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PREFACE

Why another book on Category Theory?

In the past ten years, several books have been published on Category Theory either
by Computer Scientists or having Computer Scientists as a target audience (e.g.
[6,12,22,91,107], to which we a precious collection of little gems [92] should be
added).  Isn’t the Working Computer Scientist spoilt with choice?

Although each of the above mentioned books presents an approach of its own, there
is one aspect in common in their view of Computer Science: the analogy between ar-
rows (morphisms) and (classes of) computations.  This “type-theoretic” or “functional”
approach corresponds to a view of Computer Science as a Science of Computation,
i.e. a discipline concerned with the study of computational phenomena where the
focus is on the nature and organisation of computations.

However, there is another view of Computer Science where the focus is, instead, on
the development of computer programs or systems.  This is the approach that sup-
ports, for instance, Software Engineering.  From this point of view, arrows capture not
computational phenomena, or abstractions thereof, but relationships between pro-
grams, or abstractions of programs, that arise in the development of computer sys-
tems: for instance, refinement of higher-level specifications into executable programs
[101,106], and superposition of new features over existing systems [71].

Not surprisingly, this same difference in the points of view can be found when Logic
(instead of Category Theory) is taken as a mathematical domain for formalising as-
pects of Computer Science.  The “computations as proofs” paradigm is the one that
corresponds to the “classical” application of Category Theory.  Terms of the logic cor-
respond to objects in a category of programs whose morphisms capture (partial) com-
putations.  From a logical point of view, the perspective that we take in this book is
not centred on terms but on theories as system specifications.  Morphisms then cap-
ture what in Logic is known as “interpretations between theories”, the cornerstone
for the formalisation of refinement in program development and other operations on
specifications and system designs [17,81,82,83,84,104,105,106].

Category Theory can also be presented as the branch of Mathematics that, par excel-
lence, addresses "structure".  As the introduction will try to motivate, this is because
Category Theory causes structure to emerge from relationships between objects as
captured by arrows, and not extensionally as in Set Theory.  Indeed, the term mor-
phism often used for arrow in Category Theory, has in its etymology the notion of
"preservation of form".  What these structures are, or mean, is up to the "user".
Hence, in the "classical" approach, we find applications of Category Theory that ad-
dress the structure of computations.  In the approach that is taken in this book, the
structures that will be addressed are the ones that capture modularisation principles
in software development, in particular, those that have been emerging in the guise of
what has become known as Software Architectures [49].
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The practical difference between the two approaches in what concerns Category
Theory in general, and this book in particular, is that the reader will not find as many
references to Algebraic Topology or related fields of Mathematics as applied, for in-
stance, to Domain Theory.  Although this book is still “mathematical”, the Software
Practitioner will find the mathematics applied to objects of its day-to-day concerns:
programs, object classes, specifications, designs, etc.

This approach can be also situated as belonging to the class of applications of Cate-
gory Theory to General Systems Theory, namely in the tradition initiated in
[51,52,63], an area of Science that, as the name indicates and the introduction will
try to motivate, encompasses more than computational systems in the traditional
sense.  Through books aimed at wider audiences like [70], a unifying view of complex
systems as they arise in disparate areas like Physics, Biology, Social Sciences, Eco-
nomics and, yes, Informatics, has started to emerge (pun intended) which is a clear
indication of new levels of maturity in Science in general and Informatics in particu-
lar.  Hence, one of the purposes of this book is to help Computing scientists and
Software practitioners acquire formal tools that will enable them to follow and par-
ticipate in this “new” culture.  

A trait that is common to all these areas is a view of complex systems as communities
of interacting, simpler, autonomous entities.  Whereas, in areas like Biology or Social
Sciences, the notion of “community” is intrinsic, its use in areas like Software Engi-
neering is more artificial and is normally identified with methods and development
techniques that, in the past few years, have attempted to tackle complexity by bor-
rowing the organisational principles that can be recognised in such “natural” com-
munities. Object-oriented modelling, agent-based programming, and component-
based development all make use, in one way or another, and with different empha-
sis, of this analogy.  This brings us to the second word in the name of this book, the
one that identifies its second part.

CommUnity is the name of a language for parallel program design that is similar to
Unity [19] but adopts instead an interaction model that places it in the realm of these
more general and unifying approaches to systems.  It addresses in particular the most
recent trend – service-oriented software development, an (r)evolution of the popular
object-object oriented modelling techniques for the “Internet-age” or what is becom-
ing known as the “real-time” or “now” Economy.  The distinctive feature of this new
trend is in the emphasis that it puts in the externalisation and explicit modelling of
interactions as first-class citizens so that systems can be more easily reconfigured, in
run-time, and without interruption of vital services.  These characteristics match,
precisely, features that are intrinsic to Category Theory, namely those that distin-
guish it from Set Theory.  This is why, even if a substantial part of this book is illus-
trated with many examples borrowed from Software Engineering practice, we decided
to devote three chapters to the application of Category Theory to CommUnity and its
relationship to Software Architectures.  This will provide an opportunity for the
reader to see the majority of the basic concepts and techniques of Category Theory
applied in an integrated and systematic way.  At the same time, the reader will be
able to appreciate how far one can go in formalising software development methods
and techniques in mathematical frameworks, which is essential for a mature Engi-
neering discipline and, in my opinion, our responsibility as scientists.

How this book came into being and whom you should blame for it

Mentioning the connections between Category Theory and General Systems Theory
is a good opportunity to give due credit to Joseph Goguen for the profound inspira-
tion that his work has instilled, a sentiment that I know is shared by many other re-
searchers in Computing Science.  He has expressed his own views on the applica-
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tions of Category Theory to Computing in several publications, most notably in [56],
which include detailed summaries of technical results that we all have found very
useful when categorical approaches were still regarded, at best, as "exotic"
[59,60,65,103].  All of us regret that this material has never found its way to a text-
book.  Because it is not the aim of this book to fill this gap, the reader is strongly en-
couraged to consult this rich legacy at his or her own pace, bearing in mind that the
list of references that is provided at the end is far from being complete.

Completeness is, in fact, a concern that has remained largely alien to my research
agenda.  (This observation is intended to make some faces smile but you can take it
literally.)  This book is more about a personal experience than the output of a ra-
tional process of identifying “ the” or “a” complete categorical kernel that Software
Engineers can use as a toolbox.  The only justification for the inclusion of many con-
cepts and constructions is that they were of help to me, either technically or aes-
thetically, making it "likely" that they will be directly useful for other people "like me".
The exclusion of many other, even very basic ones1, can be justified by the officious
disclaimer “the line has to be drawn somewhere” but, most of the time, the reason is
that I never really stumbled upon them in my daily routine or simply that I have not
developed an understanding about them that is deep enough to add any value to
what can be found in other books.

This personal experience has gone through well identifiable periods, each of which is
associated with a different focus of interest in Computing and a group of people with
which I worked directly and whose contributions I would like to acknowledge.  My
first contact with Category Theory was when I was studying Mathematics as an un-
dergraduate at the University of Lisbon, and Prof. Furtado Coelho challenged the
wrath of my fellow students, and his fellow staff, by including this most exotic, diffi-
cult and useless of subjects in the curriculum of Algebra II.  It was a total revelation:
sheer simplicity, economy of means, and elegance!  Applications to Computing came a
year later through the study of Goguen and Burstall’s Theory of Institutions as a
means of formalising Conceptual Modelling and Knowledge Representation Ap-
proaches, under the supervision and in collaboration with Amílcar and Cristina
Sernadas.  This is when things started to get serious.

In 1988, I started what has been a very rewarding collaboration with Tom Maibaum.
During the three years I spent at Imperial College, we developed a categorical ap-
proach to object-oriented development based on temporal logic specifications, a mar-
riage between my previous work with institutions and the ideas of Tom and Paulo
Veloso on the nature of specifications in system development.  Their contribution
permeates the material that will be exposed in a way that cannot be referenced in
the same way as a technical result.  I am very fortunate to be able to keep exchang-
ing ideas and experiences with them: there are always hidden subtleties that only
come to the surface when you are challenged by people like them and required to
scratch the innermost levels of your understanding to satisfy their curiosity.

During this same time, Félix Costa in Lisbon explored the categorical semantics of
objects from the point of view of algebraic models of concurrency.  When I returned to
Lisbon in 1992, we brought it all together!  These were very exciting and rewarding
times. My collaboration with Félix provided much of the inspiration that lead to my
own understanding of the application of Category Theory to systems modelling.  Al-
though some specific contributions are acknowledged with references to his work, it
would be unfair to reduce his contribution to this book to those occasions.  

                                                
1 Yes, I know that I will not be forgiven for having left out many "must-haves" such as the Yoneda lemma,

cartesian-closed  categories, topoï, monads, and so on.
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The next phase is devoted to the (then) emerging field of Software Architectures.  It
is centred on a language – CommUnity – that I developed together with Georg Reich-
wein and Tom Maibaum in an initial period, and later on with my students Antónia
Lopes and Michel Wermelinger.  It started as a proof of concept, showing that
Goguen’s categorical approach could be applied to Parallel Program Design in the
style of Unity [19] and Interacting Processes [47].  Later on, it evolved into a prototype
language for architectural modelling, a process that led me to understand many con-
cepts that, until then, were blurred by the poor expressive power of the formalisms
with which we had been working (unfortunately, not many people have learnt from
these mistakes…): non-determinism vs under-specification, refinement vs composi-
tion, and the role of signatures in separating computation and coordination.  Some of
this is revealed in part three of this book, but you will have to wait for another book
to have the full story!

Although this “architectural” period is still very much alive (which does not mean
that the other are already dead), another step in this evolution process has just
taken place: the realization that Category Theory provides a perfect fit for what is re-
quired to support service-oriented software development, for instance in the sense of
Web Services.  But this step is so recent that, in fairness, I cannot acknowl-
edge/blame anybody in particular for it…  Nevertheless, it is unlikely that it would
have happened so soon, or at all, if I had not accepted the challenge that Luís An-
drade presented me with for working with ATX Software SA in putting these “theo-
ries” into “practice”…  This has been a very rewarding process that has given me the
opportunity to understand the implications of many of the structures and mecha-
nisms that are intrinsic to Category Theory.  I hope that I have managed to permeate
this understanding in the way the material is exposed in the book.

This is probably why this book is being finalised now and only now: during each of
the periods I mentioned, a book was planned and several parts were written…  It is
only now that the work of so many people has contributed to the contents that I can
safely write it on my own without feeling guilty for excluding anybody in particular
from co-authoring it.  

It so happens that the last thrust in writing this book was made during my first year
at the University of Leicester, a renowned address for research in Category Theory
and its applications to Computer Science.  Although I can honestly assure the reader
that the decision to join Leicester was not for the advantages of promoting this book,
it is certainly a privilege for the book to be bear this affiliation!

Finally, I should thank all the colleagues and students who have tread with me the
paths that you can choose to follow in this book.  The opportunity to discuss and lec-
ture on many of the topics that will be covered contributed decisively in helping me
reach the level of maturity that made me decide that this book could be written.  The
feedback I receiced from tutorials presented at events such as ECOOP, ETAPS, FME,
OOPSLA and TOOLS made me decide that this book should also be written.  

I would like to thank in particular the University of Lisbon and the Technical Univer-
sity of Lisbon for the opportunities that they gave me to lecture much of the material
covered in the first two parts, both at undergraduate and postgraduate level.  These
parts of the book were also covered in lectures given at the University of Coimbra, the
Institute for Languages and Administration in Lisbon (ISLA), the Federal University of
Rio Grande do Sul (Brazil), the 1992 Advanced School on Artificial Intelligence or-
ganised by J.Falcão e Cunha in the Azores, and the IX School of Computing organ-
ised by Ruy Queiroz in Recife (Brazil).
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I am particularly grateful to Ugo Montanari for the invitation to lecture a 20 hours
course on CommUnity and Software Architectures (part three of this book) as part of
a postgraduate programme of the University of Pisa, and to Roland Backhouse and
Jeremy Gibbons for the opportunity to lecture the same material at the 2002 Sum-
mer School on Generic Programming.  Jeremy deserves a special thanks for sending
me lots of comments and challenging questions!

Special acknowledgements

Although the previous paragraphs have given me the opportunity to acknowledge the
contributions of a number of people and institutions, there are some specific col-
leagues to whom I would like to express my deepest gratitude for direct contributions
to this book:

Félix Costa: a significant part of the material covered in part two was devel-
oped jointly with him as reported in [32,33].  As already mentioned, much of
my own understanding of Category Theory and its role in Computing Science
grew up from discussions with him.

Tom Maibaum: his encouragement and support in the earlier phases of the
production of the book were decisive, including the setting up of the format.

Antónia Lopes and Michel Wermelinger: the fact that part three of this book
was essentially extracted from [37,78] is a good indication of how important
and extensive their contribution has been.  CommUnity as we know it today is
as much theirs as it is mine.

Uwe Wolter: he had the courage to use an early draft to support part of a
course that he gave in 2002/2003 in Bergen and, as a result, I received loads
of feedback, which was invaluable for the final tuning of the material and the
way it is presented.

Finally, I would like to thank the EPSRC for an eight-month visiting fellowship at
King's College London in 1999, during which most of the book was produced, and to
Janet Maibaum for her help in setting Microsoft Word up to the job2!

Leicester, September 2003

                                                
2 Yes, this book is a proof that Category Theory is not reserved to users of a well-known typesetting system

that I will not name… And this remark is not meant as a recommendation for the products developed by
a company that I have already named…





1 INTRODUCTION

1.1 The social life of objects

One of the questions that we are most frequently asked is "What is Category Theory
good for?" or "Why should I use Category Theory?"  The question usually indicates a
genuine and healthy reaction to the proposal of a new piece of mathematics that one
is invited to learn, similar to the reaction we have each time we are asked to change
our eating habits and, say, replace butter with olive oil when cooking...  How is it go-
ing to make us happier?  When is the change justified?

The question also indicates that the nature and role of Category Theory, namely in
Computing, is not completely clear to most people.  The way we like to present Cate-
gory Theory is as a toolbox similar to Set Theory: a kind of mathematical lingua
franca in the sense that it can be used for formalising concepts that arise in our day-
to-day activity.  It constitutes, however, a richer toolbox in the sense that the in-
struments that it provides are more sophisticated, and thus makes it easier to model
situations that are more complex and involve structured objects.  On the other hand,
because these instruments are more sophisticated than those of Set Theory, it is
necessary to learn how to use them.  Briefly, in Category Theory one can do as much
as in Set Theory, in an easier way when it comes to formalising and relating different
notions of “structure”, but at the cost of learning a few more concepts and tech-
niques.

So, I would like to reformulate the original question as: "Having been brought up to
think about the world in terms of sets, why should I now change and use another
frame of reference?"  The purpose of this book is to convince you that this change of
reference is worth making, i.e. that this book will have been worth reading and that
its ideas are worth using in everyday engineering practice!

For me, the key factor that justifies this change is related to the fact that, whereas
concepts in Set Theory are typically formalised extensionally, in the sense that a set
is defined by its elements, Category Theory provides a more implicit way of character-
ising objects.  It does so in terms of the relationships that each object exhibits to the
other objects in the universe of discourse.  The best summary of the essence of Cate-
gory Theory that I know is from the logician Jean-Yves Girard3.  For him, Category
Theory characterises objects in terms of their "social lives".

In my opinion, this focus on "social" aspects of object lives is exactly the reason for
the applicability of Category Theory to Computing in general, and Software Engi-
                                                
3 What stronger evidence would one need of the close relationship between Logic and Category Theory...
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neering in particular.  To realise why this is so, one just needs to think that current
software development methods, namely object-oriented ones, typically model the
universe as a society of interacting objects.  Agent-oriented methods are based on
the same societal metaphor.  This focus on interaction is not accidental; it is an at-
tempt at tackling the increasing complexity of modern software systems.  In this con-
text, complexity does not necessarily arise from the computational or algorithmic na-
ture of systems, but results from the fact that their behaviour can only be explained
as emerging from the interconnections that are established between their compo-
nents.  By promoting interactions as a focal point in the definition of the structure of
a system, one also brings software to the realm of natural, physical and social sys-
tems, something that seems to be essential for the development of well-integrated
systems.  Category Theory is advocated as a good mathematical structure for this in-
tegration precisely because it focuses on relationships and interactions!  The work of
Goguen on General Systems Theory [51,52,63], and recent books like [95], show ex-
actly that.

This is why many of the examples that will be used throughout the book address
what has become known in Software Engineering as "Software Architectures" [49],
i.e. precisely the study of the gross modularisation principles that should allow us to
design systems as, possibly standard, structures of smaller components and inter-
connections between them.  The focus that Category Theory puts on morphisms, as
structure-preserving mappings, is paramount for Software Architectures because it is
the morphisms that determine the nature of the interconnections that can be estab-
lished between objects (system components).  Hence, the choice of a particular cat-
egory can be seen to reflect, in some sense, the choice of a particular "architectural
style".  Moreover, Category Theory provides techniques for manipulating and rea-
soning about system configurations represented as diagrams.  As a consequence, it
becomes possible to establish hierarchies of system complexity, allowing systems to
be used as components of even more complex systems (i.e. to use diagrams as ob-
jects), and for inferring properties of systems from their configurations.

The ultimate conclusion that we would like the reader to draw is that high-school
education could well evolve in a way that equips our future generations with tools
that are more adequate for the kind of systems that they are likely to have to develop
and interact with.  We believe that the teaching of mathematics could progressively
shift from the set-theoretical approach that made it "modern" some decades ago (not
to say in the last century) to one that is centred on interactions.  This is, of course, a
big challenge, mainly because it is not enough for the mathematical theory to be
there: the right way needs to be found for it to be transmitted.  We believe that re-
cent books such as [74] are putting us in a path towards meeting this challenge, and
we would hope this book to make a further contribution.  However, we will be satis-
fied if the rationale for such a shift can, somehow, emerge from what we will present.

1.2 Categories versus sets

Let us consider an example in order to make clear what the difference of approach is
between Set Theory and Category Theory.  For this purpose, there is nothing better
than showing how certain mundane set-theoretic constructions are modelled in
Category Theory.  
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Consider, for instance, the characterisation of the empty set.  In Set Theory, the
empty set is characterised precisely by the property of not having any elements.
There are several ways in which we can say this using a formal notation.  Here is
one:

("x)xœØ

The important point here is that any characterisation requires the use of the mem-
bership relation Œ, i.e. the characterisation is made with respect to the elements that
belong to the set.

Consider now the characterisation of the empty set in Category Theory.  As discussed
above, such a characterisation involves the definition of a "social life" of sets, i.e. it
has to be made relative to the way sets interact with one another.  Hence, the obvi-
ous question to ask first is "what is the social life of sets"?  

The first important thing to understand is that Category Theory does not provide an
answer to questions like this one; it is up to whoever is formalising a particular do-
main of discourse to come up with a definition of "social life" that is convenient.
Convenience here has to be measured against the formalisation activity that is being
undertaken, possibly as an abstraction of real-world phenomena.  Hence, it is not
subject to mathematical proof.  What Category Theory does is require some basic
properties of such a "social life" so that the whole mathematical machinery that we
are about to describe can be applied successfully.  Such basic properties are defined
in section 2.2.  In a nutshell, they prescribe ways in which one is related to oneself
and the way one's relations' relations are our own relations.

Each time our audiences were first confronted with the need for defining a social life
for sets, the immediate answer was:

"Set A is related to set B iff AÕB"

Discussing the reason why this answer comes up spontaneously is well beyond the
scope of this book4.  The characterisation of the empty set based on this social life of
sets is quite easy: the empty set is the only set that is related to every other set by
this particular relationship.  

Prompted for another definition of social life, the following answer was given several
times:

"Set A is related to set B iff A«B≠Ø"

According to this definition, the empty set is the only set that is not related to any
set; all non-empty sets relate at least to themselves.  Incidentally, we shall see in
section 2.2 that this definition of social life does not define a category, one of the
reasons being that, in a category, every object is at least related to itself in a canoni-
cal way.  Nevertheless, the example is useful for showing that changing the definition
of social life may lead to quite different characterisations of the same objects.

We typically have to force the audience to come up with the "standard" definition of
social life between sets:

                                                
4 Nevertheless, the author is willing to collaborate in any research project that aims at understanding the

psychology of modern formalism.
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"A social relationship between a set A and a set B is given as a total function
f:AÆB"

The characterisation of the empty set in this case is very similar to the first one: the
empty set is such that, given any other set A, there is one, and only one, function to
A – the empty function.  Notice that, although the concepts of "contains", "intersec-
tion" and "function" are defined via the membership relation, the characterisation of
the empty set given in the three cases does not involve it directly.

For further evidence that the nature of objects changes according to the "social life"
that is of interest, consider the characterisation of singletons.  According to the first
definition, a singleton is such that only the empty set and the singleton itself relate
to it.  In the second case, a singleton is such that it relates to the sets that contain
the element: {a} relates to B iff aŒB.  This is a good evidence for the fact that the
second definition is not very "categorical": it reduces to set membership and makes
the identity of the elements visible.  This is also the case with the first definition: in
both cases, two singletons are socially equivalent, in the sense that they relate to
any other set in the same way, iff they are equal.  Incidentally, a possible set-
theoretic characterisation of a singleton set {a} is:

xŒ{a} iff x=a

The use of equality between elements makes clear the need to look inside the set.

The third definition characterises singletons as sets into which there is one, and
only one, total function from any other set.  Indeed, the function being total, a sin-
gleton offers no choice for the mapping to be established: everything is mapped to
this single element.  According to this definition, two singletons cannot be distin-
guished because they relate in exactly the same way with the other sets.  This is
quite intuitive because, not being able to use set membership, we cannot look inside
the singletons and notice that they have different elements.  Hence, this social life is
a better abstraction from set membership than the other two.

The "social" way of characterising objects is, in fact, similar to the way, in object-
oriented programming, the view of objects that matters for building systems is that of
the methods that objects make available to the other objects.  However, the view
that matters for their implementation may be different, reflecting the fact that differ-
ent uses reflect different structural views of the same concept (which, in Category
Theory, means different categories).

Other examples could be given from branches of engineering or our day-to-day
praxis.  For instance, another example is the way we understand devices as mun-
dane as hi-fi systems.  When assembling a hi-fi system from separate components,
what is important is to know how each component can be connected to the others.
The way they are implemented in terms of microcircuits probably explains the restric-
tions on the connections that can be established, but it is something that a user
would like to see abstracted away.  The characterisation of human behaviour can
also be used as an example.  There is probably a neurophysiological justification for
what we call "shy" or "expansive" characters, but the meaning that we normally at-
tach to such features of human nature is derived from the way people interact with
us.

In brief, like all mathematics, Category Theory is about providing us with abstraction
mechanisms.  In our opinion, the fact that these mechanisms relate to interaction
make Category Theory particularly suited for Computing Science in general, and
Software Engineering in particular.   
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1.3 Overview of typical application areas

We have already promised, perhaps too often, that we are about to put forward
mathematical techniques that are useful for supporting software development.  We
have even mentioned a few specific application areas like Object-Oriented Program-
ming and Software Architectures.  Some of these applications will actually be devel-
oped, even if not entirely, throughout the book.  In this section, we will summarise
some of the main applications we know, with references to the literature, bearing in
mind that our focus is Software Engineering and not Computer Science as a whole.
We strongly suggest the reader to consult [26,56] for excellent introductions to (and
overviews of) the field.

1.3.1 GENERAL SYSTEMS THEORY

When one thinks of it, this is really early work.  Goguen started exploring Category
Theory as a mathematical toolbox in the early 70s, applying it to General Systems
Theory [51,52,63].  The famous motto [56] "given a category of widgets, the operation of
putting a system of widgets together to form a super-widget corresponds to taking a
colimit of the diagram of widgets that shows how to interconnect them" was first ap-
plied to mathematical models of system behaviour.  We also find in this area the ori-
gins of latter applications to object-oriented modelling [57].  In fact, one of his early
works is even called, very appropriately, "objects" [53].

But Goguen's early work is just one example of the many applications of Category
Theory to the area of General Systems.  We would like to encourage the non-
specialist to get acquainted with the field through one of the recent books that have
appeared in the wider market of "Science" like [70,95].

1.3.2 ALGEBRAIC DEVELOPMENT TECHNIQUES

This is one of the most "typical" areas of the applications of Category Theory to Com-
puter Science.  One of the earlier and most influential mouvements started in the
second half of the 70s with the work of a group of researchers at IBM (Joseph
Goguen, Jim Thatcher, Eric Wagner and Jesse Wright), very aptly named ADJ (for
adjunction), around the initial semantics of abstract data type specification [64].  The
pioneering work of Rod Burstall and Joseph Goguen around the language CLEAR
[17,18] showed how simple universal constructions (e.g. colimits) could be used to
give semantics to operations for structuring specifications (e.g. computing the sum of
two specifications, parameterising a specification, etc).  The area produced textbooks
[e.g. 28,29,75,93] as well as surveys [8,26] that provide a good showcase for "catego-
ries at work", namely in what concerns elegance and economy of means.

One of the finest hours of this research programme was the development of the the-
ory of Institutions, a categorical formalisation of the notion of Logic developed by
Goguen and Burstall in the early 80s [61].  The aim of this effort was to provide a
mathematical framework in which the specification building operators defined for the
language CLEAR could be made independent of the underlying logic and thus avail-
able for other specification formalisms.  The theory of Institutions is, in our opinion,
one of the best examples of the usefulness of Category Theory as a "unifier" of con-
cepts and techniques developed by different research teams in response to different
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or similar needs.  As a "science", Computing is still very young and, hence, frag-
mented in that it is often difficult to find the "universal laws" that we recognise as
the objects of study in other sciences.  Through the theory of Institutions, Category
Theory showed to be a powerful tool for abstracting from individual and uncoordi-
nated efforts some "universal laws" (or "dogmas" as they are called in [56]) that apply
to specifications in general [e.g. 96].  This categorical framework has been subse-
quently extended and put to use, for example, in applying algebraic specification
techniques to other computational paradigms (e.g. object-oriented), and defining
ways for specifications to be mapped from one formalism to another.

1.3.3 CONCURRENCY AND OBJECT-ORIENTED SYSTEMS

Concurrency theory is another area to which categorical techniques have been ap-
plied in the "engineering" view that interests us in this book.  This domain of applica-
tion is dominated by the work of Glynn Winskel [109,110,111] who showed how mod-
els for concurrent system behaviour like transition systems, synchronisation trees
and event structures can be formalised in Category Theory.  The idea is that each
process model is endowed with a notion of morphism that defines a category in which
typical operations of process calculi are given as universal constructions.  This work
was continued in the 90s in collaboration with Mogens Nielsen and Vladimiro Sas-
sone [98], exploring the use of adjunctions as a means of translating between differ-
ent models.  The chapter [112] provides an excellent overview of this application
area.  

This stream of work was extended for giving semantics to object-oriented systems by
J.Félix Costa, Hans-Dieter Ehrich, and Amílcar and Cristina Sernadas [e.g. 20,21,25],
also with contributions from Goguen [24].  In a nutshell, these authors showed how
universal constructions can be used to express object-oriented features like encap-
sulation, inheritance and composition in concurrency models endowed with richer
notions of state.  The work of Goguen on sheaf-theoretic models [57] in particular
establishes an interesting connection to the earlier work on General Systems The-
ory.  

Applications of Category Theory to the specification of concurrent and object-
oriented systems can also be found.  These include our work in the late 80s and
early 90s [38,39,40,43]. Basically, we showed how the techniques developed for the
modularisation of equational and first-order logic specifications of abstract data types
could be applied to concurrent and object-oriented systems by using the modal and
temporal logics that had been developed for the specification of such systems (e.g.
[13]).

Briefly, the idea was to show that the specification of such systems fitted in the "in-
stitutional" picture as set up by Goguen and Burstall [32,33].  We later showed that
our work is directly related to the General Systems tradition [31], in the sense that
the module structure defined by our categorical formalisation is directly composi-
tional over the system structure.  This lead to applications of the categorical tech-
niques to parallel program design [44] in which the notion of morphism captures
what in the literature is known as superposition or superimposition [19,47,71].  

There is also a substantial amount of work in the application to concurrent and ob-
ject-oriented systems of the algebraic approach to abstract data type specification [7],
most notably by Egidio Astesiano and his colleagues in Genova.  Basically, these ap-
proaches present different alternative ways of bringing states and transitions to the
universe of discourse of abstract data types.
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1.3.4 SOFTWARE ARCHITECTURES

Applications of categorical techniques to the semantics of interface description and
module interconnection languages were developed by Goguen in the early 80s [54]
and more recently recast in the context of the emerging interest in Software Archi-
tectures [58].  These applications are in the tradition of the algebraic approach to ab-
stract data types, more specifically in what has become known as "parameterised pro-
gramming" [55], in the sense that they capture functional dependencies between the
modules that need to be linked to constitute a given program.  

The view of architectures that is captured in this way is somewhat different from the
one followed in the work of Dewayne Perry, David Garlan and other researchers who
have launched Software Architectures as we know them today  [14,49,100].  This
more recent trend focuses instead on the organisation of the behaviour of systems as
compositions of components ruled by protocols for communication and synchro-
nisation. As explained in [2], this kind of organisation is founded on interaction in the
behavioural sense, which explains why formalisms like the CHAM [16] are preferred
to the functional flavour of equational logic for the specification of architectural com-
ponents.  

This why, in the early 90s, we proposed a categorical toolset for architectural descrip-
tion based on our work on the formalisation of parallel program design techniques
[34,42].  The idea is that, contrarily to most other formalisations of architectural con-
cepts that can be found in the literature, Category Theory is not another semantic
domain in which to formalise the description of components and connectors.  In-
stead, through its universal constructions, it provides the very semantics of "inter-
connection", "configuration", "instantiation" and "composition", i.e. that which is re-
lated to the gross modularisation of complex systems.

1.3.5 SERVICE-ORIENTED SOFTWARE DEVELOPMENT

But there is more to Category Theory than the ability to support such interaction-
based views of system behaviour.  By relying on “local naming” (as shown by the im-
possibility of distinguishing between singleton sets), Category Theory requires all
such interactions to be modelled explicitly and outside the participating objects.
This is exactly one of the aspects that makes the distinction between service and
object-oriented system development.  

Clientship, i.e. the ability to establish client/supplier relations between objects,
leads to systems of components that are too tightly coupled and rigid to support the
levels of agility that are required to operate in environments that are “business time
critical”, namely those that make use of Web Services, B2B, P2P, or otherwise operate
in what is known as “internet-time”.  Because interactions in object-oriented ap-
proaches are based on identities, in the sense that, through clientship, objects inter-
act by invoking specific methods of specific objects (instances) to get something spe-
cific done, the resulting systems are too rigid to support such levels of agility.  Any
change on the collaborations that an object maintains with other objects needs to be
performed at the level of the code that implements that object and, possibly, of the
objects with which the new collaborations are established.  On the contrary, interac-
tions in a service-oriented approach should be based only on an abstract description
of what is required, thus decoupling the “what one wants to be done” from the “who
does it and how”.  This is, precisely, the discipline of interconnection that Category
Theory enforces.

Hence, our last claim, in support of the last paragraph of section 1.1, is that Category
Theory is, definitely, the mathematics of the Internet-age (and beyond)!



1. INTRODUCTION

20 12/9/03

1.4 What can be found in this book

This book emerged from tutorials and courses given in the past few years both in
academia and more industry-oriented fora like OOPSLA, ObjectWorld, TOOLS,
ECOOP, and FME – Formal Methods Europe.  This experience showed that there was
an audience for this particular way of exposing Category Theory.

The book is structured in three parts, leaving room for different reading/teaching
paths to be followed.  With respect to most other books in the market, this one will
use examples of a different nature, focus on, and give more emphasis to, aspects that
are less common in other fields of Computing, and adopt a different pace altogether.

• Part One, i.e. chapters 2-5, covers some of the "basics" of Category Theory, the
“bare essentials” that are addressed in any book, but with a different empha-
sis and tone that are meant to be more appealing and accessible to software
engineers.  Mature readers may, hopefully, appreciate a different way of ex-
posing and illustrating these familiar concepts and constructions.  

• The material included in Part Two, chapters 6 and 7, is of a more advanced
nature, not only because it is more challenging from a mathematical point of
view, but because it makes appeal to an additional level of maturity in so far
as Computing Science is concerned.  There, the reader will find material that
only a few other books cover as well, although not all at the same time.
Again, examples are drawn from areas that are not normally found in other
publications.  The sections in this part should be accessible to anyone with
basic knowledge of Category Theory, but a quick travel through Part One will
help the reader become familiar with the notation and the examples that are
used in Part Two.

• Part Three offers the chance of seeing Category Theory “at work” in a more
ambitious project – giving semantics to CommUnity, a prototype language for
architectural modelling.  It can be ignored by readers who are not particularly
interested in the applications to Software Engineering.  On the other hand, it
can be followed, to a large extent, without the material exposed in Part Two.
This means that a novice to Category Theory but interested in Software Engi-
neering, or anyone whose goal is to understand CommUnity or setup a course
that aims at teaching (any subset of) the material in part three, can safely skip
Part Two.  It will be necessary to go back to Part Two in order to understand in
full the mathematical structures that relate to Software Architecture, but this
may be done later on, once the reader feels more at-ease with the mathe-
matics.

Parts one and two use examples taken directly from Bertrand Meyer’s book on Eiffel
[88] to illustrate definitions and constructions.  Readers who are not familiar with the
particular notation of Eiffel, but are used to object-oriented modelling, will hopefully
be able to understand the examples without much effort.  The choice for Eiffel in-
stead of a more "modern" language has to do with two facts.  On the one hand, it
was modern when the book started to be written...   On the other hand, it is one of
the object-oriented languages that has solid foundations, which allows it to be used
to illustrate mathematical constructions such as the ones you are about to read.
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The use of Eiffel allows us to illustrate applications of Category Theory to the more
"static" aspects of system modelling, namely to what is related with classification (in-
heritance).  Other examples are brought to bear from "Specification Theory" that in-
volve Logics and Algebraic Models for system behaviour in order to show how the
more "dynamic" and “evolutionary” aspects can also be handled.  These different as-
pects come together in Part Three.

This means that different reading/teaching paths can be established that are based
on the examples: one can follow the "Eiffel path" for a lighter approach, perhaps more
suitable for "practitioners"; or one can follow the "Specification Theory path" that will
enable the "scientists" to visit more challenging places and reach the end of Part
Two.





PART ONE





2 INTRODUCING CATEGORIES

2.1 Graphs

A distinctive attribute of Category Theory as a mathematical formalism is that it is
essentially graphical.  This means that most concepts and properties can be defined,
proved and/or reasoned about using diagrams of a formal nature.  This diagrammati-
cal nature of Category Theory is one aspect that makes it so applicable to Software
Engineering.

Therefore, it is not surprising that the most basic and, hence, the first definition in
this book is that of graphs.

2.1.1 DEFINITION – graph

A graph is a tuple <G0,G1,src,trg> where:

• G0 is a collection5 (of nodes),

• G1 is a collection (of arrows),

• src maps each arrow to a node (the source of the node),

• trg maps each arrow to a node (the target of the node) ®

We usually write f:xÆy to indicate that src(f)=x and trg(f)=y.

Between two nodes there may exist no arrows, just one in either direction, or several
arrows, possibly in both directions.

The attentive reader will have noticed that our very first definition still uses Set
Theory, even if only informally.  This may appear confusing, especially after our
lengthy discussion of the merits of Category Theory with respect to Set Theory.
However, we need a meta language for talking about graphs (and categories, and ...)
which cannot, of course, be the object language itself (i.e. that of Category Theory).
Hence, we will use the "informal" language that is typical of Mathematics which, as
also acknowledged in the introduction, is full of set-theoretic concepts.

