy.

e A collection of judgements of the form I' = M = M': « called the term equality
azrioms.

e A collection of judgements of the form I' - o = o' called the type equality
azioms.

The theorems of Th are exactly those judgements which are provable from the
following rules:

Equational Logic: Contexts

'k «a type =T TFa=p8(7
[] ctxt [1=1] [,z:a ctxt T,z:a=T"y:8(y)

Equational Logic: Types

'tk a type ra=dad

I'Fa=« TFo =a
FTFa=d Tkd =d" x=x:T =T T'Fay) =)

FFa=d" 't a(x) =o' (x')

Equational Logic: Terms

[,z:a,I" ctxt 'M:a TFa=4d r-M=M:a0 TFa=d

Nz:o,I'F 2 - M:d 'EM=M"d
'-M:« '-M=M":«a ''-M=M:a TFM =M":a

'-M=M:« F'-M =M:a F'-M=M"q«

x=xT =TI I+ M(y) = M'(¥): a(v)
't M(x) = M'(X'):a(x)

Equational logic: Context Morphisms

T ctxt x:I' =T Tk B(y) type T+ M:3(x)

[1:T =] X, M:T — T, y: (7))

I ctxt x=x"T—=>T" T"FB(Y) type T'HM = M"3(x)
[1=1:T =] X, M =x',M":T — I, y: (3])

Equational Logic: Axioms 1

x:I' =Ty x:I' =Ty Tfk ap(Z) type
'+ t(x) type I'Ef(x):af(x)

provided ¢ has introductory axiom I' - ¢(Z) type and that f has introductory
axiom

Lyt f(Z):af type.

135



Equational Logic: Axioms 2

'-M:a TFEM:a I'a type TFa type
'-M=M":«a ra=4dad

provided that ' - M = M': « is term equality axiom and that '+ a =o' is a
type equality axiom.

Elementary External Types

[:T =]
'+t type

where t is one of the types unit, null, nat, fiz, dom.

External Binary Product

I'Fa type T'F 8 type
'Faxg type

External Binary Coproduct

I'Fa type T'F 3 type
'+ a+ B type

External T-Exponential

I'Fa type T'F 8 type
'Fa—0 type

External Computation

'+ a type
I'-Ta type

External Decoding

' D:dom
' EI(D) type

Terms in Context
The rules for term formation in FIX_ are part of FIX* with the rule for Function|

Terms (see Page 25) replaced by the rule for T-exponentials.
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T-Exponential Terms

Dz:ab F(z): TR 'tM:a—p3 T'HN:3
TFA(F)a—pj T+ MN:TB

Internal Elementary Types

I'FTunit™ dom T'F "null": dom

Internal Binary Product

I'D:dom T+ D':dom
' D" xD'":dom

Internal Binary Coproduct

I'+D:dom T+ D':dom
T D +7D':dom

Internal T-Exponential

I'+D:dom T+ D':dom
' D—1D" dom

Internal Computation

' D:dom
I'-"T"D:dom

Product Externalisation Terms

'+ M:El(D™xD') T+ P:El(D) x El(D')

T F Ip(M): EI(D) x EI(D) T F Jp(P): El(D" x D)

Coproduct Externalisation Terms

T - M:El(D+D') T+ C: EI(D) + EI(D')

T F Ic(M): Ei(D) + EI(D") T F Jc(C): EI(D + D)

T-Exponential Externalisation Terms

T+ M:E(D™—D') T+ F: El(D)— EI(D')
T+ If(M): EI(D)— EI(D') T - J{(F): E(D—'D')
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Universal Type Retraction Terms

I'-E:Tdom
I I Ret(E): dom

Computation Externalisation

'+ D:dom
'+ EI("T"D) = TEI(D)

Equations in Context
The rules for equation formation in FIX_ are part of FIX* with the rule for
Function Equations (see Page 27) replaced by the rule for T-Exponential Equa-

tions.

T-Exponential Equations

'-M:a—p Dyz:ab F(z): T8 THM:«
TF (e Mz) = M:a— 8 TF A\ (F) M = F(M): T3

Product Externalisation Equations

'+ M:El(D™xD') T+ P:El(D) x EI(D')
T+ Jp(lp(M)) = M:E(D"x D) T F Ip(Jp(P)) = P: Ei(D) x El(D)

Coproduct Externalisation Equations

T+ M:El(D™+1D") T+ C: Ei(D) + EI(D')
T+ Je(lc(M)) = M:EI(D"+'D") T FIc(Je(C)) = C: EI(D) + EI(D)

T-Exponential Externalisation Equations

T+ M: El(D™—"D') T - F: El(D)— EI(D')
T - Jf(If(M)) = M: E(D"—~'D') T - f(Jf(F)) = F: EI(D) — El(D')

Universal Type Retraction Equations

' D:dom
[+ Ret(Val(D)) = D: dom

Substitution and Weakening

There are particularly useful rules concerning substitution and weakening which
may be derived from the rules for deducing theorems of FIX“ theories. Indeed, we
have the following lemma:
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Lemma 8.1.1 The following rules are derivable, where we write J for any one
of the expressions e type, e = €', e:e’ or e = €':€".

x:I'=T" T"F J(9) '+a type I'I"EJ
'+ J(x) Iz:a,I'HJ
'FM=M":a TI'z:a I (z)F N(z) = N'(z):8(x)
T,T'(M) - N(M) = N'(M"): B(M)
F'FM=M:a T,z:a,T(z)F B(z) = 4'()
[, I(M) = g(M) = p'(M")

Proof Proceeds by an induction on the derivation of judgements. O

8.2 Recursive Types via Fixpoint Objects

We have seen how to interpret types of languages as objects in categories. It is well
known that the type of natural numbers can be represented as the recursive type
uX.X + unit. If we are interpreting formal typing statements in, say, a category
C, then a sensible denotation of such a recursive type would be a solution to the
equation X = X 4 1. More generally, recursive types can be thought of as fixpoints
of assignments A — F(A) on objects A. The type is denoted by an object Ay such
that F(Ag) = Ao and the operation F' will usually be a functor satisfying properties
which ensure that Ay exists [SP82].

