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fo:q0�]OF25\<1[yHª8=:;0-5\PT.KMO5 @ A�5\.K8;MO< MO.#;Ps>Q5679:ts25/M2QÐ:;02Ms]95T.QGÂ<�@¡POGS:YMOP6<?>K5T79M)QHf I F25Ê0-56])A�<Q7Oc4>K5T7O:5s�PT.?]O:;<K0[B27O<QD-8=5TJ�:YM�]O<4P�<KJCB-*-]O5 @@b<K7Ã.^=K:;>K5T0 0-56])A�<Q7Oc

G @ .\MOJÃ.K8=8;5TM�]LM�56]¨<�@<WQ*25679:=5/M�]9F2.?]4>K5679:5s25TM G
f I F25Ú0-56])A�<Q7OcGS:;M9P�<?>Q567�;CB-7O<QD-8;56JÏ:YM�]OF-5
<Q0?H�8;:;0-5Ê>Q567HM�:;<K0�<�@�]OF-5'0-56])A�<Q7OcL>Q5679:ts�PT.?]9:=<Q0ZB-79<KD-8;56J&f?:ª]9M

=K<Q.K8E:YM
]O< P�<KJCB-*-]O5Ú. MOJL.18;8=5/Ms]�MO5�]¨<�@RW{*-5679:;5TM']9F2.?]¨G-:;M9P�<?>Q567HM
G
f�UV5T7O5 @ ]OF25Ú5TG>=K5TM.102GÃ0-<Q0?Hª5TG?=Q5TM#<�@

G
.1795Ð:=02:�]9:;.K8=8O;¨*20-ch0-<%AÐ04]O<']OF25�.18O=K<Q7O:=]OF-J @ ]9F-5RW{*-5T7O:;5TME.K7O5�JL.KGS5M�5�WQ*2560{]O:Y.18;85; @ .K02G&]OF25�0-56B{]�W{*-567�;�J¨*2M�]Ä.18OA�.#;hMVD�54GS5�]95679J4:;0-5/GXD2.KMO5TG <K0-8O;�<Q0X]OF25.102M�A�5T79M�<J@jB-7956>h:;<K*2M�W{*-5T7O:;5TMTf

� 5ÃGS5602<1]O5ÃD6;
OPT (G) @ @b<K7
.©=Q:=>Q560u=K7H.�B-F G @ ]9F-5LP6.K79GS:;02.K8=:=]);&<�@�.K0\<]BS]O:;JL.18WQ*2567�;¨MO5�]	@b<Q7N>K5T7O:5@+;h:=0�=

G @ .10�GÃDU; A(G)
]OF-5ÊP6.17HGS:;02.18;:=]);�<�@�]9F-5RW{*-567�;¨MO5�]oB-7O<SGS*�P�5TG

DU;
.K0¨.18O=K<Q7O:=]OF2J
A
f I F25-W{*2.K8=:=]);'<�@2.10¨.18O=K<K79:=]OF-JÛ:YMyJÃ5T.QM�*27O5/G
D6;Ê]9F-5-A�<Q79M�]¢B+<QM9M�:;D-8;5

79.1]O:;<
A(G)/OPT (G)

<?>Q567�.K8=8E025�])A�<K79chM
G
fj:q0 ]OF-5Ú<1[yH�8;:=025ÚP6.QM�5 @ .10 .K85=Q<K79:�]9F-J�:YM

.
ρ
Hª.JB>B-79<iBh:;JL.?]9:=<Q0e.K85=Q<K79:�]9F-JÞY§.102G\.KPHF-:;56>Q5TM�.JB>B-79<iBS:=JL.?]9:=<Q0&79.1]O:;<

ρ
\V:t@N:=]Ê79*-02MÊ:;0

B�<Q85;h0-<QJ4:Y.18�]9:=JÃ5 .K02G MO.1]O:YM)s25/M
A(G)/OPT (G) ≤ ρ

@b<K7Â.18;8V0-56])A�<Q7OcSM
G
f	:q0 ]OF25

<K0?Hª8=:;0-5eP6.KMO5 @ .10É.K85=Q<K79:�]9F-J�:;M
ρ
HqP�<QJCB�56]O:=]O:;>K5uY§.102GÉ.KPHF-:;56>Q5TM�P�<QJCB�56]O:=]O:;>K5e79.1]O:;<

ρ
\

:t@
A(G)/OPT (G) ≤ ρ

@b<K7Ê.K8=8(0-56])A�<Q7OcSM
G
f�:ª]Ê:YMDA�5/.1ch85;

ρ
HqP�<QJCB�56]O:=]O:;>K5�:5@

A(G) ≤
ρ ·OPT (G)+c

@b<K7EMO<KJÃ5VP�<Q02Ms]H.10{]
c
f�:�@�]OF-5Ð<Q0?Hª8=:;0-5V.18O=K<Q7O:=]OF2J :;ME79.K02GS<KJÃ:;,65/G @ A(G):;MN7O5�B-8;.QP�5/G¨D6;

E[A(G)]
:;0L]OF-5/M�5ÊGS5Ss202:�]9:=<Q02M6f]� 5ÄGS<�0-<K]N795�W{*-:;7O5Ð<Q0?H�8;:;0-5�.18O=K<Q7O:=]OF2JÃM

]O<Ã7O*20e:;0�B�<Q85;h0-<QJÃ:;.K8�]O:;J45Qf
� 5 *2M�5¶ßmàMáyâEß}ß°áyãCä+å�æ�½y¾Tº>¿�çÛ]9<É795S@b5T7Â]O<É]OF-5 0-5�])A�<K79c G-:;M9P�<?>Q567�;�B-79<KD-8;56J

AÐ:�]9FÑ]OF-5�8;.#;Q56795TG6H�=K7H.�B2FuW{*-567�;\JÃ<SGS5T8�.K02GÓ]OF-5©=K<Q.K8E<�@�G-:;M9P�<?>Q5679:=0>=X.K8=8�5TG?=Q5TM�.K02G
0-<K0?Hª5TG>=K5TM @ .102GfA�5'*2M�5Mß�àMáyâEß}ß�áyèEº>¿�ä3é6ä+æ¡ê6»�ä+½¢ëX]O<L795S@b567�]9<L:�]HMÐ<1[yH�8;:;0-5'>K567HMO:=<Q0Zf

ì í¥Ë ß�î áEà>ïðÑÙå�Ïhä�á¢ñ}Ëyà?ò

� 5eP�<K0�M�:YGS567�]OF-5�<K0?Hª8=:;0-5ÚM9P�5T02.179:;<2fTÃ�8;5T.K7O8O; @ .K06;Ó.K85=Q<K79:�]9F-J�]9F2.?]ÃGS<h5TM�02<1]�795&B+5T.1]
WQ*25679:=5/M F2.KM�P�<QJEB+5�]9:�]9:=>Q5E7H.?]O:;<V.?]�J4<{Ms]

n−1 @ MO:;02P�5 n−1
W{*-5679:=5/MZ.1795E.18OA�.#;hM MO*?NÂP�:;560{]



]O<
GS:YMOP6<?>K567#.Ê0-5�])A�<K79c�f A *-7O]OF-5T7OJÃ<K795 @ ]9F-5�:=02.JB>B-79<iBS:=JL.1D2:=8;:�]);
795TMO*-8=]�]9F2.?]°A�5mAÐ:=8;8-GS5SH7O:;>K5Ê:=0&gh5TP�]O:;<K0©Â�Y I F256<K7956J c \NMOF-<%AVMN]OF2.1]-A�5ÄPT.10-02<1]�F-<JB+5R@b<Q7�.£B+<K8O;{02<KJÃ:;.K8tH�]O:;JÃ5<K0?Hª8=:;0-5
.18O=K<Q7O:=]OF2JðAÐ:�]9FXP�<KJCB+5�]9:�]9:=>Q5
79.1]O:;<
o(log n)

±-:=]VJL.#;ÚMs]9:=8;8ZD+5�B�<{MOMO:;D-8=5Ä]9<L<KD?H
]9.1:;0LM�*�PHFÃ.Ä7H.?]9:=<'*2MO:=0�=Ä56B?B�<Q0-560{]O:Y.185H�]O:;J45Ð<Q0?Hª8=:;0-5Ð.18O=K<Q7O:=]OF-JLM @ F-<%A�56>K5T7Tf��Ó5�B-795TMO560{].¨8;<%A�567�D�<Q*-02Ge<K0�]OF25�P�<KJCB+5�]9:�]9:=>Q5
79.1]O:;<¨<J@#.K8=8ZGS56]O5T7OJÃ:;0-:;M�]O:YP'<K0>H�8;:=025'.K85=Q<K79:�]9F-JLM6f
óMô ¨6�¡®%¨Uõ÷ö¡��ø|[�]xSz2xS~"³E�3v��e�"zK�8�M|%v¡×2Û��3vyx���Û ÖU|%~"�3z+Ý6³¥ùS|�~Eß�àú�âEß}ß°ú�ãEä+å�æ�½y¾jº>¿Jçû����v
Ý>�%�%x£{}x����V��|�³�Ü�x&z��3zK�3�#x£~���z��8|

3 − ε
ùS|%~��v��

ε > 0 ü
ý-~�|�|)ù ü dZ5�] A

D+5 .106;ÅG-5�]O5T7OJÃ:;0-:YMs]9:;PÑ.K85=Q<K79:�]9F-Jþ@b<K7uß�àMáyâEß}ß°áyãCä+å�æ�½y¾jº�¿�çEf-�Ó5
s279M�]V=Q:=>Q5\.ÉMO:;JEB28=5T7©B-79<h<�@
]OF�.?]

A
P6.K0-0-<K]ÚD�5ÓD+5�]�]9567�]OF2.K0

2
HqP�<QJEB+5�]9:�]9:=>Q5Kf�Ã�<K0?H

M�:YGS567 A :5=�f b Y¿.U\%f6� 5Ê7O5&@b567�]O<¨]OF-5ÄM�*2D>=K7H.�B-FÚ:=02G-*2P�5/GÂD6;4]OF-5Ä>K5T7�]9:;P65TME8Y.1D+568;5TG r @ x @ y @.102G
z
.QMV.

2
×8ÖU�J��Ö]x&z�f R M9MO*-JÃ5
]OF2.1]V]OF25M=K:;>K5T0f=Q79.JB-F G

P�<K0�M�:YMs]HMÐ<�@E.[=Q8=<QD2.18 79<h<1]
g.102G

k @ k ≥ 2 @ G-:;M8ÿs<K:;0{]ÐP6<JB-:;5TM�<J@y]9F-5 2
H�=Q.QG?=K56] @ AÐ:�]9F�]9F-5 r

H�>Q567O]O5�BÂ<J@�5/.KPHF
2
H�=Q.KG>=K5�]

P�<K020-5TP�]O5TG�]9<¨]9F-5�=K8;<KD�.18 79<{<K]
g
f ¤ 0-5
PT.10&5T.QM�:;85;Ú>K5679:5@+;L]OF2.1]

OPT (G) = k
@b<Q7�]OF-:YM

=K7H.�B-F @ .K02G�]OF2.1]Ð]OF-5�MO5�]V<J@#.K8=8 x
Hª>K567O]O:YP�5/M�<�@(]OF-5

2
HK={.KG?=Q5�]9M�P6<K02M�]O:=]O*S]95TMV.K0�<]BS]O:;JL.18

WQ*2567�;4MO5�]/f ¤ 0L]9F-5V<1]9F-567�F2.10�G @ .K85=Q<K79:�]9F-J A
P6.K0LD�5R@b<K7HP�5TG4]9<�JL.1cQ5Ð]OF-5Rs27HMs]oW{*-5T7�;