                                                
5 Questions of “size” arise here because we shall soon be talking about the graph of graphs and construc-

tions of a similar nature. This is why we use the term “collection” instead of “set”.  See, for instance, [79]
for a full treatment of such questions.
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2.1.2 EXAMPLE – sets and functions

1. The most “popular” graph in the book (and in any other book we know) is the
graph whose nodes are the sets and whose arrows are the total functions.

2. To illustrate the fact that different graphs may share the same nodes, we intro-
duce what is, perhaps, the second most popular graph in the book – the graph
whose nodes are, again, the sets but whose arrows are the partial functions, i.e.
functions that may be undefined on given elements of the source set. ®

2.1.3 EXAMPLE – class inheritance hierarchies

A typical example of the use of graphs in Computing is class inheritance hierarchies.
These are graphs whose nodes are object classes and for which the existence of an
arrow between two nodes (classes) means that the source class inherits from the tar-
get class.

RESIDENCEBUSINESS

HOME_
BUSINESS

HOUSE

2.1.4 A class inheritance hierarchy

In class inheritance hierarchies, there exists at most one arrow between two nodes:
either a class inherits from another or it does not.  However, arrows can carry more
information.  For instance, when one class inherits from another one, some renam-
ing of the features of the original class may be required.  Such renamings may be as-
sociated with the arrows of a class inheritance diagram.

RESIDENCEBUSINESS

HOME_
BUSINESS

HOUSE
address
insured_value

rename insured_value
as residence_value

rename insured_value
as business_value

2.1.5 A class inheritance hierarchy enriched with renamings

Each such enriched class inheritance diagram defines a subgraph of the graph of sets
and (total) functions – classes are represented through their sets of features and the
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renamings through the functions that they induce.  Notice that the arrows of the
class inheritance hierarchy and the functions that operate the renamings point in
opposite directions.

{address,insured_value}

{address,insured_value,A} {address,insured_value,B}

{address,residence_value,business_value,A,B,C}

2.1.6 The subgraph of sets and functions generated from the enriched class inheritance
hierarchy.  In this graph, A denotes a feature specific of BUSINESS, B denotes a feature

specific of RESIDENCE, and C denotes a feature specific of HOME_BUSINESS

2.1.7 EXAMPLE – transition systems

Another very common example of graphs is transition systems.  Every transition sys-
tem constitutes a graph whose nodes are the states and whose arrows are the tran-
sitions. ®

hungry

eating

thinking

forks↑

forksØ

bc_hungry

2.1.8 A state transition system modelling the behaviour of a dining philosopher

As hinted in the introduction, there are many (and deep) relationships between Logic
and Category Theory.  The next two examples convey some of these relationships.
See [73] for a textbook on this subject.

2.1.9 EXAMPLE

One of the possible views that one can have of a "logic" is through the notion of a
sentence being a consequence of, or derivable from, another sentence.  This notion
of consequence can be represented by a graph whose nodes are sentences and
whose arrows correspond to "logical entailment". ®

A⁄BAŸB CŸB
• • •

2.1.10 An example of three nodes and two arrows of the consequence graph of proposi-
tional logic
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We can add detail to consequence systems and distinguish between different possi-
ble ways in which a sentence can be a consequence of another, i.e. by associating
proofs with arrows:

2.1.11 EXAMPLE

Every proof system constitutes a graph whose nodes are sentences and whose arrows
are proofs. ®

A⁄B

AŸB

AŸB
A

A⁄B

AŸB
B

A⁄B

•

•

2.1.12 An example of two different arrows between the same nodes corresponding to two differ-
ent proofs (in natural deduction) of A⁄B from AŸB

The graphs used in figures 2.1.4 and 2.1.5 are intuitively related through an opera-
tion that adds detail (or forgets, depending on the point of view).  That is, graphs
have a "social life" of their own that is useful to know about.  Such relationships be-
tween graphs are called graph homomorphisms:

2.1.13 DEFINITION – graph homomorphism

A homomorphism of graphs j:GÆH is a pair of maps j0:G0ÆH0 and j1:G1ÆH1 such that
for each arrow f:xÆy of G we have j1(f):j0(x)Æj0(y) in H. That is, nodes are mapped to
nodes and arrows to arrows but preserving sources and targets.

a

b

c

d

e

f

g

2.1.14 EXAMPLE

There is a "canonical" homomorphism between proof systems and consequence sys-
tems that consists of the identity on nodes and collapses any non-empty set of proof
arrows between two nodes into just one consequence arrow.  That is, this homomor-
phism "forgets" the details of the proofs, retaining just the fact that one exists to jus-
tify the consequence relation.  For instance, when applied to the example in figure
2.1.12 it would deliver just one arrow from AŸB to A⁄B as in 2.1.10. ®
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Notice that the relationship between the inheritance graph used in figure 2.1.5 and
the corresponding graph of feature sets and renamings (2.1.6) cannot be captured by
a homomorphism because the source and target of arrows is reversed.  Absence of a
homomorphism in these circumstances seems to be accidental because the direction
of the arrows is somewhat arbitrary: we could well have chosen a graph with the
same collections of nodes and arrows but reversing the directions of the latter.   

2.1.15 DEFINITION – duality

The graph obtained from another one by reversing the direction of arrows is called its
dual: i.e. the dual of G=<G0,G1,src,trg> is Gop=<G0,G1,trg,src>. A homomorphism from
a graph G to the dual Hop of a graph H is said to be contravariant between G and H. ®

An essential step towards the definition of what a category is concerns paths in
graphs, i.e. what supports the move from direct to more "global" social relationships.

2.1.16 DEFINITION – path in a graph

Let G be a graph and x, y nodes of G.  A path from x to y of length k>0 is a sequence
f1...fk of arrows of G (not necessarily distinct) such that:

• src(f1)=x

• trg(fi)=src(fi+1) for 1≤i≤k-1

• trg(fk)=y

For every x, the path of length 0 at x (the empty path at x) from x to x is, by conven-
tion, the empty sequence.

The collection of paths of G of length k is denoted by Gk. Hence:

• G0 corresponds to the collection of nodes

• G1 corresponds to the collection of arrows

• G2 corresponds to the collection of pairs of composable arrows ®

2.2 Categories

Categories provide an abstraction over graphs by making paths the basic working
elements – what are called morphisms; paths provide richer information about "social
life" than just one-to-one relationships.  For that purpose, categories add to graphs
an identity map that "converts" nodes to morphisms, and a composition law on mor-
phisms that internalises path construction.  Morphism composition is required to be
associative as for path concatenation: morphisms have no internal structure that can
be derived from the order of composition.

2.2.1 DEFINITION – category

A category C is a triple <G,;,id> where:

• G is a graph
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• ; is a map from G2 into G1 (called the composition law)

• id is a map from G0 into G1 (called the identity map)

such that:

• src(f;g)=src(f)

• trg(f;g)=trg(g)

• (f;g);h=f;(g;h)

• src(idx)=trg(idx)=x

• for each f:xÆy of G, idx;f=f;idy=f

The nodes (resp. arrows) of G are also called the objects (resp. morphisms) of C. The
collection of objects of C is denoted by |C|.  We will often use the notation c:C to in-
dicate that c is a object of C, or a C-object.  Given objects x and y, HomC(x,y) denotes
the collection of morphisms from x to y. ®

2.2.2 EXAMPLE – "the" category of sets

The category SET: objects are sets, morphisms are (total) functions between them,
composition is functional composition – i.e. (f;g)(x)=g(f(x)) – and the identity map as-
signs to every set the identity function on that set.  Because function composition is
associative and the identity map is both a left and right identity for function composi-
tion, all the conditions are met.

Function composition is usually denoted by the symbol   

† 

o and the order of the argu-
ments reversed, i.e. given f:xÆy and  g:yÆz, the composed function f;g is also de-
noted by g  

† 

of.  This is the the "application order": g  

† 

of(a)=g(f(a)) for every aŒx.  Most
textbooks on Category Theory adopt this alternative notation for the composition
law.  Ultimately, the choice between one notation and the other is a matter of taste
or convenience6.  Our choice was motivated by the fact that it is closer to the dia-
grammatic notation (arrow sequencing) and, hence, supports the diagrammatic forms
of reasoning that normally appeal to software engineers.  Besides, as evidenced by
the definition, the application order derives too much from set membership, i.e. rea-
soning with it is normally too close to the traditional set-theoretic approach from
which we are trying to get away.

2.2.3 EXAMPLE – graphs

The category GRAPH has graphs as objects and its morphisms are the graph homo-
morphisms.  The composition law is defined as follows: for every pair j and y of graph
homomorphisms such that src(y)=trg(j), (j;y)0=(j0;y0) and (j;y)1=(j1;y1).  The identity
map is defined as follows: for every graph G, (idG)0=idG0

 and (idG)1=idG1
.

                                                
6 In fact, this was one of the major decisions that had to be made before starting writing!  Many people are

put off reading a book because they are used to the "other" notation.  Hence, ultimately, the decision was
made taking into account the intended audience (and for "pedagogical" reasons as explained).
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PROOF

By taking graphs as nodes and graph homomorphisms as arrows, we do obtain a
graph.  The identity and associativity properties are inherited for each component
(node and arrow) from the corresponding properties of functions between sets. ®

2.2.4 EXAMPLE – logical implication

The category LOGI has as objects sentences, and morphisms between sentences cor-
respond to the existence of a logical implication.

PROOF

In this category there is at most one morphism between two objects. So, the identity
and composition equations are trivially satisfied.  We just have to prove the existence
of endomorphisms (reflexivity) and a composition law (transitivity).  But (A

† 

|–A) is a
tautology, and, from (A

† 

|–B) and (B

† 

|–C), we can conclude (A

† 

|–C) (cut rule)! ®

In fact, every pre-order defines a category:

2.2.5 PROPOSITION – pre-orders

Every pre-order <S,≤>, i.e., every set equipped with a reflexive and transitive relation,
defines a category S≤ as follows:

• |S≤|=S and there is a morphism between x and y in S iff x≤y

• composition is defined by applying the transitivity law of the pre-order

• identity morphisms are defined by applying the reflexivity laws of the pre-order
®

2.2.6 EXAMPLE – proofs

The category PROOF has sentences as objects, and morphisms are proofs, i.e., a mor-
phism f:AÆB is a specific proof of B from A. The identity morphisms are the trivial
proofs of sentences from themselves (empty proofs). Proof composition corresponds to
sequence concatenation – the cut rule. ®

2.2.7 EXAMPLE – inheritance hierarchies

In Eiffel, the relationship "ancestor" is defined as the  "reflexive and transitive clo-
sure" of the inheritance hierarchy: class A is an ancestor of class B iff A is B itself or A
is an ancestor of a parent of B (i.e. of a class from which B inherits) [88].  Given an
inheritance graph G between classes, e.g. example 2.1.3, the category ancestor(G)  is
generated from the graph by completing it with the arrows that result from reflexivity
(identities) and transitivity (compositions).
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RESIDENCEBUSINESS

HOME_
BUSINESS

HOUSE

2.2.8 PROPOSITION – category generated from a graph

Every graph G generates a category cat(G)7 whose objects are the nodes and whose
morphisms are the paths of the graph.  Identities are empty paths.  Composition is
concatenation of paths. ®

2.2.9 EXAMPLE – runs

Every state transition system generates the category of its runs. ®

We have already mentioned that morphisms define the structural aspects of the ob-
jects that the category makes available, what we have called their "social lives".  We
close this section with an example in which the notion of "preservation of structure"
is, perhaps, more obvious.  Nevertheless, we shall return to this topic in a later sec-
tion in order to systematise some of the observations that we shall put forward in
this example.

2.2.10 EXAMPLE – automata

A (deterministic) automaton consists of an input set X, a state set S, an output set Y,
a transition function f: X¥SÆS, an initial state s0ŒS, and an output function g: SÆY.
A notion of morphism of automata must be able to capture this structure by indicat-
ing how a given automaton can be simulated by another.  Namely, it must translate
the input, state and output sets from one automaton to the other in such a way that
the transition functions, the initial states and the output functions of the two auto-
mata "agree".

More concretely, we should require of a morphism AÆA' that:

• if we perform a transition in A and map the resulting state into A', we should
get the state that is obtained by first translating the input and initial state
into A' and then applying the transition function of A';

• the initial state of A should be mapped to the initial state of A';

                                                
7 The observant reader may have noted that we have already departed from our convention of using only

upper case characters for the names of categories!  This is not a random aberration, but reflects the fact
that generating a category from a graph is a map from one category to another.  Such maps, called
functors, will be introduced in Chapter 5 and denoted using bold, lower case characters.
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• the translation into A' of the output of a state of A should consist of the out-
put in A' of the translation into A' of the original state of A.

Hence, a morphism from A=<X,S,Y,s0,f,g> to A'=<X',S',Y',s'0,f',g'> is defined to consist
of three functions <h:XÆX',i:SÆS',j:YÆY'> such that 

• f;i=<h,i>;f'

• i(s0)=s'0
• g;j=i;g'

i f i
S S' X!¥!S S S'

g g' h i
f'

Y Y' X'!¥!S'
j

The composition law is defined to be that of functions between sets, i.e. composition
applies internally to each of the three components of the morphisms.  Likewise, the
identity for an automaton A is defined to be the triple that consists of the three iden-
tity functions over the sets of input, states and outputs.

The proof that a category – AUTOM – is indeed obtained in this way is very revealing
of a procedure that will be systematised in section 3.2.  Because the associativity of
the composition law and the properties of the identity are automatically inherited
from the corresponding properties of functions, all that needs to be proved is that (1)
the composition of two morphisms is, indeed, a morphism (i.e. it satisfies the three
equations above) and (2) the identity is, indeed, a morphism (satisfies the same three
equations)!  We prove just the case of a composition <h,i,j>;<h',i',j'>=<h;h',i;i',j;j'> of
morphisms <X,S,Y,s0,f,g>Æ<X',S',Y',s'0,f',g'> and <X',S',Y',s'0,f',g'>Æ<X",S",Y",s"0,f",g">:

• f;(i;i')=(f;i);i'=(<h,i>;f');i'=<h,i>;(f';i')=<h,i>;(<h',i'>;f")=(<h,i>;<h',i'>);f"=<h;h',i;i'>;f"

• (i;i')(s0)=i'(i(s0))=i'(s'0)=s"0

• g;(j;j')=(g;j);j'=(i;g');j'=i;(g';j')=i;(i';g")=(i;i');g" ®

We have already mentioned that Category Theory supports and encourages forms of
diagrammatic reason, this being one of the reasons why it is consistent with the
modern culture in Software practice.  Contrarily to what normally happens in Soft-
ware Engineering, the notion of diagram is formal and the reasoning that can be
done with diagrams is mathematical.

2.2.11 DEFINITION – diagram; commutative diagram

Let C be a category and I a graph.  A diagram in C with shape I is a graph homomor-
phism d:IÆgraph(C) where graph(C) is the underlying graph of C.  

A diagram d is said to commute iff, for every pair x,y of nodes and every pair of paths
w=u1...um, w’=v1...vn from x to y in graph I, d u1

;...;d um
=d v1

;...;dvn
 holds in C. ®

The homomorphism defines a labelling of the graph I.  That is, a diagram in a cate-
gory can be seen as a graph whose nodes are labelled with objects and the arrows
are labelled with morphisms of that category.  The property that a diagram commutes
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establishes a set of equalities between arrows.  Hence, diagrams and commutativity
provide us with the ability of doing equational reasoning in a “visual” form, an advan-
tage that has not been exploited yet in Software Engineering.  See, however, [48] for
a more developed use of these possibilities for mathematical reasoning.  To indicate
that a diagram commutes, we will decorate it with the symbol!!!!!.

2.3 Distinguished kinds of morphisms

There are several classes of morphisms that have special properties worth knowing
about because they allow us to recognise situations in which standard results or
constructions apply.

2.3.1 DEFINITION – isomorphism

Let C be a category and x,y objects of C.  A morphism f:xÆy of C is said to be an iso-
morphism iff there is a morphism g:yÆx of C such that: f;g=idx and g;f=idy.  In these
conditions, x and y are said to be isomorphic. ®

2.3.2 EXAMPLE

1. In SET, a morphism is an isomorphism iff it is bijective.

2. In LOGI, two formulae are isomorphic iff they are logically equivalent. ®

2.3.3 EXERCISE

What about isomorphic objects in PROOF ? ®

The morphism g mentioned in the definition above is clearly unique: given h:yÆx in
the same circumstances, we have

h

= h;idx# property of the identity

= h;(f;g)# because f;g=idx

= (h;f);g# associativity

= idy;g# because h;f=idy

= g# property of the identity

This morphism is called the inverse of f.

Any two objects x and y related by an isomorphism f:xÆy have a very important prop-
erty: the class of morphisms from x (resp. into x) is in one-to-one correspondence with
the class of morphisms from y (resp. into y).  This one-to-one correspondence is es-
tablished by composing any morphism fa:xÆa (resp.ga:aÆx) with the inverse of f (resp.
f itself).  Because morphisms characterise the interactions that objects can hold with
other objects (their "social lives"), what this property says is that isomorphic objects
interact in essentially the same way.  That is to say, isomorphic objects cannot be
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distinguished by interacting with them.  In any context where an object is used, it
can be replaced by an isomorphic one by using the isomorphism and its inverse to re-
establish the interconnections: any incoming arrow

ga

a                       x

is replaced by
ga f

a                       
x

y

and any outgoing arrow
fa

a                       x

is replaced by
fa g

a                       
x

y

Hence, it is usual to treat any two isomorphic objects as being "essentially" the same.

Again, we should point out that this property holds in so far the "social life" that
characterises the category is concerned.  For a different category over the same ob-
jects, revealing other social aspects of the same objects, the isomorphism may not
carry through. For instance, in object-oriented software development, two objects
may be isomorphic in so far as having the same interfaces and exhibiting the same
behaviour at their interfaces, but may have completely different implementations.

There are other classes of morphisms that are important to mention, namely those
that generalise well-known properties in set-theory like injective and surjective func-
tions.  The way this generalisation is made reveals a lot of the way Category Theory
operates and how it relates to and differs from Set Theory.  For instance, the typical
characterisation of an injective function f:xÆy in Set Theory is: for every a,bŒx,
f(a)=f(b) implies a=b.  This characterisation uses set-membership, of course.  In Cate-
gory Theory, we have to replace it by interactions with the objects involved, what we
have been calling "social life".   We have already mentioned in the introduction that
elements of sets can be identified with morphisms from singleton sets, an observa-
tion that we shall formalise in section 4.1, but which can remain at an intuitive level
for the purpose of this discussion.  Hence, the set-theoretic definition amounts to
saying that, for any (total) functions a,b:{•}Æx, a;f=b;f implies a=b.  Under this format,
an injective function can be characterised as not interfering with independent obser-
vations that are made on the source.  The categorical characterisation consists pre-
cisely in generalising this definition to arbitrary morphisms instead of just elements.  

What is even more interesting is the fact that the generalisation carries through, in a
dual way that we will formalise in the next chapter, to the characterisation of surjec-
tive functions.  Surjectivity is all about interference with the social life of the target of
the arrow in the sense that a non-surjective function leaves open degrees of freedom
for interactions through the target to diverge even if they agree when mediated by
the arrow.
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2.3.4 DEFINITION – mono and epimorphisms

Consider an arbitrary category C and morphism f:xÆy in C.

1. f is said to be a monomorphism, or a mono, or monic, iff, for every pair of mor-
phisms g,h:zÆx, g;f=h;f implies g=h.

g f
z x y

h

2. f is said to be an epimorphism, or an epi, or epic, iff, for every pair of morphisms
g,h:yÆz, f;g=f;h implies g=h. ®

Monos and epis satisfy many of the properties that we know from injective and sur-
jective functions.  They are left here as exercises.

2.3.5 EXERCISE

Consider an arbitrary category C.

1. Prove that isomorphisms are both epic and monic.

2. Prove that the composition of monos (resp. epis) is also a mono (resp. epi).

3. Prove that if f;g is monic (resp. epic), then so is f (resp. g). ®

A final word of caution though.  The analogy with Set-Theory cannot be carried too
far: the converse of the first property does not hold for arbitrary categories!  That is,
not all morphisms that are both epic and monic are isomorphisms.  This is because,
to be an isomorphism, an arrow needs to have a left and a right inverse which, con-
trarily to what happens in Set Theory, is not guaranteed simply by being monic and
epic. 

2.3.6 DEFINITION – split mono and epimorphisms

Consider an arbitrary category C and morphism f:xÆy in C.

1. f is said to be a split monomorphism,  or a split mono, or split monic, iff it admits
a right inverse, i.e. iff there is g:yÆx such that f;g=idx.

2. f is said to be a split epimorphism, or a split epi, or split epic, iff it admits a left
inverse, i.e. iff there is g:yÆx such that g;f=idy. ®

2.3.7 EXERCISE

Consider an arbitrary category C.

1. Prove that every split mono (resp. split epi) is monic (resp. epic).

2. Prove that every morphism that is a split mono and a split epi is an isomorphism.
In fact, prove that only one of the morphisms needs to be "split". ®



3 BUILDING CATEGORIES

There are many ways in which new categories can be built from existing ones.  One
of the advantages of building new categories by "inheriting" from old ones is that it is
easier to prove that the construction yields, indeed, a category.  In this chapter, we
will present some elementary constructions that illustrate the point, together with
examples of categories that relate to software development.  In later chapters, will
study some more elaborate constructions that we have found useful for our day-to-
day.

3.1 Some elementary operations

There are a number of elementary operations for constructing categories.  The first
example reflects the fact that the choice for the direction of the morphisms has no
essential significance in the sense that, if we reverse the direction of all the mor-
phisms, we obtain a category that has the same structural properties of the original
one.  

This fact does not mean, however, that the direction of the morphisms should not be
carefully chosen when defining a category.  It is often the case that there is a "natu-
ral" direction for morphisms, either given by the mathematical nature of the mor-
phisms or their use in practice.  If reversed, the direction of the morphisms may make
it more difficult or less immediate to understand the intended meaning and the par-
ticular constructions one may want to define on objects and morphisms.  Hence, if
you are going to become a “practising category theorist”, be prepared to answer ques-
tions like “but aren’t the arrows going the wrong way?” which, many times, just
means “you do not seem to belong to my club!”…

3.1.1 DEFINITION – dual of a category

For any category C we can construct its dual or opposite Cop:

• Cop has the same objects and arrows as C;

• arrows of Cop go in the reverse direction: if f:AÆB in C then f:BÆA in Cop

• arrows of Cop compose in the reverse direction: f;g in Cop is g;f in C ®

3.1.2 EXAMPLE

Following [88], the dual of the category ancestor(G) can be named descendant(G). ®

The fact that every category and its opposite have the same structural properties re-
flects a general duality principle that applies to all definitions and results.  Every con-
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cept in Category Theory has a dual, which is the concept that is obtained by revers-
ing the direction of the arrows, i.e. the concept that holds in the dual category.  Every
result in Category Theory has a dual which holds for the dual concepts.  We shall
have plenty of occasions to illustrate how the duality principle is applied in practice.

Another elementary construction consists in taking the product of two categories:

3.1.3 DEFINITION/PROPOSITION – product category

Given categories C and D, their product C¥D is such that its objects are the pairs
<c,d> where c:C and d:D, and the morphisms <c,d>Æ<c',d'> are all the pairs <f,g>
where f:cÆc' in C and g:dÆd' in D.  Composition of morphisms is defined compo-
nentwise, and the identity for an object <c,d> is the pair <idC,idD>.

PROOF

The properties of composition and the identities are trivially inherited from the corre-
sponding properties of the components. ®

There are also ways of extracting categories from other mathematical structures.  For
instance, we proved in 2.2.5 that every pre-order defines a category.  Yet a simpler
construction is the one that converts sets to categories:

3.1.4 DEFINITION/PROPOSITION – discrete categories

Every set S determines a category whose objects are the elements of S and whose
Hom-sets are all empty except for Hom(s,s)={ids} for every sŒS.  Such categories are
said to be discrete.

PROOF

Immediate.  Note that, if we take S to be the set of nodes of a graph with no arrows,
then this construction is a special case of 2.2.8. ®

The category defined by a set may have many objects, as many as the elements of the
set, but has only the minimum number of morphisms – the identities.  The next ex-
ample illustrates the other extreme: as many morphisms as we want, but only one
object...  These categories correspond to monoids:

3.1.5 DEFINITION/PROPOSITION – monoid as a category

A monoid is a triple <M,*,1> where M is a set, * is an associative binary operation on
M, and 1 is an identity for *, i.e. m*1=1*m=m for every mŒM. Any monoid defines a
category that consists of only one object, which we can denote by 

† 

•, and whose mor-
phisms 

† 

•Æ

† 

• are the elements of M.  Composition of morphism is given by the opera-
tion *  and the identity morphism is 1.
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PROOF

The properties of composition and the identities are trivially inherited from the corre-
sponding properties of the monoid. ®

3.1.6 EXERCISE

Characterise the duals of the categories defined by monoids.  Are these categories
their own duals? ®

3.2 "Adding structure"

The most typical way of building a new category is, perhaps, by adding "structure" to
the objects of a given category (or a subset thereof).  The expression "adding struc-
ture" has, of course, a broad meaning that the reader will only fully apprehend after
building a few categories...  The morphisms of the new category are then the mor-
phisms of the old category that "preserve" the additional structure.

The following example is as typical as any other and will be used throughout the
book for applications related to systems modelling.

3.2.1 EXAMPLE – pointed sets

The category SET^  (of pointed sets) is defined as follows.  Its objects are the pairs
<A,^A> where A is a set and ^A is an element of A called the designated element.
The morphisms between two pointed sets <A,^A> and <B,^B> are the total functions
f:AÆB such that f(^A)=^B.

The category over which SET^  is being built is, obviously, SET, the category of sets
and total functions.  The additional structure that is being added to the objects of
the base category, sets, is the designation of an element (not the element itself be-
cause it is already in the set).  The morphisms of the new category are all the mor-
phisms of the base category that preserve the additional structure, which in this case
means mapping the designated element of the source to the designated element of
the target.

This way of building new categories makes it easier to conduct proofs as illustrated
next.

PROOF

The attentive reader will have noticed that the definition of SET^ omitted two fun-
damental ingredients: the definition of the composition law and of the identity map.
This is because they are, by default, inherited from the base category.  Because the
laws of composition and identity are satisfied in the base category, they do not need
to be checked again for the new category.  Hence, all that needs to be checked is
that (1) the composition law is closed for SET^, i.e. that the composition of two func-
tions that are morphisms in SET^ is also a morphism of SET^, and (2) that the identi-
ties are, indeed, morphisms in SET^:
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1. Given morphisms f:<A,^A>Æ<B,^B> and g:<B,^B>Æ<C,^C>, we have to check that
(f;g)(^A)=^C.  But f(^A)=^B because f is a morphism of pointed sets.  Hence,
(f;g)(^A)=g(f(^A))=g(^B).  On the other hand, because g is also a morphism of
pointed sets, g(^B)=^C.

2. Given a pointed set <A,^A>, we now have to prove that the identity map idA for A
as a set is a morphism of pointed sets, i.e. is such that idA(^A)=^A.  But this is true
because idA is precisely the identity function on A. ®

Notice the similarities between the structure of this proof and the proof outline given
for AUTOM (2.2.10).  This style of proof is typical of categories built from other catego-
ries by "adding structure".

The particular use of pointed sets that we have in mind is for modelling the behav-
iour of objects at their interfaces (methods).  A very abstract and general model of
object behaviour is one in which the events that can potentially occur during the
lifetime of an object consist of all possible subsets of the set of its methods.  This
means that we work in a model in which every object can potentially handle concur-
rent method calls.  We shall see later on how we can model restrictions to the degree
of concurrency that an object can impose on its methods.  The empty set represents
an event in which the object is not involved.  This explicit, but abstract, representa-
tion of environment events has been shown to be important for modelling the be-
haviour of concurrent and distributed systems [13].  

The fact that the events that we are using for modelling object behaviour consist of
sets of method calls can be abstracted away to recognise a more general notion of
process alphabet as used in Concurrency.  The application of categorical techniques
in Concurrency Theory is particularly rich and revealing of the power of Category
Theory for systematising constructions and establishing relationships between differ-
ent models.  The application to object behaviour that we will use for illustration pur-
poses throughout the book touches some of these aspects but the reader interested
in a more complete picture of the breadth of the field should consult [21,24,98,109].
Specific applications of these categorical techniques to object-oriented modelling can
be found in [21,24].

In this more general model of process behaviour, a process alphabet is a pointed set.
Each element of the set represents an event whose occurrence may be witnessed
during the lifetime of the process.  The designated element of the set represents an
event of the environment, i.e. an event in which the process is not involved.  The
notion of morphism in this model captures the relationship that exists between sys-
tems and components of systems.  More precisely, every morphism identifies the way
in which the target is embedded, as a component, in the source.  The fact that the
morphism is a function between the alphabets is pretty intuitive: for every event a
occurring in the lifetime of the system, we have to know how the component partici-
pates in that event; if the component is not involved in a, then the morphism should
map a to the designated element of the alphabet of the component, i.e. to the ele-
ment that has been designated to represent the events in which the component
does not participate.  On the other hand, any event occurring in the environment
without the participation of the system cannot involve the component either; hence,
every morphism needs to preserve the designated element.

For instance, consider a producer-consumer system.  We can assign the methods
produce and store to the producer and consume and retrieve to the consumer.  An
event of the system during which both produce and consume take place concurrently
is mapped to the singleton {produce} by the morphism prod: systemÆproducer that
identifies the producer as a component of the system.  On the other hand, an event
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of the system during which the consumer executes retrieve and the producer remains
idle is mapped by prod to ø, i.e. to the designated element of the alphabet of the pro-
ducer.

Our last example of constructing new categories from base ones is also very typical.
It provides so-called comma-categories.  Several different notations can be found in
the literature for comma-categories.  We shall use the same notation as [79].  The
particular form of comma-categories that we are about to define are also called
over/under-cone categories in [22] and (co)slice-categories in [48].

3.2.2 EXAMPLE – comma-categories

Given a category C and an object a:C, we define the category of objects under a – aØC
– as follows.  Its objects are all the pairs <f,x> where f is a morphism of the form f:aÆx
in C.  The morphisms between f:aÆx and g:aÆy are all the C-morphisms h:xÆy such
that f;h=g.

PROOF:

This is also another example of a construction of a new category by adding structure
to a base one.  The additional structure that is being added to every object x:C is a C-
morphism f:aÆx..  Hence, again, we assume that the composition law and the iden-
tity map are inherited from the base category and prove only the closure properties.
This is also a good example to illustrate how reasoning in Category Theory is often
done at a graphical level.  Because our objects now are morphisms of the base cate-
gory, it is more convenient to represent a morphism h between f:aÆx and g:aÆy by
the diagram:

a

f g

x                       y
h

As already mentioned, the symbol!!!!  is used to indicate that the diagram commutes,
i.e. all compositions of morphisms in the diagram along paths that have the same
source and target are equal.  In the case above, commutativity of the diagram ex-
presses the equation f;h=g.

• Given morphisms i and j

a

f g h

x                     y z
i j

we have to prove that the composition (i;j) in C is a morphism in aØC, i.e.
f;(i;j)=h.  There is another way of asserting the property that needs to be
proved which makes appeal to the kind of "diagrammatic reasoning" that we
have claimed to be typical of Category Theory: we have to prove that, for any
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diagram of the form above, the outer triangle commutes if the inner triangles
also commute.  This can be done as follows:

a. f;i=g because i is a morphism in aØC

b. (f;i);j=g;j from (a)

c. g;j=h because j is a morphism in aØC

d. (f;i);j=h from (b) and (c)

e. f;(i;j)=(f;i);j from the associativity of the composition law in C

f. f;(i;j)=h from (d) and (e)

• The fact that the identity morphism idx is an identity for f:aÆx results from
the property f;idx=idx. ®

For instance, when applied to a category of the form ancestor(G), this construction
returns, for every class c, the classes that inherit from c, themselves organised as a
hierarchy.  When applied to the category PROOF it returns, for every sentence, the
inferences that can be made from that sentence.

3.2.3 EXERCISE

Characterise the dual category of aØC – the category of objects over a, usually de-
noted by CØa ®

Generalisations of the notion of comma category will be presented in section 6.1.

Together with example 2.2.10, we hope that we have provided enough insight into
the way categories are often defined: by "adding structure" to the objects of another
category.  Because there is no abstract characterisation of this technique, we have
relied on the examples to make apparent that there is a systematic procedure for
checking the definition of a category built by "adding structure".

3.3 Subcategories

There is another intuitive, and often useful, way of building new categories from old:
by forgetting some of the objects and some of the morphisms to create a subcategory
of the original one.  The only proof burden associated with this method is in making
sure that we do not through away too much (or too little...).

3.3.1 DEFINITION – subcategory

Given categories C=<GC,;C,idC> and D=<GD,;D,idD>, we say that D is a subcategory of C
iff

• |D|Õ|C|, i.e. every object of D is an object of C

• For any objects x and y of D, HomD(x,y)ÕHomC(x,y), i.e. the morphisms in D are
also morphisms in C

• The composition laws and the identity maps in the two categories agree, i.e.
given composable morphisms f and g of D, their composition f;Dg in D is the
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same as their composition f;Cg in C, and for every object x of D, its identity
idD(x) is the same as its identity idC(x) in C. ®

Notice that, for D to be a subcategory of C, it is not enough to have inclusions be-
tween the sets of objects and of morphisms: the additional structure given by the
identities and the composition law has to be preserved.

Examples of subcategories will be given as we go along, most of the time as exercises.

3.3.2 EXAMPLES

1. By keeping just the sets that are finite and all the total functions between them,
we define a subcategory fSET of SET.

2. By keeping all sets but just the functions that are injective, we define a subcate-
gory INJ of SET.  This is because identities are injective and the composition of
injective functions is still injective.

3. Given any category, we can forget all its morphisms except for the identities, and
obtain a subcategory.  Categories whose only morphisms are the identities are
called discrete.

4. We can extend the morphisms of SET to include all partial functions between
sets.  Because the identity function is trivially partial and partial functions com-
pose in the same way as total functions, we obtain a category of which SET is a
subcategory.  The category of partial functions will be called PAR.

5. During the discussion above around pointed sets, we have motivated the notion
of alphabet of object behaviour by identifying events with sets of methods.  That
is, we have worked with pointed sets that consist of powersets, the empty set
being the designated element of each powerset.  We can show that we define a
subcategory of SET^ by choosing the morphisms 2BÆ2A to compute inverse im-
ages for a given function AÆB, i.e. g:2BÆ2A is such that, for some f:AÆB,
g(B')=f-1(B') for every B'ÕB.  We call this category POWER. ®

The cases in which we throw away some of the objects but keep all the morphisms
between those that remain, like we did for finite sets, deserve a special designation:

3.3.3 DEFINITION – full subcategory

Given categories C and D we say that D is a full subcategory of C iff D is a subcategory
of C and, for any objects x and y of D, HomD(x,y)=HomC(x,y). ®

3.3.4 EXERCISE

Check which of the subcategories defined in 3.3.2 are full. ®

We have mentioned several times that, intensionally, a category captures a certain
notion of structure, what we have called a "social life" for its objects.  It is only natu-
ral to expect that, when selecting a subcategory, we obtain a different but, never-
theless related, notion of structure.  For instance, if D is a subcategory of C, two ob-
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jects that are isomorphic in C are not necessarily isomorphic in D.  A trivial illustra-
tion of this fact can be obtained by realising that the discrete subcategory of C that is
obtained by forgetting all the morphisms except the identities (see 3.3.2) is such that
any object is only isomorphic to itself (it has no social life...).  Indeed, the more struc-
ture a category provides through its morphisms, the more observational power we
have over its objects and, hence, the more isomorphisms we are able to establish.
The reverse property, however, holds and is left as an exercise.