The basic categorical notion of a type of types in a category C is that there is a
category object U in C which is externally equivalent to C indexed over itself, i.e.
there is an equivalence C(—,U) ~ C/—. With this, an endofunctor F on C will
give rise to an internal functor F: U — U. Thus with the above interpretation of
recursive types as a fixed point of such endofunctors F' we may equivalently solve
for a fixed point of F. With this motivation, we prove the following proposition:

Proposition 8.2.1 There is an expression of the abstract syntax, Fix, for which
given a recursive typing judgement of the form T',z:dom + D(z): dom one may
derive the judgements

' FFix(D):dom and T+ D(Fix(D))= D: dom.

Proof Set Fix % d.ltgom(y.d(Ret(y)), o(w)). Then the claim is immediate from
the FIX“ rules. O
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Chapter 9
Categorical Semantics of the FIX” Logic

9.1 Categories for Modelling Dependent Type The-
ories

We review a categorical structure which can be used to model dependent type the-
ories. Some of the earliest work in this area was undertaken by Cartmell [Car86]
with additional work by Taylor [Tay86]. Here we shall give a presentation of “cat-
egories with attributes” which is based on on Pitts’ account in [Pit95]. Further
useful information can be found in [Str89], [HP89], [CGW89] and [Ben85].

Categories with Attributes

Definition 9.1.1 A category with attributes is specified by a category C with
terminal object (called the base category) which is equipped with the following
structure:

e For each object X in C, a collection of fibrations over X, Fib(X). We write
mr: XoF — X for the projection from the total object to the base object of F.

e For each morphism f:Y — X in C and fibration F over X, there is a fibration
f*F over Y called the pullback of F' along f for which there is a pullback square
in C of the form

foF

Yef*F — XeF
TfF T

Y X

such that we have
Zd}F = F ’idXOF = ’idX.F
g (f*F) = (fo)'F (foF)o (gef*F) = (fg)eF

WhereZiYLX.
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Notation for Categories with Attributes

It will be convenient to adopt some notational conventions which will be useful
when presenting the categorical semantics of dependent type theories.

Given a fibration F' € Fib(X) we shall write a €x F to indicate that a is a section
of mr. Note that given f:Y — X in C, there is a section f*a €y f*F arising from
the universal property of pullbacks.

Fibration lists L and their associated total objects L are defined inductively. The

empty list [] is a fibration list with [] % 1. If L is a fibration list and F € Fib(L),

then L, F is a fibration list with L, F = TeF.

Section lists | and their associated morphisms [ are defined inductively. The empty
list [] is a section list []: L — [] (where L is a fibration list) with [] T 1 If
I:L — L' is a section list, F' € Fib(L') and a' €3 I"F', then l,a: L — L', F' is a
section list with

Ld Y T Tel'F 2 TleF,

Given a fibration list L, L’ the associated projection morphism wp:L,L' — L is
defined by induction on the length of L'. We put
S N ]

mpm ¥ LI F =L LeF T LI T

Finally, we complete our notational conventions with the definition of generic sec-
tions. Given a fibration list L, F, L' the generic section (L, F, L") €z npp, F is
defined by appealing to the universal property of the pullback square

- oF _
L, F Dery, F — 2220 ToR
I !
Wﬂ;‘,L,F :5(L,F,L) T
LEL YT

together with the observation that mp 1 = mpmp,.

9.2 FIX Categories with Attributes

We have seen that the logical systems FIX_ and FIX correspond in a precise way
to FIX categories and FIX hyperdoctrines respectively. We shall now define the
categorical structure which corresponds to FIX¥; such structures will be called FIX

categories with attributes. Useful background information can be found in [Pit87]
and [Joh77].

Definition 9.2.1 Let C be a category-with-attributes where for each object X
of C, Fib(X) is regarded as a category with objects the fibrations over X and
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morphisms given by Fib(X)(F,F') % C/X(np,np). Then C is a FIX category-
with-attributes if it satisfies the following conditions:

e Each Fib(X) is a let-category with (finite products), stable finite coproducts
and T-exponentials. For a fibration F' over X and a morphism f:Y — X we
have Tf*(F) = f*(TF), and the pullback functions preserve the categorical
structure of the categories Fib(X).

e There are distinguished fibrations 1, 0, N and Q over 1 such that the fibrations
obtained by pulling back along the unique morphism !: X — 1 (for any object
X) are the canonical terminal object, initial object, natural numbers object
and fixpoint object of the category Fib(X).

e There is a specified distinguished fibration U over the terminal object for
which U is a retract of TU in Fib(1). There is a specified distinguished
fibration 7 over 1eU/ which gives rise, via specified internal type constructor

morphisms
071 — leU 171 — leU
T 16U — 1ol Cx 16U x 1eU — 16U
T4+ 7:1eU x 1leU — 1leU T 1elU X 1eU — 10U

to certain spec1ﬁed canonical type decoding isomorphisms, where we write
pri: 1eU x 16U — 1eU for projection:

1. "1™7 21 in Fib(1).