.?]
g
Y§.KM @ :;0-:=]O:Y.18;85; @ ]OF25�>K5T7�]9:;P65TMÐ.1795
:;02GS:YMs]9:=0>=Q*-:YM�F2.KD-8;5']O<L]9F-5�.18O=K<Q7O:=]OF2J[\�f I F-:YM�AÐ:;8=80-<1]ÂGS:YMOP6<?>K5T74.K0U;Ñ:;0?@b<Q7OJL.?]9:=<Q0 .KD�<Q*S]L5TG?=Q5TM4<K7Ã0-<Q0?Hª5TG?=Q5TM4D�56])A�5T560 >K5T7�]9:;P65TM

x @ y.102G
z
<�@#5T.QPHF

2
HK={.KG?=Q5�]Tf I F25
<K0-8O;©W{*-5679:;5TM�]OF�.?]ÊPT.10&GS:;M9P�<?>Q567�]OF2:;M�:=0?@b<Q7OJL.1]O:;<K0&.1795WQ*25679:=5/M�.1]

x @ y .K02G z
f6:q0f@¿.KP%] @ .CWQ*2567�;Â.?] x

<K7
y
MO*?NÂP�5/M�]O<LGS:YMOP6<?>K567�]OF25Ä5/G?=K5'D+5SH

])A�5T560
x
.102G

y
.K02GÚ]OF-5
0-<Q0?Hª5TG?=Q5TM�D+5�])A�56560

x
.10�G

z
.K02GeD�56])A�5T560

y
.10�G

z
f>��F-560

A
JL.1cQ5TM
]9F-5Zs�79M�]EW{*-5T7�; .1JÃ<K0�=X]OF-5�>K5T7�]9:;P65TM
:;0 {x, y, z} <�@�. 2

HK={.KG?=Q5�] @ A�5ÚPT.10@b<K7HP�5V:=]�]9<�JL.1cQ5Ð]OF�.?]�WQ*2567�;4.1]
z @ MO:=0�P�5V]9F-5V]9F-79565�>Q567O]O:YP�5/MN.1795V:;02GS:YMs]9:=0�=K*-:YM�F�.1D-8;5V]9<]OF-5
.18O=K<Q7O:=]OF2Jef I F-5�W{*-567�;Â.?] z
GS<h5TM�0-<K]VGS:;M9P�<?>Q567�]OF-5'5/G?=K5ÄD�56])A�5T560

x
.102G

y
f I F-5.18O=K<K79:=]OF-J J�*�Ms]
JL.1cQ54.eM�5/P�<Q02G^W{*-567�;X:;0\]9F-5

2
H�=Q.KG>=K5�]�]O<XGS:YMOP6<?>K567�]OF2.1]
5TG?=Q5Kf�:q0

]O<1]H.18 @ ]OF-5Ð.K85=Q<K79:�]9F-J J�*2M�]vJL.1cK5�.?]v8;5T.QMs]
2k+1

WQ*25679:=5/M6f R M(]9F-5VP�<Q02M�]O79*2P%]9:=<Q0A�<K79chM@b<K7V.179D-:=]O7H.17�;Ã>i.K8=*25TM�<�@
k @ ]OF-:YMVMOF-<%AVM�]OF2.1]Ð0-<LGS5�]95679J4:;0-:YMs]9:;PÄ<K0>H�8;:=025'.K85=Q<K79:�]9F-JÏP6.K0

=K*2.K79.K0Q]9565<A�5/.1cÂP6<KJCB�56]O:=]O:;>K5
7H.?]9:=<
2 − ε

@b<K7V.106;ÂP6<K02M�]9.K0Q]
ε > 0

f
I <X=Q5�]¨. M�]O79<K0�=K567
8;<%A�567�D+<K*-0�G <�@ 3 @ A�5ÚP67O5/.?]95Â.&0-5&A ={.KG?=Q5�] @ P6.18;8;5TG ]OF-5 3

×
Ö]�]�&ÖUxSz @ .KM&MOF-<%AÐ0Ù:;0 A :5=�f b YbDy\%f I F-5 3

H�=Q.QG?=K56]Ú:;M�]9F-5ÓMO*-D>=Q79.JB-FÙ:;02GS*2P65TGºD6; .K8=8
>K567O]O:YP�5/MN56B-P�5&B-]

g
:=0Ú]OF-5Ds�=Q*-7O5Qf]�Ó5'P�8Y.1:;JØ]OF2.1]

A
P6.10�D�5D@b<K7HP�5/GÃ]O<4JL.1cQ5

6
W{*-5T7O:;5TM

:=0 5T.KPHF
3
H�=Q.QG?=K56] @ AÐF256795T.KM�]OF254<]BS]O:;J�*2J WQ*2567�;&MO5�]�P6<K02MO:;M�]9MÊ<�@�<K0-8O;

2
>Q567O]O:YP�5TMÊ:;0

5T.KPHF
3
H�=Q.QG?=K56]^Y¿GS7H.#AÐ0 MOF2.QGS5TG :;0 ]OF-5�s�=Q*-795�\%f}:�@�A�5 P�<Q02M�]O79*2P%]Â. =K7H.�B2FwAÐ:=]OF

k @
k ≥ 2 @ GS:YM+ÿs<Q:=0{]ÐP�<]B-:=5/MN<J@y]9F-5 3

HK={.KG?=Q5�] @ ]OF25 s
Hª>K567O]O56BL:=0e5T.QPHFÂ<�@Z]9F-56J P�<K020-5TP�]O5TGÂ]O<

]OF-5D=K8;<KD2.K8279<{<K]
g
.QME:;02GS:YP6.1]O5TGÂ:=0L]9F-5Ds�=K*-795 @ A�5R=K5�]�.�=K7H.�B2F G

@b<Q7}AÐF-:YPHFZA�5�P�8Y.1:;J
]OF2.1]

OPT (G) = 2k
.102Ge]9F-5¨.K85=Q<K79:�]9F-J

A
PT.10XD+5�@b<K7HP�5/Ge]O<ÂJL.KcK5�.?]Ê8=5/.KM�]

6k + 1WQ*25679:=5/M6f I F-:YMÐM�F2<%AVMN]9F2.?]Ð0-<LGS56]O5T7OJÃ:;0-:;M�]O:YPÄ<K0?Hª8;:=0-5
.K85=Q<K79:�]9F-JÏP6.10f=K*�.17H.10{]O5T5RA�5T.1c
P�<KJCB+5�]9:�]9:=>Q5
79.1]O:;<

3 − ε
@b<K7V.K06;ÂP�<K0�Ms]H.10{]

ε > 0
f

I <ÂMO565
]9F2.?]
OPT (G) = 2k @ 8;5�] Q

D�5
]9F-5¨MO5�]Ê<�@	W{*-5679:=5/M�P6<K02MO:;M�]O:;0>=L<J@(]9F-5�])A�<
M�F2.QGS5TG�>K5T7�]9:;P65TMo@b79<KJ 5/.KPHF�P6<JB6;L<�@�]OF-5

3
HK={.KG?=Q5�]�.KM�M�F2<%AÐ0�:;0 A :O=2f b YbD¡\�f>� 5
P68;.K:=J]OF2.1]

Q
GS:YMOP6<?>K567HM

G
f I F-:YM
P6.K0\D+5¨>Q5679:ts25/G JL.10h*2.K8=8O;X.KMD@b<K8;8;<%AVM&� A <Q7Ä5T>K5T7�;&>K5T7�]95�B:=0X.

3
H�=Q.QG?=K56]

Π @ P�<Q02MO:;GS5T7�]OF-5 3
H§]9*>B-8;5<AÐF2<QMO5'P6<KJCB+<K0-5T0Q]HMÐ.1795�]9F-5�GS:YMs]H.102P65TMo@b79<KJ

]OF2.1]#>Q567O]O56B
]O<Ä]OF-5�])A�<�WQ*2567�;
>K567O]O:YP�5/M(:=0
Π
.K02G�]OF-5VGS:YM�]9.10�P�5�]O<
.10Ã.179D-:=]O7H.17�;�W{*-5T7�;

>K567O]O56BC@b7O<QJ
Q
<K*S]HM�:YGS5

Π
f ¤ 025�s202G2MN]9F2.?]�5T.QPHFÂ>K5T7�]95�BÃ:=0

Π
F2.QM�.�*-0-:eW{*-5

3
H§]9*>B-8;5 @M�F-<%AÐ:;0>=4]OF�.?]�.18;8Z5/G?=K5/MV.102G�0-<Q0?H�5/G?=K5/M�<�@

Π
.1795'G-:;M9P�<?>Q56795TGÂD6;

Q
f-CN.KPHF&0-<Q0?Hª5TG?=Q5



. . .

x y z

g

r

¼bni½

. . .

g

u

v
x y z x’y’z’t t’

s

¼�¸S½
����� ¶��h¶ ©2u�À(l9oN¸Su/zQth·¨}9u/t{¤ªpqoszQ}9ps~�u/tQ¤

D�56])A�5T560&])A�<ÚGS:=[+5T7O5T0Q]
3
H�=Q.KG>=K5�]HM�:;MÊGS:YMOP6<?>K56795TG�D6;�<Q0-5�<J@(]9F-5W{*-5T7O:;5TM�:=02MO:YGS5
]OF25TMO5

])A�<
3
H�=Q.KG>=K5�]HM6f I F-5Ã5TG?=Q5TMÄ.102G\0-<K0>H�5/G?=K5/M�D+5�])A�565T0 g

.102GX5/.KPHF
3
H�=Q.KG>=K5�]Ä.1795¨.18YMO<

GS:;M9P�<?>Q56795TG f-U�5602P65 @ OPT (G) ≤ 2k
f>�Ó5�F2.i>Q5

OPT (G) ≥ 2k @ D+5TPT.1*2MO5
5T.QPHF�<J@#]OF-55TG?=Q5TM {x, y} .K02G {x′, y′} Y¿MO565 A :O=2f b Y¿D¡\I\�<J@(. 3
H�=Q.QG?=K56]�795�W{*-:;7O5/M�.4MO5&B�.17H.?]O5�W{*-567�;Kf

I <eM�F-<%AÛ]9F2.?]
A(G) ≥ 6k + 1 @ A�5Ã.17�=K*-5�.QM�@b<Q8=8;<%AVMTf A :;79M�] @ A�5ÃP6.K0X@b<K7HP�5 A

]9<
JÃ.KcK5v]9F-5os279M�]TW{*-5T7�;'.?]

g
f I F-:YM¢AÐ:;8;8Q0-<K]�7956>Q5T.18Q.106;':=0?@b<Q7OJL.1]O:;<K0�.1D+<K*-]�5TG>=K5TM¢AÐ:�]9F-:;0]OF-5ÃMO.KJÃ5�8;.#;Q567Ê<�@N.106;&<�@v]9F-5

3
H�=Q.KG>=K5�]HM6f�� 54>h:=5�A 5T.KPHF

3
HK={.KG?=Q5�]�.QMÊP6<K02MO:;M�]O:;0>=Â<J@

s
.K02GÙ.Ñ8;5S@�]fB2.17O] @ .ÑJÃ:;G-G-8=5^B�.17O] @ .K02GÙ.Ñ79:O=KF{]ZB2.17O]Tf I F-5\8;5S@�]fB2.17O]�P6<K02MO:;M�]9MÂ<�@]OF-5Â8;5S@�]4PHF-:=8YG <�@

s
.102G :=]9M�@b<Q*-7¨.QG#ÿ�.KP6560{]�>K5T7�]9:;P65TM'D+568;<%AÇYb]OF-5/M�5Z@b<K*-7¨>K567O]O:YP�5/M
.1795

P6.18;8;5TG	��|�z�z2|%³À�#x&~"z��8��xS� @ .102GÂ]OF-5'8;5S@�]VPHF-:;8;GÚ<�@ s
:YM�P6.K8=8;5TGÂ]OF-5C~�|�|%z�<�@y]9F2.?]mB2.K7�]"\"±h]OF25

J4:YG-GS8;5�.10�G�79:O=KF{]�B2.17O]�.1795
GS5Ss2025TG&.102.K8=<]=K<Q*2M�8O;Kf I F-5']9F-79565�B2.17O]9MV<�@v. 3
HK={.KG?=Q5�]