3.3.5 EXERCISE

Let D be a subcategory of C.  Show that any two objects that are isomorphic in D are
necessarily isomorphic in C. ®

The relationship between isomorphisms and subcategories is, in fact, very revealing
of the way categories can be used to capture notions of structure.  Recall that we
classified a subcategory as being full iff it is obtained by selecting a subclass of the
objects but leaving the morphisms between the selected objects unchanged.  Typi-
cally, this happens when one wants to select just the objects that satisfy a certain
property, e.g. sets that are finite as in example 3.3.2.   In this case, the converse of
the property proved in the exercise above also holds because, by not interfering with
the morphisms, we are keeping the structure of the objects:

3.3.6 EXERCISE

Let D be a full subcategory of C.  Show that any two D-objects that are isomorphic in
C are also isomorphic in D. ®

In the cases where, like finiteness of sets, the discriminating property does not dis-
tinguish between isomorphic objects, we obtain a subcategory that is not only full
but contains all objects that are isomorphic, i.e. share the same substructure.

3.3.7 DEFINITION – isomorphism-closed full subcategory

A full subcategory D of a category C is said to be isomorphism-closed iff every C-object
that is isomorphic to a D-object is also a D-object. ®

So far, we have looked at the formation of a subcategory as the result of a selection
of special objects and morphisms from a given category.  In certain circumstances,
this selection is, actually, the result of a process of "abstraction", i.e. certain objects
are selected because they are "canonical" with respect to a set of objects that share a
given property.

As an example, consider automata as defined in 2.2.10.  Intuitively, only the states
that are reachable, in the sense that they can be reached through the transition
function from the initial state and some input sequence, are important for deter-
mining the "social life" of automata in terms of their ability to simulate other auto-
mata.  Consider, then, the full subcategory REACH of AUTOM that consists of all
reachable automata.  The idea that, for the purposes of simulating other automata,
every automaton can be represented by the automaton that is obtained by removing
all non-reachable states can be formalised as follows:
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• every automaton A is related to a "canonical" reachable automaton R through
a morphism c: RÆA.  More concretely, if A=<X,S,Y,s0,f,g>, then
R=<X,SR,Y,s0,fR,gR> where XR is the subset of X consisting of the states that
are reachable, and fR (resp. gR) is the restriction of f (resp. g) to SR. Notice that
R is well-defined because f returns reachable states when applied to reach-
able states. The morphism c consists of the inclusion of SR into S and the
identities on X and Y.  Notice that the inclusion satisfies the three properties
of simulations in a trivial way.

• every inclusion c: RÆA as defined above satisfies the following property: given
any reachable automata R' and simulation h: R'ÆA, there is a unique mor-
phism of reachable automata h': R'ÆR such that h=h';c.  In other words, R is
the reachable automaton that is "closest" to A in the sense that any other
reachable automata that A can simulate can also be simulated by R.  Indeed,
if R'=<X',S',Y',s'0,f',g'> and h=<hX,hS.hY>, then the equation h=h';c can only be
satisfied if h'S:S'ÆSR coincides with hS on the whole domain S', i.e. if hS only re-
turns reachable states.  But this is the case because R' is itself reachable.  On
the other hand, the equation fully determines the morphism, thus establish-
ing the uniqueness of h'.

This relationship between automata and reachable automata is an instance of what,
in Category Theory, is called a co-reflective subcategory:

3.3.8 DEFINITION – co-reflective subcategory

Let D be a subcategory of a category C.

1. Let c be a C-object.  A D-co-reflection for c is a C-morphism i:dÆc for some D-
object d such that, for any C-morphism f:d'Æc where d' is a D-object, there is a
unique D-morphism f':d'Æd such that f=f';i, i.e. the following diagram commutes:

i
d                     c

f'
f

d'

2. The category D is said to be a co-reflective subcategory of C iff every C-object ad-
mits a D-co-reflection. ®

Co-reflections are essentially "unique" in the following sense:

3.3.9 PROPOSITION

Let D be a subcategory of a category C.

1. Let c be a C-object.  If i:dÆc and j:eÆc are both D-co-reflections for c, then there
is a D-isomorphism f:eÆd such that j=f;i, i.e. the following diagram commutes:
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i
d                     c

f
j

e

2. Let c be a C-object.  If i:dÆc is a D-co-reflection for c and f:eÆd is a D-
isomorphism then f;i:eÆc is also a  D-co-reflection for c.

PROOF

1. The existence of f satisfying the equation results directly from the definition.
The fact that f is an isomorphism can be proved as follows:

• the existence of g:dÆe such that i=g;j can be concluded for the same rea-
sons;

• the composition g;f is such that (g;f);i=g;(f;i)=g;j=i=idd;i.  We can conclude
that g;f=idd by applying the uniqueness requirement of the definition of
co-reflection to idd.

• a similar line of reasoning will allow us to conclude that f;g=ide.

2. This is trivially proved. ®

Intuitively, a co-reflector for an object is a "secretary" that manages its social life, i.e.
through which all communication must go.  Indeed, consider two objects c and c' to-
gether with their secretaries d and d', respectively. Consider an interaction h:cÆc'.  

i
d                     c

h' h

d' c'
i'

The composition i';h is in the same circumstances as the morphism f in the definition
above.  Hence, we conclude that there is an interaction h':d'Æd that factorises (inter-
cepts) h in the sense that i';h=h';i.  

Given that "secretaries" are also objects of the bigger category, a question arises
naturally: who are their secretaries?  Do they talk to each other directly or do they
need their own secretaries and so on?  It seems intuitive to expect that all secretar-
ies communicate directly between them, i.e. that the co-reflection of a D-object (sec-
retary) is the identity (itself) up to isomorphism.  However, this can only be guaran-
teed if (and only if) D is a full subcategory:

3.3.10 PROPOSITION

Let D be a co-reflective subcategory of a category C.  Then, D is a full subcategory of C
iff, for every D-object d, idd is a D-co-reflection for d.
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PROOF

1. Let D be a full subcategory of C and d a D-object.  Given any C-morphism f:d'Æd
where d' is also a D-object, the equation f=f';idd establishes f=f' uniquely.  So,
the only way for the identity idd not to be a co-reflector for d is that f is not a D-
morphism as required by the definition.  Naturally, if the category is full, this
cannot happen.

2. Consider now an arbitrary C-morphism f:d'Æd where both d and d' are D-objects.
If idd is a D-co-reflection for d then, by definition, there exists a D-morphism
f:d'Æd such that f=f';idd, i.e. f=f'.  Hence, f is also a D-morphism. ®

Indeed, if the subcategory is not full, the secretaries, when playing their roles as sec-
retaries, may have more restricted means of interaction and, therefore, may not be
able to interact as they would do as "normal" objects.  This point is illustrated below
with a very simple subcategory that is co-reflective but not full.

The "social motivation" that we have been using is, in fact, somewhat biased towards
objects, i.e. it leads us to consider co-reflective subcategories that are full like that of
reachable automata.  However, any categorical property is, ultimately, determined by
the morphisms.  The following example shows that there are co-reflective subcatego-
ries that are not full.

3.3.11 EXAMPLE – SET as a non-full co-reflective subcategory of PAR

We proved in 3.3.2 that SET is a subcategory of PAR, the category of partial functions.
Both categories share the same objects (sets), but SET retains only the functions
that are total.  Hence, SET is not a full subcategory of PAR.  However, it is easy to
prove that every set A admits as a co-reflector the partial inclusion A^ÆA where A^,
also called the "elevation of A", is the set obtained from A by adding an additional
element ^ called "bottom" or "undefined".  The partial inclusion is the extension of
the identity on A that is undefined on ^.  Given now an arbitrary partial function
f:BÆA there is a unique elevation of f into a total function f^:BÆA^ by mapping to ^
all the elements of B on which f is undefined.  This is the standard technique that
mathematicians use to deal with partiality in the context of total functions. ®

Hence, in this case, the "secretary" is also responsible for transforming from the "par-
tial" mode of communication into the "total" mode.  This is because, by not being full,
the subcategory defines a more specialised mode of interaction.  The co-reflector op-
erates a transformation from the more general to the more specific mode.

Because Category Theory distinguishes between incoming and outgoing communica-
tion, co-reflectors manage, in fact, the incoming communication only.  The dual no-
tion, i.e. the notion that is obtained in the dual category, is called reflector, and
manages the outgoing communication:

3.3.12 DEFINITION – reflective subcategory

Let D be a subcategory of a category C.

1. Let c be a C-object.  A D-reflection for c is a C-morphism o:cÆd for some D-object
d such that, for any C-morphism f:cÆd' where d' is a D-object, there is a unique
D-morphism f':dÆd' such that f=o;f' i.e. the following diagram commutes:
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o
c                     d

f'
f

d'

2. The category D is said to be a reflective subcategory of C iff every C-object admits
a D-reflection. ®

Being the dual concept of co-reflections, reflections satisfy all the dual properties of
co-reflections.  In particular, reflections are essentially "unique" and identities are
reflectors iff the subcategory is full.  For consistency, in informal discussions, we shall
call co-reflectors "insecretaries" or "cosecretaries", and reflectors "outsecretaries" or
"secretaries".  Examples of reflections are given in 3.6.4.

3.4 Eiffel class specifications

In order to illustrate some of the ways in which Category Theory can be used to cap-
ture the semantics of software engineering practice, we introduce a "practical" exam-
ple related to the Eiffel language.  This example will be used in later chapters as well.

As stated in [88], "Eiffel software texts – classes and their routines – may be equipped
with elements of formal specification, called assertions, expressing correctness condi-
tions".  We shall not detail the language in which these assertions can be written: it
can be found in [88].

For our purposes, an Eiffel class specification e consists of a triple <S,P,I> where

• S is the class signature consisting of a set (of features).  Each feature has its
own signature which consists of a pair <arg,res> of sequences of types.  Fea-
tures can be attributes, functions or routines, the sets of which are denoted
by att(S), fun(S) and rou(S), respectively.

• P provides, for every rŒrou(S), a pair <prer,posr> of Boolean expressions (the
pre- and the post-condition of the routine, respectively).

• I is a Boolean expression (the invariant of the class).

The semantics intended for such a specification is the one popularised under the
designation "design by contract".  Every client of the class when calling a routine r
should make sure that the pre-condition for r holds, in which case the post-condition
is assured to hold after the call is completed.  The class invariant is a condition that
is guaranteed by every creation procedure of the class and maintained by any rou-
tine.

For an example of a class specification consider bank accounts:

   deferred       class    account
   attributes    balance: int, vip: boolean;
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   routines   deposit(i:nat)
   require    true
   ensure    balance =    old    balance + i

withdrawal(i:nat)
   require    balance≥i
   ensure    balance =    old    balance - i

   invariant   vip … balance≥1000

Each bank account is capable of making deposits and withdrawals.  These update the
balance, as captured through an attribute, as specified in the ensures clauses.  The
routine that performs the withdrawals requires the client who makes the call to
check that the balance is greater than the amount requested.  Accounts that are
considered to be vip have a balance greater than 1000.

The idea is that specifications are used to indicate what software components do, or
are required to do, rather than how they do it.  Changes to the implementations of
the specified features are allowed as long as they do not violate the specifications.

Specifications have a "social life" that results from the need to adapt features.  Fea-
ture adaptation [88] typically comes about when the class is inherited.  That is to say,
we return to our view to the social life of object classes that we have already explored
earlier in the book, except that, now, we have other aspects to consider.

To be consistent with [88], the notion of morphism to be proposed for capturing the
social life of class specifications has to account for the following operations:

• rename a feature;

• merge one or more features; this is called the join mechanism and applies to
features inherited as deferred (i.e. without a chosen implementation);

• redefine a feature, changing the original signature or pre/post-conditions;

• add conditions to the invariant.

There are other circumstances in which features can be changed, like assigning an
implementation to a feature that so far was "deferred".  Because they relate only to
implementations, and do not involve specifications except for discussing the correct-
ness of the changes, i.e. because specifications are not socially active during these
operations, we will not consider them in our formalisation.

The redefinition of a feature is subject to several constraints:

• at the level of its signature, the number of arguments and results cannot be
changed; changes to their types can be performed subject to a number of
conformance rules that, for simplicity, we will ignore;

• functions can be redeclared as attributes but not vice-versa; routines cannot
be redeclared as attributes or functions, and attributes and functions cannot
be redeclared as routines;

• pre-conditions can be weakened but not strengthened;

• pos-conditions can be strengthened but not weakened

The constraints that apply to pre/post-conditions have in mind the preservation of
the contract: any client of a redefined routine has the right to expect a service that
complies with the original specification; hence, it cannot be required to test for more
conditions before calling the feature and, upon termination, it must get at least what
he would normally get from the original feature.

All these constraints lead to the following definition:
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A morphism F: e=<S,P,I> Æ e'=<S',P',I'> of Eiffel class specifications consists of a total
function between the class features such that

• for every feature fŒS, argF(f)= argf and resF(f)= resf;

• for every attribute aŒatt(S), F(a)Œatt(S');

• for every function fŒfun(S), F(f)Œatt(S')»fun(S');

• for every routine rŒrou(S), F(r)Œrou(S');

• for every rŒrou(S), F(prer) 

† 

|–pre'F(r) and pos'F(r)

† 

|–F(posr)

• I '

† 

|–F(I)

As an example of a morphism of Eiffel class specifications, consider the following class
specification obtained by inheriting from the previous example:

   deferred       class    flexible account
   inherit    account

   attributes    credit: nat
   redefine   withdrawal(i:nat)

   require       else    balance+credit ≥ i
   invariant   vip … balance≥10000

That is to say, a flexible account extends the account with an attribute credit whose
value can be added to the balance for satisfying a withdrawal request.  As a counter-
part to the added flexibility, the minimum balance for the account to be considered
"vip" is now 10000.

The syntax of Eiffel is already such that some of the constraints are automatically
met:

• the redeclaration of routines is such that pre-conditions are changed with a
require       else    condition clause whose semantics is to add the specified
condition to the inherited pre-condition as a disjunct (hence the weakening);

• the post-conditions are changed with a    ensure       then    condition clause
whose semantics is to add the specified condition to the inherited post-
condition as a conjunct (hence the strengthening);

• the invariant clause is added as a conjunct to the invariant inherited from the
parent class (hence the strengthening).

It is easy to prove that class specifications and their morphisms constitute a category
CLASS_SPEC.  Later on in the book we will see how other properties of specifica-
tions, like the "join semantics rule" can be accounted for through so-called universal
constructions.

3.5 Temporal specifications

In this section, we develop a category whose objects are specifications of process be-
haviour in Temporal Logic.  This category will be used throughout the book for illus-
tration purposes.  Whereas our purpose with Eiffel class specifications was to show
how Category Theory can apply to "real-life" modelling techniques, with temporal
specifications we will try to illustrate, in the simplest way we know, typical properties
of Specification Theory as applied to Concurrent Systems.  
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This example will also serve two other purposes.  On the one hand, it will be used to
show how relationships between different domains can be developed once they have
been formalised in Category Theory.  This will be done by relating temporal specifica-
tions with a very simple process model that we started building in 3.2.1.  The other
purpose is to show that there is a degree of "universality" in the kinds of construc-
tions that are typically used across different domains for system modelling, and that
this "universality" is very easily made evident, and formally characterised, through
the use of Category Theory.  Before proceeding, we should make clear that much of
this particular topic was jointly developed with Félix Costa.  The essential part of the
technical details can be found in [32,33].

Specifications are often identified with theories (or theory presentations) in a given
logic, an idea that has been around for quite a long time [17], although only more re-
cently explored from the point of view of the temporal logic approach to reactive sys-
tem specification [38]. In fact, process specifications are usually given as theory pres-
entations rather than theories.  By a theory presentation, we mean a pair consisting
of a signature and a set of sentences – the non-logical axioms of the specification.
The signature identifies the vocabulary symbols that are proper to the object being
identified and the sentences provide a description of the properties that are being
specified about that object.

We shall be modelling the behaviour of concurrent processes at the level of the ac-
tions that are provided by their interfaces.  Hence, every signature identifies a set of
actions in which a process can engage itself.  An example of a signature is that of the
specification of a vending machine able to accept coins and deliver cakes and cigars –
{coin,cake,cigar}.

3.5.1 DEFINITION – signatures of linear temporal logic

A signature of linear temporal logic is a set, the elements of which will be called ac-
tion symbols. ®

The language in which the sentences that specify the behaviour of the process are
written is that of linear temporal logic.  The action symbols provide atomic proposi-
tions in the definition of the language associated with a signature:

3.5.2 DEFINITION – language of linear temporal logic

The set of temporal propositions prop(S) for a signature S is inductively defined as
follows:

• every action symbol is a temporal proposition

• beg is a temporal proposition (denoting the initial state)

• if f is a temporal proposition so is (¬f)

• if f1 and f2 are temporal propositions so are (f1…f2) and (f1Uf2). ®

The temporal operator is U (until). Its semantics is defined below; informally, (f1Uf2)
is intended to hold whenever, from tomorrow, f2 will eventually hold and until then,
but not necessarily then, f1 will hold.  Other temporal operators such as X (next or
tomorrow), F (eventually) and G (always) can be defined as abbreviations [68].  We will
often make use of the operator W (weak until): (f1Wf2) will hold whenever, from to-
morrow, either f2 will eventually hold and until then, but not necessarily then, f1

will hold, or f2 will forever be false and f1 true.
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3.5.3 DEFINITION – semantics of linear temporal logic

The language of linear temporal logic is interpreted over infinite sequences of sets of
actions.  That is, an interpretation structure for a signature S is a sequence lŒ(2S)w.
These are canonical Kripke structures for linear, discrete, propositional logic [113].
Each infinite sequence represents a possible behaviour for the process being speci-
fied.  The sets of actions represent the events that take place during the lifetime of
the process.  As already explained in 3.2.1, the event that consists of the empty set of
actions represents a transition performed by the environment without the participa-
tion of the process.

A S-proposition f is said to be true for lŒ(2S)w at state i, which we write l  !!!!f iff:

• if fŒS, l       f iff fŒl(i),

• l       beg iff i=0,

• l       (¬f)  iff it is not the case that!l       f

• l       (f1…f2) iff l         f1 implies l       f2,

• l       (f1Uf2) iff, for some j>i, l       f2 and, for every i<k<j, l       f1.

The proposition f is said to be true in l, written l!!!!!!f, if and only if l       f at every
state i. We also write l!!!!!F for a collection of propositions F meaning that each
proposition of F is true in l, and L!!!!!!!f for a collection L of sequences meaning that
f is true in every lŒL.

Finally, for every set F of S-propositions and every S-proposition f, f is a conse-
quence of F – (F!

† 

|– S!f) – if and only if f is true in every sequence that makes all the
propositions in F true. ®

The corresponding notion of theory is given as usual for the closure system induced
by the consequence relation:

3.5.4 DEFINITION – temporal theories and their presentations

1. Let S be a signature. A subset Y of prop(S) is said to be closed if and only if, for
every fŒprop(S), Y 

† 

|– Sf implies fŒY.  By cS(Y) we denote the least closed set
that contains Y.

2. A temporal theory is a pair <S,F> where S is a signature and F is a closed set of S-
propositions.

3. A theory presentation is a pair <S,F> where S is a signature and F is a set of S-
propositions.  The presented theory is <S,cS(F)>. ®

That is to say, a theory consists of a set of sentences that is closed for consequence:
it contains all the theorems that can be derived from its sentences.  A presentation is
not necessarily closed under consequence: it provides a more "economical" way of
specifying the intended behaviour of a system.  A presentation consists only of a se-
lected set of properties (also called the "axioms" of the presentation) that are re-
quired of the system, leaving the computation of the properties that can be derived
from this selected set  (its "theorems") to the proof theory of the logic.  Hence, specifi-
cations are usually identified with presentations, not with theories.
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3.5.5 EXERCISE

Prove that the operators cS defined above satisfy the following properties:

• reflexivity: for every FÕprop(S),  FÕcS(F)

• monotonicity: for every F,GÕprop(S),  FÕG implies cS(F)ÕcS(G)

• idempotence: for every FÕprop(S), cS(cS(F))ÕcS(F) ®

3.5.6 EXAMPLE – a vending machine

As an example, consider the following specification of a vending machine:

specification vending machine is
signature coin, cake, cigar
axioms beg … (¬cakeŸ¬cigar) Ÿ (coin ⁄ (¬cakeŸ¬cigar)Wcoin)

coin … (¬coin)W(cake⁄cigar)
(cake⁄cigar) … (¬cakeŸ¬cigar)Wcoin
cake … (¬cigar)

This machine is able to accept coins, deliver cakes and deliver cigars.  The machine is
initialised so as to accept only coins (first axiom).  Once it accepts a coin it can deliver
either a cake or a cigar (second axiom), but not both (fourth axiom). After delivering a
cake or a cigar it is ready to accept more coins (third axiom). ®

As already mentioned, the model of process behaviour that we are adopting reflects
an (abstract) synchronous, multi-processor architecture in which, at each transition,
several actions may be executed concurrently. We are going to show that this syn-
chronous flavour is captured through the notion of specification morphism (interpre-
tation between theories) as a mathematical model of the relationship between sys-
tems and their components.

An interpretation between theories is typically defined as a mapping between their
signatures that preserves theorems.  Notice, once again, the idea of structure preser-
vation presiding to the definition of morphisms.  The structure being preserved in
this case is the one given by the properties of the processes involved as captured
through the theorems of the specifications.

3.5.7 DEFINITION – interpretation between temporal theories

1. Let S and S' be signatures and f:SÆS' a total function. The translation map
f:prop(S)Æprop(S') induced by f is inductively defined as follows:

• f(beg)=beg

• if aŒS then f(a)=f(a)

• f(¬f)=¬f(f)

• f(f1…f2)=f(f1)…f(f2)

• f(f1Uf2)=f(f1)Uf(f2)

2. An interpretation between two theories (or theory morphism) <S1,F1> and <S2,F2>
is a map f:S1ÆS2 such that f(F1)ÕF2.
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3. A morphism between two presentations <S1,F1> and <S2,F2> is a map f:S1ÆS2

such that f(cS1
(F1))ÕcS2

(F2). ®

3.5.8 PROPOSITION – temporal theories and their presentations

1. Temporal theories and interpretations between theories define a category called
THEOLTL.

2. Presentations of temporal theories and their morphisms define a category called
PRESLTL.  Furthermore, THEOLTL is a subcategory of PRESLTL.

PROOF

1. Although we have not made it explicit, the composition law and identity map
that we have in mind for theories are the ones inherited from signatures as sets.
Hence, this is another example of constructing a category by adding structure:
the underlying category is that of sets and the structure being added is the col-
lection of theorems that constitute the specification.  Therefore, the properties
of the composition law and identity map are inherited from SET; we only have to
prove the closure properties, i.e. that the composition of theory morphisms as
functions is still a theory morphism and that the identity function is a theory
morphism.  The latter is, of course, trivial because the translation map induced
by the identity on signatures is itself the identity.  The former can be proved as
follows:

• first of all, given f:SÆS' and g:S'ÆS", we have to prove that f;g = f;g.  That
is, the translation map induced by a composite function is the composition
of the translation maps induced by the components.  This can be proved
by structural induction and is left as an exercise.

• given theories <S,F>, <S',F'> and <S",F">, and theory morphisms
f:<S,F>Æ<S',F'> and g:<S',F'>Æ<S",F">, (f;g)(F)=g(f(F)) as proved above.
Because f is a theory morphism, f(F)ÕF', which implies (f;g)(F)Õg(F').  Be-
cause g is a theory morphism, g(F')ÕF", which implies  (f;g)(F)ÕF".  Hence,
(f;g) is a theory morphism.

2. The proof that theory presentations and their morphisms define a category can
proceed exactly in the same way as for theories.  The fact that THEOLTL is a sub-
category of the resulting category has a very trivial proof:

• clearly, every theory is a presentation: it just happens to be closed.

• given a theory morphism f:<S,F>Æ<S',F'> we have to prove that it defines
a presentation morphism, i.e. that f(cS(F))ÕcS'(F').  Because F and F' are
closed, cS(F)=F and cS'(F')=F'.  Because f is a theory morphism, f(F)ÕF'.

• the properties of the composition law and the identity map are trivially
proved. ®

Checking that a signature map defines a morphism between two presentations by
checking that every theorem of the source is translated to a theorem of the target is
not "practical".  Typically, one would prefer to check that only the axioms of the pres-
entation are translated into theorems, from what it should follow that the theorems
are preserved.  Although this is not true for an arbitrary logic, it is a property of the
temporal logic that we defined above as proved below.
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In order to do so, we need to be able to relate the models of the signatures involved:

3.5.9 DEFINITION/PROPOSITION – reducts; the satisfaction condition

1. Let S and S' be signatures and f:SÆS' a total function. Given an interpretation
structure l'Œ(2S')w for S'', we define its reduct l'|f as the interpretation structure
for S defined by l'|f(i)=f-1(l'(i)). That is, the reduct of a sequence l' of S'-actions is
the sequence that consists, at each point i, of the S-actions that are translated
through f into l'(i).

2. Let S and S' be signatures, f:SÆS' a total function, l'Œ(2S')w an interpretation
structure for S'', and f a S-proposition.  Then, for every i,

 #########l'!!!!! f(f)  iff  l'|f!!!!!!f.  

This property is usually called "the satisfaction condition", the reason for which
will be disclosed later on in the book.

PROOF

The proof of 2 is by induction on the structure of f.  The base case (action symbols)
results directly from the definition of reduct: f(f)Œl'(i) iff fŒf-1(l'(i)) (= l'|f(i)).  The in-
duction step presents no difficulties. ®

3.5.10 PROPOSITION – presentation lemma

1. Given a signature morphism f:S1ÆS2 and FÕprop(S), f(cS1
(F))ÕcS2

(f(F)).

2. Given presentations <S1,F1> and <S2,F2>, a map f:S1ÆS2 is a morphism between
them iff f(F1)ÕcS2

(F2).  This result is usually called "the presentation lemma".

PROOF

1. Let fŒcS1
(F).  We have to prove that f(f)ŒcS2

(f(F)).  For that purpose, consider an
arbitrary interpretation structure l'Œ(2S')w in which f(F) is true.  From what was
just proved, all the propositions in F are true in l'|f.  But, then, so is f because
fŒcS1

(F).  Applying the same result, but in the other direction, we know that f(f)
is true in l'.

2. All that needs to be proved is that f(cS1
(F1))ÕcS2

(F2) iff f(F1)ÕcS2
(F2).

• The forward implication is an immediate consequence of the reflexivity of clo-
sure, which allows us to derive that F1ÕcS1

(F1).

• Consider now the reverse implication and assume that f(F1)ÕcS2
(F2).  Because

closure operators are monotone, we can infer cS2
(f(F1))ÕcS2

(cS2
(F2)).  Because

closure operators are idempotent, cS2
(cS2

(F2))=cS2
(F2).  Hence, cS2

(f(F1))ÕcS2
(F2).

Using now the result proved in 1, we obtain by transitivity f(cS1
(F1))ÕcS2

(F2). ®

3.5.11 EXAMPLE – a regulated vending machine

As an example of the use of morphisms for system modelling, consider the following
specification:

† 

|=i

S

† 

|=i

S'
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specification regulated vending machine is
signature coin, cake, cigar, token
axioms beg … (¬cakeŸ¬cigarŸ¬token) Ÿ

(coin ⁄ (¬cakeŸ¬cigar)Wcoin)
coin … (¬coin)W(cake⁄cigar)
coin … (¬cigar)Wtoken
(cake⁄cigar) … (¬cakeŸ¬cigar)Wcoin
cake … (¬cigar)
token … (¬cakeŸ¬cigarŸ¬coin)

That is to say, the machine is now extended to be able to accept tokens, and is
regulated in such a way that it will only deliver a cigar if, after having accepted a coin,
it receives a token.  The last axiom says that coins, cakes and cigars cannot be used
as tokens...

We can see this specification as resulting from the previous vending machine
through the superposition of some mechanism for controlling the sales of cigars.
Later on in the book (6.1.24), we shall see how a regulator can be independently
specified and connected to the vending machine in order to achieve the required su-
perposition.  That is to say, we shall see how the regulated vending machine can be
defined as a configuration of which the original vending machine, as well as the
regulator, are components.

In the meanwhile, we shall analyse how theory morphisms can be used to identify
components of systems.  For instance, in the example above, we can establish a mor-
phism between the specifications of the vending machine and the regulated vending
machine.  The signature morphism maps the actions of the vending machine to
those of the regulated vending machine that have the same names.  To prove that
the signature morphism defines an interpretation between the two specifications, we
have to check if every axiom of the specification of the vending machine (3.5.6) is
translated to a theorem of the regulated vending machine:

• the initialisation condition is preserved: it is strengthened with the condition
¬token;

• the second axiom is translated directly into the second axiom of the regulated
vending machine;

• the third axiom is translated directly into the fourth axiom of the regulated
vending machine;

• and the fourth axiom is translated directly into the fifth axiom of the regu-
lated vending machine.

The fact that morphisms identify components of systems is captured by the following
result:

3.5.12 PROPOSITION

Let <S1,F1> and <S2,F2> be theories and f:S1ÆS2 a signature morphism. Then, f de-
fines a theory morphism iff, for every model l' of <S2,F2>, l'|f is a model of <S1,F1>.

PROOF

1. Assume that f defines a theory morphism and let l' be a model of <S2,F2>.  To
prove that l'|f is a model of <S1,F1>, let fŒF1.  Because f is a theory morphism,
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f(f)ŒF2 and, hence, f(f) is true in  l'.  But, by the fundamental property of re-
ducts, f is true in l'|f.  Hence, l'|f is a model of <S1,F1>.

2. Assume now that, for every model l' of <S2,F2>, l'|f is a model of <S1,F1>.
Let fŒF1.  We have to prove that f(f)ŒF2.  Let l' be a model of <S2,F2>.  Because
l'|f is a model of <S1,F1>, f is true in l'|f.  By the fundamental property of re-
ducts (opposite direction), f(f) is true in  l'. ®

That is to say, given a morphism between two temporal specifications, every behav-
iour of the target is projected back to a model of the source.  Because the reduct
identifies the actions of the source that occur at each point in the execution of the
target, we can say that an interpretation between theories identifies in every behav-
iour that is according to the target specification, a behaviour that is according to the
source specification.  Hence, the morphism recognises in the source a component of
the target.  

Notice that it is not necessary that every behaviour of the source (component) be re-
covered through the reduct.  Indeed, as a component of a larger system, some be-
haviours of the component may be lost because of interactions with other compo-
nents.  This is the case above.  The behaviours in which a coin is followed immedi-
ately by a cigar are not part of any model of the regulated vending machine because a
token is required after the coin before the cigar can be delivered.

3.6 Closure systems

In the previous section, we presented several categories related to the specification
of systems on the basis of properties stated in the language of temporal logic.  We will
show in the next chapters that these categories satisfy a number of properties that
make them useful to modularise specifications.  However, these properties are in no
way particular to the temporal logic that was chosen to express specifications.  They
are shared by a number of structures that generalise what, sometimes, are called
"closure systems".  This section presents the initial step in a sequence of construc-
tions that will end up in the definition of institutions [61], "-institutions [45], and
general logics [87].  These are all categorical generalisations of the notions of Logic
and associated concepts like theories that bring out the structural properties that
make them useful for specification.

3.6.1 DEFINITION – closure system

We call a closure system a pair <L,c> where L is a set and c:2LÆ2L is a total function
satisfying the following properties:

• reflexivity: for every FÕL,  FÕc(F)

• monotonicity: for every F,GÕL,  FÕG implies c(F)Õc(G)

• idempotence: for every FÕL,  c(c(F))Õc(F) ®

3.6.2 DEFINITION/PROPOSITION – category of closure systems

We define the category CLOS of closure systems by defining a morphism
f:<L,c>Æ<L',c'> to be a map f:LÆL' satisfying, for every FÕL, f(c(F))Õc'(f(F)).
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PROOF

Again an example of adding structure to SET.

• the identity function on sets is trivially a morphism of closure systems;

• consider now two morphisms f:<L,c>Æ<L',c'> and g:<L',c'>Æ<L",c"> and FÕL.
Because f is a morphism, f(c(F))Õc'(f(F)).  This also implies that
g(f(c(F)))Õg(c'(f(F))).  On the other hand, because g is a morphism,
g(c'(f(F)))Õc"(g(f(F))).  Hence, (f;g)(c(F))Õc"((f;g)(F))). ®

As an example of closure systems we have, for every temporal signature S, the pair
clos(S) formed by prop(S) as defined in 3.5.2 together with the closure operator de-
fined in 3.5.4.  Notice that the result proved in 3.5.10 shows that every signature
morphism induces a morphism between the corresponding closure systems.

3.6.3 DEFINITION/PROPOSITION – theories in closure systems

Consider a closure system <L,c>.

1. We say that FÕL is closed iff F=c(F).

2. We define the category THEO<L,c> whose objects are the closed subsets of L and
morphisms are given by inclusions.

3. We define the category PRES<L,c> whose objects are the subsets of L and mor-
phisms given by the pre-order F≤G iff c(F)Õc(G).

4. We define the category SPRES<L,c> whose objects are the subsets of L ordered by
inclusion.

PROOF

These are trivial examples of categories that are given through pre-ordered sets. ®

We call the objects of SPRES<L,C> "strict presentations" because the morphisms re-
quire that the axioms be preserved.  The more attentive reader will have noticed that
these notions do not coincide exactly with the definitions used in section 3.5 be-
cause they do not contemplate changes of language.  We shall generalise these no-
tions in later sections to account for relationships between theories in different lan-
guages.

The following proposition defines several relationships between these categories.
For simplicity, we omit the reference to the underlying closure system.

3.6.4 PROPOSITION

1. THEO is a full subcategory of PRES (and of SPRES), and SPRES is a subcategory
of PRES.

2. THEO is a reflective subcategory of PRES (and of SPRES), but SPRES is not.

3. THEO is a co-reflective subcategory of PRES (but not of SPRES) and so is SPRES.
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PROOF

1. The proof that THEO is a (full) subcategory of SPRES and PRES is trivial.  The
result that SPRES is a subcategory of PRES is an immediate consequence of the
monotonicity of the closure operator.  This subcategory is not full because theo-
rems may be preserved even if the axioms are not.

2. The first results are about closure as a reflector.  Indeed, we are going to prove
that, given an arbitrary presentation F, its reflector is its closure c(F).  There are
two parts in the proofs: (1), the very existence of the reflector as a morphism; (2),
its universal property.  All the reasoning evolves around the following "diagram":

F                   c(F)

F'

In the case of THEO as a subcategory of PRES, part 1 translates to the inclusion
c(F)Õc(c(F)), which is a corollary of the reflexivity of the closure relation.  Part 2
translates to c(F)Õc(F') implies c(F)ÕF' because the morphism on the right is in
THEO. This holds because, being a theory, c(F')=F'.

In the case of THEO as a subcategory of SPRES, part 1 translates to the inclusion
FÕc(F) because the morphism is now strict.  Again, this is a corollary of the re-
flexivity of the closure relation.  Part 2 translates to FÕF' implies c(F)ÕF' because
the morphism on the right is in  THEO and the one on the left is strict.  This is a
consequence of the monotonicity of the closure operator and the fact that, being
a theory, c(F')=F'.

The fact that SPRES is not a reflective subcategory of PRES can be inferred from
part 2: c(F)Õc(F') implies c(F)ÕF' does not necessarily hold because, being a pres-
entation, F' is not necessarily closed.