2. 707 =0 in Fib(1).

3. TT™*r =2 Tt in Fib(1eU).

4. Tx 7 2 prir X pri7 in Fib(1eU x 1eU).

5. T4+ 2 pri7 4 pri7 in Fib(1eU x 1eU).

6. T = prrr—prir inFib(leU x 1eU).

The FIX Category with Attributes wCpo

The results from Chapter 7 will enable us to give a concrete example of a FIX
category with attributes. It will be convenient to have the following lemmas:

Lemma 9.2.2 Given a continuous functor A: X — wCpo where X is an wcpo
and wCpo P is the category of embedding partial-projection pairs over wCpo, apply-
ing the (covariant) Grothendieck construction to A yields a morphism m4: G(A) —
X in wCpo.

Proof By definition,

G(A) ¥ s,exd, = {(z,U) |U € A, Az € X}
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with a partial order structure given by (z,U) < («/,U’) iff z < 2’ and i, ,(U) C U’
where i, 1t Ay — Ap is the embedding determined by the functor A. We omit the
details which check that G(A) is an wcpo with the above order in which suprema
of chains is given by

VA{(@a, Un) [ m € w} & (Vo | n € W}, Vs, \goainewy Tn) [ 1 € w}).

It is trivial that 74 is continuous. O

Lemma 9.2.3 Let Z be a filtered category, C a cocomplete category and D:Z x
Z — C a functor. Then we have

]jll;[ezhl@JezD(Ia J) = ULQJEIU-IQIEID(L J) = Ull&IEID(I, I)-
Proof Routine application of the definition of colimit and filtered category. O

Lemma 9.2.4 Let A: X — wCpo® be a continuous functor. Let {z, | n € w}
be a chain in X and write z for the supremum of this chain. Then we have id4, =

Vd{iz, zTenz | M E w}.

Proof This result follows from unravelling the construction of filtered colimits
in the category wCpo®. Details of a similar result for the category of embedding
projection pairs over the full subcategory of wCpo of pointed wcpo’s can be found
in [SP82]; the proof for embedding partial-projection pairs over wCpo is virtually
identical. O

Lemma 9.2.5 Let A and B be as in Lemma 9.2.2. Then f € wCpo/X (74, 7R)
corresponds to an X-indexed family (f,: Ay — B, | ¢ € X) of continuous functions
for which given z < z' and a chain {z, |n € w} C X we have

jm,m’fm S fm’im,m’ (91)
fo = \/{jzn’mfznrmn’m |n € w} where z def \/{:cn |n € w} (9.2)

where we write ¢ and j for embeddings, r for partial-projection. Thus for example,
iaf:,af:’: Am — Aml.

Proof Note that the underlying set-theoretic function of f € wCpo/X (74, 7p)
corresponds to a family (f, | ¢ € X) of set-theoretic functions which have the
required form. It is easy to see that f is monotone just in case each f, is monotone
and 9.1 holds. Now take an arbitrary directed set in G(A) of the form {(z,,U,) |
n € w} and assume the continuity (and monotonicity) of f. This leads to the
requirement that

Viiowofoa(Un) [n € w} = fo(\{iz,o(Un) [ n € w}) (9-3)

where z V{z, | n € w} and the set on the left hand side of equation 9.3 is a
chain due to equation 9.1 (itself a consequence of the monotonicity of f). By taking
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an instance of equation 9.3 in which z,, = z,,; for each n, we see that each f, is
continuous. To see that 9.3 implies 9.2 take a chain {z, | » € w} C X. It is the
case that {(zn, 7z, (U)) | n € w A1y, »(U) |} is a chain in G(A) where U € A,.
We can apply an instance of equation 9.3 to this directed set and deduce:

\ oo fon(Tenz(U)) | n € wATy, . (U) I}

fo(\Hian 2(r2,.2(U) 1 € w Ars, o(U)4})
by Lemma 9.2.4 = f,(U).

Conversely, suppose we are given a family (f, | € X)) of continuous functions which
satisfy 9.2. It remains to prove that the corresponding morphism f is continuous,
that is 9.3 holds. Indeed we have

\/{an z | n e w}) = V{jzm zfzmrzm T \/{Zzn T | n € w}) | m € u)}
= V{V{jwm,z‘fwmrzm,mzwn,z( n) | n e CU} | m & w}
by Lemma 9.2.3 = \/{jwmzfznrmn,zizmx(Un) |n € w}

= \V{Jonafon(Un) | n € w}.

We can now prove the main result of this section, namely

Proposition 9.2.6 The category wCpo is a FIX category with attributes.

Proof The base category is of course wCpo and this certainly has a terminal
object. The collection of fibrations over a Scott predomain X is given by the
collection of continuous functors of the form A: X — wCpo . Recall Lemma 9.2.2:

Given a fibration A over X the total object and projection are given by m4: G(A) —

X. If f:Y — X is a morphism in wCpo we set f*A def Af. Tt is simple to check

that .
G(f*A) ¥ L,y Af, 2 Y xx G(A)

and hence that we get a pullback square in wCpo of the required form, where
FeA:G(f*A) — G(A) is given by feA(y,V) ¥ (f(y),V). The functoriality condi-
tions are satisfied, and we have shown that wCpo is a category with attributes.