Π.1795�:;02GS:YMs]9:=0>=Q*-:YM�F2.KD-8;5�]O<
A
*20Q]9:=8#:=]ÄJL.KcK5TMÊ:=]9MDs27HMs]�WQ*2567�;e:;02MO:;G-5

Π
f R WQ*2567�;&.1]

sA�<Q*-8;GÂ0-<1]ÐGS:YMOP6<?>K567�.106;Ã0-5&AÅ:=0?@b<Q7OJL.1]O:;<K0Ú.KD�<Q*S]
Π @ MO<£A�5ÊPT.10Â:O=K02<K795DW{*-5679:;5TMN]OF2.1]

A
JÃ:5=QFQ]�JL.KcK5L.?]

s
:=0 ]9F-5C@b<K8;8=<%AÐ:;0>=X.17�=K*2J45T0{]9MTf���F-560

A
JL.KcK5TM':=]9MMs27HMs]W{*-5T7�;

:=02MO:YGS5
Π @ A�5�PT.10E@b<K7HP�5�]9F-:;MoW{*-567�;
]O<�D�5V:;0Ã]OF25VJÃ:;G-G-8=5�B�.17O] @ .K02GCA�5VPT.10E@b<K7HP�5Ð:=]E]9<D�54.?]
u
<Q7

v
f�:q0 D+<1]9F P6.QM�5TM @ ]9F-5£W{*-5T7�;eGS<h5TMV02<1]ÊGS:YM9P�<?>K5T7V.106;e:=0?@b<Q7OJL.1]O:;<K0X.1D+<K*S]]OF-5¨5TG?=Q5TMV.K02G&0-<K0>H�5/G?=K5/MÐD�56])A�5T560X]9F-5�D+<1]O]O<KJ >Q567O]O:YP�5TMV<�@#]OF-5¨8=5&@�]DB2.K7�] @ 0-<Q7�GS<h5TM:�]�GS:YM9P�<?>K5T7Ð.106;L:=0>@b<K79JÃ.1]O:;<K0&.1D+<K*S]Ð]9F-5
5TG>=K5TMÐ.K02G�0-<K0?Hª5TG>=K5TM�D+5�])A�565T0�]9F-5
D+<1]�]9<KJ

>K567O]O:YP�5/MÐ<�@(]OF25�79:5=QFQ]�B�.17O] @ 0-<Q7�GS<h5TM�:�]ÄGS:;M9P�<?>Q567�]9F-5�5TG>=K5�GS7H.#AÐ0XG-.KMOF-5TGZf>��F-560 APHF-<h<QMO5TMv:=]9M�M�5/P�<Q02GZW{*-567�;4:=0
Π @ :=]�P6<K*-8YGÃD�5Ä:;0L]OF-5Ê8=5&@�]oB2.K7�] @ :;0L]9F-5�JÃ:YG-GS8;5DB2.K7�] @ <Q7:=0L]9F-5�79:O=KF{]}B2.K7�]/f R MOMO*-JÃ5V]9F2.?] A

PHF-<h<QMO5TMv]OF-5Ê8=5&@�]-B2.K7�]�±QMO:=0�P�5V]9F-5�D+<1]O]O<QJ×>Q567O]O:YP�5/M
<�@�]OF-5�8=5&@�]}B2.17O]N.1795VM�]O:;8=8�:=02G-:;M�]O:;0>=K*2:;MOF2.1D28=5�]9<

A @ A�5VPT.10E@b<K7HP�5 A
]9<�JL.1cK5�]9F-5RW{*-5T7�;

56:=]OF-5T7¨.?]¨]OF-5Ú7O<h<1]¨<�@�]OF-5�8=5&@�]£B2.K7�]¨<K7�.1]�]OF25ÚD+<1]�]9<KJ�>K5T7�]95�B
t
f(gh:;JÃ:=8Y.17985; @ :;0Ñ]OF257O:O=KF{]DB�.17O]DA�5¨P6.K0X@b<K7HP�5

A
]9<ÚJL.1cQ5�]OF25EW{*-5T7�;&.?]Ä:�]HMÊ79<h<1]Ä<K7Ê.1]

t′
fy:q0 ]OF25¨JÃ:YG-GS8;5

B2.17O] @ A P6.K0LJL.1cK5V]OF-5<WQ*2567�;¨.106;6AÐF-5T7O5QfJ:q0Â.106;ÃP6.QM�5 @ ]OF25ÊMO5TP�<Q02GCW{*-567�;¨JL.QGS5VD6; AGS<h5TMÊ0-<1]'GS:;M9P�<?>Q567�.K06;e:;0?@b<Q7OJL.?]9:=<Q0 .1D+<K*S]'5TG>=K5TMÊ.102G 0-<K0?Hª5TG>=K5TM�D�56])A�5T560 >Q567O]O:YP�5/M
:=0L]9F-5�MO5�] {x, y, z} .10�GÃ:=0L]9F-5ÊMO5�] {x′, y′, z′} fhgh:=JÃ:;8;.K7O8O;¨.QME:;0L]OF25�P6.QM�5V<J@ A :O=2f b Y§.]\ @@b<K7E5/.KPHFÃ<�@+]OF-5/M�5ÊM�56]9M°A�5VP6.K0£@b<Q79P65

A
]O<�JÃ.KcK5�]OF25�s27HMs]}W{*-5T7�;4.?]

z
Y¿.1]

z′
\E.102G¨]OFh*2M

7O5�WQ*2:=795Ê.4M�5/P�<Q02GZW{*-567�;L.?]
x
<K7

y
Y§.?]

x′ <Q7 y′ \v]9<4G-:;M9P�<?>Q567N5T>K5T7�;{]OF2:=0>=4.1D+<K*S]�]OF25TMO5=K79<K*>B2MTf6:q0e]O<1]H.18 @ A J�*2M�]VJL.1cQ5'.1]Ð8=5/.KM�]
6
W{*-5679:;5TM�:;0e5/.KPHF

3
H�=Q.QG?=K56]Tf ut

��:�]9FÃ]OF-5�={.KG?=Q5�]E<J@ A :O=2f b Y¿.U\(<K0-5�PT.10CB-79<?>K5�5T.QM�:;8O;�]OF�.?]N0-<
7H.10�GS<KJÃ:;,65TG4<Q0?H�8;:;0-5.18O=K<K79:=]OF-J @b<K7mßmàú�âEß}ß	ú�ãCä+å�æ�½y¾Tº>¿�ç PT.10ÂF�.i>K5�A�5T.1cÃP�<QJCB�56]O:=]O:;>K5�7H.?]9:=<
4/3− ε

@b<K7
.106;

ε > 0
±]ÿs*2M�]Ê<KD�M�5T7O>Q5']OF2.1]<A�5�P6.K0X@b<K7HP�5¨.Â7H.102GS<QJÃ:=,T5TGX.18O=K<Q7O:=]OF2J ]9<ÂJL.1cK5�]OF-5



E ← ∅ 
���������������������������! "���#$�
N ← ∅ 
��%��������������������'&(��&()*���! "���#$�
A←

`

V

2

´ 
+�%-,�.�."/0,������-�213������45��&6�74%&6�!�"���#5�
�%98%:;,��<�>=?5�@BA{³

i = 1
²<A

3
√

n ln n C A
v ← o�n6th·Ku/r
¹¥¦�}O�Qu/¤qlHt4t{u1·Ql�w;osu/r V 

(Ev, Nv)← Æ?zQl9oq¦ (v) 

E ← E ∪Ev 

N ← N ∪Nv 
A C%


�%98%:;,��<�-DE5�FHG ��IKJ E ∪N 6= A C A
{u, v} ← nTtÃn�os¸{~¥pqo�n6oq¦¨lH¹�lHr
lHt?pEu6w A \ (E ∪N) 

(Eu, Nu)← Æ?z{l9oq¦ (u) 

(Ev, Nv)← Æ?zQl9oq¦ (v) 

E ← E ∪Eu ∪ Ev 

N ← N ∪Nu ∪Nv 

S ← ¤ql9pNu6w t{u1·KlH¤vw;osu/rÛÀE�Q~�}O�4ps�Ql'¼�t{uTtQ¾�½�l%·K»/l {u, v} ~�¤N·Q~�¤q}Hu�£il9oslH· 
@LAh³ J ´hµ G x ∈ S \ {u, v} C A

(Ex, Nx)← Æ?zQl9oq¦ (x) 

E ← E ∪Ex 

N ← N ∪Nx 
A C%
A C%


����� ¶NM2¶PO tQ¾¿¹�~�tQlÐnT¹�»TuTos~¥ps�{r wYu6oRQTS>U�V>Q%Q�U�W>X�Y!Z6[(\^];_N`

s279M�]�W{*-567�;Â.?]
z
AÐ:�]9F�B-7O<QD2.1D2:=8;:�]);Â.1]Ð8=5/.KM�]

1/3
f?¦V<K]O5Ä]OF2.1]�.18;8�8=<%A�567�D+<K*-02G2M�<K0�]OF-5

A�5/.1c�P6<KJCB+5�]O:=]O:;>K5¨79.1]O:;<Â.18YM�<LF2<K8YGf@b<K7V]9F-5©Y§Ms]H.102G-.K79G¡\ÐP�<QJEB+5�]9:�]9:=>Q5�7H.?]O:;<ZAÐF-5T7O5
02<
.KG-GS:=]O:;>K5
P6<K02M�]9.K0Q]

c
:YMÐ.18;8=<%A�5TG f

óMô ¨6�¡®%¨Uõba��dc�Ý>x&~�x<�e�<�~��%v��J|%³E�Ke�x��[|%v�×2Ût�3vyx��%Û ÖU|%~"�3z+Ý6³�z3Ý��%z	�J��Ý6�8x&�#xS����|�³�Ü�xSzK�3zK�3�#x
~��%zK�8|

O(
√

n log n)
ùS|%~©ß�àú�âEß}ß°ú�ãEä+å�æ�½y¾jº>¿Jç ü

ý-~�|�|)ù ü I F-5X<K0?Hª8;:=0-5X.K85=Q<K79:�]9F-J :;MÚM�F-<%AÐ0 :=0 A :O=2fo`-f°:q0 ]9F-5�s27HMs][B-F�.KMO5 @ :=]ÂJÃ.KcK5/M
3
√

n lnn
W{*-5679:=5/MV.?]Ê0-<SGS5TMÊPHF-<QMO560&*-0-:5@b<K79JÃ85;&.?]V7H.10�GS<KJ&f>:q0X]9F-5�MO5TP6<K02GfB-F2.QM�5 @ .QM8=<Q0>=\.KM¨0-<SGS5VB2.1:;79MAÐ:�]9F *-0-ch0-<%AÐ0 Ms]H.?]O*�M�56Bh:YM�] @ :�]EB-:;PHcSM¨.10É.K7OD-:=]O7H.17�; MO*2PHF�B�.1:;7

{u, v} .K02GEB-7O<SP6565TG2Mv.KMT@b<K8;8;<%AVM6f A :;79M�] @ :=]}W{*-5679:;5TM u
.K02G

v
:=0Ã<K7HGS5T7#]O<�GS56]O5679JÃ:=025�]OF-5

GS:;M�]9.K02P�5�<�@Z.18;820-<SGS5/Mv]9<
u
.K02G

v
f A 79<KJ�]OF-:YMN:=]�PT.10ÂGS5/GS*2P�5V]OF-5ÄM�56]

S
<�@ 0-<SGS5/M°@b79<KJ

AÐF-:;PHFÃ]9F-5�5/G?=K5�<K7E0-<Q0?Hª5TG?=Q5VD�56])A�5T560
u
.102G

v
P6.10LD+5ÊG-:;M9P�<?>Q56795TG�±i]9F-5TMO5Ê.K7O5VMO:=JCB-8O;