Summarising, on the side of reflections, these results capture the fact that, for
the purposes of "outward communication", i.e. for being interpreted, presenta-
tions can delegate on theories but not on strict presentations because, whereas
the former will use the full theory for the interpretation, the latter will only look
at relationships between axioms.

2. The second set of results is about the co-reflective properties of closure.  The
relevant "diagram" now is:

c(F)                    F

!!F'

In the case of THEO as a subcategory of PRES, part 1 translates to the inclusion
c(c(F))Õc(F), which is a corollary of the idempotence of the closure operator.  Part
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2 translates to c(F')Õc(F) implies F'Õc(F) because the morphism on the left is in
THEO. This holds because of reflexivity.

The fact that THEO is not a co-reflective subcategory of SPRES can be inferred
from part 1: the inclusion c(F)ÕF does not necessarily hold because, being a
presentation, F is not necessarily closed.

In the case of SPRES as a subcategory of PRES, part 1 translates again to the in-
clusion c(c(F))Õc(F).  Part 2 translates also to c(F')Õc(F) implies F'Õc(F) because
the morphism on the left is strict. This holds because of reflexivity.

Summarising, on the side of co-reflections, the existence of a co-reflection from
strict into loose interpretations reflects (or co-reflects...) the fact that in order to
interpret another theory presentation, a given theory presentation just needs to
consider the axioms of the source.  On the other hand, because strict presenta-
tions are not expressive enough to interpret theories, they do not admit theories
as co-reflectors, i.e. they cannot allow theories to handle their in-communication.

®

Globally, this result shows that theories and theory presentations with the looser
notion of morphism define, essentially, the same structure.  The same does not hap-
pen with strict presentations.  Strict presentations can co-reflect presentations and
be reflected by theories but not the other way around because they are not expres-
sive enough to capture closure.



4 UNIVERSAL CONSTRUCTIONS

In this chapter, we finally start getting into the real matter of Category Theory!  The
previous chapters just set the scene by providing basic definitions, methods, and ex-
amples.  It is now time to show what can be obtained by using Category Theory in-
stead of any other mathematical domain.

We have already hinted to the fact that Category Theory provides a totally different
approach to the characterisation of a given domain of objects, namely to the fact that
objects are characterised by their "social life", or "interactions", as captured by mor-
phisms.  This is precisely the point that we are going to exemplify in this chapter:
how certain objects, or constructions, can be characterised in terms of standard rela-
tionships that they exhibit with respect to the rest of the universe (of relevant con-
structions).  It is in this sense that these constructions are called "universal".  At the
same time, we will start shifting our focus from the social life of individual objects to
that of groups or societies of interacting objects.

Indeed, this is where we start shifting some of the emphasis from the manipulation of
objects to diagrams as models of complex systems.  We have already mentioned (and
will continue to do so) that one of our goals with this book is to show that Category
Theory can go a long way in supporting the formalisation of software development
methods and techniques that address the complexity of building and evolving sys-
tems.  Central to this view is the notion of diagram as an expression of what is often
called a configuration, be it the configuration of a running system as a network of
simpler components, the way a complex program (text) or specification is put together
from modules, the inheritance structure according to which program modules are or-
ganised, etc.  This is also where Goguen's famous dogma [56] "given a category of
widgets, the operation of putting a system of widgets together to form a super-widget
corresponds to taking a colimit of the diagram of widgets that shows how to intercon-
nect them" applies.  We would like to take it as a motto for this chapter, if not the
whole book!

This chapter is only an entry point to the ways Category Theory can address the
complexity of system development.  Subsequent chapters will introduce further con-
structions, techniques, and applications.  Some readers may feel some frustration in
that the examples that we use for illustrating these aspects – Eiffel, processes and
specifications – are developed in a piecemeal way.  Indeed, they are like threads that
will have to be followed throughout the book to get the overall picture.  The reason is
that they are used in the book in support for the exposition and, hence, each piece
is introduced only when and where it was judged to be the most useful.  The only
application that is developed as a whole is provided in Part Three – CommUnity and
Software Architectures.  Bear in mind that, at the end, the topic will be far from ex-
hausted.  The reader is encouraged to consult the references that are provided
throughout.
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4.1 Initial and terminal objects

At least at first-sight, the first universal constructions that we define are not so much
“constructions” but “identifications” of distinguished objects.  What distinguishes
them from the other objects are what are usually called “universal properties”, a term
that is associated, and used interchangeably in the literature, with “universal con-
struction”.

4.1.1 DEFINITION – initial objects

An object x of a category C is said to be initial iff, for every object y of C, there is a
unique morphism from x to y.  A generic initial object is usually denoted by 0.  The
unique morphism from an initial object 0 into an object x is denoted by 0x. ®

4.1.2 PROPOSITION

1. Any two initial objects are isomorphic.

2. Any object isomorphic to an initial object is also initial.

PROOF

1. Let x and y be initial objects, and f:xÆy and g:yÆx the associated morphisms
given by their universal properties.  Consider now the morphism (f;g):xÆx.  Be-
cause x is initial, we know that there is only one morphism with x as source and
target.  Hence, (f;g)=idx.  The same reasoning applied to y gives us (g;f)=idy,
showing that x and y are isomorphic.

2. Left as an exercise. ®

Hence, we usually refer to the initial object of a category, if one exists.

4.1.3 EXAMPLE

1. In SET, the initial object is the empty set.  This is because the empty set can be
mapped to any other set in a unique way: through the empty function.  This also
justifies the notation 0 usually adopted for initial objects.

2. In LOGI, the initial object is ^ (any contradiction).  This is because anything can
be derived from a contradiction.  This again is consistent with the use of the no-
tation 0 (as the truth value for false) for initial objects.

3. In PAR, the initial object is also the empty set: all functions from the empty set
are, in fact, total, hence it is not surprising that we get the same initial object
than in SET.

4. In SET^, the initial objects are the singletons <{a},a>.  This is because, according
to the definition, there is one and only one way of mapping the designated ob-
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ject of a pointed set: to the designated element of the target pointed set.  Notice
that, although SET^, was built over SET, the initial objects of the two categories
do not coincide.  Indeed, when adding structure to a given category to make an-
other category, the universal constructions may change precisely because the
structure has been changed.  Nevertheless, the spirit of “emptiness” is still there
– <{a},a> is empty of “proper” elements. ®

4.1.4 DEFINITION – terminal objects

An object is terminal in a category C iff it is initial in Cop.  That is, x is terminal in C iff,
for every object y of C, there is a unique morphism from y to x.  A generic terminal
object is usually denote by 1 and the unique morphism from an object x is denoted by
1x. ®

Once again, terminal objects are isomorphic and, therefore, we usually refer to the
terminal object of a category, if one exists.

4.1.5 EXAMPLES

1. In SET, the terminal objects are the singletons.  This is because there is one,
and only one way of mapping any given set to a singleton: by mapping all the
elements of the source set (event if there is none…) to the element of the single-
ton.  Any set with more than one element is clearly not terminal because it pro-
vides a choice for the target image of any element of the source set, i.e. it does
not satisfy the uniqueness criterion.  The empty set is not terminal because it
only admits total functions from itself, i.e. it does not satisfy the existence crite-
rion. 

Notice that all singletons are indeed isomorphic in SET.  This is consistent with
what we said before about the way Category Theory handles sets as objects: be-
cause we are not allowed to look into a set to see what elements it has, there is
no way we can distinguish two singletons in terms of their structural properties.
This also justifies the use of the notation 1 for arbitrary terminal objects.

On the other hand, any singleton can be used to identify the different elements
of any non-empty set A by noticing that each element aŒA defines, in a unique
way, a function a:1ÆA.  Indeed, following the idea that morphisms characterise
the "social life" of the objects of a category, the social relationships that a single-
ton set can establish with an arbitrary non-empty set characterise precisely the
elements of that set.

This idea can be generalised to any terminal object 1C in an arbitrary category C
as a mechanism for identifying what, in Category Theory, are called points [74],
constants [12], or global elements [22] of an object x: morphisms of the form 1Æx.

2. In LOGI, the terminal object is T (any tautology).  This is because any tautology
can be derived from any other formula.  Again, this is also consistent with the
use of the notation 1 (the truth value for true) for terminal objects.

3. In PAR, the the terminal object is also the empty set.  Indeed, there is always one
and only one way of mapping any set to the empty one: through the partial func-
tion that is undefined in all the elements of the source!
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Notice that, in spite of being a subcategory of PAR, SET has different terminal
objects.  One the one hand, the undefined function not being total, the empty
set cannot play the role of terminal object in SET.  On the other hand, because
sets in PAR have "a richer social life", i.e. more morphisms, the singletons in PAR
relate differently to other sets than they do in SET; in particular, besides the
constant (total) function, they also admit the (partial) undefined one.  Indeed,
categories cannot be expected to share the same kind of initial/terminal objects
with their subcategories, unless there is some special structural property that
justifies so (see exercise below).

Hence, in PAR, the initial and the terminal objects coincide.  Objects of an arbi-
trary category that are both initial and terminal are sometimes called null [79] or
zero [1] objects.

4. In SET^, the terminal objects are also the singletons <{a},a>.  Hence, in SET^,
the initial and the terminal objects also coincide. ®

4.1.6 EXERCISE

1. Let C be an arbitrary category and a:C.  Show that ida is initial in aØC.  Further
show that if a is terminal in C, ida is terminal in aØC.

2. Show that the category SET^ of pointed sets (3.2.1) "corresponds" to the comma
category 1ØSET (3.2.2).  This correspondence will be shown later on to define an
isomorphism of categories.  What can be said about the category SETØ1 (3.2.3)?

3. Show that, in any pre-order (2.2.5), initial objects coincide with the minimum
and terminal objects coincide with the maximum, if they exist.

4. Show that, if D is a full subcategory of C, any initial (resp. terminal) object of C
that is an object of D is also initial (resp. terminal) in D. ®

4.1.7 EXAMPLE – Eiffel's inheritance structure

The inheritance structure of Eiffel has an initial object  – the class NONE that inher-
its from every other class, and a terminal object  – the class GENERAL from which
every other class inherits.
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CA

NONE

ANY

GENERAL

PLATFORM

B

D E
developer-defined
classes

4.2 Sums and products

Intuitively, the universal constructions that are the theme of this chapter concern
the possibility of finding objects that are able to capture the social lives of whole col-
lections of objects and morphisms showing how the objects relate to one another.
This is because, for instance,  we are interested in the study of properties of whole
systems, e.g. emergent behaviour, rather than isolated objects.  The obvious ques-
tions that we have to answer is “what exactly is meant by a collection” and “what is
the social life of such a collection of interacting objects”…

Leaving the first question out of the discussion for a while, and relying on an intui-
tive level of understanding for the time being, we start with a simple example.  Not
the simplest, though: this would be for collections consisting of only one object, in
which case only isomorphic objects would have a social life that is able to capture the
one of the given object… The simplest non-trivial example is that of a collection of
two objects with no interactions between them, for instance two processes running
in parallel with no communication between them, or two software modules with no
dependencies between them.

Consider first the characterisation of the “out-going” communication for such a col-
lection x, y of objects.  We will say that, as a collection, x and y interact with other
objects v via morphisms fx:xÆv, fy:yÆv.  For instance, to say how a software module v
uses x and y collectively, we have to say how it uses each of them in particular.  This
is because there are no dependencies between x and y, otherwise we would have to
express the fact that these dependencies are respected.

An object that is able to stand for the relationships that a collection x, y of objects
has towards its environment is called their sum and denoted by x+y.  In fact, the sum
is more than an object.  We need to make explicit how x and y relate to it.  This re-
quires morphisms (injections) ix:xÆx+y and iy:yÆx+y.  The ability for this object and
the connecting morphisms to characterise the relationships that the collection has
towards its environment can then be expressed by the property that any such inter-
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action fx:xÆv, fy:yÆv can be performed via x+y in the sense that there is a unique
morphism k:x+yÆv through which fx and fy can be intercepted, i.e. ix;k=fx and iy;k=fy.
The morphism k is often represented by fx+fy.

x y

x+y

v

+

i ix y

fx fy
fx fy

4.2.1 DEFINITION – sum

Let C be a category and x,y objects of C.  An object z is said to be a sum (or coproduct)
of x and y with injections ix:xÆz and iy:yÆz iff for any object v and pair of morphisms
fx:xÆv, fy:yÆv of C there is a unique morphism k:zÆv in C such that ix;k=fx and
iy;k=fy. ®

In order to express, in diagrams, that the objects and morphisms shown are related
by a universal construction, we use the symbols !!!!and!!!!!according to rules that we
will make explicit in each case.  For instance, in the case of sums,

x y

x+y

i ix y

As it should be expected, the exact identity of the sum should be of no importance,
just the way in which it relates to the other objects.  Hence, the following property
holds:

4.2.2 PROPOSITION

If a sum of x and y exists, it is unique up to isomorphism and is denoted by x+y.

PROOF

Let z be a sum of x and y with injections ix:xÆz and iy:yÆz and w another sum of x
and y with injections jx:xÆw and jy:yÆw.  By the universal property of z, we can con-
clude that there is a morphism k:zÆw such that ix;k=jx and iy;k=jy.  Applying the same
reasoning to w, we conclude that there is a morphism l:wÆz such that jx;l=ix and
jy;l=iy.  Consider now the morphism (k;l):zÆz.  It satisfies:

ix;(k;l)

= (ix;k);l associativity of ;

= jx;l universal property of ix
= ix universal property of jx
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Similarly, we can prove that iy;(k;l)= iy.  The universal property of z, ix and iy implies
that there is only one morphism zÆz satisfying this property.  Hence, (k;l)=idz.  Using
the universal property of w, jx and jy we can prove in exactly the same way that
(l;k)=idw.  Therefore k is an isomorphism. ®

4.2.3 EXAMPLE – logical disjunction

1. In LOGI, sums correspond to disjunctions.

2. In PROOF, sums also correspond to disjunctions.  Indeed, the sum of A and B is a
sentence characterised by morphisms that capture the introduction and elimina-
tion rules for the disjunction as a logical operator:

iA:AÆA⁄B iB:BÆA⁄B
fA:AÆC,#fB:BÆC

fA+fB:A⁄BÆC

Notice that the conditions required of these three morphisms (derivations) corre-
spond to properties of normalisation that are typical of proof-theory. ®

4.2.4 EXAMPLE – disjoint union of sets

In the category SET, the disjoint union x⊕y (with corresponding injections) is the
sum of x and y.

PROOF

• existence: consider an arbitrary object v and pair of morphisms fx:xÆv, fy:yÆv.
Define k:x⊕yÆv as follows: given AŒx⊕y, let k(A)=fx(a) if A=ix(a) with aŒx and
k(A)=fy(a) if A=iy(a) with aŒy.  This is a proper definition of a total function be-
cause, on the one hand, every element of x⊕y is either in the image of x
through ix or the image of y through iy and, on the other hand, these two im-
ages are disjoint (which removes any conflict of choice between which case to
apply).  The conditions ix;k=fx and iy;k=fy are satisfied by construction.

• uniqueness: given any other total function k’:x⊕yÆv, the conditions ix;k’=fx

and iy;k’=fy define k’ completely (and equal to k.). ®

In order to illustrate the construction and show why the union of sets is not (always)
their sum, consider the following example where fx and fy are set inclusions.  The
injections are such that ix(a)=ax and iy(a)=ay.  By construction, k is such that
k(ax)=k(ay)=a.  The union {a,b,c} does not provide a sum through the corresponding
inclusions because there is no total function l:{a,b,c}Æ{ax,ay,b,c} that satisfies the
commutativity conditions.  Indeed, these require l(a)=ax because ax=ix(a) and l(a)=ay
because ay=iy(a).
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{a,b}

{a,b,c}

k
f f

i ix y

x
y

{a,c}

{ax,ay,b,c}

Intuitively, this happens because the union is an operation that “looks” inside the
sets to which it is being applied in order not to repeat the elements that they have in
common.  That is to say, it is an operation that relies on an interaction between the
sets to which it applies, whereas the sum is defined over objects without any rela-
tionship between them.  

As we have already mentioned, but still worth repeating because it is one of the as-
pects of Category Theory that, in our opinion, has a strong “engineering” relevance,
especially in the context of service-oriented development, all interactions need to be
made explicit and external to the entities involved.  That is to say, we cannot rely on
implicit relationships such as the use of the same names in the definition of different
objects.  This may sound too “bureaucratic” but we are far from suggesting that Cate-
gory Theory should be use directly, “naked”, as a language for specification, modelling
or, even, programming.  We view Category Theory as a mathematical framework that
provides support for those activities.  Hence, the need for such explicit and external
representation of all interactions is, in our opinion, a bonus because it enforces di-
rectly fundamental properties of the methodology that is being supported, service-
oriented in the most general case, but also component or object-oriented as amply
demonstrated in the literature.

In the next section, we address constructions that involve interactions.  In the rest of
this section, we look at the dual construction of sums: products.  We do so exten-
sionally, i.e. by providing the definition of the construction directly.  The reason for
doing so in spite of knowing already that it is enough to reverse the direction of the
arrows, is that, from a “pragmatic” point of view, one is “naturally” biased by the direc-
tion of the arrows and, in certain contexts, tradition is that one uses products in-
stead of sums.  Our experience in using and teaching Category Theory is that big ar-
guments and misunderstandings are too often caused by being presented with the
duals of constructions that otherwise would be very familiar!  Hence, it is important
that we know these more basic constructions explicitly in both forms rather than
having to translate back and forth every time between a category and its dual.

4.2.5 DEFINITION – product

The dual notion of sum is product. That is to say, letting C be a category and x,y ob-
jects of C, an object z is said to be a product of x and y with projections $x:zÆx and
$y:zÆy iff for any object v and pair of morphisms fx:vÆx, fy:vÆy of C there is a unique
morphism k:vÆz in C such that k;ix =fx and k;iy =fy. ®

Products handle the relationships from the environment towards collections of two
unrelated objects.  It is easy to see that, in SET, the product of two sets is given, up
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to isomorphism, by their Cartesian product and, in LOGI, products capture conjunc-
tion.

4.2.6 EXAMPLE – parallel composition without interactions

In the category SET^ of pointed sets, products are constructed in the same way as in
SET.  The Cartesian product of two pointed sets includes all pairs of “proper ele-
ments”, the pairs of which one and only one of the elements is a designated one, and
the pair of designated elements.  We claim that, together with the projections, this
Cartesian product is still a product of the pointed sets.  On the one hand, it is trivial
to prove that if we elect the pair of designated elements as the designated element of
the product, we obtain through the original SET-projections, morphisms of pointed
sets.  On the other hand, the commutativity requirements make sure that all univer-
sal functions fx¥fy are morphisms of pointed sets, i.e. preserve designated elements.
We will return to this “style” of proof argument of universal properties for certain
categories with “structure” later on in the book.

<a,^A> <b,^B>

{<a,b>, <^A,b>, <a,^B>,  <^A,^B>}

If we consider the use of pointed sets for modelling the alphabets of concurrent proc-
esses, as suggested in 3.2.1, i.e. each “proper” element represents an event whose
occurrence may be witnessed during the lifetime of the process and the designated
element represents an event of the environment, products give us all the possible
events in which both processes participate, plus all possible events in which only one
process participates, together with the “silent” environment event in which none of
the processes participates.  

In the specific case in which we identify events with synchronisation sets of method
execution, the product provides for joint executions as unions of synchronisation
sets.  To be more precise, when we work in POWER (see 3.3.2), we can take as a rep-
resentation of a pair <a,b> the set a»b.  This is because, as sets, the Cartesian prod-
uct 2A¥2B is isomorphic to 2A⊕B and the isomorphism is given, precisely, by the map
that associates pairs <a,b> with the set a⊕b.  This is to show that, because universal
constructions are only unique up to isomorphism, we can choose from the isomor-
phism class the representation that suits us best.  In this case, it justifies a uniform
treatment of concurrent process alphabets as synchronisation sets.

In summary, through products, we obtain the alphabet of the process that is the in-
terleaving of the given ones. ®

4.2.7 EXERCISE

Characterise products and sums of partial functions (i.e. in PAR).  Show in particular
that sums work like in SET, i.e. they compute the disjoint union, but that products,
besides the pairs that result from the cartesian product, include the disjoint union of
the two sets as well.  That is to say, products in PAR are very "similar" to those in
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SET^ .  Why do you think this is so?  What about sums in SET^ ?  How do they com-
pare? ®

This example is also another good illustration of the fact that universal constructions
do not carry necessarily from a category to its subcategories.

4.2.8 EXAMPLE – inheritance without name clashes

In Eiffel, products capture "minimal" inheritance without name clashes, a typical ex-
ample being the following:

COLOURSFRUITS

FRUITS_&_
COLOURS

COCKTAIL

We know already that, when the sets of features of the classes in an inheritance
graph are considered, the arrows are reversed, so the universal construction on the
underlying features is a sum:

{orange, apple} {red,orange}

{orange_fruit, apple, red, orange_colour}

{orange_fruit, apple, red, orange_colour,gin}

The “automatic renaming” associated with this categorical construction is very useful
because it makes sure that no confusion arises from the inadvertent use of the same
names for different “things” in different contexts.  This is why the injec-
tions/projections are very much part of the concept of sum/product: they keep a re-
cord of the renamings that take place, i.e. of “who is who” or, better, “who comes from
where”.  However, in many situations, we want to make “joins”, i.e. identify things
that are meant to be the same but were included in different contexts.  This is the
purpose of the universal construction that we illustrate next.

4.3 Pushouts and pullbacks

We already know that, in Category Theory, by default, things are different even if
they were given the same names in different contexts.  How, then, can we say that
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some things are the same?  For instance, how to require that two processes synchro-
nise on given events?  How to require that features declared in different object
classes be identified when performing multiple inheritance?

A distinguish factor of Category Theory, and one that makes it so suitable for ad-
dressing architectural concerns and service-oriented development in Software Engi-
neering, is that such forms of interaction are exogenous, i.e. they have to be estab-
lished outside the objects involved.  For instance, interactions in object-oriented de-
velopment are indogenous because feature calling (clientship) is embedded explicitly
in the code of the caller (client).  In Category Theory, the means that we have for es-
tablishing interactions is through third objects that handle communication between
the ones that are being interconnected via given morphisms.  In the case of sums, we
are dealing with interactions at the level of the sources, i.e. we are interested in the
social life of pairs of morphisms f:xÆy, g:xÆz, and in the case of products, the inter-
actions are on the target side – f:yÆx, g:zÆx.

4.3.1 DEFINITION – pushout

Let C be a category and f:xÆy, g:xÆz morphisms of C.  A pushout (or amalgamated
sum) of f and g consists of two morphisms f':yÆw and g':zÆw such that

• f;f’=g;g’

• for any other two morphisms f":yÆv and g":zÆv such that f;f”=g;g”, there is a
unique morphism k:wÆv in C such that f’;k=f" and g’;k=g". ®

x

y

v
k

z

w
f

g
g'

f'

f"

g"

4.3.2 EXAMPLE  – amalgamated sums of sets

In SET, pushouts perform what are usually called “amalgamated sums”, i.e. they al-
low us to identify (join) elements as indicated by the “middle object” and corre-
sponding morphisms.  For instance, in the example below, the morphisms indicate
that elements b and d are to be identified.  Because nothing is said about c, the
categorical default applies: the two occurrences are to be distinguished because the
fact that the same name was used is accidental.
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{a}

{b,c}

{c,d}

{e,c1,c2}
a

a b

d
c c2
d e

c c1
b e

  

† 

a

  

† 

a
  

† 

a
  

† 

a

  

† 

a
  

† 

a

The proof that what we have built is actually a pushout can be outlined as follows.
On the one hand, the commutativity requirement is clearly satisfied.  On the other
hand, for the universal property, consider given functions f:{c,d}ÆA and g:{b,c}ÆA
satisfying the commutativity requirement: f(d)=g(b).

Any function k:{e,c1,c2}ÆA that satisfies the commutativity requirements of the uni-
versal property must be such that k(e)=f(d), k(e)=g(b), k(c1)=g(c) and k(c2)=f(c).  These
requirements leave no other choice for defining k, hence uniqueness is ensured.
Because these requirements are consistent, which is due to the fact that f(d)=g(b),
existence is also ensured. ®

More interesting than this proof is the mechanism through which pushouts can be
systematically constructed in SET.  This will be revealed once we address the whole
process of computing pushouts in more general terms.

4.3.3 EXAMPLE – multiple inheritance in Eiffel

Pushouts are the universal construction that allows us to join (merge) features dur-
ing multiple inheritance.  For instance, the construction of HOME_BUSINESS re-
quires that the home and business addresses be merged:

{address,insured_value}

{address,insured_value,A} {address,insured_value,B}

{address,residence_value,business_value,A,B,C}

{address}

{address,residence_value,
               business_value,A,B}

®

Let us now return to the definition of pushout and explain how the interactions op-
erate.  The definition consists of two main requirements: a commutativity condition
and a “universal” property.  The universal property is just an instance of a “ritual”
that we shall explain in the next section.  For the time being, notice how similar it is
to the corresponding property of sums, and try to see where it lies in the definition of
initial object…
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The commutativity requirement is the one responsible for the “amalgamation” or,
more generally, for encapsulating the interactions in place.  In the case of SET, the
amalgamation takes place as a quotient defined over the sum of the objects for an
equivalence relation that is defined by the middle object and the connecting mor-
phisms.  If we take two morphisms f:xÆy, g:xÆz and we can find a sum for y and z,
we obtain a square like before except for the fact that it does not necessarily com-
mute.  For instance,

{a}

{b,c}

{c,d}

{b,d,c1,c2}
a

a b

d  

† 

a

  

† 

a

Commutativity fails because, if we start by picking an arbitrary element in the middle
object and follow all the paths from it, we do not arrive at the same element.  For in-
stance, in the specific example that we have just used, there are two such paths,
one of which terminates in c1 and the other in c2.  In order to enforce the commuta-
tivity requirement, we have to “equalise” the ends of these paths.  Category Theory
does not perform miracles (yet), so it cannot make equal entities that are actually
different…What we usually do in Mathematics is to define an equivalence relation
expressing that, albeit being different, these endpoints should be considered the
same.  In SET, this equivalence relation is formally defined as being generated from
all pairs f(iy(a))@g(iz(a)) where aŒx.  We claim that the quotient set of the sum y⊕z by
this equivalence relation together with the functions [iy(_)] and [iz(_)] that, to the
elements of the given sets, assigns them their equivalence classes, is a pushout of f
and g.

x

y

[_]

z

y⊕z
f

g
iz

iy

y⊕z/@

The proof of this result is not that difficult because the whole construction was made
to ensure commutativity, i.e. [iy(f(a))]=[iz(g(a))] for every aŒx which is precisely the set
of pairs f(iy(a))@g(iz(a)) that generate the equivalence relation.  The universal property
can now be derived from the universal properties of the sum and quotients: consider
any other two morphisms f":yÆv and g":zÆv such that f;f”=g;g”.  We know that there
is a unique morphism k:y⊕zÆv such that iy;k=f" and iz;k=g".  From the properties of
quotients we know that there is a unique way in which this map can be factorised
through [_] i.e. there is a unique k’:y⊕z/@Æv such that k=[_];k’.  Using associativity of
morphism composition, this provides us with the required unique morphism satisfy-
ing (iy;[_]);k’=f" and (iz;[_]);k’=g".
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This is how amalgamated sums work on sets.  How can we generalise the quotient to
categories in general?  Taking the diagram above to be over an arbitrary category C,
the purpose of the quotient is to make the following diagram commute:

x y⊕z

f; iy

g; iz

The idea is to do so via a third morphism e:y⊕zÆv whose purpose is to replace the
initial equality f;iy=g;iz by (f;iy);e=(g;iz);e.  However, there are many ways of doing so.
One of them is to choose v to be a terminal object (if one exists), but this is clearly
too intrusive on the given morphisms because it over-equalises them.  We would
prefer to do it in a minimal way, which is what the universal property of quotients
provides: for any other morphism e’:y⊕zÆw that also equalises the morphisms, i.e.
such that (f;iy);e’=(g;iz);e’, there should be a unique k:vÆw such that e;k=e’.  

x y⊕z

f; iy

g; iz

v
e

w
e’

k

This is precisely another instance of a universal construction:

4.3.4 DEFINITION – co-equaliser

Let C be a category and f:xÆy, g:xÆy morphisms of C.  A co-equaliser of f and g con-
sists of a morphisms e:yÆz such that

• f;e=g;e

• for any other morphisms e’:yÆv such that f;e’=g;e’, there is a unique mor-
phism k:zÆv in C such that e;k=e’. ®

Hence, pushouts can be obtained from sums and co-equalisers.

4.3.5 EXERCISE

1. Formalise the observation above about pushouts being obtained from sums and
co-equalisers and prove it.

2. Prove that co-equalisers are a particular case of pushouts.

3. Prove that, if initial objects exist, sums can be obtained from pushouts. ®

There are a number of properties that are both typical and useful.  They are left here
as exercises, with a strong recommendation.
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4.3.6 EXERCISE

1. Prove that the universal arrow e in a co-equaliser is epic (thus generalising the
fact that a quotient map is surjective).

2. Consider a pushout diagram

a b

c d

f

g

i

h

.

Prove that, if g is epic, so is h.

3. Consider a commutative diagram

.

Prove that if both internal squares are pushouts so is the external rectangle, and
that if the external rectangle and the left square are pushouts, so is the right
square. ®

Let us consider now the dual of pushouts.

4.3.7 DEFINITION – pullback

Let C be a category and f:yÆx, g:zÆx morphisms of C.  A pullback (or fibred product) of
f and g consists of two morphisms f':wÆy and g':wÆz such that

• f’;f=g’;g

• for any other two morphisms f":vÆy and g":vÆz such that f”;f=g”;g, there is a
unique morphism k:vÆw in C such that k;f’=f" and k;g’=g". ®

Pullbacks can also be explained from products and a construction that equalises ar-
rows, except that, this time, the equalising needs to be made on the source and not
the target side of the arrows.  Not surprisingly, this universal construction is named
equaliser, the dual of the co-equalisers.

Whereas, in set-theoretic terms, we saw that equalising on the target side corre-
sponds to taking a quotient to group entities that should be the same in the same
equivalence relation, equalising on the source side is even conceptually easier: it is
enough to restrict the domain by throwing away the elements over which the two
functions disagree.  That is, we equalise through the inclusion {aŒy: f(a)=g(a)}Õy.
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y x

f

g

m
{aŒy: f(a)=g(a)}

Hence, computing a fibred product consists in computing a product followed by a
“purge” of the pairs that violate the commutativity requirement.  We are going to il-
lustrate this procedure with process alphabets.

4.3.8 EXAMPLE – parallel composition of processes with interactions

We have already argued that in the category SET^ of pointed sets, products are con-
structed in the same way as in SET through Cartesian products.  When the pointed
sets capture process alphabets, we saw that this construction captures parallel com-
position without synchronisation in the sense that all the pairs of events are gener-
ated in an interleaving semantics.  Fibred products allow us to compute parallel com-
position with synchronisation constraints.   For instance, consider two process al-
phabets <{produce,store},^P},^P> and <{consume,retrieve},^C},^C>.  The alphabet of the
parallel composition of the two processes when required to synchronise in the store
and retrieve events can be obtained through the pullback of:

{produce,store} {retrieve,consume}

{sync}

storeÆsync sync¨retrieve

For simplicity, we have omitted the designated elements from the representations of
the pointed sets and will only show the proper events.  The middle object models the
alphabet of the communication channel that is being used to interconnect the two
processes.  The maps mean that store and retrieve are required to be synchronised.  

The product of the two alphabets gives us:

{produce,store}

{<produce,retrieve>, <produce,consume>,
<store,retrieve>, <store,consume>,
produce, store, retrieve, consume}

{retrieve,consume}

{sync}

Recall that the original events are obtained as a result of synchronisations with the
designated event, thus capturing system events in which only one process partici-
pates.

Notice that the diagram does not commute.  For instance, the system event
<store,consume> is mapped, on the left, to sync  but, on the right, to the designated
event of the channel.  In order to make the diagram commute, we throw away all sys-
tem events on which the maps to the channel do not agree:
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{produce,store}

{<produce,retrieve>, <produce,consume>,
<store,retrieve>, <store,consume>,
produce, store, retrieve, consume}

{retrieve,consume}

{sync}

{<produce,consume>, <store,retrieve>,
produce, consume}

Basically, the events that remain are all possible combinations of executing produce
and consume because there is no synchronisation constraint on them, plus the syn-
chronisation that is explicitly required. ®

4.3.9 EXERCISE

Follow-up on 4.2.7 by characterising fibred products and amalgamated sums of partial
functions (i.e. in PAR) and relating them to SET and SET^. ®

4.3.10 EXERCISE

1. Define explicitly the notion of equaliser and prove that pullbacks can be ob-
tained from products and equalisers as suggested.

2. Prove that equalisers are a particular case of pullbacks.

3. Prove that, if terminal objects exist, products can be obtained from pullbacks.

4. Prove that the equalising arrow m is a mono. ®

4.4 Limits and colimits

It should be clear by now that the notion of “collective behaviour” that we wish to
capture through universal constructions takes diagrams as the expression of the
collection of objects and interactions that constitute what we could call a “system”.
In fact, we tend to use diagrams for dealing with “complex” entities for which the ob-
jects of the category provides components and the morphisms the means for inter-
connecting them.  Hence, for instance, a typical use of diagrams is for defining con-
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figurations.  The universal constructions that we are addressing in this chapter allow
us to define the semantics of such complex entities by internalising the configuration
and collapsing the structure into an object that captures the collective behaviour.

An aspect of these universal constructions that is important to keep in mind is the
fact that they deliver more than an object: this object comes together with mor-
phisms that relate it to the objects out of which it was constructed.  It is through
these morphisms that we can understand how properties of the system (complex ob-
ject) emerge from the properties of its components and the interconnections between
them.  Hence, the constructions are better understood in terms of structures that
consist of objects together with configurations to which they relate.  These are called
(co)cones.

4.4.1 DEFINITION – co-cone

Let d:IÆC be a diagram in a category C.  A co-cone with base d is an object z of C to-
gether with a family {pa:daÆz}aŒI0 

of morphisms of C, usually denoted by p:dÆz.  The
object z is said to be the vertex of the co-cone, and, for each aŒI0, the morphism pa is
said to be the edge of the co-cone at point a.  A co-cone p with base d:IÆC and vertex
z is said to be commutative iff for every arrow s:aÆb of graph I, ds;pb=pa. ®

z

d

We tend to consider the family p of morphisms as identifying how the source is repre-
sented in, or a component of, the target – the object z.  The commutativity property is
important because it ensures that the interconnections that are expressed in the
base through the morphisms are also represented in z.  Hence, z is an object that is
able to “represent” the base objects and their interactions.  However, it may not do
so in a “minimal” way.  If one such minimal representation exists, we call it a colimit
of the diagram.

4.4.2 DEFINITION – colimit

Let d:IÆC be a diagram in a category C.  A colimit of d is a commutative co-cone p:dÆz
such that, for every other commutative co-cone p':dÆz', there is a unique morphism
f:zÆz' such that p;f=p', i.e. pa;f=p'a for every edge.  

Colimit co-cones are decorated with!!!!!!. ®
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Notice how all the ingredients that were used in the universal constructions that we
studied in the previous sections are present in this definition.  On the one hand, a
commutativity requirement.  On the other hand, a universal property that ensures
minimality.