Now we need to see that each Fib(X) is a let category with (finite products), stable
finite coproducts and T-exponentials. This structure arises pointwise. For example,
given fibrations A and B, their product object A x B is defined by setting

AxB(xﬁx)défzzwthzz Ay X By S Ay X ByriTy g X Sg g

and (for example) the projection morphism on A is specified by the family of projec-
tions (m,: Az X B — A, | x € X)), which are easily checked to satisfy Lemma 9.2.5.
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We sketch the details of the let category structure, which arises by pointwise ap-
plication of the properties of the let category wCpo (with the lifting monad): The
operation on objects is given by A — 1 A, where | A is defined by

LA < ') Y (ip) 1 (A2) 15 (Aw) 1 (Tow) 1

Morphisms n4: A — L A are specified by the continuous family ((74),: Az — (Az) 1 |
z € X) with (n4).(U) ¥ [U]. Given f: Ax B — C, we define lift(f): Ax B, — C
by specifying the family (lift(f,): Az X (Bz)L — (Cz)L | © € X). We omit the
remaining details, but note that the structure preserving conditions are immediate.
Now we need to define the fibrations 1, 0, N and €. Let us write {x} for the terminal
object of wCpo. Then set 1(*) e, 0() Ly, N(%) ' N and Q(x) ' O where
N and 2 are the NNO and FPO of wCpo. We consider the details for the FPO
in Fib(X). Thus we need to see the existence of w:1! — 1Q! and o: LO! — Q!
which give rise to a FPO Q! in Fib(X). Using Lemma 9.2.5 we need to define
a family (wp:1l, — 1Q, | £ € X) that is (w,:1 — Q. | z € X) and also
(0p: LQ, — Qly | 2 € X) that is (0,:Q, — Q| 2 € X). We take these to be
the constant families given by the FPO (Q,0,w) of wCpo. We omit to check the
equaliser diagram requirement; however we shall give all the necessary details for
the universal property of the FPO. Thus given a morphism f: 1 A — Ain Fib(X) we
need a unique h: Q! — A for which flet(nh) = ho. Using Lemma 9.2.5 this amounts
to defining a unique continuous family (h, | z € X) which satisfies equations 9.1
and 9.2 and for which the following diagram commutes:

(A), Ja

The existence of a candidate for the family (h, | z € X) is immediate from the
existence of a FPO (2 in wCpo. We need to check that the h, satisfy the conditions
9.1 and 9.2.

(Satisfaction of 9.1): Take x < z' and consider the diagram

Ay

Q! id QL
h, Ry
Aq; .z Ag;l

together with i, ,: (Ay) 1 — (A ). Condition 9.1 demands that j,zh, < hy id.
Indeed,

. . ]
Jz,z! hw = Jza h$0'0'
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Joa fo(he) 107"
foriaa (ha) o
— S ljaw)1(ha) 107!
= fo(he)io™!
— By
(Satisfaction of 9.2): Take a chain {z, | n € w} in X and set z = \/{z, | n € w}.
Put jo, ot Ae, = Az, Jp, 2 (Ae,) L = (Az) 1 and g, 51 (Az) 1L — (Ag,)1. Then
(V{enzhe, | n€w})o = {ienshe.o | n € w}
= V{Jenofon(ha,)L | n € w}
= V{lowofonTanads,o(he,)r | n € w}
by Lemma 9.2.3 = \/{jzn@f%r%,z |n € w} V{jlxn,z(hwn)L |n € w}
= fo V{Uono)L(ho,)1 | n € w}
= fo H{Usnoho,) 1 | n € w}
= fo(M{Jonoha, | n € W}

IN

Appealing to the universal property of the FPO in wCpo, it must be the case that
hy = \{Jz, zhz, id | n € w} which is what we wanted to prove.

We define the fibration U:1 — wCpo® by setting U(x) %' PSy. The retract con-
dition in Fib(1) is immediate from Lemma 7.6.3. Of course 1o/ = 1 x PSy, but
we shall take this to be just PSy in the remainder of this proof. The continuous
functor 7: PSy — wCpo P is given by using Lemma 7.6.5 and regarding Ppd:F as a
full subcategory of wCpo®. It remains to verify the existence of certain canonical
isomorphisms; we only verify "7 = prit = (prj7), in Fib(PSy x PSy) where
pri: PSy X PSy — PSy. Unravelling the definitions, we have to see that we have a
diagram of the form

Y(a,B)epsy|A"—"B| e Y(a,B)epsy|A| = | B L

= Tprir=(prs7) L
PSt
To do this we define a family of isomorphisms in wCpo which satisfy Lemma 9.2.5:
(pap) : |A—"B| = |A] = |B|, : dap | (4, B) € PS%)

and to do this we use Lemma 7.6.5 (Lemma 7.5.3). We shall only check that the
morphism ¢4 p) satisfies equation 9.2. Take a chain {(4,,B,) | n € w} in PS} and
set (A, B) to be the supremum. Unravelling the details, if we write

Tn: |A™—"B| = |A,"—"B,| On: |An™—"By| = |An] = |BalL
Sn:|A] = |An| (in)1:|BnlL — |B|L
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for the obvious morphisms, and set F, def A,"—B,, then explicitly we have

(V) def F, NV if this is non-empty
" undefined otherwise

en(V)(U) = else L

undefined if A, N U is non-empty, else
(in)1L o fos,(U) def Lif f(A,NTU)is L else
{b|3Y I f(A,NU).Y g b}

def { {b|3X Cf U.Xwb c V} if this is non-empty

and we need to prove that ¢ = V{inpnr, | n € w}. In order to show this we
introduce some notation. Put