]OF-5�0-<SGS5TM�@b<Q7AÐF-:YPHF ]OF25ÚGS:YMs]H.102P65L]O<
u
GS:=[+5T79MM@b7O<QJ ]9F-5ÚGS:YMs]H.102P65L]O<

v
f I F2560 @ :�]WQ*25679:=5/MÐ.18;8 7O5TJÃ.K:=02:=0>=Ã0-<SGS5/M�:=0

S
f

I <Ó.102.K85;h,65Ú]OF-5&.18O=K<Q7O:=]OF2J @ :=]Ã:YM4F-568OB?@b*-8�]9< >h:;5&AÇß�àú�âEß}ß	ú�ãCä+å�æ�½y¾jº�¿�ç".KM4.
f£äe»�»�ä3ë�g°¸yº?» B-79<KD-8;56J&f A <Q7Ê5T>K567�;&5TG?=Q5�<Q7Ê0-<Q0?Hª5TG?=Q5 {u, v} @ 8=56] Suv

D�5¨]OF-5ÃMO5�]'<�@
0-<SGS5TMj@b79<KJÙAÐF-:YPHF¨.RW{*-5T7�;
GS:YM9P�<?>K5T79M {u, v} f I F25N]H.KMOcÄ<J@-]OF25mß�àú�âEß}ß°ú�ãEä+å�æ�½y¾jº>¿JçB-7O<QD-8;56J�]979.K02MO8;.1]O5TM':;0{]O<&]9F-5L]9.QM�c <�@ÐP�<QJEB2*S]O:;0>= .XMO*-D2MO5�]�<�@

V
]9F2.?]�F2:�]HM�.18;8NMO5�]9M

Suv

f I F-5£=K<Q.K8Z<�@v]9F-5Ms�79M�]RB-F2.QM�5�:;M�]O<ÂF2:�]'.18;8(MO5�]HMÐ]OF�.?]ÊF�.i>K5�MO:=,T5¨.?]Ê8=5/.KM�] √n ln n



AÐ:�]9F F-:O=KFûB-79<KD2.KD-:;8=:=]);Kf�:�@Ä]OF-:YMLM�*�P6P�5T5TG-M @ ]OF-5XB27O<QD-8=5TJ 7O5TJL.1:;0-:=0�=G@b<Q7¨]9F-5 MO5TP�<Q02G
B-F2.KMO54:;M'.hf£äe»�»�ä3ë�g°¸yº?»¹B-79<KD28=5TJ AÐF-567954.K8=8vMO5�]HMÊF�.i>K5ÃM�:;,65Ã.?]'JÃ<QM�] √

n lnn
f I F25.18O=K<K79:=]OF-J <�@v]9F-54MO5TP6<K02G�B2F2.KMO5�795&B+5T.1]O5TG-85;fB-:YPHchMÄ.10 .179D-:�]979.K7�;eM�56]�]9F2.?]Ä:;MÊ0-<1]<;K56]

F-:�] @ .102G\:=02P68=*�GS5TM'.18;8#:�]HMÄ568;56JÃ560{]9MÊ:;0 ]OF254MO<K8;*S]O:;<K0yf R MÊ]OF-5ÃM�56]9MÊF2.i>K54M�:;,65Ã.?]ÄJÃ<QM�]√
n ln n @ ]9F-5�0h*-J¨D�5T7V<�@}W{*-5T7O:;5TMÐJL.QGS5�:;0&]OF-54M�5/P�<K0�GVB2F2.KMO5�:YM�.?]ÊJ4<{Ms]Ä.C@¿.KP�]O<K7�<�@√
n ln n

.#A�.#;C@b7O<QJÏ]OF25
<JBS]9:=J¨*-J&f
dZ5�]�*2MZJL.1cQ5#]OF-:YMy.K02.18O;SM�:YM�B-795TP6:;MO5Kf#Ã�<K02MO:;G-567y.Ð02<hG-5	B2.1:;7 {u, v} @b<K7jAÐF-:YPHF']OF-5NMO5�]

Suv

F2.KM(MO:=,T5�.1](8;5T.QMs] √
n ln n

f#:q0�5/.KPHF£W{*-5T7�;'<J@-]OF-5-s27HM�]TB-F�.KMO5 @ ]OF-5mB-79<KD2.KD-:;8=:=]);Ä]OF2.1]
Suv

:YME0-<K]NF-:=]N:YME.?]NJÃ<{Ms]
1−

√
n ln n
n

= 1−
√

ln n√
n

f I Fh*2M @ ]OF25�B-79<KD2.KD-:=8;:=]);�]OF�.?] Suv

:;M
0-<1]�F-:�]�]OF27O<Q*>=KF-<Q*S]E]9F-5�s27HM�]oB-F2.QM�5�:;M�.?]�J4<{Ms] (

1 −
√

ln n√
n

)3
√

n ln n

≤ e−3 ln n = 1
n3

f
I F-567954.K7O54.?]ÄJ4<{Ms] (

n
2

) M�56]9M
Suv

<�@�P6.17HGS:;02.18;:=]);&.1]Ä8;5T.QMs] √
n ln n

f I F-5EB-7O<QD2.1D2:=8;:�]);
]OF2.1]�.?]Ð8=5/.KM�]Ð<K0-5
<J@y]OF256J :YMÐ0-<K]ÐF-:�]V:;0e]OF-5�s�79M�]�B-F2.KMO5
:YMÐ.?]ÐJÃ<QM�] (

n

2

)

· 1
n3 ≤ 1

n

f
¦V<%A P�<K0�M�:YGS567E]OF-5ÄM�5/P�<K0�G£B2F2.KMO5 @ P6<K02G-:�]9:=<Q0-5TGÃ<Q0Ã]OF-5V5T>K5T0Q]N]OF2.1]E]OF-5Rs27HMs]}B2F2.KMO5F2.KM'F-:=]�.18;8vM�56]9M

Suv

<�@ÐM�:;,65L.?]
8;5T.QMs] √
n lnn

f :q0Ó5T.QPHF\:=]O567H.?]9:=<Q0 <J@N]9F-5[AÐF-:;8=5&H�8;<h<JB
<�@�]OF-5ÚMO5TP6<K02G¶B-F�.KMO5 @ ]9F-5Ú.18O=K<Q7O:=]OF2J .KMOcSM�.?]�JÃ<QM�] √

n ln n
W{*-5679:=5/M6f�dZ5�]

`
D+5L]OF-5

0{*2J�D+567Ð<�@�:�]9567H.?]O:;<K0�M6f6:ª]Ð:;MÐP68=5/.17�]OF�.?]�]OF-5'<]BS]O:;J�*-J J�*2M�]ÐJÃ.KcK5'.?]Ð8;5T.KM�]
`
W{*-5679:;5TM @D�5/P6.1*�M�5e0-< ])A�< *-0-ch0-<%AÐ0�B�.1:;79M {u, v} P�<Q02MO:;GS5T7O5/GÑ:;0 GS:=[�5679560{]4:=]O5T79.1]O:;<K02M¨<�@Ê]OF-5M�5/P�<K0�G©B-F�.KMO5'PT.10eD�5
795TMO<K8;>K5/GÂD6;L]9F-5�MO.KJÃ5�W{*-5T7�;Qf

gh:=0�P�5
OPT (G) ≥ 1

.K02G
OPT (G) ≥ ` @ ]OF25L0{*2J�D+567�<J@mW{*-5T7O:;5TM'JL.KG-5LDU;\]OF-5.18O=K<K79:=]OF-JÏ:YMV.?]ÐJÃ<QM�]

3
√

n ln n + `
√

n ln n = O(
√

n log n) · OPT (G)
f

��:�]9FGB-79<KD2.KD-:;8=:=]);e.1]Ê8;5T.QMs]
1 − 1

n
@ ]OF25Ms27HMs]�B-F2.QM�5¨M�*2PTP�5T5TG-MÄ.102GX]OF-5Ã.18O=K<Q7O:=]OF-JJÃ.KcK5/M

O(
√

n log n) ·OPT (G)
W{*-5T7O:;5TMTf#:�@2]9F-5ms27HMs]�B-F2.QM�5-@¿.1:;8YM @ ]OF25�.K85=Q<K79:�]9F-J JL.1cQ5TM

.?]VJÃ<QM�]
n
WQ*25679:=5/M6f I F-:YM�PT.KMO5':=02P67O5/.KMO5TM�]9F-5�5�B?B+5TP�]O5TGe0h*-J¨D�5T7V<�@	W{*-5679:;5TM�JL.KGS5
D6;]OF-5�.K85=Q<K79:�]9F-J D6;Ú.1]�JÃ<QM�] 1

n
· n = 1

f I Fh*2M @ ]OF-5
56B6B+5TP�]O5/G&0{*2J�D+567V<J@�W{*-5T7O:;5TM�:YMV.?]J4<{Ms]
O(

√
n log n) · OPT (G) + 1

n
· n = O(

√
n logn) · OPT (G)

f ut

i í¥Ë ß�î áEà>ïkjGËyà2å2Ó'ä�Î�ß-å�áNÞ
óMô ¨6�¡®%¨Uõml �on"zE�e� NP ×�Ý>�%~���z2|���ÜJÜy~�|�p]�3³C��z�x�ßmàMáyâEß}ß°á¡èCº>¿�ä3é6ä+æ�ê6»�ä+½jë{°�3z+Ý6�3v
~��%zK�8|

o(log n) ü
ý-~�|�|)ù ü � 5-B-79<?>K5E]9F-5�:=02.JB>B-79<iBS:=JL.1D2:=8;:�]);Ä795TMO*-8�]#*2MO:=0�=Ä.K0�.�B>B27O<iBS:;JÃ.1]O:;<K0?H�B-795TMO5679>h:=0>=7O5/GS*2P%]9:=<Q0©@b79<KJ ]OF-5[z2x"�"zm��|�Û3Û5x��SzK�8|%v©Üy~�|0�&Û5xS³rq�c9s¢ý%t]�
u�®#�^v�ª8¨6õ ó'w u
xS��y Å �0z<=K79<K*-02GeMO5�]

S
.102GeP�<Q8=8;5TP�]O:;<K0 C <�@vM�*-D�M�56]9M�<�@ S{¢¨6�>Æ��$v�ª8¨XÆ��¡ª Å ���8�y�9z�MO*-D2MO5�] C′ ⊆ C MO*2PHF ]OF�.?]@b<Q7�5/.KPHFÓ])A�< GS:;M�]O:;02P�]¨568;56JÃ5T0Q]HM

x.102G
y
<�@

S @ ]9F-56795Ð5�BS:YMs]HMN.
MO5�] C ∈ C′ M�*�PHF¨]9F2.?]�5�B-.KP�]O8O;�<K025Ð<�@ x .102G y
:;MN:=0

C
f

Ä v}|�¨(~J���+�y¨PzÄJÃ:;0-:;J4:;,65']9F-5�P6.K79G-:=02.K8=:=]);L<�@ C′

:q0Â]OF25�<K79:O=K:;02.18+.�B>B-8;:YP6.?]9:=<Q0[@b<K7 I ÃoF @ S :;M�.�MO5�]�<�@�G-:;MO5T.QM�5/MN.10�G C :YM�.�P�<Q8=8;5TP�]O:;<K0Â<J@]O5TM�]9MTf R ]95TM�] C ∈ C @ .�B>B28=:;5TGÂ]O<¨.B2.?]9:=5T0{] @ AÐ:=8;8y=K:;>K5Ê.B�<{M�:=]O:;>K5Ê7O5/M�*28�]�:t@Z]9F-5<B2.?]9:=5T0Q]:;M�:;0?@b5TP�]O5TG�D6;Â.¨G-:;MO5T.QM�5Ä:=0
C
f?:�@(.£B2.?]9:=5T0{]�:YM�c{02<%AÐ0Â]O<4D+5Ä:;0?@b5/P%]O5/GÚD6;L56BS.QP%]985;Ã<K025

<�@y]9F-5
GS:YM�5/.KMO5TM�:=0
S @ ]OF25�=K<Q.K8�<J@ I ÃoF :;M�]9<LP�<KJCB-*-]O5
.�JÃ:;0-:;J�*-J 0{*2J�D+567�<�@�]O5TM�]9M