4.4.3 EXERCISE

Show that initial objects, sums, co-equalisers and pushouts are instances of colimits
by identifying the shape of the base diagrams and checking that the properties re-
quired are equivalent. ®

Co-cones over a given base can be organised in a category in an “obvious way”:

4.4.4 PROPOSITION

Let d:IÆC be a diagram in a category C.  A category CO_CONE(d) is defined whose ob-
jects are the commutative co-cones with base d and the morphisms f between co-
cones p:dÆz and q:dÆw are the morphisms f:zÆw such that p;f=q, i.e. pa;f=qa for
every edge. ®

4.4.5 EXERCISE

1. Prove the previous result.

2. Prove that the colimits of a diagram d are the initial objects of CO_CONE(d).

3. Conclude that colimits are unique up to isomorphism. ®

4.4.6 DEFINITION – co-completeness

A category is (finitely) co-complete if all (finite) diagrams have colimits. ®

There are several results on the finite co-completeness of categories.  A commonly
used one is:
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4.4.7 PROPOSITION

A category C is finitely co-complete iff it has initial objects and pushouts of all pairs of
morphisms with common source. ®

Using this result and the examples that we studied in the previous sections, we can
conclude, for instance, that both SET and LOGI are finitely co-complete.

These notions are also straightforward generalisations of well-known constructions
over ordered sets, namely least upper bounds and greatest lower bounds.

A more “interesting” example can be given over Eiffel class specifications:

4.4.8 EXAMPLE – Eiffel's "join semantics" rule

The category CLASS_SPEC is finitely co-complete.  

PROOF

Using the previous result, we show that CLASS_SPEC admits initial objects and pu-
houts.  

1. It is easy to prove that the class specification that has no features is initial.

2. On the other hand, pushouts work as follows:

• given a diagram

Spec

F1 F2

Spec1 Spec2

we first compute the pushout for the underlying diagram of signatures (sets of
attributes, functions, and routines).  This pushout returns

A1 A2 F1 F2 R1 R2

F1A
F2 A

F1F
F2 F

F1R
F2 R

A' A'»F' R'

Recall that, according to the definition of morphism given in section 3.4, func-
tions can be mapped to attributes (but not the other way around)!  Hence,
equivalence classes can mix together attributes and functions.  The pushout
classifies an equivalence class as an attribute iff it contains at least one attrib-
ute, and as a function iff it only contains functions.  Routines are not mixed to-
gether with functions or attributes.

• for every routine r'ŒR', we compute its pre/post-conditions as follows

if r'=F1R(r1)=F2R(r2) then
prer'#=#F1(prer1

)⁄F2(prer2
)  and  postr'#=#F1(postr1

)ŸF2(postr2
)
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if r'=F1R(r1)œF2R(R2), then prer'#=#F1(prer1
) and  postr'#=#F1(postr1

)

if r'=F2R(r2)œF1R(R1), then prer'#=#F2(prer2
) and  postr'#=#F2(postr2

)

• the new invariant is I' = F1(I1) Ÿ F2( I2).

The proof that the maps F1 and F2 that result from these constructions are indeed
morphisms of class specifications is trivial.  The commutativity property is inherited
from the pushouts in SET that determine the new attributes and routines.  The uni-
versal property is left as an exercise and, basically, reflects the universal properties of
conjunction and disjunction that we already identified in the previous sections.

Notice how this construction conforms with the Join Semantics rule, and inheri-
tance of invariants via concatenation of parent invariants [88]. ®

4.4.9 EXERCISE

Workout in detail the way pushouts operate on attributes and functions of class
specifications. ®

4.4.10 DEFINITION

The dual notion of co-cone is cone and the dual notion of colimit is limit. Limit
cones are decorated with!!!!!!. ®

Hence, limits generalise terminal objects, products, equalisers and pullbacks.  From
the examples studied in the previous sections, we can also conclude that both SET
and SET^ are finitely co-complete.

4.4.11 EXAMPLE – parallel composition of processes with interactions

In order to illustrate the calculation of limits, consider process alphabets once again.
In the previous section, we showed how we can synchronise a consumer and a pro-
ducer on the store/retrieve events.  This interconnection is, however, too tight be-
cause it ties the consumer completely to that producer and does not allow it to con-
sume from other producers.  Hence, the situation that we would like now to model is
the one in which the consumer retrieves from a producer but leaves open the possi-
bility of retrieving from other producers as well.  This form of interconnection cannot
be achieved simply through a channel as before.

What we have to do is to make explicit a communication protocol that can be placed
in between the producer and the consumer.  The alphabet of this protocol needs to
account for the synchronisation between the consumer and the producer, which we
model through an event sync, and the open communication between the consumer
and other possible producers, which we model through an event open.  Omitting, as
before, the designated events, this configuration is given by the following diagram:
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{produce,store} {sync,open}

{a}

storeÆa syncÆa
openÆa

{retrieve,consume}

{a}

a¨sync a¨retrieve

The dual of 4.4.7 can be used to compute the limit of this diagram by computing suc-
cessive pullbacks.  We start with the two obvious ones:

{produce,store} {sync,open}

{a}

{retrieve,consume}

{a}

{<retrieve,open>,
<retrieve,sync>, consume }

{<produce,open>, <store,sync>,
produce, open}

storeÆa syncÆa
openÆa

a¨sync a¨retrieve

We finalise with the new obvious, central one:

{produce,store} {sync,open}

{a}

{retrieve,consume}

{a}

{<retrieve,open>,
<retrieve,sync>, consume }

{<produce,open>, <store,sync>,
produce, open}

{<produce,retrieve,open>, <store,retrieve,sync>,
<retrieve,open>, <produce,consume>,

produce, consume}

Using the privilege of choosing among the isomorphic representations of the limit, we
can simplify the notation by omitting the reference to the communication protocol
(although at the expense of making the morphism less obvious: they are no longer
projections).  Hiding the intermediate constructions at the same time, we obtain the
following commutative cone:
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{produce,store}      {sync,open} {retrieve,consume}

{a} {a}

{<produce,retrieve>, <store,retrieve>, <produce,consume>,
retrieve, produce, consume}

This representation makes it obvious that, with respect to the previous interconnec-
tion, we are now allowing the retrieve to occur independently of store, which justifies
why it now appears as a single event (though synchronised with open) and synchro-
nised with produce (and open). ®

Although we have systematically motivated universal constructions such as these in
terms of parallel composition of processes, with and without interaction, we have re-
mained at the level of the composition of process alphabets, i.e. we have not taken
into account their behaviours.  There are two reasons for that.  On the one hand, as
we shall see, all the complexity of interaction resides on alphabets.  On the other
hand, the way behaviours can be brought into the picture can be used to illustrate
another categorical structure and construction.  Hence, we defer the "completion" of
this topic to later on (6.3.2 and 6.3.7).

For similar reasons, we defer the illustration of the application of universal construc-
tions to configurations of specifications to later on (6.1.24) so that we can use it to
illustrate another class of categorical structures and constructions.





5 FUNCTORS

5.1 The social life of categories

It should come to no surprise that we are also interested in the social life of catego-
ries and, therefore, need to define a corresponding notion of morphism.  Indeed, we
have said more than once that, when defining a category, we are capturing only a
particular view or structure of the underlying objects.  There may well be more than
one such notion of structure for the same collection of objects.  For instance, in the
case of object-oriented development, we have already mentioned the structure that
relates to the way objects can be interconnected into systems, and the view that cap-
tures refinement.  There may also be relationships that we wish to study between
two different domains, for instance Eiffel specifications and processes.  Hence, we
need a way of reasoning about relationships between categories.

Because categories are structured objects, more precisely, graphs with the additional
structure given by the identity arrows and the composition law, the definition of mor-
phisms between categories (functors) will now look "standard":

5.1.1 DEFINITION – functor

Let C and D be categories.  A functor j:CÆD is a graph homomorphism (2.1.13) from
the graph of C into the graph of D such that:

• j1(f;g)#=#j1(f);j1(g) for each path fg in C2

• j1(idx)#=#idj0(x) for each x in C0. ®

5.1.2 EXAMPLES

1. For any category C, the identity functor idC:CÆC consists of the identity map on
objects and the identity map on morphisms.

2. For any given functor j:CÆD, its dual is jop:DopÆCop is defined by the graph ho-
morphism that operates the same mappings on nodes and arrows.

3. We define a functor nodes: GRAPH Æ SET as follows:

• nodes(G0,G1,src,trg)=G0

• nodes(j:GÆH)= j0:G0ÆH0

4. We define a functor PROOF Æ LOGI by mapping sentences to themselves and
every proof between two sentences to a logical implication between them.  This
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is an example of a forgetful functor: the details of the proof are forgotten; only
the fact that there exists a proof remains.

5. Another example of a forgetful functor is sign: PRESLTLÆSET mapping presenta-
tions and their morphisms to the underlying signatures and signature mor-
phisms.  A similar forgetful functor is obtained for THEOLTL.

6. We define a functor ANCESTOR Æ SETop by mapping classes to the set of their
features and inheritance relationships to the functions that rename the fea-
tures.  Notice that the target category is the dual of SET.  This is because, as we
have illustrated in figure 2.1.6, the edges of the inheritance graph and the corre-
sponding graph of features have opposite directions.  Functors of the form
j:CÆDop (or j:CopÆD) are sometimes called contravariant between C and D.
"Normal" functors are then called covariant. ®

5.1.3 EXAMPLE – relating programs and specifications

In Computing, functors are often used to express relationships between different lev-
els of abstraction, namely by providing a way of abstracting properties from represen-
tations.  In this context, the abstractions are sometimes called "specifications" and
the representation "programs".  For instance, although we have worked with specifi-
cations of Eiffel classes and not with the programs that implement the methods of
such classes, it is clear that such specifications are at a lower level of abstraction
than the temporal specifications that we defined in section .  For instance, the tem-
poral specifications can be used to describe general properties of the possible behav-
iours of a system whereas Eiffel specifications are concerned with more specific op-
erational aspects of the execution of actions, like their effects on the attributes.

The notion of a program satisfying a specification is typically formalised through a
satisfaction relation SAT.  When specifications consist of sets of logical formulas such
as those defined in section 3.5, the collection of specifications that are satisfied by a
given program is ordered by inclusion and has a maximum: the union of all the sets
of properties satisfied by the program.  In this case, we can assign to every program P
a "canonical" specification spec(P) – its strongest specification.

We have also seen that morphisms between models of system behaviour can be used
to capture notions of simulation or refinement.  When spec is a functor, this means
that the refinement relationship defined on "programs" is captured by the corre-
sponding notion of refinement at the level of specifications.  When specifications are
given as theory presentations, this means that program refinement is property-
preserving, which is what one usually expects from a refinement relation.  Hence,
there is a natural way in which the satisfaction relation between programs and
specifications can be expected to be functorial.

As an example, consider the mapping spec from CLASS_SPEC to PRESFOLTL, where by
PRESFOLTL we are denoting the category of theory presentations for the first-order ex-
tension of the temporal logic presented in 3.5.48:

• the image of every class signature is itself.  That is, the features of the class
are taken as symbols of the vocabulary of the logic.

                                                
8 For simplicity, and because the properties of the categories for the propositional and first-order versions of

temporal logic in which we are interested are the same, we omit the extension. The reader interested in
the logic itself can consult [66] as well as [39] for its use in a categorical framework.
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• for every routine r, its specification (pre,pos) is mapped to the temporal for-
mula

(r Ÿ pre Ÿ att … Xpos*)

By att we denote the conjunction

 Ÿ
aŒatt( S )

(a = xa)

where the variables xa are all new, and by pos* we denote the formula that is
obtained from the expression pos by replacing every occurrence of every ex-
pression (old a), where a is an attribute, by the variable xa.

• the invariant I is mapped to itself.

For instance, the specification of the bank account given in 3.5.6 is mapped to the
following set of temporal formulas:

deposit(i) Ÿ balance=xbalance … X(balance=xbalance+i)
withdrawal(i) Ÿ balance≥i Ÿ balance=xbalance … X(balance=xbalance–i)
vip … balance≥1000

To show that we obtain, indeed, a functor, we have to show in particular that mor-
phisms of class specifications are property preserving.  Consider a morphism F:
e=<S,P,I> Æ e'=<S',P',I'> of class specifications.

• Given any routine r of S, its image F(r) is such that its specification (pre',pos') is
mapped to: (F(r) Ÿ pre' Ÿ att' … Xpos'*).  We know that

F(pre) 

† 

|–pre' because F is a morphism

pos'

† 

|–F(pos) because F is a morphism

att'…Xpos'*

† 

|–F(att)…XF(pos**) from pos'

† 

|–F(pos) and the abbrevia-
tions

from which we can conclude that (F(r)Ÿpre'Ÿatt' … Xpos'*) 

† 

|–  F(rŸpreŸatt …
Xpos*)

• By definition of morphism, we also have I'

† 

|–F(I)

Hence, every axiom of spec(S) is translated through F to a theorem of spec(S'). ®

It should come to no surprise that even categories can be organised in a category:

5.1.4 DEFINITION/PROPOSITION – the category of all categories

1. Let j:CÆD and y:DÆE be functors.  By j;y we denote the functor defined by
(j;y)0=j0;y0 and (j;y)1=j1;y1. This law of composition is associative and admits
identities as defined in 5.1.2.1.

2. We can thus define the category CAT whose objects are the categories and
whose morphisms are the functors.

PROOF

The proofs are trivial.  However, bear in mind that, in defining CAT, there are prob-
lems of "size" in the same way as we alerted at the beginning of section 2.1.  Again,
see a more "mathematical-oriented" book on Category Theory, e.g. [79], for such mat-
ters. ®
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Having a notion of morphism between categories, we can apply to categories and
functors all the machinery that we have so far presented for manipulating objects
and their morphisms.  For instance, the notion of product that we defined in section
3.1 corresponds to a universal construction in the category CAT.

5.1.5 DEFINITION/PROPOSITION

Given categories C and D, we define functors pC:C¥DÆC and pD:C¥DÆD, called the
projections of the product, by mapping objects and morphisms of C¥D to their compo-
nents in C and D, respectively.  These functors satisfy the universal property of func-
tors in the following sense: given any category E, and functors jC:EÆC and jD:EÆD,
there is a unique functor y:EÆC¥D such that jC=y;pC and jD=y;pD.  We normally de-
note y by <jC,jD>. ®

We can also define a product over functors:

5.1.6 DEFINITION/PROPOSITION

Given functors j1:C1ÆD1 and j2:C2ÆD2, their product j1¥j2:C1¥D1ÆC2¥D2 is defined on
objects by (j1¥j2)<c1,c2>=<j1(c1),j2(c2)> and on morphisms by
(j1¥j2)<f1,f2>=<j1(f1),j2(f2)>. ®

Functors come in all shapes and colours and, as morphisms between categories, they
provide the means for characterising the structural properties of categories in the
way they relate to other categories.  Hence, it is useful to study the properties of
functors and the way they allow us to reveal the structure of categories.  We start
with some elementary properties that result from the "functional" nature of functors
as mappings between the sets of nodes and arrows.

5.1.7 DEFINITION

Let j:CÆD be a functor.

1. j is called an isomorphism iff there is a functor y:DÆC such that j;y=idC and
y;j=idD.  In this case, C and D are said to be isomorphic.

2. j is called an embedding iff j1 is injective, i.e. j is injective on morphisms.

3. j is said to be faithful iff all the hom-set restrictions j1:homC(x,y)ÆhomD(j0(x),j0(y))
are injective.

4. j is said to be full iff all the hom-set restrictions j1:homC(x,y)ÆhomD(j0(x),j0(y)) are
surjective. ®

5.1.8 EXERCISE

Sow that faithful functors are not necessarily embeddings: only when they are also
injective on objects. ®
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5.1.9 PROPOSITION

Let j:CÆD and y:DÆE be functors.

1. If j and y are isomorphisms (resp. embeddings, faithful, full), so is j;y.

2. If j;y is an embedding (resp. faithful), so is j.

3. If j;y is full, so is y.  ®

5.1.10 EXAMPLE

Every subcategory D of a category C defines an inclusion functor iD,C:DÆC. This func-
tor is an embedding, and is full iff D is a full subcategory of C. ®

Embeddings are, intuitively, the best approximations to subcategories.  In fact, in a
world in which concepts are normally taken up to isomorphism, it seems intuitive not
to make any difference between embeddings and inclusions of subcategories because
all that is at stake are the "identities" of the objects involved, not their properties or
structure.  This intuition is supported by the following result:

5.1.11 PROPOSITION

A functor y:DÆC is a (full) embedding iff there is a (full) subcategory C' of C and an
isomorphism f:DÆC' such that y=f;iC',C. ®

The relationships that we studied, in section 3.3, between subcategories and iso-
morphisms extend to functors:

5.1.12 PROPOSITION

Let j:CÆD be a functor.

1. j preserves isomorphisms, i.e. if f:xÆy is a C-isomorphism, then j(f) is also an
isomorphism.

2. if j is faithful and full, then it reflects isomorphisms, i.e. if j(f) for f:xÆy is an
isomorphism, then f is itself an isomorphism. ®

The notions of preservation and reflection will be extended in 5.2.1 to universal con-
structions.

We end this section with the definition of a class of functors that arise from
(co)reflective subcategories.

5.1.13 DEFINITION/PROPOSITION – reflector

Let D be a reflective subcategory of a category C.  We define a functor r:CÆD as fol-
lows:

• every C-object c has a D-reflection arrow hc:cÆd.  We define r(c)=d;
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• consider now a morphism h:cÆc'.  The composition h;hc' is such that the defi-
nition of D-reflection arrow for c guarantees the existence and uniqueness of
a morphism h':r(c)Ær(c') such that h;hc'=hc;h'.  We define r(h)=h'.

hc

 c                   r(c)

h r(h)

 c' r(c')
hc'

This functor is called a reflector for C, more precisely for the inclusion functor iD,C:DÆC.

PROOF

We have to prove that a functor is indeed defined.  

• The fact that a graph homomorphism is defined (i.e. sources and targets of ar-
rows are respected) is trivially checked.

• By definition, r(idc) is the unique D-morphism h':r(c)Ær(c) satisfying idc;hc=hc;h'.
Because idr(c) also satisfies that equation, we get idr(c) =  r(idc).

• Consider now the composition law.

hc

 c                    r(c)

h r(h)

 c' r(c')
hc'

h' r(h')

 c" r(c")
hc"

The composition r(h);r(h') is such that (h;h');hc"=hc;(r(h);r(h')).  This equality can
be obtained from the equations satisfied individually by r(h) and r(h').  Hence,
by definition, r(h);r(h') is the morphism r(h;h'). ®

By duality, we obtain the notion of co-reflector.  Notice that we had already made use
of the idea of co-reflector in section 3.3 to explain the intuitions behind co-reflective
subcategories.  When applied to the categories defined in 3.5.4 for temporal specifica-
tions, we obtain several functors that perform the closure of sets of axioms, both as
reflectors (from PRES and from SPRES to THEO) and co-reflectors (from PRES both to
SPRES and THEO).  Notice in particular that the functor from PRES to THEO is both
a reflector and a co-reflector.

This proposition also shows that the relationship between automata and reachable
automata is functorial.  The map that eliminates non-reachable states as defined
after 3.3.7 is a co-reflector.
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We will generalise these kinds of functors in section 7.2.  They are particular cases of
classes of functors that generate free or canonical structures, or approximate other
kinds of structures.

5.2 Universal constructions vs functors

In chapter 4, we motivated the study of universal constructions like (co)limits in
terms of the ability to capture the collective behaviour of systems of interconnected
components.  In the previous section, we have just seen how functors provide us the
means to map and relate different levels of abstraction in system development or dif-
ferent aspects of system description.  One of the obvious questions that arises con-
cerns the ability of functors to relate such universal constructions when applied in
the categories related by the functors.  

For an example of what we mean, consider what we consider to be one of the most
profound “recent” contributions that have been made in the area of Programming
Languages and Models: the separation between "Computation" and "Coordination"
[50].  The best introduction we know to this topic can be found in [3].  In a nutshell,
this whole area of research evolves around the ability to separate what in systems
are the structures responsible for the computations that are performed and the
mechanisms that are made available for coordinating the interactions that may be
required between them.  A decade of research has shown that languages that sup-
port this separation of concerns can improve our ability to handle complex systems.
Its importance for Software Architectures has led to very close synergies between the
two areas and there is a lot of cross-fertilisation going on.

One of the challenges that we personally felt in this area was to provide a mathe-
matical characterisation of this separation that is independent of the particular lan-
guages that have been developed for this paradigm so that, on the one hand, we
could start a systematic study of its properties and relationships to other paradigms
and, on the other hand, extend it and support it with tools.  This is what we started
to do in [35] through the use of Category Theory.

The basic idea of our approach is to model this separation by a forgetful functor
int:SYSÆINT where the category SYS stands for “systems”, i.e. for whatever repre-
sentations (models, behaviours, specifications, etc)  we are using for addressing sys-
tems as a whole, and the category INT is intended to capture the mechanisms that,
in these representations, are responsible for the coordination aspects.  We shall refer
to the objects of INT as “interfaces” following the idea that interconnections should
be established only on the basis of what systems make available for interaction with
other systems (e.g. communication channels), not at the level of the computations
that they perform.

An example that will help us clarify more precisely what we have in mind can be
given in terms of the linear temporal specifications that we have introduced in sec-
tion 3.5.  Therein, we motivated the fact that we were modelling the behaviour of
concurrent processes at the level of the actions that are provided by their public in-
terfaces in the sense that every signature identifies a set of actions in which a proc-
ess can engage itself.  The axioms of a specification provide an abstraction of the
computations (traces) that are performed locally through the properties that they
satisfy.  The idea is, then, to take signatures as interfaces and characterise the abil-
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ity of linear temporal logic specifications to separate computation and coordination in
terms of properties of the functor PRESLTLÆSET that maps presentations and their
morphisms to the underlying signatures and signature morphisms.

Which properties should we require of int to capture the proposed separation? Basi-
cally, we have to capture the fact that any interconnection of systems is established
via their interfaces.  

For instance, an important property is that int should be faithful.  This means that
morphisms of programs should not induce more relationships between programs than
those that can be captured through their underlying interfaces.  That is to say, by
taking into consideration the computational part, we should not get additional ob-
servational power over the external behaviour of systems.

Another important property concerns the way colimits are computed.  We have al-
ready mentioned that the colimit of a diagram expressing how a system is configured
in terms of simpler components and interconnections between them, returns a
model of the global behaviour of the system and the morphisms that relate the com-
ponents to the global system.  If only the interfaces matter for establishing the re-
quired interconnections, then the colimit of the diagram of systems should be ob-
tainable from the colimit of the underlying diagram of interfaces.  In other words, if
we interconnect system components through a diagram, then any colimit of the un-
derlying diagram of interfaces should be able to be lifted to a colimit of the original
diagram of system components.

This property can be stated more precisely as follows: given any diagram dia:IÆSYS
and colimit (int(Si)ÆC)i:I of (dia;int) there exists a colimit (SiÆS)i:I of dia such that
int(SiÆS)=(int(Si)ÆC).  When a functor satisfies a property like this one we say that it
lifts colimits.

This means that when we interconnect system components, any colimit of the un-
derlying diagram of interfaces establishes an interface for which a computational part
exists that captures the joint behaviour of the interconnected components.  Notice
that this property does not tell us how to construct the lift, it just ensures that it ex-
ists.  We shall return to this point later on.  This property is really about (non)-
interference between computation and coordination: on the one hand, the computa-
tions assigned to the components cannot interfere with the viability (in the sense of
the existence of a colimit) of the underlying configuration of interfaces; on the other
hand, the computations assigned to the components cannot interfere in the calcula-
tion of the interface of the resulting system.

A kind of “inverse property” is also quite intuitive: that every interconnection of sys-
tem components be an interconnection of the underlying interfaces.  In particular,
that computations do not make viable a configuration of system components whose
underlying configuration of interfaces is not.  This property is verified when int pre-
serves colimits: given any diagram dia:IÆSYS and colimit (SiÆS)i:I of dia,
(int(Si)Æint(S))i:I is a colimit of (dia;int).  These two properties together imply that any
colimit in SYS can be computed by first translating the diagram to INT, then com-
puting the colimit in INT, and finally lifting the result back to SYS.

So: does the (forgetful) functor sign:PRESLTLÆSET satisfy these properties?  The an-
swer is “yes”,  but we will defer the proof and the recipe for constructing colimits to
the next section.  This is because this functor is an instance of a class that captures
many useful structures in Computing and, hence, worth studying on its own, which
includes the properties that we have just discussed.  We shall return to the issue of
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separating “Computation” and “Coordination” in several other places in the book, in-
cluding examples.

Summarising, it is useful to classify functors vis-à-vis the way they relate universal
constructions in the source and target categories:

5.2.1 DEFINITION

A functor j:CÆD

1. preserves

• a colimit p:dÆc of a diagram d:IÆC iff the co-cone {j(pa): j(da)Æj(c)}aŒI0
, de-

noted by j(p):d;jÆj(c), is a colimit of d;j.

• colimits of shape I iff it preserves the colimits of all diagrams d:IÆC.

• colimits iff it preverses the colimits of any diagram in C.

2. lifts colimits iff for any diagram d:IÆC and colimit p’: d;jÆd of  d;j, there is a co-
cone p:dÆc that is a colimit of d and p’=j(p).  The lift is unique (or j is said to lift
colimits uniquely) when there is a unique co-cone p:dÆc satisfying the two prop-
erties.

3. reflects colimits iff for any diagram d:IÆC and co-cone p:dÆc, if j(p) is a colimit of
d;j, then p is a colimit of d.

4. creates colimits iff for any diagram d:IÆC and colimit p’: d;jÆd of d;j, there is a
unique co-cone p:dÆc such that p’=j(p) and, moreover, p is a colimit of d. ®

Definitions 2, 3 and 4 extend to specific classes of colimits (sums, co-equalisers, etc)
as illustrated for preservation.  The dual notions have the obvious names.

The following exercise will help the reader understand more quickly the difference
between all these notions:

5.2.2 EXERCISE

Prove that

1. Every functor that creates colimits also reflects them.

2. A functor creates colimits iff it reflects and lifts colimits uniquely.  ®

Note that the requirement on reflecting colimits is essential in case 2.  For instance,
it is easy to prove that the (forgetful) functor THEOLTLÆSET that maps theories and
their morphisms to the underlying signatures and signature morphisms lifts colimits
uniquely but it is easy to see that it does not create them: the colimit will choose the
minimal theory among the whole class of theories that have the given signature and
give rise to a co-cone; this class is only singular when some inconsistency arises from
the interconnections and/or the base theories.



5. FUNCTORS

94 12/9/03

We can also relate these properties to 4.4.7:

5.2.3 EXERCISE

Prove that if C is finitely co-complete then j:CÆD preserves finite colimits iff it pre-
serves initial objects and pushouts. ®

More results and related notions can be found, for instance, in [1,22].



PART TWO





6 FUNCTOR-BASED
CONSTRUCTIONS

Functors provide us not only with the ability to investigate relationships between
categories, as shown in the previous chapter and continued in the first section of
this chapter, but also to build new categories based on such relationships.  In this
chapter, we present some of the functor-based constructions that we have found
useful in our day-to-day.

6.1 Functor-distinguished kinds of categories

In this section, we show how the properties of certain categories can be derived from
the properties of functors that relate them to other categories.  That is to say, we in-
vestigate functors as a means of revealing structural properties of categories and of
their objects.

We start with the notion of concrete category, which appears already in [79, page 26]
and is extensively explored in [1], as the title suggests.  It is also a notion that we
have found to be extremely useful in Computing, namely because we typically build
new categories over old ones by adding some structure but without interfering with
the structure of the original category.  This construction by "conservative extension"
can be captured by a faithful functor u:DÆC where C is the old category and D is the
new one.  Typically, the functor "forgets" the structure that is being added to C to
produce D.

6.1.1 DEFINITION – concrete categories

A concrete category over a category C is a pair <D,u> where u:DÆC is a faithful func-
tor. ®

Notice that we are using the terminology introduced in [1].  The notion of concrete
category introduced in [79] is a particularisation of the one above to the case where
the category C is SET.  Concrete categories over SET are called constructs in [1].  The
category C is sometimes called the base category of <D,u> and u is called the forgetful
or underlying functor.

Because the underlying functor is faithful, i.e. injective on hom-sets, for each pair of
D-objects <x,y>, homD(x,y) is usually regarded as a subset of homC(u(x),u(y)).  Following
[1], we shall often use the expression "f:u(x)Æu(y) is a D-morphism" to mean that
there exists a (necessarily) unique D-morphism xÆy whose image by u is f.
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We have already come across a few concrete categories:

6.1.2 EXAMPLES

1. The category CLOS of closure systems defined in section 3.6 is concrete over
SET: the forgetful functor maps closure systems to the underlying sets (lan-
guages).

2. The categories PRESLTL, SPRESLTL and THEOLTL defined in 3.5.4 are all concrete
over the category SET of sets.  The underlying functors, which we will name
signLTL, "forget" the sets of axioms/theorems, mapping theories and their pres-
entations to the corresponding signatures.

3. Another example is the category AUTOM of automata as defined in 2.1.10.  This
category is concrete over the product SET¥SET¥SET.  The underlying functor
forgets the input, output and transition functions and projects every automaton
to its sets of inputs, states and outputs. ®

A typical situation in which concrete categories arise is one in which the underlying
functor represents some sort of classification or typing mechanism that is strong
enough to extend to the morphisms and, hence, to the structure defined over the
objects by the morphisms.  In such circumstances, one is usually interested in
studying the way all the objects that share the same classification or type relate to
one another.

6.1.3 DEFINITION – fibres

Given a concrete category <D,u> over C and a C-object c, the fibre of c is the pre-order
that consists of all the objects d of D that are mapped to c, i.e. such that u(d)=c, or-
dered by d1≤cd2 iff idc:u(d1)Æ u(d2) is a D-morphism. ®

The structure of the fibres reveals a lot about the properties of the concrete category.
A detailed discussion can be found in [1].  We shall limit our study to three cases that
will be used further on in the book.

6.1.4 DEFINITION

A concrete category <D,u> over C is called:

1. amnestic provided that its fibres are partially ordered, i.e. d1≤cd2 and d2≤cd1 implies
d1=d2 for all C-objects c and objects d1,d2 in the fibre of c.

2. fibre-complete if its fibres are complete lattices (i.e. admit arbitrary meets and
joints).

3. fibre-discrete if its fibres are ordered by equality. ®

Amnestic concrete categories are such that the morphisms of D do not introduce ad-
ditional properties over the structures that are being superposed on C.  For instance,
SPRESLTL and THEOLTL are amnestic because their morphisms do not introduce any
structural properties over the sets of axioms/theorems.  However, PRESLTL is not am-
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nestic because its morphisms capture the notion of closure.  Two presentations over
the same temporal signature can be isomorphic without being equal.  On the other
hand, strictly isomorphic presentations and isomorphic theories over the same tem-
poral signature are necessarily equal: the former because the consequences of the
axioms are not taken into consideration, and the latter because they are already
closed under consequence.  In other words, morphisms of theories just take into ac-
count the elements of a set (the theorems) whereas morphisms of presentations
have to compute the closure of a set.

Concrete categories that are fibre-complete superpose over the objects of C informa-
tion that the morphisms organise in a "convenient" way, allowing for operations to be
performed internally within each fibre.  We shall see some examples further on.
Hence, being fibre-complete is a step further than amnesticity in the degree of inter-
action that exists between the existing and the superposed structure.  Fibre-discrete
categories present still a step further: they are such that the extension that D makes
over the objects of C is inessential, i.e. it has no intrinsic structure or meaning – it
acts just like a comment.

Because concrete categories have "added structure", we should provide a notion of
functor that reflects that structure:

6.1.5 DEFINITION – concrete functors

A concrete functor j between two concrete categories <D1,u1> and <D2,u2> over the
same underlying category C is a functor j:D1ÆD2 such that u1=j;u2. ®

Because the morphisms of a concrete category are "imported" from its underlying
category, concrete functors cannot act on them and, hence, are fully determined by
their values on objects:

6.1.6 PROPOSITION

Given concrete functors j and y between two concrete categories <D1,u1> and
<D2,u2>, j=y if, for every D1-object d, j(d)=y(d).

PROOF

Let f:dÆd' be a morphism of D1.  Given that both functors agree on objects, both j(f)
and y(f) have the same source and target.  Because both j and y are concrete, we
have u1(f)=u2(j(f))=u2(y(f)).  Finally, because u2 is faithful, we can conclude that
j(f)=y(f).  Hence, both functors agree on morphisms as well. ®

6.1.7 REMARK – concrete subcategories

Given that subcategories determine embeddings (see 5.1.10), and that the composi-
tion of faithful functors is also faithful (see 5.1.9), every subcategory D' of a category D
that is concrete over C with underlying functor u can be regarded also as a concrete
category over C whose underlying functor is the composition iD',D;u.  We then say that
<D',iD',D;u> is a concrete subcategory of <D,u>. ®



6. FUNCTOR-BASED CONSTRUCTIONS

100 12/9/03

Consider now the notions of reflective and co-reflective subcategories that we dis-
cussed in section 3.3.  Intuitively, for the (co)reflection to be "concrete", i.e. to be
consistent with the classification that the underlying functor provides, we would like
to remain within the same fibre, i.e. we would like that the (co)reflection arrows be
identities:

6.1.8 DEFINITION – concretely (co)reflective subcategories

A concrete subcategory <D1,u1> of <D2,u2> is concretely (co)reflective iff, for each object
of  D2, there is a (co)reflection arrow that is mapped by u2 to the identity. ®

For instance, although REACH is a co-reflective subcategory of AUTOM, it is not con-
cretely co-reflective when both categories are considered as being concrete over
SET¥SET¥SET.  This is because the reachable automata are not necessarily in the
same fibre as the automata from which they are computed – their state space may
have been reduced.

"Concreteness" also extends to universal constructions in the sense that, once we
"look" at a category D as being concrete through u:DÆC, we can classify the way uni-
versal constructions in D relate to C through u: ®

6.1.9 DEFINITION – concrete universal constructions

Consider a concrete category <D,u> over C and a diagram d:IÆD. A (co)limit of d is said
to be a concrete (co)limit of d in <D,u> iff it is preserved by u. ®

That is to say, universal constructions are concrete when they map to the underlying
category.  In some categories, all universal constructions are concrete.  We shall see
an example in 6.3.6.  In other concrete categories, some universal constructions may
be concrete and others not so.

6.1.10 EXERCISE

Workout examples of limits and colimits in AUTOM that are not concrete over
SET¥SET¥SET. ®

The construction of concrete (co)limits, when they exist, can be systematised
through a process that consists in projecting the (co)cones to the base category
where a (co)limit is computed and then lifted back.  This process can be extended to
more general notions of fibre as discussed below.

The notion of fibre is not exclusive to concrete categories.  It can be generalised to
arbitrary functors as follows:

6.1.11 DEFINITION – fibres

Consider a functor j:DÆC.

1. Given a C-object c, the fibre of c, which we denote by D(c), is the subcategory of D
that consists of all the objects d of D that are mapped to c, i.e. such that j(d)=c,
together with the D-morphisms f:d1Æd2 such that j(f)=idc.



6.1 Functor distinguished kinds of categories

12/9/03 101

2. The functor j is said to be amnestic if in its fibres no two distinct objects are iso-
morphic.  That is to say, if an isomorphism f:d1Æd2 in D is such that j(f)=idc for
some object c of C, then f is itself an identity. ®

The discussion around concrete categories focused basically on the structure of fi-
bres.  Another interesting aspect worth discussing is the relationships that mor-
phisms on the underlying category induce over the fibres corresponding to their
sources and targets.