F ¥ A~op
en = (in)L 0 @n(ra(V))os,(U)
S € p(V)(U)
T = \/{ealenl}
Then we need to show that S = T where

undefined if F,, "V =@ or A, NU = & else
e, = { Lif{b|3AX S A, NUXwbe F,NV} =0 else
W, ¥ b3y Cf {b|3X Cf A, NUXwbe F,NV}YY Fg b}

We begin by noting that e, |} for at least one n. Suppose that S = 1. Then
whenever e, || we must have e, = L. Therefore T = V{L | e, |} = L. Now
suppose that 7= 1. Then whenever e, || there can be no X Cf A, NU and b € B,
for which X»b € F,, " V. Suppose for a contradiction that S is not L, which is to
say there is X C/ U and b € B for which X»b € V. Then we must have X»b € F,,,
for some ny which implies X C/ A,, and b € B,,. These data imply that e,, |,
which is contradictory. Hence S = 1.

It follows that S is not bottom just in case T is not bottom. Thus it remains to
show if S is not bottom then S = U{W,, | n € w}. Let b € S. Then there is some
X C/ U for which X»b € V and so X»b € F,,NV for some ny. This implies >
and so X Cf A,, NU. Trivially {b} -5 b and so b € W,,,. Conversely, suppose that
b € W,, for some ng. Then there are X, Y for which Y 5 b, X C/ A, NU, and
Xwy € F, NV for each y € Y. Hence b € By, and U{y | X F4, X} Fg, b which
implies {X»y |y € Y} =g, X»b and hence X»b € V. Therefore b € S.

We leave all remaining details of the type coding isomorphisms to the reader; with
this, the proof is complete. O
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9.3 Categorical Semantics of FIX"

Structures for FIX” Signatures

A structure M for a FIX" signature Sg in FIX category with attributes is specified
by:

e For each basic type valued function symbol ¢, a fibration list L; and a fibration
F, € Fib(Ly).

e For each basic term valued function symbol f, a fibration list L, a fibration
Fy € Fib(Ly) and a section ay €z Fy.

It is assumed that the length of the fibration lists match the arities of the function
symbols.

Interpretation of FIX? Expressions

Let us suppose that we have a structure M in a FIX category with attributes C for
a FIX* signature Sg. We define relations between the forms of judgement given on
Page 134 and appropriate structure in C. These relations are of the following kinds
where it is assumed that the FIX® judgements are well formed:

1. [T ctxt] » L where L is a fibration list with Len(L) = Len(T).

2. [T+« type] » L+ F where Len(L) = Len(T") and F € Fib(L).

[

A
3. [T M:a]» LF a: F where Len(L) = Len(T"), F € Fib(L) and a €7 F.

4. [

x:I' = '] » I: L — L' where Len(L) = Len(T") and I: L — L’ is a section
list with Len(l) = Len(x).

The relations are defined inductively by the following rules:

e Contexts

[T ctxt] » L ['F « type] » L+ F
[[] ctxt] » [] [T, z: ctxt] » L, F

e Types
[x:T =Ty l:L— L,

[T+ t(x) type] » L+ 1T F,

e Terms
[T,z:a," =« type] » L, F, L' - 7}, 1, F
[T ctxt] » L [I'+« type] » LEF [T, z:a, " ctxt] » L, F, L
[Tz, " F2:a] » L,F,L' = 6(L, F,L'): n} 1, F
[:T =T »l:L— Ly [T o type] » L I"Fy
[T f(x):a]» LFTapT Fy
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e Term Lists

[T ctxt]» L
[T = [J»[: L =]
[THM:o/(x)]» LFa: " F'
{ [x:T = T']»l:L - L' [I"+da'(y) type]» L'+ F'
[x, M:T =T, y: ' (g)]»!,a: L — L', F'

e Elementary External Types

[:T=»[L=0 [EC={»[l:Ll=[ [:r=[{»[:L=]]
[TF unit type] » LH*1 [Tt null type] » LH*0 [Tt nat type] » LH*N
[:C=[»[:L=]] [:C=[»[]:L=]]

[TFfix type] » LH*Q [T+ dom type] » LH*U

where I: L — 1.

¢ External Binary Products

[T'Fa type] » LEF [T+ G type] » L+ F'
[T'Faxp type]» L+ F x F'

¢ External Binary Coproducts

[T+« type] » L= F [T'F 3 type] » L+ F’
[TFa+p3 type]» L+ F + F'

e External T-Exponentials

[T'Fa type] » LEF [T+ G type] » L+ F'
[l Fa—p3 type] » L+ F—~F'

e External Computations

[T Fa type] » LEF
[T'FTa type] » LETF

e External Decoding

[T - D: dom] » L+ (id,d): 1*(U)
[T+ EI(D) type] » L+ d*r

where : T — 1 and d: T — 1el.
e Unit and Null Terms

[T ctxt] » L [C-M:]» LFa0
[TF O:unit] » L+ (id,!): 1 [TF{}a(M):a] » L Fka: F
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where I: T — 1, 1:1 22 1el, : 160 22 0 and !: 0 — LeF.
e Binary Product Terms
[TFM:a]» Lta:F [I'FN:S]» LEa:F
[T E(M,N):axp]w» Lt (a,d'): F x F'

[TFP:ax@]w» LFaF xF' [CFP:ax@]w» LEa:F xF'
[Tk Fst(P):a] » L+ ma: F [T+ Snd(P): 5] » L+ ma': F'

where 7 and 7, are the projections arising from the product F x F” in the category