]OF2.1]Ð]O<J=Q5�]9F-567VPT.10e*-0-:eWQ*2568O;Â:;G-560{]O:5@+;Â]9F2.?]�GS:YMO5T.KMO5Kf



��:�]9F-<K*S]'8;<QM9MV<�@o=K5602567H.18;:�]); @ A�54P6.K0 7O5/Ms]97O:YP%]Ä<K*-7HMO568;>K5TMV]O<�:=02M�]9.K02P�5/M�<J@ I ÃoFÅ:;0AÐF-:;PHF .106;X])A�<&568;56JÃ560{]HM'<�@�]OF-5C=K79<K*202G MO5�]�PT.10ÓD�5ÂMO5&B2.K79.1]O5/G D6; .1]'8;5T.QMs]
<Q0-5Ã<�@
]OF-5'M�56]9MN:=0 C ±{:;02Ms]H.102P65TM	AÐ:=]OF2<K*S]�]OF-:YMoB-7O<]B�5T7�]);ÃGS<¨0-<1]�F2.i>K5�.K06;@b5/.KMO:=D-8;5ÊMO<K8;*S]9:=<Q02M6fU�.18;8YG6�K7HMOMO<K0Ñ56]Â.18�f�_�� d B27O<?>Q5Â]OF�.?] I ÃoF×PT.10-02<1]LD�5X.JB>B-79<iBh:;JL.?]95TG¹AÐ:=]OF 79.1]O:;<
o(log |S|) *-028=5/MOM P = NP f I F-5T:=7�B-79<h<�@y*�M�5/MÐ.10&.�B>B-79<iBS:=JL.1]O:;<K0?H�B-795TMO5679>{:;0>=
795TGS*�P"H]O:;<K0^@b79<KJÞ¸yº>»¢¼<½�¾jº>¿T±+]OF-548Y.?]�]9567�B-79<KD-8;56J�A�.KMÊM�F-<%AÐ0 NP H�F2.K79GX]O<&.�B>B-79<iBS:=JL.1]O5AÐ:�]9F-:=0

o(log n) @ AÐF-56795 n
:;Me]9F-5ÓPT.17HGS:;02.18;:�]);�<J@�]OF25¶=Q7O<Q*-02GÙMO5�] @ DU; R 7O<Q79. .102Ggh*2G-.K0¹_ b&d f I F25MB-79<{<J@(D6; R 79<K7H.Ã.102G gh*�G-.10X5/Ms]H.1D-8;:;MOF-5/M�]OF-5�:=02.JB>B-79<iBS:=JL.1D2:=8;:�]);Ú7O5&HM�*-8=]�@b<K7C¸�º?»j¼<½y¾jº>¿ 56>K5T0G@b<Q7
:=0�Ms]H.102P65TM':;0uAÐF-:YPHF ]OF-5ÂMO:=,T5Ã<�@�]OF-5C=K79<K*202G MO5�]�.K02G

]OF-5
0h*-J¨D�5T7Ð<�@vM�56]9MÐ.1795<B�<Q85;h0-<QJ4:Y.18;8O;Â7O5T8;.1]O5/G f I F-5'7O5/GS*2P�]O:;<K0f@b7O<QJ ¸yº?»j¼<½y¾Tº>¿&]9<
I ÃoF"JL.K:=0{]9.K:=0�M�]9F-:YM�B-79<JB+567O]);Kf UV5T02P�5 @ A�5Ãch0-<%A ]9F2.?]�:=]
:;M NP H�F2.K79G ]O<X.�B�B-7O<iBS:5HJÃ.1]O5 I ÃoF�AÐ:=]OFX7H.?]O:;< o(log |S|) 5T>K5T0V@b<Q7Ð:=0�Ms]H.102P65TMÐM9.?]O:YMI@+;{:;0>= |C| ≤ |S|g @b<Q7�MO<KJÃ5B�<{M�:=]O:;>K5
P�<Q02M�]9.10{]

g
f

dZ5�]�.10Â:;02M�]9.K02P�5
(S, C)

<�@ I ÃoFÉD+5R=Q:=>Q560ZfhdZ56] nTCP = |S| .K02G mTCP = |C| f{3-;]OF-5Ê7O5TJÃ.K7Oc4.1D+<?>K5 @ A�5ÊP6.10Â.QMOMO*-JÃ5Ð]9F2.?] mTCP = n
O(1)
TCP

f]�Ó5�P�<Q02M�]O79*2P%]�.K0L:=0�Ms]H.102P65
G = (V, E)

<�@�ßmàMáyâEß}ß°á¡èCº>¿�ä3é6ä+æ�ê6»�ä+½jëX.KM}@b<K8;8=<%AVMTf A :;7HMs] @ A�5'.KG-G nTCP + mTCP>K567O]O:YP�5/MÄ]O<
V
��.K0�x&Û5x&³Cx&v�z<�%xS~"z2x�p

vs

@b<K7�5T>K5T7�; 5T8=5TJÃ560{]
s ∈ S

.102GÑ. z2x"�"zD�#x&~"z�x7p
uC

@b<K7�56>K5T7�;
C ∈ C f6�Ó5Ê:;0-:=]O:Y.18;85;Ú.QG-GL]9F-5D@b<K8;8=<%AÐ:;0>=�5/G?=K5/M�]O< E

� R 06;L])A�<�568;56JÃ5T0Q]>K567O]O:YP�5/MÐ.1795}ÿs<Q:=025TGeD6;�.10e5TG>=K5 @ .K02Ge56>Q567�;Ã]O5TM�]V>K5T7�]95�B uC

:;M�ÿs<Q:=025TG�]O<L.18;8Z5T8=5TJ45T0{]
>K567O]O:YP�5/M

vs

AÐ:=]OF
s ∈ C

f I F25X:;GS5/.ÓD�5TF-:=0�G ]OF-:YMÂP�<Q02M�]O79*2P%]9:=<Q0 :YMÃ]OF�.?]©W{*-5679:;5TML.?]]O5TM�]
>K5T7�]9:;P65TMÄ>K5T7O:5@+;X.18;8v5TG?=Q5TMÄ:=0 ]OF25ÃP68=:eW{*-54<�@�5T8=5TJÃ560{]
>K567O]O:YP�5/M�:5@Ð.102G\<K0-8O;X:t@�]OF25
P�<K79795TM�B�<Q02GS:;0>=�]O5TM�]9M¢@b<K79JÛ.�]O5/Ms]�P6<?>K5T7TfS�Ó5NF�.i>K5#]O<�5�Bh]O5T02GÄ]OF-5�P�<Q02Ms]97O*�P%]O:;<K0�MO8;:5=QFQ]985;
M�:;02P�5 @ :;0Vß�àMáyâEß}ß�áyèEº>¿�ä3é6ä+æ¡ê6»�ä+½¢ë @ ]OF-5Ê5TG?=Q5TM�.102GL02<K0?Hª5TG?=Q5TMN:=02P6:;G-560{]N]9<�]OF25�]95TM�]>K567O]O:YP�5/M�02565TGÑ]O<ÓD�5e>K5T7O:5s25TGÉ.KM£A�5T8=8�f�� 5&.KG-G

h = 2(dlog mTCPe + 2)
.K*SBS:=8;:;.K7�;

>K567O]O:YP�5/M
w1, . . . , wh

]O<e]9.KcK5ÃP6.K7O54<�@�]OF-:YM6f A <K7'5/.KPHF i @ 1 ≤ i ≤ h/2 @ ]9F-5Â.1*SBS:;8=:Y.17�;>K567O]O:YP�5/M
w2i−1

.102G
w2i

.K7O5LM9.1:YGÓ]O<X@b<Q7OJ�.fÜ>���3~%fj:q0 .QG-GS:=]O:;<K0 @ A�5Ú.QG-GÓ<K0-5Ú5�Bh]O7H.0-<SGS5
z
f?�Ó5�.KG2GÂ]9F-5�@b<K8;8=<%AÐ:;0>=45TG?=Q5TM��

� I F-5'])A�<Ã.K*SBS:=8;:Y.17�;L>K567O]O:YP�5/M�:=0&5T.QPHFVB�.1:;7�.K7O5-ÿs<Q:=0-5/GeDU;�.10e5TG?=Q5Kf
� ¦V*-J¨D�5T7�]9F-5

mTCP
]O5/Ms]Ä>K567O]O:YP�5/M�.K7OD-:=]O7H.179:;85;©@b7O<QJ

0
]O<

mTCP − 1
f�3�<1]9F\.1*-BUH

:=8;:Y.17�; >K5T7�]9:;P65TMÄ:=0Ó]9F-5
i
H§]9FuB2.K:=7 @ 1 ≤ i ≤ h/2 − 2 @ .K7O5<ÿs<Q:=0-5/G ]9<&]OF-<{M�5Ã<J@�]9F-5

mTCP
]95TM�]Ä>Q567O]O:YP�5TMRAÐF-<QMO5�0h*-J¨D�5T7ÊF�.KM�.

1
:;0 ]9F-5

i
H�]OF^B+<QMO:�]9:=<Q0 <�@E:=]9MÄD-:;02.K7�;

7O5�B-795TMO560{]9.1]O:;<K0Zf
� 3�<1]OFX.K*SBS:=8;:;.K7�;L>Q567O]O:YP�5/M�:;0e]OF-5
8Y.KM�]�])A�<CB2.K:=7HM�.1795-ÿs<K:;0-5TG�]O<L.K8=8�]95TM�]V>K567O]O:YP�5/M6f
� I F-5
5�Bh]979.¨0-<SGS5 z

:YMTÿs<K:;0-5TG�]O<Â.K8=8 <K]OF-5T7Ð>K5T7�]9:;P65TM�<�@(]OF-5�=Q79.JB-FZf
I F-5=Q79.JB-F P�<Q02Ms]97O*�P%]O5/G&:=0 ]OF-:YMRA�.#;e:;MÄGS5602<1]O5/GXD6; G = (V, E)

fZgh565 A :O=2f c @b<Q7Ê.10:=8;8=*�Ms]979.1]O:;<K0Zf?�Ó5�B-79<?>K5Ê])A�<LP�8Y.1:;JLM&�
sTÛO�%�3³�� ü LÄ:=>Q560 .ÚM�<Q8=*S]9:=<Q0 C′ ]9<Ú]9F-5 I ÃoFº:=0�Ms]H.102P65 (S, C) @ ]OF-5T7O54:;MÄ.ÚMO<K8;*S]9:=<Q0 Q<�@N]9F-5ÂP�<Q02M�]O79*2P%]95TG :=02M�]9.K02P�5

G = (V, E)
<�@MßmàMá�â£ßoß�á¡èCº>¿�ä3é6ä+æ¡êU»�ä+½jë M9.?]9:;MI@+;h:=0>=

|Q| = |C′| + dlog mTCPe + 2
f

ý-~�|�|)ù'q2|Iù�s�Û5���3³��<t ü dy5�]�.¨M�<Q8=*-]O:;<K0 C′ ]9<�]OF25 I ÃoF :;02M�]9.10�P�5 (S, C)
D+5R=Q:=>Q560Zf{dZ5�]

QP�<K0{]H.1:;0Ã.K8=8-]O5TM�]N>Q567O]O:YP�5TMvP6<K797O5/MIB+<K0�GS:=0�=Ê]9<�M�56]9M
C ∈ C′ .KM°A�568;8�.QM(]OF-5�s279M�]N>Q567O]O5�B¨<�@56>K5T7�;[B�.1:;7�<J@(.K*SBS:=8;:;.K7�;Ã>Q567O]O:YP�5TMTf ¤ Dh>{:;<K*�M�8O; @ A�5'F2.i>Q5 |Q| = |C′|+ dlog mTCPe+ 2

f
:ª]V:;M�0-<K]�GS:5NLP6*-8=]Ð]O<L>K5T7O:5@+;L]9F2.?]