For instance, consider again the category THEOLTL of temporal theories defined in
3.5.4 and the forgetful functor signLTL that maps theories and their morphisms to
their signature components.  Consider an arbitrary signature S.  A signature mor-
phism f:SÆS' provides a translation from the symbols of one signature to symbols of
the other.  We have seen in 3.5.7 that such a translation extends to the temporal
language associated with S.  Can we further extend this translation to the fibres of S,
i.e. can we define a mechanism that translates theories with signature S to theories
over S''?  What about the reverse? Can we define a mechanism that translates theo-
ries with signature S' to theories over S?

To answer these questions, we have first to provide a reasonable definition of
"translation" (and inverse translation) between fibres induced by a morphism.  Con-
sider a functor j:DÆC, a C-morphism f:cÆc', and a D-object d in the fibre of c, i.e.
j(d)=c.  By the "image" of d under f we mean some object f(d) in the fibre of c' that is
"closest" to d.  By "closest" we mean the following: f can be lifted to a morphism be-
tween d and f(d), i.e. there must exist some morphism g:dÆf(d) such that j(g)=f; for
any other object d" and morphism g':dÆd" that leaves d" at a "distance" f':c'Æj(d") of
f, i.e. such that j(g')=f;f', this distance can be covered in D in a unique way by a mor-
phism h:f(d)Æd" such that j(h)=f' and g'=g;h.

j(g') j(d")

c c' f' C
f

g j
d f(d) h

D
g' d"

D(c) D(c')

By the inverse translation, we mean the dual notion (what else…).

The following definitions are adapted from [12], a good source for the study of fibre-
related matters.

6.1.12 DEFINITION – (co)cartesian morphisms

Let j:DÆC be a functor and f:cÆc' a C-morphism.

1. Let d':D(c'), i.e. a D-object such that j(d')=c'. A D-morphism g:dÆd' is said to be
cartesian for f and d' iff (1) j(g)=f and (2) for every g':d"Æd' and f':j(d")Æc such
that j(g')=f';f, there is a unique morphism h:d"Æd such that j(h)=f' and g'=h;g.
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j(d") j(g')

f' c c' C
f

g j
d d'

h D
d" g'

2. Let d:D(c). A D-morphism g:dÆd' is said to be cocartesian for f and d iff (1) j(g)=f
and (2) for every g':dÆd" and f':c'Æj(d") such that j(g')=f;f', there is a unique
morphism h:d'Æd" such that j(h)=f' and g'=g;h. ®

6.1.13 DEFINITION – (co)fibration

Let j:DÆC be a functor.

1. We say that j is a fibration provided that, for every C-morphism f:cÆc' and D-
object d' in the fibre of c', there is a cartesian morphism for f and d'.

2. We say that j is a cofibration provided that, for every C-morphism f:cÆc' and D-
object d in the fibre of c, there is a cocartesian morphism for f and d. ®

6.1.14 EXAMPLE – specifications as (co)fibrations

The forgetful functors that define PRESLTL, SPRESLTL and THEOLTL as concrete cate-
gories over the category SET are all fibrations and cofibrations at the same time, but
with different (co)cartesian morphisms among themselves.  Given a signature mor-
phism f:SÆS':

1. a cartesian morphism for a theory <S',F'> is f:<S,f-1(F)>Æ<S',F'> and a cocartesian
morphism for a theory <S,F> is f:<S,F>Æ<S',c(f(F))>.

2. a cartesian morphism for a presentation <S',F'> is f:<S,f-1(c(F))>Æ<S',F'> and a
cocartesian morphism for a presentation <S,F> is f:<S,F>Æ<S',f(F)>.

3. a cartesian morphism for a strict presentation <S',F'> is f:<S,f-1(F)>Æ<S',F'> and a
cocartesian morphism for a strict presentation <S,F> is f:<S,F>Æ<S',f(F)>.

The differences that we can witness between these three cases have to do with both
the properties of the closure operator and the morphisms that characterise the cate-
gories.  For instance, even if F is closed for consequence, f(F) is not necessarily so.
Hence, the cocartesian morphisms for theories have to return the closure of the im-
age set.  This is not necessary for presentations because it is already implicit in the
morphisms, nor for strict presentations because they do not involve the consequence
operator at all.  The cartesian morphisms, on the contrary, do not need to compute
the closure of the inverse image set.  This is because, if F is closed, so is f-1(F).  How-
ever, presentations do need to compute the closure explicitly because they only do it
implicitly to the target, not the source. ®
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These examples illustrate the fact that there may be more than one cocartesian
morphism for a given signature morphism and theory presentation.  This is because
the set of axioms of the specification can be determined only up to logical equiva-
lence.  In the case of theories, the fact that the set of sentences must be closed en-
sures that the lifts are unique.  Hence, although it is possible to generalise the
translation induced by signature morphisms to presentations, there may be more
than one way of doing so.  This is the general case of any (co)fibration.  Amnestic
concrete (co)fibrations, however, guarantee uniqueness of the lifting and, hence, of
the choice for (co)cartesian morphisms.

6.1.15 DEFINITION – cleavage, cloven fibration

Let j:DÆC be a functor.  A choice of a cartesian morphism for every C-morphism
f:cÆj(d') and D-object d' is called a cleavage.  A fibration equipped with a cleavage is
called cloven.

We shall often denote by jf,d' the cartesian morphism selected for f and d' by the
cleavage.  Given g':d"Æd' and f':j(d")Æc such that j(g')=f';f, we know that there is a
unique morphism h:d"Æd such that j(h)=f' and g'=h;jf,d'. We shall denote h by g'/f'jf,d'.
When f' is idc, we omit the subscript.

j(d") j(g')

f' c c' C
f

jf,d' j
d d'

g'/f'jf,d' D
d" g'

®

The dual notion is called cocleavage, and a cofibration equipped with a cocleavage is
also said to be cloven.  

Summarising, a cloven (co)fibration  j:DÆC provides us with a way of lifting mor-
phisms to translations between the objects of their fibres in the sense that every C-
morphism f:cÆc' defines a map from the objects of D(c') to the objects of D(c) in the
case of a fibration, and from the objects of D(c) to the objects of D(c') in the case of a
cofibration.  Can these translations be generalised to the morphisms of the fibres?
That is, can we generalise this mapping to a functor between the fibres?

6.1.16 PROPOSITION

Let j:DÆC be a functor and f:cÆc' a C-morphism.

1. If j is a cloven fibration, then f defines a functor f-1:D(c')ÆD(c) as follows

• given d':D(c'), f-1(d') is the source of the cartesian morphism jf,d':dÆd'  that
the cleavage associates with the fibration;

• given g:d1Æd2 in D(c'), f-1(g) is the morphism f-1(d1)Æf-1(d2) that results from
the universal property of the cartesian morphism jf,d2

:f-1(d2)Æd2 when ap-
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plied to jf,d1
;g and idc.  That is to say, f-1(g) is the morphism that we also

denote by (jf,d1
;g)/jf,d2

.  Notice that this morphism in the only one that
satisfies jf,d1

;g=f-1(g);jf,d2
 and j(f-1(g))=idc.

f
c c' C

j

jf,d2

f-1(g) f-1(d2) d2 D
f-1(d1) d1 g

jf,d1

2. If j is a cloven cofibration, then f defines a functor f:D(c)ÆD(c') in the dual way,
i.e. by working on the target side of the cocartesian morphism.

PROOF

1. There are three properties to prove.  The reader is invited to fill-in the details:

• the functor is well defined in the sense that the image objects and mor-
phisms exist and are of the right types;

• because idf-1(d) satisfies the properties of the universal property that char-
acterises f-1(idd), the uniqueness associated with that universal property
guarantees that the cleavage has no other choice;

• the same line of reasoning applies to conclude that f-1(g1;g2)=f-1(g1);f
-1(g2)

2. By duality. ®

This definition raises an immediate question: what if f=idc?  Are f-1 and f the identity
functor?  What if f=f1;f2?  Are f-1and f the compositions f-1

1;f
-1

2 and f1;f2, respectively?
The answer is twofold: they can, but they do not have to.  Consider the first part of
the answer, this time instantiated for cofibrations.

6.1.17 PROPOSITION

Let j:DÆC be a functor.  

1. Given a C-object c and an object d in the fibre of c, the identity idd is both a car-
tesian and a cocartesian morphism for idc and d.

2. Given C-morphisms f1:c1Æc2 and f2:c2Æc3, an object d in the fibre of c1, and
"translations" (cocartesian morphisms) g1:dÆf1(d) and g2:f1(d)Æf2(f1(d)), the com-
position g1;g2 provides a cocartesian morphism for f1;f2 and d.

PROOF

1. Exercise.

2. There are two properties to prove:
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• The composite translation lifts the composition in C:
j(g1;g2)=j(g1);j(g2)=f1;f2

• The lift has the required couniversal property:
Let g':dÆd" and f':c3Æj(d") be such that j(g')=f1;f2;f'.  The couniversal property
of g1 applied to g' and (f2;f') gives a unique h1:f1(d)Æd" such that g1;h1=g' and
j(h1)=f2;f'.  We can now apply the couniversal property of g2 to h1 and f' to infer
the existence and uniqueness of h2:f2(f1(d)),)Æd" such that g2;h2=h1 and
j(h2)=f'. We are now going to prove that h2 has the require properties.  On the
one hand, j(h2)=f'.  On the other hand, if we take h'2:f2(f1(d)),)Æd" such that
g1;g2;h'2=g' and j(h'2)=f', we derive g2;h'2=h1 because we have g1;(g2;h'2)=g' and
j(g2;h'2)=j(g2);j(h'2)=f2;f', and h1 is the unique morphism satisfying these two
properties; but, then, we conclude that h'2=h2 because h1 is the unique mor-
phism satisfying g2;h2=h1 and j(h2)=f'.

j(d")

j(g')

j(h1) f'
c1 c2 c3 C

f1 f2

g1 g2 j
d f1(d) f2(f1(d))

h1 h2 D

g'
d"

®
The fact that cleavages do not need to choose (co)cartesian morphisms satisfying
these properties leads to the following definition.

6.1.18 DEFINITION – split fibration

Let j:DÆC be a  cloven fibration.  If, for every C-object c, idc
-1 is idC(c) and, for every

decomposition f=f1;f2, f
-1 is the composition f-1

2;f
-1

1, then the fibration is said to be
split. ®

6.1.19 REMARK

The more alert reader may have noticed that the universal property of the
(co)cartesian morphism is taken over a space that is larger than the fibre of either c
or c'.  This is why the "distance" f' is introduced as a kind of "type converter".  This
means that the translation or inverse translation is chosen not only over the objects
that have the exact type but also those that "type check".  The reason we point this
out is to recall that the "categorical way" of defining a concept, namely of choosing a
universal property, has to be "morphism-oriented" in order to yield "good" properties
such as the one that we have just proved.  The reader is encouraged to experiment
with the weaker notion of (co)cartesian morphism for which the universal property is
required only over the fibres, and check which of the properties that we have proved
still hold. ®

Split (co)fibrations allow us to wrap up the idea of translation between fibres with
which we started in neat categorical clothing:
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6.1.20 PROPOSITION

Let j:DÆC be a functor.

1. If j is a split fibration, then it defines a functor ind(j):CopÆCAT by mapping every
C-object c to its fibre D(c) and every morphism f:cÆc' to the functor f-1:D(c')ÆD(c)
as defined above.

2. If j is a split cofibration, then it defines a functor ind(j):CÆCAT by mapping every
C-object c to its fibre D(c) and every morphism f:cÆc' to the functor f:D(c)ÆD(c')
as defined above.

PROOF

Left as an exercise. ®

Functors of the form CopÆCAT are called indexed-categories, a structure widely ap-
plied in Computing (see, for instance, [103]) precisely because it generalises what are
usually called indexed-sets, i.e. mechanisms for indexing given collections of objects
with other kind of objects (indexes).  We shall focus on indexed categories in section
6.4.

One of the reasons to study fibrations is the close relationship that exists between
their universal properties and those of the fibres.

6.1.21 DEFINITION – fibre completeness

A cloven fibration j:DÆC is said to be fibre-complete if its fibres are complete catego-
ries and the inverse translation functors induced on the fibres preserve limits. ®

6.1.22 PROPOSITION

Let j:DÆC be a split fibration.

1. If j is fibre-complete, then it lifts limits.

2. If, in addition, j is amnestic, the lift is unique.

PROOF

1. Consider a diagram d:IÆD and a limit m:cÆd;j for the underlying C-diagram.  We
are going to provide a step-by-step construction of a limit for d that lifts m.  
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m j(dj)

j(g)

c j(di) C

j

jmjdj
d

b m-1j(dj) dj

jmidi
;g/jmjdj

g D

d m-1
i(di) di

jmidi

• first, we take the inverse image of d induced by m.  We obtain a diagram
within the fibre of c, related to the original one by the cartesian mor-
phisms jmidi

.  Notice that morphisms g:diÆdj are translated to
jmidi

;g/jmjdj
:m-1(di)Æm-1(dj)

• then, given that the fibre of c is complete, we compute the limit b:dÆm-1(d).
We are going to prove that the cone obtained through the compositions
bi;jmidi

 is a limit for d.

• the cone is commutative: consider g:diÆdj in d; we have
bi;jmidi

;g=bi;jmidi
;g/jmjdj

;jmjdj
=bj;jmjdj

.

• the universal property of the cone is satisfied: consider another commuta-
tive cone a:d'Æd; because the image of a under j is a commutative cone,
the universal property of m:cÆd;j implies the existence of a unique
f:j(d')Æc such that f;mi=j(ai) for every iŒI; unfortunately, d' is not neces-
sarily in the fibre of c and, hence, we cannot use the universal properties
of the limit.

Because the inverse translation induced by f preserves limits, the cone
f-1(b):f-1(d)Æf-1(m-1(d)) is itself a limit in the fibre of j(d'); given that
a i/jf;m,d:d'Æ(f;m)-1(d) is also a commutative cone and (f;m)-1(d)=f-1(m-1(d)) is a
consequence of j being split, we can infer the existence of a unique
h:d'Æf-1(d) such that h;f-1(bi)=ai/jf;midi

.

We now prove that h;jf,d satisfies the required properties.  

(h;jf,d);(bi;jmidi
)=h;f-1(bi);jf,m-1i(di)

;jmidi
=ai/jf;midi

;jf,m-1i(di)
;jmidi

=ai/jf;midi
;jf;mid

=ai.

Let h':d'Æd satisfy h';(bi;jmidi
)=ai. We then have

a i=h'/jf,d;jf,d;bi;jmidi
=h'/jf,d;f

-1(bi);jf,m-1i(di)
;jmid

=h'/jf,d;f
-1(bi);jf;midi

 which im-
plies h'/jf,d;f

-1(bi)=ai/jf;midi
 and, hence, h'/jf,d=h, and h;jf,d=h'
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j(ai)

j(d') c j(di) C

f mi

bi jmidi
j

d m-1i(di) di

jf;midi

jf,d f-1(bi) jf,m-1i(di)
D

h' f-1(d) f-1(m-1i(di)) 

a/j f;midi

h ai

d'

2. Left as an exercise. ®

6.1.23 COROLLARY

Let j:DÆC be a split fibration.  If j is fibre-complete and C is complete, then D is also
complete. ®

These results and their duals tell us how to compute universal constructions over
(co)fibrations that are fibre-(co)complete: the diagram is projected to the underlying
category and its (co)limit is computed; the original diagram is (co)translated to the fi-
bre of the apex and its (co)limit is computed within the fibre.

6.1.24 EXAMPLE – colimits of specification diagrams

The fibres of PRESLTL, SPRESLTL and THEOLTL as concrete categories over SET are all
complete and co-complete as ordered sets.  It is also easy to see that the
(co)translations are (co)continuous.  Taking into account the operations that define
these universal constructions, we have the following procedure for calculating limits
and colimits of a diagram d with di=<Si,Fi> in these categories.

1. Calculate the limit s:SÆd  or colimit s:dÆS  of the underlying diagram of signa-
tures.

2. Lift the result by computing the specification-component according to the fol-
lowing rules:

limit colimit

PRESLTL s:<S,« iŒI si
-1(c(Fi))>Æd s:dÆ<S ,»iŒI si(Fi)>

SPRESLTL s:<S,« iŒI si
-1(Fi)>Æd s:dÆ<S ,»iŒI si(Fi)>

THEOLTL s:<S,« iŒI si
-1(Fi)>Æd s:dÆ<S ,c(»iŒI si(Fi))>
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In order to illustrate these constructions, consider the specification of the vending
machine that we studied in section 3.5.  Therein, we saw how the original specifica-
tion (3.5.6) could be extended to include a mechanism for regulating the sale of ci-
gars, which was captured by a morphism (3.5.11)

no cigars
vending machine regulated vending machine

The need for such kind of extensions arises whenever there is a change in the origi-
nal requirements.  Such changes may be very frequent in business domains that are
very volatile, for instance as a result of fierce competition forcing companies to main-
tain a level of service that matches or beats the offer of their rivals.  This prompts the
need for mechanisms that allow systems to evolve in ways that localise the impact of
changes.  For instance, a better way of accounting for the need to regulate the sale of
cigars is to interconnect the original vending machine with an external device (regu-
lator).  This would indicate that the required change does not need to be intrusive of
the existing system in the sense that it is not necessary to change the way the ex-
isting system is implemented.  Instead, we just need to implement the regulator and
connect it to the system, even while it is running, i.e. without interruption of service.

The required regulator can be specified as follows:

specification regulator is
signature trigger, ted, tor
axioms beg … (¬tor)

trigger … (¬ted)Wtor
tor … (¬ted)

The rationale is the following.  When the trigger occurs, action ted (the one being
regulated) is blocked until the regulator occurs.

As discussed in chapter 4, we use diagrams to express systems as configurations of
interconnected components, the (co)limits of which return the object that represents
the system as a component, all the interconnections having been encapsulated.  The
regulated vending machine can be put together by synchronising action trigger of the
regulator with action coin of the vending machine, and the regulated action with ci-
gar.  The corresponding configuration diagram is:

bi-channel

cigar!¨!c1!Æ!ted

coin!¨!c2!Æ!trigger

vending machine regulator
where

specification bi-channel is
signature c1, c2
axioms

Notice that there is nothing in the regulator that names the vending machine: the
regulator is intended to be a component that can be reused in different contexts.
The same applies, a fortiori, to the vending machine because it was developed before
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the need to be regulated was determined.  As a result, there is no implicit interaction
between the two components.  The interconnection through which the vending ma-
chine becomes regulated is completely externalised in the bi-channel and the two
morphisms.  This is one basic difference between object and service-oriented devel-
opment as already mentioned: whereas objects, through clientship, code up interac-
tions in the way features are called, services cannot name other services because
they are not specified with particular interactions in mind.  Moreover, service integra-
tion is only performed when it is needed, in run-time, and for the services that will
have been identified or selected at that time from the current configuration.

According to the rules above, the pushout of this configuration diagram can be cal-
culated in two steps.  First, we compute the pushout of the underlying diagram of
signatures:

{c1,c2}

cigar!¨!c1!Æ!ted

coin!¨!c2!Æ!trigger

{coin,cake,cigar} {trigger,ted,tor}

no cigar tor!Æ!token

{coin,cake,cigar,token}

Notice that, because pushouts are determined only up to isomorphism, we chose the
signature that matches that of the regulated vending machine.  The second step
consists in lifting the result back to the category of specifications which, according to
the rules, can be achieved by choosing as axioms the translations of the axioms of
the component specifications:

axioms beg … (¬cakeŸ¬cigar) Ÿ
(coin ⁄ (¬cakeŸ¬cigar)Wcoin)

coin … (¬coin)W(cake⁄cigar)
(cake⁄cigar) … (¬cakeŸ¬cigar)Wcoin
cake … (¬cigar)
beg … (¬token)
coin … (¬cigar)Wtoken
token … (¬cigar )

Notice that, because of the renaming imposed by the interconnection, the axioms are
now in the shared language and, as a result, they interfere and make new properties
(the new requirements) to emerge at the level of the resulting system.  As we have
already mentioned, this is why the categorical approach brings software systems into
the realm of “general, complex systems”, the global behaviour of which is character-
ised in terms of properties or phenomena that emerge from components and interac-
tions.  This is a view that is now shared across different Sciences, from biological to
economical and sociological systems.  

It is easy to see that this set of axioms is logically equivalent to the one we gave
originally for the regulated vending machine, which further shows that the lifting
performed through the forgetful functor is not unique.  Also notice that we recover
the original extension (morphism) – no cigar – as one of the co-cone projections.
Hence, basically, what we have done is factorise the extension by externalising the
regulator that was coded over the original specification.  
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We should emphasise that, having performed the externalisation, the view of the
system that interests us is the one given by the (configuration) diagram.  The colimit
construction is "only" useful as a semantics for the diagram, namely as a means of
checking that the required properties will emerge from the interconnections.  Further
evolution of the system should be performed on the configuration, not the global
specification resulting from the colimit.

Other examples of the application of these techniques in Computing can be found in
the area of Concurrency Theory, namely in the work of G.Winskel [111], and F.Costa
[21].  The idea is that operations on processes like synchronisation can be defined at
the level of the actions that the processes can perform (their alphabet) through some
algebraic operations and then lifted to the category of processes using a (co)fibration.
An example in this area will be given in section 6.3.  Finally, the second part of the
book will be dedicated to a systematisation of this process of structuring complex sys-
tems through what have been called "software architectures".

6.2 Structured objects and morphisms

One of the best examples of the added expressive power that functors bring into the
categorical discourse is the ability to work in frameworks that involve more than one
category.  An exhaustive study of distinguished objects and arrows with respect to a
functor can be found in [1].  In the sequel, we shall present some of the concepts
that we have found to provide a good introduction and, thus, motivate the reader to
search more about this topic.

6.2.1 EXAMPLE – realisations of a specification

For instance, we argued in 5.1.3 that the notion of satisfaction of specifications by
programs can give rise to functors spec: PROGÆSPEC that map programs to the
strongest specification that they satisfy.  The notion of satisfaction of a specification
S by a program P can then be captured by the existence of a morphism s:SÆspec(P).
Indeed, the morphism expresses the fact that the properties specified through S are
entailed by the strongest specification of P.  

Such a "structured" morphism s:SÆspec(P) accounts for representations of abstract
concepts of the specification in terms of the syntax of the program.  That is to say,
the morphism reflects design decisions taken during the implementation of S in
terms of P, say the choice of specific representations for the state of a system.  Hence,
there is an interest in manipulating morphisms of the form s:SÆspec(P) as capturing
the possible realisations of specifications in terms of programs. ®

6.2.2 DEFINITION – structured morphisms

Given a functor j:DÆC, a j-structured morphism is a C-morphism f:cÆj(d) where c is
an object of C and d is an object of D. ®
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Structured morphisms can be organised in categories that generalise the notion of
comma-category that we studied in section 3.2:

6.2.3 DEFINITION – comma-categories

1. Comma-categories, as defined in 3.3.2, can be generalised to the case of a func-
tor j:DÆC and an object c:C, to define a category cØj that has for objects all
pairs <f:cÆj(d),d> where f is a j-structured morphism with domain c.  The mor-
phisms between <f1:cÆj(d1),d1> and <f2:cÆj(d2),d2> are all the D-morphisms
h:d1Æd2 such that f1;j(h)=f2.  These categories are called under-cone categories
in [22, page 48].

c

f1 f2 C

j(d1) j(d2)
j(h) j

h
d1 d2 D

2. The construction above can be further generalised to define the category _Øj (or
CØj) that has for objects all the j-structured morphisms, i.e. triples
<c,f:cÆj(d),d>.  The morphisms between <c1,f1:c1Æj(d1),d1> and
<c2,f2:c2Æj(d2),d2> are all the pairs <g,h> of C-morphisms g:c1Æc2 and D-
morphisms h:d1Æd2 such that f1;j(h)=g;f2.

c1 c2

g
f1 f2 C

j(d1) j(d2)
j(h) j

h
d1 d2 D

PROOF

The proof that these constructions do yield categories is left as an exercise.  The
reader is also invited to consult [79, pages 46-48] for further generalisations of the
notion of comma category, including the one that justifies their name! ®

6.2.4 REMARK – compositionality in software development

In chapter 4, we showed how universal constructions could be used to formalise no-
tions of composition that occur in system development.  These were applied to sys-
tem specification in 6.1.24 including an illustration of their role in supporting evolu-
tion through the interconnection, in run-time, of new components that can bring
about new emergent propoerties.
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However, ideally, such constructions should apply to realisations and not to specifi-
cations alone in the sense that, when we compose specifications for which we have
already correct implementations, we should be able to obtain a correct implementa-
tion for the resulting specification as a composition of the implementations of its
components.  This is usually called compositionality of system development.  We are
now going to show how this form of compositionality can be formulated in this setting
and derived from the existence of an abstraction functor.

First of all, we are now interested in extending the notion of realisation to diagrams
as capturing configurations of complex systems: a realisation of a specification dia-
gram d:IÆSPEC by a program diagram d:’:IÆPROG is an |I|-indexed family
(si:d(i)Æspec(d’(i)))iŒ|I| of realisations such that, for every f:iÆj in I, d(f);sj=si;spec(d'(f)).
That is to say,  in addition to the individual components, the interconnections have
to be realised as well.

S1

m1

S s1

m2

S2

s SPEC

spec(P1)

spec(P) s2

spec(P2) spec

f1 P1

P PROG
f2

P2

Compositionality of the relationship between programs and specifications can be ex-
pressed through the fact that the colimit of d' – the diagram of programs – is a realisa-
tion of d – the diagram of specifications – in an essentially unique way.
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S1

m1 m'1
S s1 S'

m2 m'2
S2

s s' SPEC

spec(P1) s2

spec(P) spec(P')

spec(P2) spec

f1 P1 f'1

P P' PROG
f2 f'2

P2

We can actually prove that, as long as spec is a functor, this property holds regard-
less of the nature of the specifications and programs.  Indeed, because functors pre-
serve the commutativity of diagrams, the image of the program diagram commutes, i.e.
in the case of the diagram in the figure,

spec(f1);spec(f'1)=spec(f2);spec(f'2)

This entails that m1;s1;spec(f'1)=s;spec(f1);spec(f'1)=s;spec(f2);spec(f'2)=m2;s2;spec(f'2).
Because <m'1,m'2,S'> is a pushout of <S,m1,m2>, we can conclude that there exists a
unique morphism s:S'Æspec(P') such that s1;spec(f'1)=m'1;s' and s2;spec(f'2)=m'2;s'.
Notice that these two equations express the fact that the pairs <m'i;spec(f'i)> are, in-
deed, morphisms of realisations.  Also notice that spec is not required to preserve
the pushout of programs! ®

Because compositionality is a property that is not exactly easy to achieve, as more
than 20 years of research in the area as shown, this means that the existence of a
functor relating two domains of system modelling expresses a very strong structural
relationship between them.  In [31], we have given examples of situations in which
compositionality fails because some of the properties required of functors are not met
by the way specifications relate to programs.  Basically, what is at stake is the bal-
ance that must be struck between the nature of the properties that the abstraction
map is able to derive, and the ability of program morphisms to preserve such proper-
ties.  In  [31] it is also shown that, in the absence of a functorial relationship, proper-
ties of systems may emerge that result from the need to regulate the interconnec-
tions between the components.  This happens when the "semantics" of the pro-
gramming language is not strong enough to ensure the preservation of the properties
made observable through the specification language.  This is similar to what happens
in social systems in which regulators (e.g. the police) are necessary to enforce laws
that are not "natural" but imposed by the society for coordinating the behaviour of
individuals.
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An example of such a situation can be given in terms of Eiffel class specifications and
linear temporal logic.  If we had chosen to restrict the behaviours of Eiffel classes to
those that are normative in the sense that routines are only executed when their
pre-conditions hold, then the following sentence would be included in the strongest
specification of every routine:

r … prer

That is to say, if the routine r is about to happen, its pre-condition holds.  It is easy
to see that this property is not preserved by class morphisms.  Indeed, given a class
morphism f, all that f guarantees is that F(prer) 

† 

|–preF(r).  Hence, from (F(r) … preF(r)) we
cannot infer the translation through F of (r…prer), i.e. the property (F(r) … F(prer)).  This
means that an implementation of a class specification that refuses to execute every
routine when the pre-condition fails, cannot be reused, with the same semantics of
refusal, when the specification is inherited into a larger one.  In other words, inheri-
tance does not preserve the property of refusing execution of routines for which pre-
conditions fail.  This is probably why the semantics of pre-conditions in Eiffel does
not include such refusals…

Although the construction in 6.2.4 was motivated by the extension of the notion of
realisation to diagrams as compositions of complex systems, it admits a dual reading
as extending composition to realisations, i.e. moving to the category _Øspec whose
objects are, precisely, the realisations.  Actually, this dual reading is supported by a
dual visualisation of the figures above: whereas we analysed them from the point of
view of "vertical" relationships (the realisations) between "horizontal structures" (the
specification and the program configurations), we are now analysing them as horizon-
tal relationships (a configuration) between vertical structures (the realisations of the
component specifications).

Indeed, because, for every f:iÆj in I, d(f);sj=si;spec(d'(f)), d and d' define a diagram
< d,d'>:IÆ_Øspec such that, for every i, < d,d'>(i) is < d(i),si,d'(i)> and, for every f:iÆj,
< d,d'>(f) is < d(f),d'(f)>.  Compositionality expresses the existence (and uniqueness) of
a colimit for this diagram of realisations when  d and d' admit colimits.

Compositionality in the sense that we have just described is a property that can be
stated and proved in the general setting of comma-categories:

6.2.5 DEFINITION/PROPOSITION – projection functor creates colimits

1. Given a functor j:DÆC, we define two functors pC:_ØjÆC and pD:_ØjÆD by pro-
jecting objects and morphisms of the comma-category _Øj to their C and D com-
ponents, respectively.

2. The functor <pC,pD>:_ØjÆC¥D creates colimits.

PROOF

1. Left as an exercise.

2. Consider a diagram d:IÆ_Øj and colimits m:d;pCÆc and b:d;pDÆd for its projections
d;pC and d;pD, respectively.
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mj

cj

ci c
f mi

sj si

s C

j(dj) j(bj)

j(g) j(di) j(d)

j(bi)

j

bj

dj

g di d D
bi

• existence of a co-cone in _Øj whose image is the pair of projections: basically, we
have to show that there is a morphism s:cÆj(d) such that si;j(bi)=mi;s.  To
prove this, consider the C-co-cone defined by {si;j(bi)}Æj(d).  This co-cone is
commutative because, given any morphism f:ciÆcj in the base, if g:diÆdj is the
morphism in D that, together with f, constitutes a morphism in _Øj, we have
that

bi=g;bj because the D-co-cone is commutative

j(bi)=j(g);j(bj) because functors preserve composition

f;sj=si;j(g) because <f,g> is a morphism in _Øj

f;sj;j(bj)=si;j(g);j(bj) from the previous equality

f;sj;j(bj)=si;j(bi) applying the second equality

Hence, because m:d;pCÆc is a colimit, there is a (unique) morphism s:cÆj(d)
such that si;j(bi)=mi;s.

• uniqueness of the co-cone: for the co-cone to be in _Øj, the equalities
si;j(bi)=mi;s have to hold and the fact that the co-cone in C is a colimit implies
that s is the only morphism cÆj(d) that satisfies that property.

• the co-cone is a colimit: let <n,g>:dÆ<c',s',d'> be a commutative co-cone.  Its
projections n:d;pCÆc' and  g:d;pdÆd' are also commutative.  Therefore, because
m and b are colimits, there are unique t:cÆc' and r:dÆd' such that n i=mi;t and
g i=bi;r. We want to prove, first of all, that <t,r> is a morphism of _Øj, i.e.
t;s'=s;j(r).  For that purpose, we are going to prove that the co-cone defined
by (si;j(gi)) is commutative: given an arbitrary <f:ciÆcj,g:diÆdj> in the base for
a structured object <cj,sj,dj>,

f;sj;j(gj)=

=f;ni;s' <ni,g i> being a morphism,
sj;j(gj)=ni;s'

=ni;s' n being commutative, f;ni=ni

=si;j(gi) <ni,g i> being a morphism,
si;j(gi)=ni;s'
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Hence, there is a unique morphism k:cÆj(d) such that mi;k=si;j(g i). But both
t;s' and s;j(r) satisfy that property.  Therefore, they are equal.  Finally, we
have to prove that <t,r> is the only morphism satisfying <ni,g i>=<mi,bi>;<t,r>.
But this is because any morphism <t',r'> satisfying the same equation is such
that ni=mi;t' and gi=bi;r', which implies t'=t and r'=r.

c'

ni

ci c t s'

mi

si s

j(d) C

j(g i)

j(di) j(d) j(r)

j(b i)

j
d'

gi

di d r D

bi

®

6.3 Functor-structured categories

In this section, we present a construction that yields concrete categories of a very
simple nature but with wide applicability:

6.3.1 DEFINITION – functor-structured categories

Let j:CÆSET be a functor.  We define the category spa(j) whose objects are the pairs
<c,S> where c:C and SÕj(c) and whose morphisms f:<c,S>Æ<d,T> are the morphisms
f:cÆd of C such that j(f)(S)ÕT.

PROOF

As already illustrated so many times in section 3.2, we have to prove that the compo-
sition law and the identity map inherited from C are applicable.

• Given morphisms f:<c,S>Æ<d,T> and g:<d,T>Æ<e,R>, we have

1. j(f)(S)ÕT because f is a morphism of spa(j)

2. j(g)(j(f)(S))Õ j(g)(T) from (a)
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3. j(g)(T)ÕR because g is a morphism of spa(j)

4. j(g)(j(f)(S))ÕR from (b) and (c) and transitivity of inclusion

5. (j(f);j(g))(S)ÕR from (d) and function composition in SET

6. j(f;g)(S)ÕR from (e) and the properties of functors.

• The case of the identity map is trivial: given a pair <c,S>, the identity on c is
such that j(idc)(S)=idj(c)(S)=S. ®

Functor-structured categories, sometimes also called spa-categories, are studied in
detail in [1] where some additional terminology is introduced.  The objects of such
categories are usually called j-spaces and their morphisms j-maps.

6.3.2 EXAMPLE – processes

We have already mentioned that we may regard a pointed set as a signature or al-
phabet of a process: the proper elements of the set denote actions or events in which
the process can get involved, and the designated element denotes an action of the
environment, i.e. an action in which the process is not involved.  We can associate
with every pointed set A^, the set of possible trajectories over A^: tra(A^)={l:wÆA}.
That is, a trajectory for an alphabet is an infinite sequence of actions.  Notice that
finite behaviours can be represented by infinite sequences that, after a certain point,
consist of the designated element, i.e. consist only of environment steps.  This asso-
ciation defines a functor tra: SET^ÆSET if we extend it to morphisms as follows:
tra(f:A^ÆB^)(l)=l;f, i.e. tra(f)(l)(i)=f(l(i)).  That is, every morphism of pointed sets in-
duces a translation between the corresponding trajectories by pointwise application
of the function between the base sets.  We usually denote tra(f) by fw.

We can now define the category PROC of processes as being spa(tra): a process con-
sists of a pair <A^,L> where LÕtra(A^), i.e. a process consists of an alphabet and a set
of trajectories that capture its behaviour;  a process morphism f:<A^1

,L1>Æ<A^2
,L2> is

a morphism f:A^1
ÆA^2

 between the underlying pointed sets such that fw (L1)

† 

Õ  L2, i.e.,
such that every trajectory of the source is translated to a trajectory of the target.