Fib(L).
e Binary Coproduct Terms

[C+M:a]» LFaF [T+ N:G]» L+a:F
[CFinls(M)at+f]w LFiaF+F [CFin,(N):atf]wLrjd:F+F
{ [T,z:a b F(z):y] » L, F - a:np F”

[T, y: 8- G(y):v]» L, F' o'} F"
[CFC:a+p]» LF-ad" F+F
[T HA{F,G}(C):v]» L+ [rpeF" oa,mpeF" oa'la": F"

where we note that a: LeF — (LeF)e(rhLF"), a': LeF' — (LeF')e(n} F") and
[—, 4] denotes the abstraction of unique mediating morphisms arising from the

coproduct F' + F' in Fib(L).
e T-Exponential Terms
[’FF.a—p]» LFa:F—F [l'FM:a]» Ltd:F
[T FM:TB] » ap{a,a’): TF'
[T,z:at+ F(z):TB)» L, F Fa:TryF'
[T EXa(F):a— 0] » Lt cur(rpeTF'oaopr): F—F'

where we recall that 75T F' = Tn%F’ by definition and we have 1: L = Le!*1 and
pr: Le!*1 x LeF — LeF.

e Computation Terms
[TFM:al» LE-a:F
[T'FVal(M):Ta]» Lt na:TF

[CHE:Ta]w» Lt a:TF [I,z:ab F(z): T3] w» L,Ft+a:TrpF'
[CF Let(E,F):TB]w» Lt let(npeTF' oa')oa:TF'

e Natural Number Terms

T —=[]» [ L -] [T+ N:nat] » L+ (id,n):!*N
[T + 0:nat] » L 1*0:1*N [T F Suc(N): nat] » L+ (id, sn): *N
[CFM:a]» LFa:F
{ [T,z:at F(z):a] » L,F Fa':75F [T+ N:nat] » L (id,n):!*N
[T+ FN(M):a] » L+ g(id,n): F
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where ! L — 1, 0:1 — 10N, s:1eN — 10]\2 and g is the unique morphism arising
from the universal property of the NNO *N € Fib(L):

~ 1dx0 ~ 1d X 8

Le!*1 Le*N — L Te!I*N
prg g g
J— J— / J—
L LeF LeF
e Fixpoint Terms
[[:T =[] » []: L — ] [T+ E:Tfiz] » L+ (id,e): T™*Q
[T+ w:Tfiz] » L F*w: *TQ [T+ o(E): fix] » L F (id, oe):*Q

[T+ N:fiz] » LF (id,n):*Q [ ,2:Tat F(z):a] » L,TF b a:whp F
[T FIto(F,N):a] » L+ g(id,n): F

where !: L — 1 and g is the unique morphism arising from the universal property
of the FPO *Q € Fib(L):

LeT!*Q) idxg Le!*Q)
let(ng) g
LeTF LeF
a

where ng:fo!*Q — LeF — LeTF.
e Internal Elementary Types

[[: = [1» [J: L =] [:0 = (1> [1: L =[]
[T - Tunit: dom] » L H1*T07:1*U [T+ "null: dom] » L F*T17: U

where I: L — 1.
e Internal Binary Product

[T+ D:dom] » L+ (id,d):*"U [T+ D': dom] » L+ (id,d'): *

[T = D™ xD':dom] » L (id,” x (d,d')): *U

e Internal Binary Coproduct

[T + D:dom] » L+ (id,d): *U [T+ D': dom] » L+ (id,d'):*

[T+ D™ +7D": dom] » L+ (id, +7(d,d')): *U

e Internal T-Exponential

[T+ D:dom] » L+ (id,d):*U [T+ D':dom] » L+ (id,d'): *U
[T - D—D': dom] w L (id, —~(d,d): "0
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e Internal Computation

[T+ D: dom] » L+ (id,d): *U
[T - "T7D: dom] » L+ (id,"T7d): 1*U

e Product Externalisation
[T E M:El(D"x"D")] » L+ a:("x{d,d'))*r
[T F1p(M): El(D) x EI(D")] » L+ pa:d*t x d*r
[T - P: BI(D) x BI(D)] » L - a:d*r x d*r
[T+ Jp(P): EI(D™x'D"] » Lt p~ta: ("x7{d,d"))*r

where p: Le("xd,d'))*r = Le(d*T x d™*).

e Coproduct Externalisation
[T'FM:E(D™+D")]w» Lt a:("+7d,d))*r
[T Flc(M): EI(D) + EI(D")] » L+ pa:d*t + d™*r
[T EC:EI(D)+ E(D)]w» Lt a:dT+d*r
[T = Je(C): E(D™+"DY] » L+ p~la: (T+7{d,d"))*r

where p: Le("+(d,d'))*r = Le(d*T + d"*7).

e T-Exponential Externalisation
[T - M: E(D™—"D")] » L+ a: (—Nd, d'))*r
[T F1f(M): EI(D) —EI(D)] » L - pa:d*r —~d"r
[T'FF:E(D)—E(D)]w» Lt adT—d*r
[T+ J(F): EI(D™—"D")] » Lt p ta: (—Nd,d"))*T

where p: Le(™7(d,d'))*r = Le(d*T —d"*T).
e Universal Type Retraction

[T+ E:Tdom] » L (id,e): T"*U
[T - Ret(E): dom] » L\ (id, rete): *U

where ret: TU — U is the retraction morphism in Fib(1).