Q
GS:;M9P�<?>Q567HM�.K8=8 5/G?=K5/MÐ.102G�0-<Q0?H�5/G?=K5/M�<�@

G
f ut



� � � �

� � � � �

�

���L���5� �B�B����7� � � � � ���
���L����� �B�B����B���

���L����� �B�B��L� �B���B���

����� ¶��2¶ Î§¹�¹�zQ¤ªpqo�n6ps~�u/t\uTwNps�{l�}HuTt{¤ªpqoszQ}9ps~�u/t\uTwEps�{l�»To�n6m{� G = (V, E) ps�hn6pÄ~�¤
nTtX~�t{¤ªp�n6t{}Hlu6w>QTS�� V�Q¡Q¢�(£¤]0_6X�¥"XKZ(¦�§ X�[^¨�Ç+�#�{l�n6zQËK~�¹�~�n�oq¦&£il9oqps~�}Hl9¤Ê~�tXmhn6~¥os¤�©Ân6th·EªÃn�osl¨nT·�«ªnT}HlHt?pÊpsu
n6¹�¹�pslH¤ªp�£il9oqps~�}Hl9¤HÇ �#�{l�n6zQËK~�¹�~=n�oq¦e£/l9oqps~�}HlH¤V~�t&mhn6~�o i � 1 ≤ i ≤ 3 �+n6osl�n/·N«qn6}HlHt?pVpsu4ps�{l'pslH¤ªp£/l9oqps~�}HlH¤#ÀE�{uT¤ql�t1z{rÊ¸Sl9o(�{nT¤vnMp�~�t�mSu/¤q~¥ps~�u/t i u6w+ps�Ql�¸{~�t{n6oq¦
oslHmKoslH¤qlHt?p�n6ps~�uTt�Ç]k{uTo#l9ËQnTr
m{¹�l/�ps�QlÐnTzKËK~�¹�~�n6oq¦¨£il9oqps~�}Hl9¤N~�tÃm{nT~¥o 2 n6oslVnT·�«ªnT}HlHt?pEpsuÄpslH¤ªpN£ilOoqps~�}9lH¤ 2, 3, 6 nTt{· 7

sTÛO�%�3³¬ ü LÄ:=>Q560É. MO<K8;*S]9:=<Q0 Q
]O< ]9F-5�P6<K02M�]O79*2P�]O5TG :;02M�]9.K02P�5

G = (V, E)
<J@Eßmàá

â£ßoß�á¡èCº>¿�ä3é6ä+æ¡êU»�ä+½jë @ <K0-5�PT.10&P�<Q02Ms]97O*�P%]�:=0�B+<K8O;{02<KJÃ:;.K8�]O:;JÃ5�.4MO<K8;*S]9:=<Q0 C′ <�@(]OF25<K79:5=Q:=02.K8 I ÃoF :;02M�]9.K02P�5 (S, C)
MO.1]O:YM)@+;h:;0>= |C′| ≤ |Q| − dlog mTCPe − 2

f
ý-~�|�|)ù®q)|Iù¯s�Û5�%�3³ ¬�t ü ¤ D2MO5679>K5&]OF�.?] Q

J¨*2Ms]eP�<K0{]H.1:;0Ù.?]�8;5T.QMs]�<K0-5 >Q567O]O56B�@b79<KJ
5T.KPHF¶B2.K:=7�<J@�.K*SBS:=8;:Y.17�;X>K567O]O:YP�5/M&± <K]OF-5T7�AÐ:YMO5 @ ]9F-5L5TG?=Q5�ÿs<K:;0-:;0>=&]OF-:YM�B2.K:=7�A�<K*28;GÓ0-<K]D�5ÃGS:YMOP6<?>K56795TGZf I F-5£W{*-5T7O:;5TMÊ.?]Ê]OF-5/M�5¨>K567O]O:YP�5/M�GS<�0-<1]'GS:YMOP6<?>K567Ê.106;&5TG?=Q5TMVD+5�])A�565T0568;56JÃ560{]�>Q567O]O:YP�5/M�Y¿.K8=8+568;56JÃ560{]�>K567O]O:YP�5/ME.1795�.1]�GS:YMs]H.102P65

2
@b79<KJØ.106;4.K*SBS:=8;:Y.17�;�>K5T7�]95�B

D�5/P6.1*�M�5V<J@�]OF-5Ê5�Bh]O7H.
>K5T7�]95�B
z
\�fQdZ56]

Q′ D�5�]OF-5Ê>K5T7�]9:;P65TMv:;0 Q
]OF2.1]�.K7O5Ð0-<K]�.K*SBS:=8;:;.K7�;

>K567O]O:YP�5/M6f��Ó5�F2.i>Q5 |Q′| ≤ |Q|−dlog mTCPe−2
f%¦V<%A @ Q′ :YM#.�MO5�]#<�@25T8=5TJÃ560{](>Q567O]O:YP�5/M.102G�]O5/Ms]E>Q567O]O:YP�5TM�]9F2.?] @ :=0EB2.K7�]9:;P6*-8;.K7 @ G-:;M9P�<?>Q567HM�.K8=8S5/G?=K5/M�D+5�])A�565T0Ã568;56JÃ560{]v>K5T7�]9:;P65TMTf

dZ5�]
QS

D�5E]OF-5NMO5�]Z<J@S568;56JÃ560{]Z>K5T7�]9:;P65TM�:;0
Q′ .K02GÄ8=56] QC

D+5v]OF25NM�56]Z<�@h]O5/Ms]Z>Q567O]O:YP�5/M
:=0

Q′ f>:�@ QS

:YM�56JCBS]); @ ]OF-5W{*-5T7O:;5TM�.1]Ð]OF-5
>Q567O]O:YP�5TM�:;0 QC
GS:YM9P�<?>K5T7�.K8=8y5TG?=Q5TM�<�@(]OF25

P�8;:OW{*-5e<�@�5T8=5TJÃ560{]4>Q567O]O:YP�5/M6fT:q0�B2.K7�]9:;P6*-8Y.17 @ ]9F-:;M4JÃ5T.K02M�]OF2.1]E@b<Q74.K06; ])A�< G-:;M�]O:;02P%]568;56JÃ560{]Ê>Q567O]O:YP�5/M
vs

.K02G
vt

:=0
V @ ]OF-5T7O5¨J�*2M�]ÊD+5¨.VW{*-567�;e.1]Ä.Ú>K567O]O56B&.QG#ÿ�.KP6560{]V]9<<K0-5�<�@

vs, vt

D-*S]v0-<K]�]9<�]9F-5�<1]9F-567/f I F-:;M#MOF-<%AVMy]OF2.1]�]9F-5ÐM�56] C′ = {C ∈ C | uC ∈ Q′}:;MV.ÃMO<K8;*S]O:;<K0e<�@�]OF-5
<Q7O:O=K:;02.K8 I ÃoF :;02M�]9.10�P�5'<�@(]OF-5
795�W{*-:;795TGÚMO:;,65Kf¦V<%A .KM9M�*-JÃ5
QS

:;MN0-<K0256JCBS]);Kf I F-5�MO5�]N<J@ 5TG?=Q5TMvD+5�])A�565T0L568;56JÃ560{]N>Q567O]O:YP�5TMv]OF2.1].1795Ä02<1]ÊGS:YM9P�<?>K5T7O5/GÂD6;
QC

:;M�.LGS:;M8ÿs<K:;0{]�*-0-:;<K0&<J@#P68=:eW{*-5TMTf I F-5W{*-5T7O:;5TM�:;0 QS

J¨*2M�]
GS:;M9P�<?>Q567'.18;8v5TG?=Q5TM':;0\]9F-5TMO5LP�8;:OW{*-5/M6f R M']OF254<Q0-8O; 5TG?=Q5TM'D+5�])A�565T0 5T8=5TJ45T0{]'>Q567O]O:YP�5/M]OF2.1]N.<W{*-5T7�;¨.?]E.10Ã568;56JÃ5T0Q]v>Q567O]O5�B4GS:;M9P�<?>Q567HM�.K7O5�]9F-5Ð5TG?=Q5TM#:;02P�:YGS5T0Q]v]9<Ä]OF2.1]E>K567O]O56B @.VP�8;:OW{*-5N<�@-M�:;,65

k
7O5�WQ*2:=795TM

k−1
W{*-5679:=5/M6f R M9M�*-JÃ5v]9F2.?]y]OF-5T7O5N.K7O5 p

P�8;:OW{*-5/My.10�G
GS560-<K]O5
]OF-5
0h*-J¨D�5T7Ð<�@�>Q567O]O:YP�5/M�:=0�]OF-5/M�5�P68=:eW{*-5TM�D6;

k1, . . . , kp

f I F-560 QS

P6<K0{]9.K:=0�M�.1]Ð8=5/.KM�]
∑p

i=1(ki − 1)
>K567O]O:YP�5/M6f R 8;8�5/G?=K5/ME:;0Ú.�P68=:eW{*-5�<J@ MO:;,65 k

PT.10Ú.K85A�.#;SMvD�5ÄGS:YMOP6<?>K56795TG¨D6;
k − 1

W{*-5679:=5/M'.?]']O5/Ms]
>K5T7�]9:;P65TM�� M�:;JCB-85;ÓM�5T8=5/P%]Ä]OF-5/M�5ZW{*-5T7O:;5TM<=Q7O5T5TGS:;85;XD6; PHF-<h<{M�:;0>= @.KM�8=<Q0>=¨.QM�]OF-5T7O5Ê:;MÐ.K0Â5TG?=Q5 {u, v} :=0�]OF-5'P�8;:eWQ*25�]9F2.?]ÐF2.QMN0-<K]-;Q5�]�D�5T560&GS:YMOP6<?>K56795TG @.106;Â]95TM�]V>K567O]O56BÚ]9F2.?]�:YMV.QG#ÿ�.KP6560{]Ð]O<L<Q0-5
<�@
u, v

D-*S]Ê0-<1]Ð]9F-5�<1]9F-567/f2U�5602P65 @ A�5�P6.K07O5�B-8;.QP�5
]9F-5CWQ*25679:=5/MV:;0
QS

DU;X.1]ÊJÃ<QM�] ∑p

i=1(ki − 1)
W{*-5T7O:;5TMÊ.?]Ê]O5TM�]Ê>Q567O]O:YP�5/M�.10�G



.KG-G�]OF-5/M�5�]O<
QC
@ <QDS]9.K:=02:=0>=Ä.ÊMO5�]#<�@yWQ*25679:=5/M�.1]�]95TM�]#>Q567O]O:YP�5/MZ]9F2.?]vGS:YMOP6<?>K567HMy.K8=8h5/G?=K5/MD�56])A�5T560e568;56JÃ560{]V>K5T7�]9:;P65TMTf R MÐ:;0Ú]9F-5�B-7956>h:;<K*2M-B2.K79.J=K7H.�B-F @ ]OF2:;MVMO5�]Ð<J@�]95TM�]�>Q567O]O:YP�5/M=K:;>K5TM�.LMO<K8;*S]O:;<K0�]O<4]9F-5
<K79:5=Q:=0�.18 I ÃoF :=02M�]9.K02P�5'<J@#PT.17HGS:=0�.18;:�]);Â.1]�JÃ<{Ms] |Q′| f utR M9M�*-JÃ5�]OF256795Ð:;Mv.K0Ã.JB>B-79<iBS:=JL.?]9:=<Q0�.18O=K<Q7O:=]OF2J A

@b<K7}ß�àMáyâEß}ß�áyèEº>¿�ä3é6ä+æ¡ê6»�ä+½¢ë
]OF2.1]Ó.KPHF2:=5T>K5TM 79.1]O:;<

o(log n) @ AÐF-5T7O5 n = |V | f�Ã�<Q02M�:YGS5T7 ]OF25 .18O=K<Q7O:=]OF2J B
@b<K7

I ÃoF ]9F2.?] @ =K:;>K5T0".K0Û:=02M�]9.K02P�5 <J@ I ÃoF @ P6<K02M�]O79*2P�]9MX.10":;02Ms]H.102P65Ñ<�@Gßmàáyâ£ßoß�á
èEº>¿�ä3é6ä+æ¡ê6»�ä+½¢ëÚ.KM#GS5TM9P�79:;D�5/G�.1D+<?>K5 @ .JB>B-8;:=5/M A