Intuitively, a morphism f:P1ÆP2 identifies process P2 as a component of process P1: it
identifies, for every action of P1, what is the participation of P2 in that action; if the
event of P1 is mapped to the designated event of P2, this means that P2 does not par-
ticipate in it, making it an environment step for P2.  Notice that the preservation of
the designated element, as enforced through the morphism, is consistent with the
view of P2 as a component of P1: an environment step for P1 must necessarily be an
environment step for P2.  Hence, P1 identifies part of the environment of P2.  

The condition on the trajectories requires that every possible behaviour of P1 (the
system) be mapped to one of the allowed behaviours of P2 (the component).  That is
to say, the system cannot exhibit behaviours that are not allowed by the component.
However, it is possible that behaviours of the component do not show up in the sys-
tem, for instance because interactions with other components within the system
prevent them from occurring. ®

Functor-structured categories provide us examples of some of the kinds of categories
that we discussed in section 6.1.
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6.3.3 PROPOSITION

Let j:CÆSET be a functor.

1. The functor u: spa(j)ÆC that forgets the SET-component of each object defines
spa(j) as a concrete category over C.

2. The forgetful functor u: spa(j)ÆC is both a split fibre-complete fibration and a
split fibre-co-complete cofibration.  Given a C-morphism f:cÆc', the cartesian
morphism for <c',S'> is f:<c,j(f)-1(S')>Æ<c',S'> and the cocartesian morphism for
<c,S> is f:<c,S>Æ<c',j(f)(S)>.

PROOF

Left as an exercise. ®

6.3.4 EXAMPLE – processes

We call alph the forgetful functor defined by 6.3.3(1) on PROC: it projects processes
and their morphisms to the underlying alphabets (pointed sets).

Notice how the (co)cartesian morphisms have an intuitive interpretation in PROC.
The cartesian morphism returns, for a given process and alphabet morphism having
the process as target, the least deterministic system over that alphabet in which the
process can fit, through the morphism, as a component: any additional behaviours of
the system would violate the allowed behaviours of the given process.  On the other
hand, the cocartesian morphism returns, for a given process and alphabet morphism
having the process as source, the most deterministic process over the target alphabet
that it admits, through the morphism, as a component: any additional behaviours
that the component may have will not be able to be observed in the given system.
That is to say, the cartesian and cocartesian morphism allow us to gauge the roles
that a given process can play through a morphism as a system or as a component. ®

The characterisation that 6.3.3 provides for (co)cartesian morphisms allows us to de-
rive some useful properties of functor-structured categories:

6.3.5 COROLLARY

Let j:CÆSET be a functor and u:spa(j)ÆC the forgetful functor induced by the spa-
construction9.

1. u lifts limits uniquely.  Any limit m:cÆd;u for d:IÆspa(j) with di=<ci,Si> is lifted
uniquely to m:<c,S>Æd where S=«iŒI j(mi)

-1(Si).

2. u lifts colimits uniquely.    Any colimit  m:d;uÆc for d:IÆspa(j) with di=<ci,Si> is
lifted uniquely to m:dÆ<c,S> where S=»iŒI j(mi)(Si). ®

6.3.6 COROLLARY

Let j:CÆSET be a functor.

                                                
9 For readability, we shall omit the forgetful functor when referring to objects and morphisms of C that are

projected from spa(j).
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1. If C is complete so is spa(j).  Moreover, all limits in spa(j) are concrete (see
6.1.9).

2. If C is co-complete so is spa(j).  Moreover, all colimits in spa(j) are concrete. ®

Therefore, we can apply the recipe for calculating limits and colimits in spa(j) that
we discussed in section 6.1: (1) project the diagram to the base category and calculate
its (co)limit; (2) lift the result by computing the intersection of the inverse images of
the set components (for a limit) or the union of the direct images of the set compo-
nents (for the colimit).  

It is useful to see how this construction can be instantiated to particular universal
constructions:

1. Lifting of the initial and terminal objects

Let 0C be an initial object of C.  Then <0C,ø> is initial for spa(j).

Let 1C be a terminal object of C.  Then <1C,j(1C)> is terminal for spa(j).

2. Universal constructions in three steps: (1) projection of the spa(j)-diagram to C;
(2) universal construction performed in C; (3) lifting the result back to spa(j).

Product:
<c1,S1> <c2,S2> c1 c2

<c1,S1> <c2,S2> c1 c2

g1 g2 g1 g2

<c,g1-1(S1)«g2-1(S2)> c

spa(j) C

Sum:
<c1,S1> <c2,S2> c1 c2

<c1,S1> <c2,S2> c1 c2

g1 g2 g1 g2

<c,g1(S1)»g2(S2)> c

spa(j) C
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Pullback:
<c0,S0> c0

f1 f2 f1 f2

<c1,S1> <c2,S2> c1 c2

<c0,S0> c0

f1 f2 f1 f2

<c1,S1> <c2,S2> c1 c2

g1 g2 g1 g2

<c,g1-1(S1)«g2-1(S2)> c

spa(j) C

Pushout:
<c0,S0> c0

f1 f2 f1 f2

<c1,S1> <c2,S2> c1 c2

<c0,S0> c0

f1 f2 f1 f2

<c1,S1> <c2,S2> c1 c2

g1 g2 g1 g2

<c,g1(S1)»g2(S2)> c

spa(j) C

Notice that the lifting of the product and the pullback are exactly the same: the
"shared" object is only used for determining the C-component of the apex of the pull-
back and does not interfere with the calculation of the SET component.  This is an-
other example of the kind of separation that can be achieved between "coordination"
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and "computation" that we motivated already in section 5.2.  We shall return to
these aspects later on but this is a simple illustration of the principle.

6.3.7 EXAMPLE – parallel composition of processes

When applied to processes, these constructions provide us with a mathematical se-
mantics for typical operations of process calculi.  Recalling the universal construc-
tions that we studied in chapter 1 for pointed sets, we have:

1. The terminal process is <{^ø},{^ø
w}>: its alphabet contains only the witness for

actions of the environment, and its behaviour reflects exactly that – it witnesses
life go by.  That is, we have an idle process.

2. The initial process is <{^ø},ø>: its alphabet is exactly the same as for the terminal
process, but its behaviour is completely different – it does nothing, not even wit-
nessing life go by!  That is, we have a blocking process that deadlocks any system
to which it is interconnected (see below).

3. We have already seen in section Error! Reference source not found. that
products of pointed sets model the interleaving of alphabets in the sense that
they compute the set of all the synchronisation pairs of actions between the
components plus the individual actions themselves. When we take into account
the behaviour of processes, products return the infinite sequences of such par-
allel actions that, once projected into the components, result into behaviours of
the components.  That is to say, the product of processes <A1,L1> and <A2,L2> is
obtained by computing the product <A,g1,g2> of the alphabets and by taking as
set of behaviours the intersection of the inverse images of the sets of behaviours
of the components.  This intersection consists of the sequences l:wÆA such
that g1

w(l)ŒL1 and g2
w(l)ŒL2.  Hence, what we obtain is the traditional trace-

based semantics of the parallel composition of processes.

Notice the difference between the idle and the blocking process.  When put in
parallel with another process, the idle process is "absorbed", i.e. the result of the
parallel composition is the other process: this is because the behaviour of the
idle process is already present in any other process (except the blocking one).
Indeed, the product of a terminal object with any other object is, up to isomor-
phism, that object.  Hence, the idle process does nothing and lets the others do
as they please.

On the contrary, the blocking process "absorbs" any other process with which it
is put in parallel: it does nothing and does not let the others do anything.  This
is because the product of the initial object with any other process P returns a
process with the alphabet of P but with an empty behaviour.  As we said at the
very beginning of the book, Category Theory is all about the social behaviour of
objects…

4. Pullbacks allow us to select only the behaviours that satisfy certain synchronisa-
tion requirements.  We also saw in section Error! Reference source not
found. that such requirements are expressed through the morphisms that con-
nect the components to the "channel" that interconnects them.  Each action of
the channel acts as a point for rendez-vous synchronisation in the sense that the
actions that participate in a rendez-vous are not allowed to occur in isolation, i.e.
are not part of the alphabet of the resulting process.  In what concerns the re-
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sulting behaviour, its computation is exactly as for products: it consists of the
sequences of actions determined by the pullback of alphabets that are projected
into behaviours of the components.  Hence, all the synchronisation mechanism
is achieved at the level of the alphabets.  In summary, pullbacks model parallel
composition with synchronisation.

5. What we have just observed about pullbacks can be generalised to limits in gen-
eral.  The limit of the diagram of alphabets internalises all the interconnections
established via the morphisms as synchronisation sets: each component may be
involved with at most one action in a synchronisation set.  That is, internal syn-
chronisations cannot be established and a given component may not participate
in a given rendez-vous.  When we take into account the behaviour of the proc-
esses involved, limits return the infinite sequences of such synchronisation sets
that are projected into allowed behaviours of the components. ®

6.4 The Grothendieck construction

In section 6.1, we showed how every split fibration j:DÆC defines a functor
ind(j):CopÆCAT that maps every object of C to its fibre.  In the case of a split cofibra-
tion, we obtain ind(j):CÆCAT.  The objects of C can be seen as indexes, or types,
that are used for classifying the objects of D.  The functor j makes the type assign-
ments and the functor ind(j) groups the objects according to their types.  On the
morphism side, the functor ind(j) tells us how to translate between fibres when
moving from one type to another through a type morphism.  For fibrations, this
translation is contravariant (like when taking inverse images), whereas for cofibra-
tions the translation is covariant (like when taking direct images).  

For instance, if C is the inheritance hierarchy of an object-oriented system, and D
models the population of objects, we can think of a cofibration that assigns to every
object the type of which it is a direct instance.  For every inheritance morphism, the
cocartesian morphisms define how each object of the child class is also an instance
of the parent type (which feature renaming applies, etc).  The CAT-based functor re-
turns, for each type, the population of direct instances associated with the type and,
for each inheritance morphism, the functor that maps instances of the child to in-
stances of the parent.

The fact that we work with a fibration or a cofibration, and that the associated CAT-
based functor is contravariant or covariant, is not very important.  After all, it is all a
matter of arrow direction.  However, as we have already pointed out, it is important
that the direction of the arrows is chosen so as to be "natural" in the context in
which they are going to be used.  For instance, in the case of inheritance, hierarchies
are traditionally depicted as graphs with the arrows pointing to the parents, and it
would be counterintuitive to formalise them with morphisms going in the opposite
direction.  All this to say that, in this section, one direction will be preferred for defi-
nitions and results, but examples will be given in their "natural" direction.  The
reader is encouraged to detail the dual constructions as an exercise.

We have also mentioned that indexed categories are very much part of the categori-
cal folklore danced in Computing [e.g. 12,22,103].  We will follow [103] more closely
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because it shares with us the same kind of "engineering" inspiration that we set our-
selves to promote.  The reader will also find in [103] many more examples and a
much more extended coverage of this topic.  Take this section as an appetiser to
what can be a much bigger meal.

6.4.1 DEFINITION – indexed categories

An indexed category i over a category I (of indexes) is a functor of the form i:IopÆCAT.
®

6.4.2 EXAMPLE – comma-categories

In 3.2.2 we showed how, given a category C and an object a:C, we can define the
category of objects under a – aØC – as consisting of all the morphisms f of C of the
form f:aÆx organised in such a way that the morphisms between f:aÆx and g:aÆy
are all the morphisms h:xÆy such that f;h=g.  Given a morphism r:a'Æa, there is a
natural way of translating objects under a to objects under a': given f:aÆx, we map it
to (r;f):a'Æx.  It is easy to prove that this translation is indeed a functor aØCÆa'ØC so
that we obtain an indexed category _ØC:CopÆCAT.

r
a' a

r;f f

x

®

6.4.3 EXERCISE

Complete the previous example by doing the proofs and generalising it to the comma-
categories of the form aØj as defined in 6.2.3. ®

Once we look at functors i:IopÆCAT as performing an indexing of certain classes of
objects, it seems natural to think about the amalgamation of all these classes into a
single population, using the indexes to distinguish between the objects according to
their provenance.  This operation is traditionally called the "Grothendieck construc-
tion" [12,22] in honour of A.Grothendieck.  We will use the less "flattering" and, per-
haps, more "flatfooted" terminology proposed in [103], and refer to this operation as
"flattening" the indexed category.

6.4.4 DEFINITION – flattening an indexed category

Given an indexed category i:IopÆCAT we define a category FLAT(i) as follows:

1. The objects of FLAT(i) are all the pairs <i,a> where i:I is an index and a:i(i) is an
object of "type" i.

2. The morphisms <i,a>Æ<j,b> are all the pairs <s,f> where s:iÆj is a morphism of
indexes and f:aÆi(s)(b) is a morphism in i(i).
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3. The composition of morphisms is defined componentwise: given <s,f>:<i,a>Æ<j,b>
and <m,g>:<j,b>Æ<k,c>, we define <s,f>;<m,g>=<s;m,f;i(s)(g)>.

4. The identity for an object <i,a> is <idi;ida>.

s m
i j k

a
f

i(s)(b) b
 i(s)(g) g

i(s)(i(m)(c)) i(m)(c) c

! i(s) ! i(m)
i(i) i(j) i(k)

PROOF

The proof that a category is defined in this way is left as an exercise. ®

6.4.5 EXAMPLE

Consider the flattening of the indexed category _ØC::CopÆCAT defined by the comma-
category construction as studied above.  The objects of FLAT(_ØC) are triples
<x,f:xÆy,y> and the morphisms <x,f:xÆy,y>Æ<z,g:zÆw,w> are the pairs <h,k> such
that h:xÆz, k:yÆw and h;g=f;k.  

h
x z

f g
h;g

y w
k

xØC zØC

The equation results from the requirement that k be a morphism in xØC between
f:xÆy and h;g:xÆw which is the translation of g:zÆw defined by h.  This category is
usually called the "arrow category of C". ®

6.4.6 EXERCISE

Prove that the category _Øj defined in 6.2.3 "is" the flattening of the indexed-category
of exercise 6.4.3. ®

The flattened indexed category comes equipped with some structure:
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6.4.7 PROPOSITION

Consider an indexed category i:IopÆCAT.

1. We define a functor fib(i):FLAT(i)ÆI by projecting objects and morphisms to their
I-components.

2. This functor is faithful, defining FLAT(i) as a concrete category over I.

3. This functor is a split fibration: the cartesian morphism associated with s:iÆj and
<j,b> is <s,idi(s)(b)>:<i,i(s)(b)>Æ<j,b>.  That is to say, we simply use the translation
mechanism of the indexed category to perform the required lift.

k
m

l
a i j

g s

i(l)(i(s)(b)) i(s)(b) b
 

i(k)
! ! i(s)
i(l) i(i) i(j)

PROOF

We leave the proof of the first two properties to the reader.

3. We have to prove that the proposed cartesian morphisms satisfy the required
properties.

• First of all, it is easy to see that the morphism is well defined: i(s)(b) is in-
deed indexed by i.  Moreover, its projection over I is s as required.

• Consider now the universal property.  Let <m,g>:<k,a>Æ<j,b> and l:kÆi
satisfy m=l;s.  Because, by definition, g:aÆi(m)(b) and
i(m)(b)=i(l;s)(b)=i(l)(i(s)(b)), we obtain <l,g>:<k,a>Æ<i,i(s)(b)>.  On the one
hand, this morphism is projected to l as required.  On the other hand,
<m,g>=<l,g>;<s,idi(s)(b)> as required.  The uniqueness property results from
the fact that the second component of the cartesian morphism is an iden-
tity and the projection over I is faithful.

The fact that the fibration is split is trivially checked. ®

This result allows us to derive properties of flattened indexed categories as corollar-
ies of the general results that we proved about fibrations.  A useful result is the fol-
lowing:

6.4.8 PROPOSITION

Consider an indexed category i:IopÆCAT.  If I is complete, i(i) is complete for every i:I,
and every translation functor i(s) preserves limits, then FLAT(i) is complete. ®
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Examples of indexed-categories, their properties, and some of their uses in Comput-
ing are given in the next section.

6.5 Institutions

I am proud to say that I grew up into Category Theory when trying to learn the con-
cept of Institution put forward by Goguen and Burstall in the early 80s!  However,
and although the fascination is still there, the reasons for including this section in
this book are more than sentimental.  The Theory of Institutions is a brilliant piece
of "engineering mathematics", both in form and content.  It is the result of a process
of abstraction that has allowed computer scientists to classify and relate the specifi-
cation formalisms that they have been developing or working with, as well as con-
struct new formalisms in a systematic and integrated way.  That is to say, it is a piece
of Science, one of the few that Computing can boast.

Like every abstraction, it has its limitations.  But these limitations have inspired
many other computer scientists to develop ramifications that have further enlight-
ened the path of those of us who are in the business of systematising and supporting
the process of software development.  Hence, our own account of the basics of insti-
tutions is left here both for exemplifying some of the constructions that we developed
so far in the book, and as a source of inspiration for the reader.  

Some readers, and hopefully users of this book, will complain that this topic comes
too late: for instance, it does not require the material that we introduced so far in
this section.  While this is clearly true, the reason is; like for all the other examples,
that we deliberately placed Institutions where we think they "belong".  The point,
once again, is that the purpose of this section is not to promote institutions but,
rather, illustrate the constructions that we have been defining with the best exam-
ples we know.  The community is still longing for a book on Institutions and this sec-
tion is no substitute for it.

We start by defining not the original notion of institution as it appears in [61], but a
variant that we developed in [45] called !-institutions.  This is not for self-promotion
but because it will allow us to capitalise on some material already introduced in pre-
vious sections.  We defined in section 3.6 the notion of closure system as consisting
of a pair <L,c> where L is a set and c:LÆL is a total function satisfying the properties
of a closure operator – reflexivity, idempotence and monotonicity.  The idea is that
the elements of L are the well-formed formulae that result from a specific choice of
vocabulary symbols and a given grammar.  The closure operator captures the notion
of consequence of the logic at stake, instantiated to that particular language.  

The idea of (!-)institutions is to add to this abstract view of Logic the notion that the
notion of consequence is independent of the specific choice of vocabulary symbols
that determine the language L.  More precisely, it makes explicit the distinction be-
tween logical and non-logical symbols in a language: whereas the former (usually
called the connectivesof the logic) are captured by the grammar, the latter are given by
(typed) sets.  The notion of consequence is then constrained to be invariant under
changes of non-logical symbols in order to make it depend only on the connectives.
That is to say, we group together several of these closure systems that we regard as
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being different instantiations of the same logic through different choices of non-
logical symbols, and take that set as defining that logic.

Basically, this is what we did in section 3.5 when defining linear temporal logic: we
introduced the notion of signature as a means of modelling the instantiations of the
general structures of temporal logic, and made explicit the grammar that defines the
connectives.  For every specific signature, we obtain a closure system whose language
is determined by the application of the grammar of temporal logic to the signature,
and whose closure operator is obtained through a notion of consequence derived
from the traditional Kripke semantics of temporal logic.  The idea that all these clo-
sure systems are related in a way that makes them instantiations of the same logic
can be captured by the following property:

6.5.1 PROPOSITION

The mapping prop defined in 3.5.2 and the translations induced by signature mor-
phisms as defined in 3.5.7 extend to a functor ltl:SETÆCLOS.

PROOF

The crux of the proof is in showing that signature morphisms map to morphisms of
closure systems.  But this is a direct consequence of the presentation lemma 3.5.10.
The reader is invited to fill-in the details. ®

Through the functor that maps closure systems to their underlying languages, ltl
maps each signature to the set of well-formed formulae over that signature.  The fact
that we have a functor means that changes of vocabulary induce corresponding
translations at the level of the languages, thus capturing the idea of "uniformity" that
we tend to associate with a grammar.  The same applies to the closure operator.  The
fact that changes of vocabulary induce morphisms between the corresponding clo-
sure systems captures the flavour of uniformity and continuity that we associate with
a logic.  Naturally, we can make these "flavours" concrete by making the grammar ex-
plicit rather than implicit.  It all depends on the level of abstraction at which one
wants to work.  The reader interested in these aspects should consult [62].

6.5.2 DEFINITION – !-institution

A "-institution consists of a pair <SIGN,clos> where SIGN is a category (of signatures)
and clos:SIGNÆCLOS is a functor. ®

6.5.3 REMARK

An equivalent definition of a !-institution, and the one given in [45], consists of

• a category SIGN;

• a functor gram:SIGNÆSET;

• for every S:SIGN, a relation 

† 

|– S:2
gram(S)¥gram(S) satisfying the following prop-

erties:

o for every pŒgram(S), p

† 

|– Sp;

o for every pŒgram(S) and F1,F2Õgram(S), if F1ÕF2 and F1

† 

|– Sp then
F2

† 

|– Sp;

o for every pŒgram(S) and F1,F2Õgram(S), if F1

† 

|– Sp and F2

† 

|– Sp' for every
p'ŒF1, then F2

† 

|– Sp;
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o for every morphism s:SÆS', pŒgram(S) and FÕgram(S), F

† 

|– Sp implies
gram(s)(F)

† 

|– S'gram(s)(p).

Notice that the functor gram is the composition of clos with the forgetful functor
that maps closure systems to the underlying languages.  The closure operator itself is
derived from the consequence relation as follows: for every FÕgram(S),
cS(F)={pŒgram(S): F

† 

|– Sp}. On the other hand, every closure operator defines a con-
sequence relation: F

† 

|– Sp iff pŒcS(F).

Actually, the definition given in [45] further requires the consequence relation to be
compact, a property that we will not need for the constructions that we are going to
present. ®

6.5.4 REMARKS

1. Given the equivalence between the two definitions, we shall often use the con-
sequence relation and the grammar function without notifying the reader.

2. Because the notation can become quite cumbersome, we shall often omit the
reference to the grammar functor when applied to morphisms and write     s    (p) in-
stead of gram(s)(p). ®

When defining a !-institution, the consequence relation or the closure operator can
be presented in many different ways.  One of the possible ways is the one we
adopted in the definition of linear temporal logic: by providing a notion of model and
a satisfaction relation.  This is what institutions, as defined by Goguen and Burstall
[61], consist of.

6.5.5 DEFINITION – institution

An institution is a quadruple <SIGN,gram,mod,

† 

|=> where

• SIGN is a category;

• gram:SIGNÆSET is a functor; 

• mod:SIGNopÆCAT is a functor;

• for every S:SIGN, 

† 

|=S:mod(S)¥gram(S) satisfies for every morphism s:SÆS',
pŒgram(S) and M'Œmod(S'), mod(s)(M')

† 

|=Sp iff M'

† 

|=S'gram(s)(p).

The functor mod provides, for every signature, the category of models that can be
used to interpret the language defined by gram over that signature.  Signature mor-
phisms induce translations between these classes of models in the opposite direc-
tion.  The idea is that, as seen in 3.5.9 for linear temporal logic, sentences in the
language of the source signature can be interpreted in a model for the target signa-
ture through the interpretation of their translations.  The condition that is required
on the satisfaction relation, which is usually called the satisfaction condition, states
precisely this property – that satisfaction is invariant under change of notation.

When reasoning about institutions, we normally use the simplified notation for the
gram functor that we mentioned for !-institution.  We also adopt a similar simplifica-
tion for the mod functor: for every morphism s:SÆS' and M'Õmod(S'), we normally
write M'|s instead of mod(s)(M').  For every signature S, FÕgram(S), and MŒmod(S),
we usually write M

† 

|=SF meaning that  M

† 

|=Sp for every pŒF. ®
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6.5.6 PROPOSITION – !-institution presented by an institution

An institution <SIGN,gram,mod,

† 

|=> presents the !-institution <SIGN,gram, 

† 

|–>
where, for every signature S, pŒgram(S) and FÕgram(S), F

† 

|– Sp iff, for every
MŒmod(S), M

† 

|=SF implies M

† 

|=Sp.

PROOF

The proof that a !-institution is obtained in this way offers no difficulties and is left
as an exercise. ®

Another way of presenting the closure operator or consequence relation of a !-
institution is through the notion of proof, choosing an inference system for the logic.
See [87] for such proof-theoretic presentations and their integration in a more com-
prehensive categorical account of logical systems that the author calls "General
Logics".

6.5.7 REMARK – models defined via a split (co)fibration

The model functor of an institution is defined in 6.5.5 directly as an indexed cate-
gory, signatures providing the indexes.  As seen in 6.1.20, indexed categories can be
presented as split (co)fibrations, which is how, in many cases, the model-theory of
some institutions is more naturally defined.  That is to say, it is often more intuitive,
not to say "practical", to provide directly either a split fibration sign: MODLÆSIGN or
a split cofibration sign: MODLÆSIGNop for some category MODL of models and take
ind(sign) as the model functor of the required institution.  This happens when we
already have a notion of model that corresponds to the domain of interpretation in-
tended for a given specification formalism, and we want to use it as the "semantics
functor" of the institution.  

An example can be given through linear temporal logic.

6.5.8 EXAMPLE – linear temporal logic over PROC

Temporal signatures were interpreted, in 3.5.3, over infinite sequences of sets of
atomic propositions corresponding to synchronisation sets of actions.  Yet, from the
point of view of modelling concurrent systems, such infinite sequences do not repre-
sent abstractions of full behaviour; they usually represent one single behaviour
among many that may also be observed on a given system.  Hence, from the point of
view of providing a domain of interpretation for a formalism supporting concurrent
system specification, sets of such trajectories are more meaningful in the sense that
they can be taken to represent full behaviours.  Put in another way, it we take single
sequences as models of full behaviour, we are restricting the expressive power of the
formalism to a much smaller class of systems: those that are deterministic and run in
a deterministic environment.

We have already seen in section 6.3 how such a trace-based model of process be-
haviour can be organised in a category PROC defined as being spa(tra) where
tra:SET^ÆSET is the functor defined by tra(A^)={l:wÆA} on pointed sets and by
tra(f:A^ÆB^)(l)=l;f on morphisms of pointed sets.  Hence, it seems intuitive that we
investigate the use of this category for providing the models of an institution of linear
temporal logic.  However, the split cofibration defined by spa(tra) is over SET^, not
over SETop as required for the temporal signatures.  Indeed, processes were defined
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over arbitrary alphabets of actions whereas, in the case of temporal logic, proposi-
tions are interpreted over traces of synchronisation sets.  Hence, some adaptation is
required.  There are two equivalent ways in which this adaptation can be performed.

The first approach is to work with the subcategory of spa(tra) that involves only al-
phabets of synchronisation sets.  We have seen that powersets can be regarded as
pointed sets, the empty set providing the distinguished element.  More precisely, we
saw in 3.3.2 that, by choosing the morphisms 2BÆ2A to be the inverses of the func-
tions AÆB, we define a subcategory of SET^ that we called POWER.  Therefore, we
can particularise the spa construction that yields processes to the functor ptra:
POWERÆSET that yields the set of infinite traces taken over sets of actions.  Finally,
there is a straightforward (and, as we shall see in the next chapter, powerful) way of
relating SETop to POWER: through the contravariant functor 2— that maps every set A
to its powerset 2A and every function AÆB to the map 2BÆ2A that computes inverse
images according to that function.  Hence, we can particularise tra to ftra: SE-
TopÆSET=2—;tra and use the split cofibration that spa(ftra) defines over SETop to
define, as detailed in  6.1.20(2), the model functor ind(spa(ftra)):SETopÆCAT of an
institution of linear temporal logic: the one that associates every temporal signature
(set of actions) with the category of processes whose alphabet consists of the subsets
of the signature (synchronisation sets of actions).

An alternative approach is to restrict not the (co)fibration that generates the indexed
category but the indexed category generated by the original (co)fibration, i.e. to work
with the composition 2—;ind(spa(tra)).  This is simpler because it does not require
the definition of a new (co)fibration.  For the same reasons, this approach is less
"satisfying" because it is less "structural" in the sense that it does not characterise
explicitly the class of models that are chosen.  In the case of linear temporal logic,
both approaches lead to the same indexed category.  Indeed, taking the indexed
category SET^ÆCAT generated by spa(tra), we can compose it with the contravariant
powerset functor SETopÆSET^ to define the required model functor SETopÆCAT.

It remains to define the satisfaction relation of this institution.  Given that models
over a signature S consist of sets of traces LÕ(2S)w, satisfaction of a temporal proposi-
tion by a process is defined as satisfaction by all the traces of the process as defined
in 3.5.3.  The satisfaction condition results from the properties proved in 3.5.9.  In-
deed, the reader should check that the notion of reduct defined therein coincides
with the functor between fibres defined by the cofibration (6.1.16) ®

It is easy to see that the institution defined over this indexed category yields the
same !-institution as the one that can be defined directly by applying definition 6.5.2
to the functor defined in 6.5.1 (which is based on a semantic interpretation over sin-
gle sequences as given in 3.5.3).  This is because the PROC-based institution and the
one that uses single trajectories as in 3.5.3 give rise to the same consequence rela-
tion.  However, we shall see that they satisfy different structural properties, which
shows that, "forgetting" the model-theory to retain just the consequence relations, !-
institutions are, indeed, more abstract than institutions..

6.5.9 REMARK – when a split (co)fibration is not available

The availability of a split cofibration for the definition of the model functor is very
useful because it allows us to work with reduct functors that operate on the chosen
semantic models and, therefore, compare the structures that models and theories
provide for specification.  However, it may happen that we have a notion of semantic
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model in mind that can still be captured by a functor sign: MODLÆSIGNop but one
that is not a cofibration.  The problem here is the definition of a suitable translation
between models.

This problem can be solved by working not directly over the fibres defined by the
functor but with what we could call "generalised" models: those that are provided by
structured morphisms as defined in 6.2.2.  That is to say, the idea is, for every signa-
ture S, to work with models of the form <s:SÆsign(M),M> so that mod(S) is the cate-
gory SØsign, making mod be the functor _Øsign:SIGNopÆCAT defined on morphisms
m:SÆS' by the functor S'ØsignÆSØsign that maps <s:S'Æsign(M'),M'> to
<m;s:SÆsign(M'),M'>.  (The reader is encouraged to fill-in the way the functor works
on morphisms between models.)  In a way, what this construction does is compen-
sate for the lack of (co)cartesian morphisms by providing an explicit "adaptor" that
maps the signature to the language of the model.  As a result, instead of translating
directly between models, reducts operate "syntactically" at the level of these adap-
tors.

The reader may be wondering whether this is not just a contrived way of bringing
structured morphisms into the discussion and a good example of "abstract non-
sense"…  Well, it turns out that these generalised models are quite common in Mo-
dal Logic (e.g. [66])!  Models for a modal logic, normally called frames or Kripke struc-
tures, can be regarded as concrete categories over a base category of possible worlds.
The adaptors that we defined correspond to interpretation functions that, for each
atomic proposition, return the set of possible worlds in which the proposition is true.
A generalised model, consisting of a Kripke frame and an interpretation function, is
what in Modal Logic is usually called a model.

In the case of linear temporal logic, this means that interpretation structures are no
longer traces lŒ(2S)w as defined in 3.5.3 – where we mentioned that they are canoni-
cal Kripke structures for linear, discrete, propositional logic [113] – but triples
<W, lŒWw,v: S Æ2W> that correspond to the more traditional notion of models: W is a
set of possible worlds (events), the pair <W, lŒWw> defines a linear frame (Kripke
structure), and the function v returns the set of worlds (events) in which each atomic
proposition (action) holds (occurs).  

In the case that interests us, MODL is the original spa(tra) but sign is not the origi-
nal cofibration but its composition with the powerset functor SET^ÆSETop (in fact, as
we shall see in  7.3.6, the left adjoint of the powerset functor used in 6.5.8).  This
means that reducts are not operated by the cofibration and, hence, we loose some of
the structural properties of processes.  More details on these constructions can be
found in [32,33]. ®

In Logic, models are considered to be the "duals" of theories.  In institutions, this du-
ality can be explored and made explicit in several ways.  We can start by realising
that the theories of the underlying closure systems can be organised in a category
that provides itself a split (co)fibration over the category of signatures.  Indeed, we
have already proved in 6.1 that the category THEOLTL of linear temporal theories, as
defined in 3.5.4, is both a split fibration and a split cofibration over SET.  The exten-
sion to any !-institution is trivial:
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6.5.10 PROPOSITION – the (co)indexed-category of theories

1. Every !-institution <SIGN,clos> defines an extension theo:SIGNÆCAT of clos by
mapping every signature S to the category THEOclos(S) of the theories over the clo-
sure system clos(S), and every signature morphism s:SÆS' to the functor
theo(s):THEOclos(S)ÆTHEOclos(S’) defined by  theo(s)(F)=c'(clos(s)(F)).

2. Every !-institution <SIGN,clos> defines a functor theo-1:SIGNopÆCAT by mapping
every signature S to the category THEOclos(S) of the theories over the closure sys-
tem clos(S), and every signature morphism s:S'ÆS to the functor
theo-1(s):THEOclos(S)ÆTHEOclos(S') defined by  theo-1(s)(F)=clos(s)-1(F).

PROOF

Notice that, because the category of theories over a closure system is, in fact, a pre-
order, the functors theo(s) and theo-1(s) do not have to be defined on morphisms.
However, we are required to prove:

1. Given theories F≤G in THEOclos(S), theo(s)(F)≤theo(s)(G).  This holds because clos
is a functor.  More precisely, given FÕG in THEOclos(S), we have
clos(s)(F)Õclos(s)(G) because clos(s) is a normal function between the languages
of the two closure systems, which implies c'(clos(s)(F))Õc'(clos(s)(G)) because clo-
sure operators are monotonic with respect to set inclusion.

2. Given theories F≤G in THEOclos(S), theo-1(s)(F)≤theo-1(s)(G).  Given FÕG in THEO-
clos(S), we have clos(s)-1(F)Õclos(s)-1(G) because clos(s) is a normal function be-
tween the languages of the two closure systems and the inverse image of a
closed set is itself closed.

The reader is invited to complete the proof as an exercise. ®

The (co)flattening of theo as a (co)indexed-category provides us with a split
(co)fibration THEO<SIGN,clos>ÆSIGN where THEO<SIGN,clos>, the flattened category, con-
sists of pairs <S,F> where S is a signature and F is a closed set of sentences of
gram(S), i.e. F is a theory of clos(S).  A morphism s:<S,F>Æ<S',F'> is a signature
morphism s:SÆS' such that cS'(s(F))ÕF'.  This is the way theories have been originally
defined in (!-)institutions.  Notice that it is indifferent to flatten the indexed or the
co-indexed category: the categories obtained are dual.  This is because cS'(s(F))ÕF'
holds iff FÕs-1(F').

This construction can be generalised to presentations and strict presentations:

6.5.11 DEFINITION – theories and presentations in a !-institution

Consider a !-institution <SIGN,clos>. We define the following categories:

1. THEO<SIGN,clos>, the category of theories, has for objects the pairs <S,F> where S is
a signature and F is a closed set of sentences of gram(S).  A morphism
s:<S,F>Æ<S',F'> is a signature morphism s:SÆS' such that s(F)ÕF'.

2. PRES<SIGN,clos>, the category of theory presentations, has for objects the pairs
<S,F> where S is a signature and FÕgram(S).  A morphism s:<S,F>Æ<S',F'> is a
signature morphism s:SÆS' such that s(cS(F))ÕcS'(F').
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3. SPRES<SIGN,clos>, the category of strict theory presentations,  has for objects the
pairs <S,F> where S is a signature and FÕgram(S).  A morphism s:<S,F>Æ<S',F'>
is a signature morphism s:SÆS' such that s(F)ÕF'. ®

These categories satisfy the properties that we have already proved for their linear
temporal logic instantiations:

6.5.12 PROPOSITION

Consider a !-institution <SIGN,clos>.