By inspecting the above relations we can see that they give rise to partial functions
in the following way. Given a judgement J and “semantic sequents” S and S’ if
[J] » S and [J] » S’ then S = 5" in C. Thus if we are given a structure Sg in C
the assignments

I' — [T ctxt]
ILa — [Tk a type]
''M,a — [I'F M:q]
O,x,[' = [x:T —=1]

give rise to partial functions. If one of these partial functions is defined at an
argument J then we write [J]{.
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Models of FIX* Theories

The notion of satisfaction of judgements arising from FIX* signatures is complicated
by the type dependency. We give the definition of judgement satisfaction next,
where it should be noted that in each instance of “J is satisfied iff S” the categorical
structure S is unique.

1. T' ctxt is satisfied iff [T ctxt]}.

2. T F « type is satisfied iff [I' - « type] | .

3. I'+ M: « is satisfied iff [[' - M:a] .

4. x:T — I" is satisfied iff [I" ctxt] | and [I" ctxt]{.

5. ' =T" is satisfied iff [I" ctxt] » L and [I” ctxt] » L.

6. I+ o= a is satisfied iff [[' - « type] » L+ F and [I'F o type] » L+ F.

7.TFM= M"q«is satisfied iff [ FM:a] » LF a:F and [ FM":a] » L+
a: F.

8. x = x:T' — I is satisfied iff [\:[' — I'] » I:L — L' and [x:T — '] »
I:L — L.

Given a FIX® theory Th and a structure M, then we say that M is a model of Th
if it satisfies the rules for introducing the Th axioms; (these rules can be found on
Page 135).

The Substitution Lemma

The following lemma describes how the substitution of types and terms in the syntax
of a FIX“ theory is modelled by the categorical structure of a FIX category with
attributes.

Lemma 9.3.1 Suppose that [x:I' — I'"] » I: L — L'. Then it is the case that
o [T+ /(%) type] » L'+ F' implies [T - o'(x) type] » L -1 F".
o [I'F M'(7): /()] » L' - a': F' implies [T - M'(x):/(x)] » L+ T"a": T F".
o [\:I"—=T"]w»l':"L' — L" implies [x' ox: T = T"] » 'ol: L — L".

Proof The proof proceeds by induction on the derivation of the various judge-
ments. O
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The Soundness Theorem

Theorem 9.3.2 [“FIX* Soundness”] Suppose we are given a FIX* theory Th
over a FIX® signature Sg. The collection of judgements of the theory Th which
are satisfied by a structure in a FIX category with attributes C is closed under the
rules (see Page 135) for derivation of judgements in Th. Consequently a model M
of Th satisfies all the judgements which are theorems of Th.

Proof Once again, the proof proceeds by an induction on the derivation of the

various judgement forms; the previous Lemma will be used throughout the proof.
O
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Chapter 10
Prospects for Further Research

10.1 Loose Ends and Future Tasks

We give a concise review of what has been achieved; in particular we highlight
loose ends and indicate possible further lines of research. The following comments
coincide roughly with the order of presentation of material in the thesis.

Modular Approaches to Program Semantics

Each of the logics FIX_, FIX and FIX* builds upon the computational let calculus.
The fundamental notion underlying the let calculus is the separation of compu-
tations from values. The extensions we have considered provide expressive logics
which allow us to reason about one particular notion of computation. The devel-
opment of metalogics which combine different kinds of computation is clearly an
important issue; for related work in this area see [Mog90b] and [Mog90a]. Most
of the work to date concerns the combining of various monads (representing differ-
ent forms of computation, such as those presented at the end of Chapter 1) at an
equational level rather than at the level of predicates. The investigation of mon-
adic predicate logics where one is able to vary the underlying monad is yet to be
undertaken.

Domain Theoretic Properties of FIX_

In a FIX_ theory we always have fixpoints of terms at the higher order type (o =
TB) = a = T[. All concrete models presented in this thesis are domain theoretic,
thus by definition objects and morphisms have an associated order. When we
consider fixpoints arising from the properties of FPO’s in these categories, it is
always the least such which is delivered. As we saw in Chapter 3, FIX categories
(and hence FIX_ theories) have properties reminiscent of concrete categories of
domains and axiomatic domain theory. The precise relationship between FIX_ and
axiomatic approaches to domains needs to be established. One line of investigation
is to consider what formal orders can be imposed on FIX_ and their connection to
formal fixpoints.

An example of a formal order is the following; we give the merest sketch of details.
We shall need the notion of canonical and non canonical terms. These arise from
the introduction and elimination rules in the FIX_ logic. More precisely, the (raw)
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canonical terms are given by the grammar
C = () | (M, N) | Inlo(M) | Inra(M) | Aa(F) | Val(M) | O | Suc(N) | w | o(E)
and the non canonical terms by
NC := Fst(P)|Snd(P) | {F,G}(C) | FM | Let (E,F) | FN(M) | It(F, N)

We can define an operational reduction scheme where C || C, Fst((M, N)) || M and
so on. Write M[CL/Z] for the substitution of closed terms C'L for the object level
variables in M and XM for the ordered list of subterms of M (e.g. M is a subterm
of (M, N)). Then define the simulation ordering by the following fixpoint: Say that
M < N it VCL, M[CL/Z] |} M" implies N[CL/y] J N' and M’ < ¥N'. Some
work along these lines has been carried out by Smith for the simply typed A calculus
augmented with surjective pairing and natural numbers. In [Smi89] Smith shows

that the formal fixpoint obtained from iterating the term L % (Az.z(z))(\z.z(z))
coincides with that arising from the usual fixpoint combinator Y, where the coin-
cidence is defined up to the equivalence generated by a simulation ordering rather
like the one sketched above. However, the proof techniques are a little unwieldy. It
might be possible to obtain similar results for the FIX_ logic via a logical relations
argument. Using the above ordering on terms of FIX_, a partial order could be
imposed on the collection of global elements of a type a. The definition of the
category Lr could be changed so that the relation < of an object (D, <, «) satisfies

d<dANdaMAd aM >M<M.