]9<�]9F-:;M#:;02M�]9.K02P�5 @ .K02G
]979.K02MI@b<K79JÃMy]OF257O5/M�*-8=]�:;0{]O<Ä.�MO<K8;*S]O:;<K0
]9<V]9F-5 I ÃoF :=0�Ms]H.102P65	@b<K8;8;<%AÐ:=0>=�Ã�8;.K:=J�`SfijÐ5/P6.18;8Q]OF2.1] mTCP =

n
O(1)
TCP

f]� 5�P68;.K:=JÖ]OF2.1]
B
.QPHF-:=5T>K5/M�7H.?]9:=<

o(log nTCP)
@b<K7 I ÃoF(f{dZ56]

OPTTCP
D+5Ð]OF25

<JBS]9:=J¨*-J�<KD>ÿs5TP%]9:=>Q5�>?.18;*-5£@b<K7Ä]OF25E=Q:=>Q560 I ÃoF":;02Ms]H.102P654.K02G
OPTLG

D+54]OF-54<JBS]9:tH
J�*-J <KD?ÿs5/P%]9:=>Q5
>i.K8=*25�@b<K7Ð]9F-5¨P6<K02M�]O79*2P�]O5TGe:;02M�]9.10�P�5
<�@�ßmàMáyâEß}ß°á¡èCº>¿�ä3é6ä+æ�ê6»�ä+½jë#f
dZ5�]

BTCP
.10�G

ALG
GS5T0-<1]95Ä]OF-5'<KD>ÿs5TP%]9:=>Q5Ê>?.K8=*-5/M�<�@�]OF-5
MO<K8;*S]O:;<K02M�P6<KJCB-*S]95TG�DU;

B.102G
A @ 7O5/MIB+5TP�]O:;>K5T85;Qf ¦V<1]95Ã]OF2.1] OPTTCP ≥ log nTCP

.K85A�.#;SMÊF2<K8YG-M @ M�:;02P�5 nTCP568;56JÃ560{]9MÐPT.10-02<1]ÐD�5�MO5&B�.17H.?]O5/GÚD6;[@b5�A�5T7�]OF2.K0
log nTCP

]O5/Ms]�MO5�]HM6f
Ã�8;.K:=JLM b .K02G^`Ã:;JCB-85;e]9F2.?] OPTTCP = OPTLG − dlog mTCPe − 2

f��Ó5�F2.i>Q5
OPTLG = OPTTCP+dlog mTCPe+2 ≤ OPTTCP+O(log nTCP) = O(OPTTCP)

f
Ã�8;.K:=J `\:=JCB-8;:;5TM

BTCP ≤ ALG
.10�GÑ]OFh*2MEA�5©=Q5�]

BTCP ≤ o(log n) · OPTLG =
o(log n) · O(OPTTCP) = o(log nTCP) · O(OPTTCP) @ AÐF-5T7O5Ä]OF25�8;.QMs]Ð5�WQ*�.18;:�]);[@b<Q8tH8=<%AVME@b79<KJ

n = nTCP + mTCP + 2(dlog mTCPe + 2) + 1 = n
O(1)
TCP

f I F-:YMÂM�F2<%AVM
BTCP ≤ o(log nTCP) · OPTTCP

.K02G&P�<KJCB-8;5�]95TM�]9F-5�B-79<{<J@�<J@ I F-5T<K7956J c f ut
óMô ¨6�¡®%¨Uõ±°¢�on+ùR�DÖ�~���Ü>Ý

G = (V, E)
��|%v¡z����3v>�R��� Ú ��Ö�~���Ü>Ý H

|IùR�%�8��³Cx&z�x&~
DH

{°�3z3Ý
nH

�%xS~"zK�8��x"�<²	z+Ý>x&v
OPT (G) ≥ logDH+1 nH ü

ý-~�|�|)ù ü :qJÃ.J=K:;0-5&]OF25GW{*-5679:=5/MÃD�5T:=0�=�B�5T7I@b<Q7OJÃ5/G MO5�W{*-5T0Q]9:;.K8=8O;Kf R ]�.106; :;02M�]9.10{] @ ]OF25*-0-ch0-<%AÐ0 5/G?=K5/M�.10�GÑ0-<K0>H�5/G?=K5/M�:;02GS*2P65eGS:YM8ÿs<K:;0Q]ÃP�8;:OW{*-5/M @ AÐF-:YPHF�A�5�P6.K8=8 Ú v6��vy|�{°vÖ�~�| Ú Ü¡�%f I A�<Ã>Q567O]O:YP�5TM�.K7O5Ä:=0e]9F-5�MO.KJÃ5Ä*20-ch0-<%AÐ0V=Q7O<Q*>BÚ:5@v.102Ge<K0285;Â:5@(]OF-5�;ZA�5T7O5':;0]OF-5�MO.KJ45N8;.#;Q567Z<J@2.18;8UW{*-5T7O:;5TMyJÃ.QGS5NMO<�@¿.17/f�Ã�<K02MO:;G-567 ]9F-5
nH

>K5T7�]9:;P65TMZ<J@2M�*2D>=K7H.�B-F
H
f

:q0-:�]9:;.K8=8O; @ .K8=8�>K5T7�]9:;P65TM	@b<K79J .10Ú*20-ch0-<%AÐ0Z=K79<K*�BZf A <K7�5T.QPHF©W{*-567�; @ ]OF-5 nH

>K5T7�]9:;P65TM�<�@
H
AÐ:;8=8ND�5Ã:;0 .1]
J4<{Ms]

DH + 1
P�<K0�M�5/P�*S]9:=>Q5¨8Y.#;K5T79MÊ<�@�]OF-5L8Y.#;K5T7O5/GX=K7H.�B-FÓ795�]O*27O0-5/G

DU;e]9F-5EW{*-5T7�;Qf I F-5T7O5&@b<K795 @ .%@�]O5T7�]9F-5£s279M�]<W{*-5T7�; @ .1]Ä8;5T.QMs] nH/(DH + 1)
>K5T7�]9:;P65TMV<J@

H
AÐ:;8;8NMs]9:=8;8ED+5Â:;0 ]9F-5ÂM9.1JÃ5L*-0-ch0-<%AÐ0¶=K79<K*>Byfygh:=JÃ:;8;.K7O8O; @ .%@�]O5T7 k

W{*-5T7O:;5TM @ .1]'8;5T.QMs]
nH/(DH + 1)k

>Q567O]O:YP�5/M�<J@
H
AÐ:=8;8 D+5Ä:;0X.10�*-0-ch0-<%AÐ0f=K79<K*>BÚ]O<J=Q5�]9F-567/f6:�@

k
W{*-5T7O:;5TM

M�*?NÂP65Ð]O<
>Q5679:t@+;4.18;825TG>=K5TMN.102GÃ0-<Q0?Hª5TG?=Q5TM @ ]OF-5V*20-ch0-<%AÐ0C=K79<K*>B2MEJ�*2M�]ND+5�M�:;0>=Q8=56]O<K0�M:=0e]OF25
5602G f+gh<CA�5'J�*�Ms]VF2.i>Q5
nH/(DH + 1)k ≤ 1

f I F-:YMmB-7O<?>Q5TM�]OF25']OF-5T<K7956J&f ut
I F-:;M�]9F-56<Q7O5TJÏ:=JCB-8;:;5TM�]9F2.?]V.E=K7H.�B-FeP�<Q0Q]H.1:;0-:;0>=4.4P�8;:eWQ*25
<K0

k
>K5T7�]9:;P65TM�7O5�W{*-:=795TM

.?]N8;5T.QMs]
log2 k

W{*-5679:=5/M @ .102GL.�=Q79.JB-FEAÐ:�]9FÂJL.?BS:=J¨*-J�G-5&=K79565
∆
.?]N8;5T.QMs]

log3(∆+1)WQ*25679:=5/M6f A <K7N]OF-5R@b<K79JÃ567 @ ]9.KcK5 H
]O<�D+5�]9F-5ÊP68=:eW{*-5V<Q0

k
>K5T7�]9:;P65TM @ .102G[@b<K7E]9F-5�8Y.?]O]O5T7 @]9.1cQ5

H
]9<LD�5']9F-5�M�*2D>=K7H.�B-F�:=0�GS*2P�5/GeDU;�.¨>Q567O]O56BÚ<�@vGS5&=Q7O5T5

∆
.102G�:=]9MÐ0-5T:5=QFhD�<Q79MTf

³ ÑÙå�à>Ëyä+ß-åsá�ÞRÏµ´HáEà·¶VãÐß-ãVà�Ë¹¸ áEà>ï

:q0 ]OF2:;MCB2.JB�5T7 @ A�5�F2.i>Q5�P6<K02MO:;G-56795TGÑ0-56])A�<Q7Oc GS:YMOP6<?>K5T7�; .102GÉ0-5�])A�<K79c >K5T7O:5s�P6.1]O:;<K0B-7O<QD-8;56JLM�:;0 ]9F-548;.#;Q56795TG6H�=K7H.�B-FXW{*-5T7�;&JÃ<SGS568�f I F-5=Q<Q.18TA�.KM�]O<�G-:;M9P�<?>Q567�<Q7Ê>Q5679:t@+;.18;8�5/G?=K5/M�.K02GL0-<Q0?H�5/G?=K5/ME<J@�.�0-56])A�<Q7Oc�f A <K7�0-56])A�<Q7OcÃGS:YMOP6<?>K567�; @ ]OF-5ÄJL.%ÿs<K7-B-79<KD-8;56J



8=5&@�]�<JB+560&D6;Â<K*27�A�<Q7OcÂ:YM�]9<ÃP68=<{M�5Ä]9F-5M=Q.JB�D+5�])A�565T0&<K*-7Ð7H.102G-<KJÃ:=,T5TG�*>B>B+567VD+<K*202G
<�@

O(
√

n logn)
.102G�]OF25�M�JL.18;8ZP�<Q02M�]9.10{]Ð8;<%A�5T7�D+<K*-0�G-M6f

I F-5ÚMO*-D?ÿs5TP�]�<�@V<Q*-7�M�]O*2G>; :YM¨.K0Ñ5�B-.1JCB-8;5L<�@�.X@¿.1JÃ:=8O;Ó<�@�B-79<KD-8;56J M�56]�]9:=0>={M�:;0
AÐF-:;PHFe]9F-5M=K<{.18 :YM�]O<ÂG-:;M9P�<?>Q567�<K7Ð>Q5679:t@+;�:=0?@b<Q7OJL.1]O:;<K0&.1D+<K*S]�.C=Q79.JB-F�*�M�:;0>=ZW{*-5679:;5TMTf
º�:=[+5T7O5T0{]�B-7O<QD-8;56JLMV.1795'<KDS]H.1:;0-5TG�:5@(]9F-5MW{*-567�;ÂJÃ<SGS568�:;M�>?.K7O:;5TG @ <K7Ð:5@�]9F-5�<KD>ÿs5TP%]9:=>Q5:;M�PHF2.K0>=K5/G f ¤ ]OF-5T7�0�.?]O*279.K8yW{*-5T7�;LJÃ<SGS568YM�.1795 @ 5Kf =2f @ ]OF2.1]�.EW{*-567�;Â.?] v

795�]O*27O02M�<K0285;
]OF-5ÐGS:YMs]H.102P65TM¢@b7O<QJ

v
]O<'.18;8h<1]OF2567#>K5T7�]9:;P65TM�<�@2]9F-5-=K7H.�B-F ±T]OF�.?]E.DW{*-5T7�;
:YM#MIB+5TP6:ts�5TG�D6;

])A�<4>K5T7�]9:;P65TM
u
.102G

v @ .102G�7O56]O*-7902M�]9F-5
M�56]�<J@(.18;8 5TG>=K5TM�<Q0eMOF-<K7O]O5/Ms]mB2.1]OF2M�D+5�])A�565T0
u
.K02G

v
±�<Q7�]9F2.?]L.GW{*-5T7�; 795�]9*-7O0�M�.10 .179D-:�]979.K7�;ÓM�F2<K7O]O5TM�]IH�B2.1]OF ]O79565e79<{<K]O5/GÑ.?]

v
f

Ã�<K02P656790-:=0�=
]OF-5Ê<KD?ÿs5/P%]9:=>Q5 @ ]OF-5D=K<Q.K8�P6<K*-8YGLD+5V]O<4GS:YMOP6<?>K567N<K7�>K5679:5@+;4.¨P�567O]9.K:=0[=Q79.JB-FB2.17H.1JÃ5�]9567NMO*2PHFÂ.QMNGS:Y.1JÃ5�]9567 @ .i>Q567H.�=K5mB2.1]OFÂ8;560�=1]OF @ <K7�:=0�GS5&B+5602G-5602P65�0h*-J�D+567/f ¤ 025P�<K*28;G .K8;MO<L79568Y.?Be]OF-5¨7O5�WQ*2:=7956JÃ560{]Ê.K02GX<Q0-85;&.KMOcV@b<K7Ê.K0\.�B�B-7O<iBS:;JL.?]O5�.K02M�A�5T7 @ 5Qf =�f @<K0-5ÄP�<K*28;G�P�<K0�M�:YGS567N]OF-5<B-79<KD-8;56JØ<J@yJÃ:=0-:;JÃ:=,T:=0�=�]9F-5Ê0h*-J¨D�5T7�<J@jW{*-5679:;5TM�7O5�WQ*2:=795TG4]9<
.�B>B-79<iBS:=JL.1]O5�]9F-5L.i>K5T79.J=K5�B2.1]OFÓ8=5T0>=1]9FGAÐ:=]OF-:;0Ñ.Z@¿.QP%]O<Q7Ê<J@

1 + ε
f��Ó54D�5T8=:;56>Q5¨]9F2.?]

]OF-5'Ms]9*2G?;Ã<�@yMO*2PHFZB27O<QD-8=5TJLMNP�<Q*-8YGLD�5'.�@b79*-:=]I@b*-8Z.K7O5/.'<�@Z795TMO5T.17HPHFCAÐ:�]9F�.JB>B-8;:;PT.?]O:;<K0�M
:=0Ú]OF-5ÊJ4<Q0-:=]O<K79:;0>=¨.K02GÂ.10�.18O;hMO:YME<�@yP6<KJÃJ�*20-:;PT.?]9:=<Q0Â0-5�])A�<K79cSMNMO*2PHFÚ.QMv]OF25D:q0{]O5T7O025�]Tf

» Ë�´�Ëyà>ËyÞ�ä�ËjÏ
p/Ç�|SÇiÈEosuTo�nÐn6th·H¼�Ç1|1zh·QnTt�Ç{Î�r
mKosu6£/l%·�¹�u%Àv¾§·QlH»6oslHlEpslH¤ªps~�t{»VnTt{·Ä~¥ps¤(n6m{mQ¹�~�}%n�ps~�u/t{¤HÇ-Î§t 8¡���!�N½
D"¾�4�:¤¿9&À&6½(¿3ÁPÂkÃÀÄ�ÅR/Æ½Æ��&ÈÇ^:;������Ä¤�213Á���ÅÉ/(ÊË45��&Ë HÌLÃPÇTÍÎÁ-Ï ¾ËÐ�Ñ �imhnT»TlH¤¡©ÓÒ�ª<Ô"©#qÓª1�>p"q�q#r?ÇÕ Ç�l�ÇPÖ#n6oqw;uTo�·-� È�ÇPÖ(lH¤ªp�n%£?osu/¤H�Ø×QÇ}Öy¦?l9os¤H� n6th·È¼�ÇZx�osu�£ilH¹�¹�nKÇ O teps�{lÄr�n6os»/~�t{nT¹yzQps~�¹�~�p§¦eu6w
·KlHm{¹�u%¦K~�t{»�r
l%nT¤qzKoslHr
lHt?p�~�tKw;o�nT¤ªpqoszQ}9pszQoslTÇÄÎ§t 8¡���!�N½¢¿3ÁPÂÙÃËÚ�ÛÎÁÜÍ%ÂÝÂÚ�&;4B����&6��4�Â?��,�)
��ÊË����Åo��&À4¤Þ�����ß��2:;��/?D0à�à�= �;á�u�£il9rÄ¸Sl9o Õ n�n�p/Çâ Ç3¼�Ç{È�ÇÀÖ(lHt{·Ql9o�n6th·4kÄÇ0ã'Çh|K¹�u/tQ~�rÃÇ(�#�QlÐmSu%À#l9o�uTw�pslHnTr l9ËKm{¹�uTo�n�ps~�u/t^ä{��À(u'osu/¸SuTps¤N}%n6t
¹�l%n�ostÃz{tQ¹�nT¸SlH¹�l%·Ã·K~¥oslH}9psl%·4»6o�nTmQ�{¤HÇ�Î�t 8¡���!�N½¢å"æ�4�:'¿9&À& ½ÆÚ�ç�ç%çèÃ;Ä�ÅÉ/Æ½}��&#éP��ÊË&6�Ó,�45�$��&;�
�*1oÁ���ÅR/(ÊË4B����Ã6�7�$��&6����Ì�é�ÍÎÁ}Ã¡Ï ¾<êÓÑ �Qmhn6»/lH¤-rÓª<ÔËÒ�ª?��p"q�q�©KÇ©QÇ-×KÇTxTëT}Hl9osl9¤H�?x�Ç6��lOosthnTt{·QuK��¼�Ç�¼4u6o�nK�6ÎOÇÓ¼�Ç&l�lH¹�nH¦?uK��¼�ÇT©ZÇ&lyzQl9oqp�nT¤H�/x�Ç/|Kl%n�o�nK�TnTt{·�kÊÇ h Ç
Òeu?u1·2Ç O tVps�Ql�r
lOpqos~�}y·K~�r
l9t{¤q~�u/tVuTwhx#n6oqpsl9¤q~=n6tÄmKosu1·Qz{}Ops¤+uTwQ»To�n6m{�Q¤HÇË¼ÃnTt1zQ¤q}9os~�mQp%� Õ n�n�ª?Çª1Ç3ìÊÇ/x(�{n6oqpqo�nTt{·Än6th·<l�Ç/�S�hnTtQ»QÇQ�#�{l�ps�{lHu6oq¦�nTth·ÊnTmQm{¹�~�}%n6ps~�u/tQ¤ZuTwhoslH¤quT¹�£/n6¸{~�¹�~�p§¦�~�tÊ»To�n6m{�{¤<ä
ÈÉ¤qzQos£ilO¦?Ç Á���&Ë ��<½^íÎÊËÅH���<½ �>p"i�n0ä ©%r<Ô�i�ÒK� Õ n�n â ÇiKÇ3¼�Ç h Ç}ì�n6osl9¦&nTth·&kÊÇy|-ÇØ×/u/�Qt{¤qu/t2Ç Á���ÅR/(ÊË4B�����',�&6�ÝÚ�&À45��,Ó�74L,�î7�5. ��45Ä�½T¿�ÛTÊË�$�"�H4L�ï4�:À�
Ç^:;������Ä��21Éí98Ü)�Á���ÅÉ/6.ð��4B��& ����� Ç(Ò ÇQ�ÊÇ]kQosl9lHr�nTt4nTth·4x(u/r
m{nTt?¦?�0á�l9À¯ñ�uTosÁS�>p"q�r�qKÇr1Ç-ÖNÇØòÊÇ+��n6¹�¹�·0óTos¤q¤qu/t2��¼�Ç�¼�Ç+��nT¹�¹�·;ó6os¤q¤qu/t2�ZnTt{· h Ç h n%£1~�Ç O teps�Ql�nTm{mKosu%ËQ~�r�n6¸{~�¹�~�p§¦eu6w
ps�Ql�r
~�t{~�rÄzQrºpslH¤ªpN}HuT¹�¹�l9}9ps~�u/tLmQosuT¸{¹�lHrÃÇZÎ§t 8¡���!�N½¢¾�4�:#¿9&;& ½ÆçTÊË�2��/;��,�&ÈÃ;Ä�ÅÉ/0������ÊËÅô��&
¿É.  �������4�:"Å>�¤Ì�ç¡Ã0¿ÝÏ à�=�Ñ �{©^áÐxv| Õ p"i�p/�{mhnT»TlH¤�pNª�Ò!Ô6p�i�qKÇ-|KmQos~�tQ»/l9oq¾Lòyl9os¹�nT»Q� Õ n�nJpTÇÒKÇ�k(ÇQ��n�o�n6oq¦4nTt{· h Ç(¼4lH¹¥psl9o%Ç#�#�{lÐr
l9pqos~�}V·Q~�r
lHtQ¤q~�u/tÃu6wynÄ»To�n6m{��Ç ¿9���oÁ���Åoî7��&6½ � Õ ä�p"q�p�Ôp�q�ª?�yp"q�r�i1Ç

qKÇ�|SÇPãÐ�1zQ¹�¹�l9o%�ØÖ�Ç h nT»T�hn%£TnT}��hn6os~���nTth·XÈVÇ h u/¤ql9tQwYl9¹=·-ÇÂ©+n6th·Kr�n6osÁ1¤Ð~�tX»To�nTmQ�{¤HÇöõ �����7����4B�
¿¡/�/6.ð½ÆÂ?,�4�:À½ �6r�n0ä Õ pSr!Ô ÕÓÕ qK��p"q�q�i1Çp�nKÇ-ÖNÇ2©�~�th·K¤ªpqo�÷/rÃÇ O t�n�}HuTrÄ¸Q~�t{n6psu6oq¦Ú·Ql9pslH}Ops~�uTt�mKosu/¸Q¹�l9r×ÎOÇ Â?,< �Ä�,��ÝÇÀÊ;�"½}¿ÜßÓ,��"½¢Âï,�4B½ø Ê04L,�4LùoÚ�&À4B½ ø�ú<û .ð½ �UqËä�p"q�ª<Ô Õ n#r1� p�q�i�©KÇp�p/Ç�ò�ÇK|Qn6lHt{mQ�{uT¹�mQ�hn�pvnTt{·Ml ÇQ�S�hn6t{»KÇ�x(uTth·K~�ps~�uTthnT¹SoslH¤quT¹�£/n6¸{~�¹�~�p§¦�~�t¨»6o�nTm{�Q¤<äKÈÑ¤qzQos£il9¦?Ç Ú�&;4B½ü ½ÆÂ?,�4�:À½ÆÂ?,�4�:À½ØÃ6�7�L½ � â Ò0ä�p"q�q#r<Ô Õ n�pSr?� Õ n�n�©KÇp Õ ÇVÈVÇE|1lH¸Àý n6th· �EÇv��nTtQt{~�l9o%Ç O tÑr
l9pqos~�}Â»/lHtQl9o�n6psu6os¤ÃuTw�»To�n6m{�Q¤HÇ Âï,�4�:À½HÍP/;���!½Éþ9���7½ �Õ qQ¼ Õ ½�ä â Ò â Ô â q â � Õ n�n�©KÇ

p â ÇV©ZÇ1|1z{¸Qo�n6r�nTtQ~=n6t��i|-Ç/È�»/n6oqÀvn6¹��0×QÇ h l9Ë1wYuTo�·-�in6th· h Ç�ãVn�psÕ/Ç2x(�hn�o�nT}9pslOos~�Õ9~�tQ»�ps�QlvÎ�t?psl9ostQl9p
�Q~�l9o�n6os}��?¦�w=osu/r rÊz{¹¥ps~�m{¹�l�£TnTt?p�nT»TlÐmSu/~�t?ps¤HÇZÎ�t Ú�í�é�ÍRÁÜÍ%ÂèÏ à�D �À×Tz{t{l Õ n�n Õ Ç