With such a relation it should be possible to see that the selection of a least fixpoint
by a FPO in the first coordinate will force a proof of the same fact for the third
coordinate.

Categorical Semantics of FIX

The semantics of FIX is in a rather unsatisfactory state. The definition of a FIX
hyperdoctrine is complex and one would prefer more of its properties to be dedu-
cible from others. Originally a semantics which mimics the domain theoretic model
of FIX was pursued, modelling FIX propositions via a distinguished class of sub-
objects in a suitable category (c.f. the hyperdoctrine model with fibres composed
of inclusive subsets of wcpo’s). In order to set up a categorical logic correspond-
ence one has to manufacture a FIX category together with a distinguished class
of subobjects from the FIX logic (this is essentially the Grothendieck construction
applied to the initial FIX hyperdoctrine). However, the category arising from such
a construction is not cartesian closed; and it is not clear how to alter the FIX logical
system in a consistent way to ensure cartesian closure. If this could be achieved one
would hope that some of the conditions ensuring FIX soundness would come for
free: consider the fibrewise induction conditions of a FIX hyperdoctrine (imposed)
and the result which shows that Peano’s axioms hold in a topos (toposes model
predicates by subobjects).
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The Existence and Disjunction Properties

The results about existence and disjunction in the FIX logic work only for closed
terms. It is possible to envisage relativised versions of these theorems, for example
one could investigate for which propositions ®(z) a judgement

Tyz:a,®(z) - O(E(x),y.¥(z,y))

in the FIX logic entails that there is a term in context I',z: o = M(z) for which
I'Nak E(x) =Val(M(z)) and I', z: o, ®(z) F ¥(z, M(z)).

Computational Adequacy Results for PCF

The results of Chapter 6 concerning computationally adequate translations of PCF
into the FIX logic were proved using a technique due to Plotkin [Plo85]. It would
be nice to see such results proven by a gluing argument. A skeleton of ideas for
such a proof might be as follows: Define an operational semantics on the terms of
the FIX logic with judgements of the form I' - F — M:« where I' F E:T«. This
would be defined inductively by rules such as

'rE »M:a Tyo:akF F(z): T8 THFM)—» Mg
T Let (B, F) » M3

The operational semantics of FIX would be set up to ensure that m |} ¢ iff [m]” —
[c]; moreover if I' - [m]™ — V| then V' = [¢| for some unique c¢’. The idea is then
to use the equality - [m]™ = [c]™ to deduce that [m]”™ — [c’| and hence m |} ¢, by
way of a logical relations gluing argument. For example, recall the category Lr of
Chapter 5. If the definition of the relation < of an object (D, <, «) had a clause of
the form

edro E iff e=[dD3IM:a.E » M (%)

we could use this (together with the formal adequacy of the FIX logic which shows
that if - [m]” = [c]™ = Val([c]) then the wcpo interpretation of [m]” is not bottom)
to show that [m]™ — [c’]. The major obstacle here is that the terms E and M above
are equivalence classes up to FIX logic equality. This problem could, perhaps, be
surmounted by working at a 2-categorical level. Thus the initial FIX category F
would be replaced by an initial “FIX 2-category”. The latter would have types
as objects, pure FIX terms as morphisms and 2-cells given by suitable reductions
in the FIX logic, for example Let (Val(M), F) — F(M). The notion of a FIX 2-
category morphism would have to be formulated carefully, together with a proof
that a category similar to Lr but defined using the clause (x) is indeed a FIX
2-category.

Semantics of PCF

The full abstraction problem for PCF has been investigated by a number of re-
searchers [Plo77], [Sto88]. The FIX logic semantics given to PCF in Chapter 6 may
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throw some light on the intricacies of full abstraction and possibly simplify known
results; this is just speculation at the time of writing.

Adequacy Results for Languages with Recursive Types

We have not presented any applications of the FIX* logic. A first step would be to
state and prove adequacy results for a PCF style programming language with re-
cursive types. For example, if x; - o were a type in context of the programming lan-
guage, it would be translated to a judgement of the form z;: dom + [o]: dom. In par-
ticular, a recursive type z; - pz.c would be translated as z;: dom = Fix(z.[o]): dom.

Synthetic Domain Theory

Little is known about the exact links between the work of this thesis and similar
ideas from synthetic domain theory. It is the case that complete X-spaces form a
(constructive) model of the FIX_ logic; for material relevant to synthetic domain
theory see [Hyl82] and [Pho90]. One could perform a routine inter-translation of
the systems to gain further incites into how they relate.

10.2 Final Conclusions

We have presented three logical systems which can be used to interpret program-
ming languages. These logics can be used to give meaning to both call by name
and call by value languages in a uniform way. Each logic has a clean categor-
ical semantics together with a domain theoretic model. We have seen that one of
these logics can be used to give computationally adequate interpretations of small
programming languages. In essence, immediate future work consists of trying to
simplify some of the categorical semantics, giving more extensive examples illus-
trating the use of the logical systems as program logics and in particular extending
the applications to languages with recursive types.
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