1. The categories  PRES<SIGN,clos>, SPRES<SIGN,clos> and THEO<SIGN,clos> define split fibra-
tions and split cofibrations through the functor sign that projects their objects
and morphisms to the corresponding signature components.  Given a signature
morphism s:SÆS',

cartesian
morphism for <S',F'>

cocartesian
morphism for <S,F>

PRES s:<S,s-1(c(F))>Æ<S',F'> s:<S,F>Æ<S',s(F)>

SPRES s:<S,s-1(F)>Æ<S',F'> s:<S,F>Æ<S',s(F)>

THEO s:<S,s-1(F)>Æ<S',F'> s:<S,F>Æ<S',c(s(F))>

2. All these (co)fibrations are fibre-(co)complete.   The following procedure calcu-
lates limits and colimits of a diagram d with di=<Si,Fi> in these categories:

• Calculate the limit s:SÆd  or colimit s:dÆS  of the underlying diagram of
signatures.

• Lift the result by computing the SIGN-component according to the follow-
ing rules:

limit colimit

PRES s:<S,« iŒI si
-1(c(Fi))>Æd s:dÆ<S ,»iŒI si(Fi)>

SPRES s:<S,« iŒI si
-1(Fi)>Æd s:dÆ<S ,»iŒI si(Fi)>

THEO s:<S,« iŒI si
-1(Fi)>Æd s:dÆ<S ,cS(»iŒI si(Fi))>

3. If the category SIGN is (co)complete, so are PRES<SIGN,clos>, SPRES<SIGN,clos> and
THEO<SIGN,clos>. ®

This symmetry between theories and models, as captured through indexed-
categories, can be used to provide every !-institution with a canonical notion of
model that makes it an institution:

6.5.13 PROPOSITION – institution presented by a !-institution

Every !-institution <SIGN,gram, 

† 

|–> defines the institution <SIGN,gram,theo-1,

† 

|=>
where, for every signature S, pŒgram(S) and FŒtheo-1(S), F

† 

|=Sp iff pŒF.
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PROOF

We just have to prove that the satisfaction condition holds.  Let S:SIGN,

† 

|=S:mod(S)¥gram(S) satisfies for every morphism s:SÆS', pŒgram(S) and
F'Œtheo-1(S'), theo-1(s)(F')

† 

|=Sp iff s-1(F')

† 

|=Sp iff pŒs-1(F') iff s(p)ŒF' iff  F'

† 

|=S's(p). ®

What this results says is that, whereas having a model-theory that corresponds to an
intended domain of interpretation for the language of a logic may be a convenient
way of defining a !-institution, once we are given a !-institution there is no much
point in searching for a model-theory for it: its theories are up to the job at no con-
ceptual expense.

Notice that the consequence relation induced by this notion of satisfaction is F

† 

|– Sp
iff, for every GŒtheo-1(S),FÕG implies pŒG, which is equivalent to pŒc(F).  That is to
say, we recover the !-institution from which we started.  Hence, institutions do give
us a more concrete level of abstraction at which properties of specifications can be
discussed.

Duality between models and theories can also be explored by lifting some of the sig-
nature-based constructions to theory-based ones:

6.5.14 PROPOSITION

Let <SIGN,gram,mod,

† 

|=> be an institution.

1. The model functor mod:SIGNopÆCAT can be extended to tmod:THEOopÆCAT by
assigning to every theory <S,F> the full subcategory of mod(S) that consists of
the models that satisfy F.

2. When the model functor is generated by a cofibration sign: MODLÆSIGNop, we
can lift it to theo: MODLÆTHEOop by associating with every model the theory
that consists of all the sentences that are true for that model.

PROOF

We do have to prove that a functor is, indeed, defined in 1. This is because, given a
theory morphism s:<S,F>Æ<S',F'> and a model M' of <S',F'>, M'|s satisfies F.  The
reader is invited to workout the proof of the second property. ®

6.5.15 REMARK – theories over generalised models

We saw that functors sign: MODLÆSIGNop give rise to model functors of the form
_Øsign:SIGNopÆCAT that are typical of Modal Logic.  In an institution defined over
such a model functor, the notions of theory and the constructions that we have pre-
sented around them for arbitrary (!-)institutions still apply.  For instance,
_Øsign:SIGNopÆCAT still extends to tmod:THEOopÆCAT as defined in 6.5.14.  How-
ever, in this particular case, it is interesting to check if, or when, sign:
MODLÆSIGNop can lift to theo: MODLÆTHEOop so that tmod is, in fact, _Øtheo.

The intuition for this interest is that we should be able to associate with every model
M a canonical specification theo(M) so that every morphism TÆtheo(M) identifies T as
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a specification of M and, dually, M as a realisation of T.  In this case, the models of T
correspond to all possible refinements of T into "programs", something that we al-
ready discussed in 6.2.1.  Identifying MODL with (the behaviours of) programs (or
processes), this corresponds to the idea that programs can themselves be regarded as
specifications, and that the models of a specification can be identified with the pro-
grams which, in some sense, "complete" the specification.

Although it is always possible to define a mapping that associates a theory theo(M)
with every model M – the obvious candidate assigns to theo(M) the signature sign(M)
and all the sentences that are true in it {pŒgram(sign(M)): <id,M>

† 

|=p} – it is not al-
ways possible to extend it to a functor that lifts sign, i.e. such that
theo(h:MÆM')=sign(h).  In order to motivate why this is so, assume that we do have a
functor theo: MODLÆTHEOop and consider a morphism h:M'ÆM.  Because theo is a
functor, we have theo(h):theo(M)Ætheo(M').  Hence, if M is a model of a theory T, i.e. if
we have a morphism s:TÆtheo(M), then M' is also a model of T through the morphism
s;theo(h).  In particular this implies that, for every signature S and pŒgram(S), if
<s,M>

† 

|=Sp then <s;sign(h),M'>

† 

|=Sp. This property, however, is not universal: only
some institutions (logics) satisfy it.

There are two important aspects about this property.  The first is that, as proved in
[33], it guarantees that sign: MODLÆSIGNop lifts to theo: MODLÆTHEOop as defined,
and that tmod is, in fact, _Øtheo.  The second is that, once again, it is not an artifi-
cial "fabrication" (abstract nonsense): it captures what, in Modal Logic, is known as
"the p-property" [66].  That is to say, there are well known principles of Modal Logic
that can be captured in the categorical framework that we have defined, meaning
that we are, indeed, addressing structural properties of Logic as we have known
them.  In other words, what we are presenting is not just a formal exercise in Cate-
gory Theory, or what has become known as "abstract nonsense".  Once again, a more
detailed discussion of the p-property and its impact in specification can be found in
[32,33]. ®

6.5.16 EXERCISE

Check that the institution of linear temporal logic as defined in 6.5.9 over general
Kripke structures satisfies the p-property. ®

The reader will have noticed that, in an institution, the model functor is defined over
CAT instead of SET.  Indeed, many times, models come equipped with a non-trivial
notion of morphism and, as we have argued in 6.5.9, it is not always possible to re-
flect in the logic the structure that they induce on models.

However, so far, the constructions that we have discussed do not depend on the no-
tion of morphism between models and, hence, do not reflect the structure of the in-
terpretation domain that has been chosen for the specification formalisms.  We are
now going to illustrate a situation in which such structures are of interest.

6.5.17 DEFINITION – initial/terminal semantics

We say that an institution <SIGN,gram,mod,

† 

|=> has initial (resp. terminal) seman-
tics provided that, for every theory <S,F>, the category tmod(<S,F>) has an initial
(resp. terminal) object. ®
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A non-trivial (but simple) example of an institution with terminal semantics is linear
temporal logic.

6.5.18 EXAMPLE – terminal semantics of linear temporal logic

The institution of linear temporal logic as defined in 6.5.8 over the cofibration
spa(ftra) has terminal semantics.  This is because, given any theory <S,F>, the cate-
gory tmod(<S,F>) consists of sets of traces ordered by inclusion and is closed under
intersection. ®

Notice that linear temporal logic interpreted over single sequences does not have
terminal semantics: the (discrete) category that represents the set of all the se-
quences that satisfy a given theory does not have a sequence that represents the
whole set unless, of course, the set is singular.

6.5.19 EXERCISE

Check that the institution of linear temporal logic as defined in 6.5.9 over general
Kripke structures has terminal semantics.  Does it coincide with the one obtained in
6.5.18? ®

Properties such as having an initial or terminal semantics can be used for differenti-
ating between different institutions that present the same !-institution.  It is inter-
esting to note that, what we have called the "canonical" institution for a given !-
institution, the one that uses theories as models, has both initial and terminal se-
mantics: the initial model of every theory is itself and the terminal model is the in-
consistent theory, i.e. the full language.  That is to say, we do not extract much in-
formation from the structure of models, which was only to be expected because we
do not extract any information from the model-theory itself.

This example can also be used to transmit a certain "moral" message, namely that
the pursuit for an institution with "good" properties like the ones above is, most of
the times, a trivial one in the sense that it is usually possible to engineer a model-
theory that satisfies one's requirements.  As already said, the real purpose of these
properties is to measure the relationship that the institution provides between
specifications and the domain as abstracted through the models.  Hence, one needs
to determine the nature of the models relative to the domain of interpretation and
not to the properties.  Category Theory has often been accused of being "Abstract
Non-sense" because it makes it so much easier to "engineer" chimeras.  But, like
with any good engineering tool, the non-sense can only be found in the way the tool
is used, not in the tool itself.





7 ADJUNCTIONS

7.1 The social life of functors

Yes, even functors are entitled to have their own social lives...  And they can be quite
rich too.  In this book, we will remain at the level of what is basic and indispensable
for covering this last topic of our introduction to Category Theory: adjunctions.  For
that purpose, we will just provide a short introduction to what are normally accepted
to be "the" morphisms between functors: natural transformations.

The best way of understanding what natural transformations consist of, and can be
used for, is to look at functors as views that one has from one category into another
and formulate the properties that characterise the "preservation" of such views.

7.1.1 EXAMPLE – two views of Eiffel class specifications

We have already seen how one can look into Eiffel classes from the point of view of
temporal logic specification: this is the view that is provided through the functor spec
that we defined in 5.1.3.  This functor accounts both for the pre/post conditions of
methods and the class invariants.  However, one is often interested in a more higher-
level view of the behaviour of object classes that is concerned with the global proper-
ties that can be observed from their interfaces, typically their functions and routines.
For this particular view, the actual specification of the functionality of the methods is
of little relevance; they account for "how" these global properties are achieved rather
than just "what" they are.  Therefore, it makes sense that we define another functor
obsv: CLASS_SPECÆPRESFOLTL that offers the more abstract point of view.  Formally,
these observable properties can be defined as sentences that involve only routines
and functions.  Hence, given an Eiffel class specification e=<S,P,I> we define

obsv(e)=<S,{fŒLTL(fun(S)»rou(S))|F!

† 

|– S!f>

where F is the set of axioms of spec(e).  The reader is invited to check that this map-
ping defines a functor, i.e. that class inheritance induces an interpretation between
the corresponding global properties.

Given two such views of class specifications, how can we relate them?

Clearly, such a relationship has to be established on the basis of morphisms that, for
each class specification e, relate obsv(e) and spec(e).  By definition, observable prop-
erties are derivable from the full class properties, so there is a morphism of presenta-
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tions between each obsv(e) and spec(e).  However, in order to respect the structure
that morphisms (inheritance between class specification) induce on both views, the
way observable properties relate through inheritance must be "the same" as the full
specifications relate between them. ®

7.1.2 DEFINITION – natural transformation

Given two functors y:DÆC and j:DÆC, a natural transformation t from y to j, de-
noted by y

† 

tæ Æ æ j or t:y

† 

•æ Æ æ j, is a function that assigns to each object d of D a
morphism td:y(d)Æj(d) of C such that, for every morphism f:dÆd' of D, the following
square commutes, in which case we say that td is natural in d or that the naturality
condition holds:

td

 y(d) j(d) d

y(f) j(f) f

 y(d') j(d') d'
td'

y,j
C D

®

7.1.3 EXERCISE

Workout the example in full by defining and proving the properties of the natural
transformation. ®

The most obvious example of a natural transformation is, naturally, the identity:

7.1.4 DEFINITION – identity

Given a functor y:DÆD the identity natural transformation idy assigns to each object
d of D the identity morphism idy(d). ®

In the rest of this section, we are going to analyse some of the mechanisms and
properties that are available for using natural transformations when reasoning about
how functors relate.  The main results that we need concern the way natural trans-
formations compose and the mechanisms we have to act on them.

First, we can spell out what the dual of a natural transformation is:
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7.1.5 DEFINITION

Consider two functors y:DÆC and j:DÆC, and a natural transformation y

† 

tæ Æ æ j.
We define jop

† 

t op

æ Æ æ yop by t op
d=td. ®

Notice that a morphism jop(d)Æyop(d) in Cop corresponds exactly to a morphism
y(d)Æj(d) in C.

A useful class of operations on natural transformations is induced by functors into
the sources, or from the targets, of the categories involved.  For instance, supposing
that we have a way (functor) to relate the domain of a viewpoint to another one (say
between PRESFOLTL and PROC as shown further down – 7.3.14), it makes sense to
compose it with a natural transformation to provide a new one that extends the for-
mer to the second domain, e.g. to provide a mapping between the processes that cap-
ture the observable and the full view of object behaviour.

spec;proc

spec
proc

CLASS_SPEC PRESFOLTL PROC

obsv

obsv;proc

7.1.6 DEFINITION

Consider two functors y:DÆC and j:DÆC, and a natural transformation y

† 

tæ Æ æ j.

1. Given r:EÆD we define r;y

† 

r ;tæ Æ æ r;j by (r;t)e=tr(e).

2. Given r:CÆB we define y;r

† 

t ;ræ Æ æ j;r by (t;r)d=r(td).®

These are "external" operations on a given natural transformation.  An "internal" law
can also be defined that allow us to compose simpler views into more complex ones
in the sense that they bridge over sequences of viewpoints:

7.1.7 DEFINITION – composition

Consider three functors y,j,k:DÆC and natural transformations y

† 

tæ Æ æ j and
j

† 

næ Æ æ k.  The composition y

† 

t ;næ Æ æ k is defined by (t;n)d=td;nd. 
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td nd

 y(d) j(d) k(d) d

y(f) j(f) k(f) f

 y(d') j(d') k(d') d'
td' nd'

y,j,k
C D

®

7.1.8 EXERCISE

Prove that the composition of natural transformations is well defined, is associative
and that the identities are, indeed, units for the composition law. ®

7.1.9 DEFINITION – natural isomorphism

A natural transformations y

† 

tæ Æ æ j is said to be a natural isomorphism provided that
each td is an isomorphism, in which case y and j are said to be naturally isomorphic,
denoted by y

† 

@j. ®

7.1.10 DEFINITION – equivalence of categories

Tho categories C and D are equivalent when they admit functors y:DÆC and j:CÆD
such that y;j

† 

@idD and j;y

† 

@idC. ®

Notice that equivalence between categories is a weaker notion than isomorphism
(5.1.7).  In particular, an equivalence does not operate up to "equality" but up to
"isomorphism": for instance, given any object d of D, j(y(d)) does not need to be d but
just isomorphic to d.  Hence, to mark the fact, we do not use the term "inverse" for
qualifiying each of these functors with respect to the other but "pseudo-inverse".
This is the terminology used, for instance, in [12].

For instance, for any institution, PRES and THEO are usually not isomorphic (the
same theory may admit many presentations), but they are equivalent (all the presen-
tations that define the same theory are isomorphic).  This example shows that a
category may be equivalent to one of its strict subcategories.

7.1.11 EXERCISE

What about SPRES? ®

Another example of an equivalence concerns two categories about which we have
already highlighted many relationships in section 3 and 4:
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7.1.12 EXAMPLE – equivalence between PAR and SET^

The mappings

• –^ that removes the designated element from pointed sets and transforms
morphisms into partial functions

• +^ that adds a new element to each set and completes partial functions by
using the new element where they were undefined

define two functors whose compositions are naturally isomorphic to the identity. ®

Indeed, both categories are, basically, the "same" in the sense that one just makes
explicit the partiality by presenting the designated element.  In many applications to
Computing, namely in the modelling of system behaviour as we have been illustrating
with processes and specifications (theories), one tends to switch between one cate-
gory and the other depending on whether we wish to attribute a meaning to the
designated element, like for processes where it models steps performed by the envi-
ronment, or be less "bureaucratic" (more pragmatic) and keep it just implicit.  In fact,
this is what we did in the graphical representations of the examples of universal con-
structions on processes: to simplify the notation, we omitted the designated element
from the alphabets and represented the morphisms as partial functions. The "old"
duality between "syntax" and "semantics" also tends to play a role: for semantic do-
mains, like processes, it is useful to handle the designated element; but for syntax,
like that of the parallel design language CommUnity that we study in chapter 8, it is
often more "practical" to work instead with partial functions.  The equivalence then
tells us how we can switch between the two views.

Notice that the two categories are not isomorphic: the new element that is used to
complete a set is not necessarily the one that was forgotten when that set is ob-
tained from a pointed one.  In fact, it is interesting for the reader to come up with a
"real" definition of the functor that adds new elements to sets to make pointed sets:
which elements does it add?  Is there a "canonical" way of performing this comple-
tion?  

The fact that we do not have an isomorphism is more significant for the "social life" of
the categories themselves than for the structures that they endow internally on their
objects (which is basically the same).  We give an example of what we mean by this in
7.3.13.

7.2 Reflective functors

Keeping the promise of writing for the community of software scientists and practitio-
ners, who are not necessarily as mathematically mature as most of the other books
on Category Theory assume, we shall abstain from the traditional introduction to
adjunctions, such as the construction of free monoïds and other mathematical struc-
tures, or Galois connections.  Instead, and besides giving examples closer to system
development, we will follow the method adopted in previous chapters, and use con-
cepts introduced about subcategories to motivate the definition of "similar" properties
of functors, based on the fact that the inclusion of a subcategory in another one de-
fines a functor.  
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The generalisation from subcategories into functors that interests us for adjunctions
concerns reflections and co-reflections.  You may wish to revisit 3.3.8–3.3.12 where
we motivated (co)reflections as defining a specialised class of "secretaries" through
which all the interactions can be factorised.  The generalisation consists, once again,
in replacing the inclusion by a functor; in a way, our secretaries become "interpret-
ers", i.e. some kind of "adjuncts" through which all the communication with the
"other side of the functor" is handled.

7.2.1 DEFINITION – reflection

Let j:DÆC be a functor.

1. Let c be a C-object.  A j-reflection for c is a C-morphism o:cÆj(d) for some D-
object d such that, for any C-morphism f:cÆj(d') where d' is a D-object, there is a
unique D-morphism f':dÆd' such that f=o;j(f') i.e. the C-diagram commutes:

o
c                     j(d) d

j(f') f'
f

j(d') d'

C D
j

2. The functor j is said to be reflective iff every C-object admits a j-reflection.  We
tend to denote functors that are reflective with the special arrow           . ®

That is to say, given an object c of C, we are looking for the "best" object of D that can
handle its relationships "across the border", i.e. with other objects of D through the
functor j.  The morphism o can be seen as the protocol that c needs to have with its
"interpreter", or the "distance" that remains to be bridged in D.

Notice that j-reflections are j-structured morphisms in the sense of 6.2.2.  The fol-
lowing proposition provides a useful characterisation of reflections:

7.2.2 PROPOSITION

1. Given a functor j:DÆC and a C-object c, the j-reflections for c are the initial ob-
jects of the category cØj.  

2. A functor j:DÆC is reflective iff, for every C-object c, the category cØj has initial
objects. ®

7.2.3 EXERCISE

Prove 7.2.2 and conclude that j-reflections for an object c are essentially unique, i.e.
two j-reflections for c are isomorphic and, if f:cÆj(d) is a j-reflection for c and h:dÆd'
is an isomorphism, then f;j(h) is also a j-reflection for c. ®
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The notion of reflector for the inclusion functor defined by a reflective subcategory
put forward in 5.1.13 can also be generalised to an arbitrary reflective functor.

7.2.4 DEFINITION/PROPOSITION – reflector

Let j: D Æ C be a reflective functor.  We define a functor r:CÆD as follows:

• every C-object c has a j-reflection arrow hc:cÆj(d).  We define r(c)=d;

• consider now a morphism h:cÆc'.  The composition h;hc' is such that the defi-
nition of j-reflection arrow for c guarantees the existence and uniqueness of
a morphism h':r(c)Ær(c') such that h;hc'=hc;j(h').  We define r(h)=h'.

hc

 c                     j(r(c)) r(c)

h j(h') h'

 c' j(r(c')) r(c')
hc'

j
C D

This functor is called a reflector for j.

PROOF

The proof is trivially generalised from the one given in 5.1.13 and is left as an exer-
cise. ®

7.2.5 DEFINITION/PROPOSITION – reflection unit

Let j:DÆC be a reflective functor and r:CÆD a reflector. The definition of r provides
directly a natural transformation idC

† 

hæ Æ æ r;j.  We call it the unit of the reflection. ®

By duality, we obtain the notion of co-reflective functor and co-reflector for a co-
reflective functor, generalising what was defined for co-reflective subcategories. We
tend to denote functors that are co-reflective with the special arrow           .

7.2.6 PROPOSITION

Let j: DÆC be a reflective functor. Every reflector r:CÆD for j is co-reflective and ad-
mits j as a co-reflector.  Moreover, given any D-object d, its r-co-reflection ed:r(j(d))Æd
satisfies hj(d);j(ed)=idj(d)

PROOF

Let d be a D-object. The universal properties of hj(d) ensure the existence and
uniqueness of a morphism ed:r(j(d)) Æd such that hj(d);j(ed)=idj(d).
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hj(d)

 j(d)              j(r(j(d))) r(j(d))

j(ed) ed

idj(d)

j(d) d

j
C D

It is easy to see that ed is, indeed, a r-co-reflection for d. Let g:r(c)Æd be a D-
morphism. We are going to prove that g=hc;j(g):cÆj(d) satisfies r(g);ed=g.  Because
there is only one morphism h:r(c)Æd such that hc;j(h)=g, we are going to prove that
r(g);ed satisfies that equation:

hc;j(r(g);ed)

= hc;j(r(g));j(ed)

=g;hj(d);j(ed) because of the properties of natural transformations

=g because of the properties of ed

hc  
 c j(r(c)) r(c)

j(g) j(r(g)) g r(g)
g

j(ed)
j(d) j(r(j(d))) d r(j(d))

hj(d) ed

j
C D

Moreover, g is the only morphism g': cÆj(d) that satisfies g=r(g');ed because the equa-
tion implies hc;j(g)=hc;j(r(g'));j(ed)=g';hj(d);j(ed)=g'. ®

7.2.7 COROLLARY

Consider a reflective functor j:DÆC and its reflector r:CÆD.

1. From proposition 7.2.6 we derive a natural transformation j;r

† 

eæ Æ æ idD that we
call the co-unit of the reflection. The two natural transformations (unit and co-
unit) satisfy

j

† 

j ;hæ Æ æ j;r;j

† 

e ;jæ Æ æ j=j  

† 

idjæ Æ æ j

r

† 

h;ræ Æ æ r;j;r

† 

r ;eæ Æ æ r=r  

† 

idræ Æ æ r

2. Every morphism f:cÆj(d) can be mapped to f=r(f);ed:r(c)Æd which is the unique
morphism r(c) Æd that makes the C-triangle commute.
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hc

c                     j(r(c)) r(c)

j(f) f r(f)
f

j(d) d r(j(d))
ed

C D
j

and every morphism g:r(c)Æd can be mapped to g=hc;j(g):cÆj(d) which is the
unique morphism cÆj(d) that makes the D-triangle commute.

ed

d r(j(d)) j(d)

r(g) g j(g)
g

r(c) c j(r(c))
hc

D C
r

These mappings define a bijection that is "natural" in C and D in the sense that
it satisfies, for every h:c'Æc and k:dÆd',

r(h);f;k=h;f;    j    (k) and h;g;j(k)=   r   (h);g;k

PROOF

We leave it as an exercise.  Notice that, for instance,

f=hc;j(f)=hc;j(r(f);ed)=hc;j(r(f));j(ed)=f;hj(d);j(ed)=f
®

Some useful properties of reflective functors are:

7.2.8 PROPOSITION

1. Reflective functors compose, i.e. if y:EÆD and j:DÆC are reflective then so is
y;j:EÆC.

2. Reflective functors preserve limits.

PROOF

Left as an exercise.  We just give a brief illustration of 2 for the case of pullbacks.  We
start with a pullback diagram in D that we translate to C.  If we now consider a com-
mutative cone <cÆj(di)>, we can lift it back to D through the reflection as a commu-
tative cone <r(c)Ædi>.  From the properties of the pullback, we are given a morphism
r(c)Æd of commutative cones that translates, once again, to C as a morphism of com-
mutative cones.  Uniqueness can be easily checked.
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d j(d)

d1 d2 j(d1) j(d2)

d' j(d')

r(c) c

j
D C

r

®

The characterisation of reflective functors provided through 7.2.2 allows us to give
examples among some of the constructions analysed in chapter 6:

7.2.9 COROLLARY

1. Let j:CÆSET be a functor. The functor u: spa(j)ÆC that forgets the SET-
component of each object (6.3.3) is both reflective and co-reflective.  The u-
reflection of any C-object c is idc:cÆu(<c,ø>) and its co-reflection is
idc: u(<c,j(c)>)Æc.

2. Consider an indexed category i:IopÆCAT.  The functor fib(i):FLAT(i)ÆI that pro-
jects objects and morphisms to their I-components (6.4.7)is reflective iff, for every
index i, i(i) has an initial object 0i(i), and is co-reflective iff, for every index i, i(i)
has a terminal object 1i(i). The fib(i)-reflection of any index i, when it exists, is
idi:iÆfib(i)(<i,0i(i)>), and its fib(i)-co-reflection, when it exists, is
idi:fib(i)(<i,1i(i)>) Æi. ®

Another obvious example of (co)reflective functors concerns, of course, (co)reflective
subcategories:

7.2.10 COROLLARY

1. If D is a reflective subcategory of a category C, then the inclusion functor is re-
flective.

2. If D is a co-reflective subcategory of a category C, then the inclusion functor is co-
reflective. ®

We can also generalise the results (3.3.10) that relate full (co)reflective subcategories
with properties of the (co)unit:
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7.2.11 PROPOSITION

Consider a reflective functor j:DÆC and let e be its co-unit.

1. j is faithful iff, for every D-object d, ed is epi.

2. j is full and faithful iff, for every D-object d, ed is an isomorphism. ®

7.2.12 EXERCISE

Complete the constructions and proofs of  7.2.6 and 7.2.7 to get acquainted with
these newly acquired tools10. ®

                                                
10 And do have fun exploring the symmetries revealed through the diagrams, sketching the odd duality…

The more mathematically mature readers may wish to identify Galois connections in the process.

7.3 Adjunctions

The reader already acquainted with Category Theory will have noticed that we are
not only following a different path to the topic, as already justified even if it turns out
not to be that different from [1], but also departing from the standard terminology (if
one really exists) for adjunctions.  The reason is that the terminology that we are in-
troducing is a natural continuation of the one we used for subcategories (and this
one is standard, or at least it complies with [79], which comes more or less to the
same).  What we have called a j-reflection for d is called in [1] a j-universal arrow for d
(or with domain d), and a reflective functor is called therein an adjoint.  The prefix co
is used in [1] exactly in the same way so that a j-co-reflection is a j-co-universal ar-
row and a co-reflective functor is co-adjoint.  

Although we prefer the terminolgy that we introduced in the previous sections, there
are also good reasons for using the terminology introduced in [1]: adjoints and co-
adjoints arise in adjunctions.  In this section, we are going to introduce the standard
terminology on adjunctions (i.e. [79]) because it is really standard.  Adjunctions are
an intrinsic part of the vocabulary of Category Theory.  What is hardly standard is the
way to approach and define the notion of adjunction.  This is where, as authors, we
can allow ourselves a little illusion of originality.

7.3.1 DEFINITION – adjunction

An adjunction from a category  C to another category D consists of

• two functors j:DÆC and r:CÆD

• two natural transformations idC

† 

hæ Æ æ r;j and j;r

† 

eæ Æ æ idD satisfying

j

† 

j ;hæ Æ æ j;r;j

† 

e ;jæ Æ æ j=j  

† 

idjæ Æ æ j

r

† 

h;ræ Æ æ r;j;r

† 

r ;eæ Æ æ r=r  

† 

idræ Æ æ r
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We use the notation r

† 

 e  
h

| j for such an adjunction.

Given an adjunction r

† 

 e  
h

| j

• j can be called: the right adjoint, the adjoint, the forgetful functor

• r can be called: the left adjoint, the co-adjoint, the free functor

• h is called the unit

• e is called the co-unit. ®

In what concerns the terminology, the left/right classification is quite widespread;
(co)adjoints are used in [1] as already mentioned  Classifying the functors as forget-
ful/free can be every helpful when the roles that they play is obvious.  This is pre-
cisely the case of the adjunctions that result from reflective subcategories, functor-
structured categories and indexed categories as illustrated below: the (right) adjoint
usually "forgets" part of the structure of objects that the left/co-adjoint is able to
freely generate the additional structure.

An immediate example is:

7.3.2 PROPOSITION

Every equivalence defines two adjunctions. ®

It is useful to state explicitly a result about duality:

7.3.3 PROPOSITION

For every adjunction r

† 

 e  
h

| j,  jop

† 

h
op

e
op

| rop is also an adjunction (its dual). ®

And also about composition:

7.3.4 PROPOSITION

Given functors j:DÆC, r:CÆD, y:EÆD, g:DÆE, if r is a left adjoint of j and g is a left
adjoint of y then r;g is a left adjoint of y;j . ®

There are many alternative ways of characterising adjunctions.  It can even be hard
to find two books that adopt the same characterisation as the defining one.  How-
ever, they all involve, in some way or the other, but not arbitrarily, the properties
analysed in 7.2.7.  For instance,

7.3.5 PROPOSITION

An adjunction from a category  C to another category D can be obtained from

• two functors j:DÆC and r:CÆD

• a bijection between morphisms cÆj(d) and r(c)Æd that is natural in C and D.
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PROOF

Much of the proof has been sketched in 7.2.7.  We leave it as an exercise to complete
it. ®

This characterisation is useful for the following example in particular:

7.3.6 PROPOSITION

The power-set functor 2—–:SETopÆSET^  that maps every set to its powerset as a
pointed set, the empty set being the designated element, and every function to its
inverse image, defines an adjunction from SET^. to SETop.  Its left adjoint computes
power sets of proper elements (i.e. excluding the designated element) and inverse
images.

PROOF

The reader is invited to carry out the proof as it is very instructive if not challenging
due to the fact that it operates on a contravariant functor!  The natural bijection is
defined by associating functions of the form f:AÆ2B with g:BÆ2A by aŒg(b) iff bŒf(a). ®

An adjunction is a very strong relationship between two categories: it allows us to
give canonical approximations of objects in one domain with respect to the structural
properties that are captured in the other domain.  Examples of the use of adjunc-
tions abound, even in the particular aspects of Computing Science that interest us in
this book.  One that we have worked out and presented in [36] concerns the synthe-
sis of programs from specifications:

7.3.7 EXAMPLE – synthesis of programs from specifications

We have already mentioned (5.1.3) how the satisfaction relationship between pro-
grams and specifications may be captured, in certain circumstances, by a functor
spec: PROGÆSPEC that maps every program to the maximal set of properties that it
satisfies.  In such situations, we have called every morphism SÆspec(P) a possible
realisation of the specification S by the program P (6.2.1).  In this context, we have
illustrated how systems can be evolved by interconnecting components that make
new required properties to emerge (6.1.24).  We have also showed how the process of
assembling a system from smaller components, including the interconnection of new
components, can be addressed in a compositional way by addressing realisations and
not just individual specifications or programs (6.2.4).

We are now interested in incorporating into the picture the ability to synthesise pro-
grams from specifications as a means of supporting the process of compositional evo-
lution that we have been addressing and according to which the addition of a com-
ponent to a system should not require the recalculation (or the re-synthesis) of the
whole system but only of the new component and its interconnections to the previ-
ous system.  To illustrate our purpose, consider once again the vending machine
(3.5.6).  In (6.1.24), we developed the specification of a regulator and showed that,
once interconnected with the vending machine, the new system did not allow arbi-
trary sales of cigars but required the insertion of a special token before a cigar can be
selected.  Assuming that the original vending machine was implemented and run-
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ning, and that we were in possession of a realisation of the regulator, possibly by
having used the synthesis method of [85], we would like to be able to synthesise the
interconnections between the two programs (the running vending machine and the
realisation of the regulator) in order to obtain a realisation of the specification dia-
gram.

In summary, given realisations of component specifications (either obtained through
traditional transformational methods, or synthesised directly from the specifications,
or reused from previous developments), we would like to be able to synthesise the
interconnections between the programs in such a way that the program diagram re-
alises the specification diagram.  That is to say, given specifications S1 and S2 (newly)
interconnected via morphisms j1:SÆS1 and j2:SÆS2, and realisations <s1,P1>, <s2,P2>
of S1 and S2, respectively, one would like to be able to synthesise a realisation <s,P>
of S and morphisms m1:PÆP1 and m2:PÆP2 such that s;spec(mi)=ji;si (i=1,2).

S1

j1

S s1

j2

S2

s SPEC

spec(P1)

spec(P) s2

spec(P2) spec

m1 P1

P PROG
m2

P2

This general statement of what it means to synthesise interconnections makes it
clear that it is both necessary to synthesise the middle program P and the morphisms
mi that are required to interconnect the given programs.  Because, in the general
case, any object can be used in an interconnection, this suggests, rather obviously,
that a functor synt: SPECÆPROG is required that is somehow related to spec.  One
possible such relationship is for spec to be the inverse (5.1.7) of synt, but this is a
rather strong property because it would require the two categories of programs and
specifications to be isomorphic.  Clearly, if this were to be the case, we could hardly
claim that we were dealing with two different levels of abstraction.  Hence, it makes
sense to look for weaker properties of the relationship between the two functors.

It seems clear that, more than programs, synthesis must return realisations of the
given specifications.  That is to say, for every specification S, synt(S) must be provided
together with a morphism hS:SÆspec(synt(S)) that establishes synt(S) as one of the
possible realisations of S.  Hence, hS expresses a correctness criterion for synt.
Moreover, synt must respect interconnections in the following sense: given a specifi-
cation diagram d: IÆSPEC, it is necessary that the program diagram d:synt  be a reali-
sation of d through (hSi

)i:I as defined in 6.2.4, i.e. we must have, for every arrow f:iÆj in
I, Sf;hSj

=hSi
;spec(Pf). But these are the ingredients that define a natural transforma-

tion.  Hence, synt must be provided together with a natural transformation
h:1SPECÆsynt;spec.
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Consider now the synthesis of interconnections themselves.  Given an interconnec-
tion of specifications s:SÆspec(P) we should be able to synthesise s':synt(S)ÆP in
such a way that the interconnection is respected, i.e. s=hS;spec(s').  This is equiva-
lent to defining a (natural) bijection between the morphisms SÆspec(P) and the mor-
phisms synt(S)ÆP.  But this is, precisely, the property that characterises the exis-
tence of an adjunction between SPEC and PROG.  Hence, synthesis of interconnec-
tions can be characterised by the existence of a reflector (left adjoint) synt for spec.
Notice that 7.2.2 characterises the synthesis functor precisely in terms of the exis-
tence, for every specification, of a "minimal" realisation in the sense that all other
programs that implement the specification simulate it.

Notice that the co-unit of the adjunction eP:synt(spec(P))ÆP is not necessarily an
isomorphism because spec(P) may not be powerful enough to fully characterise P (we
cannot guarantee that the specification domain is expressive enough to capture the
semantics of P in full).  Hence, we are not even in the presence of an equivalence.

The direction of the co-unit reflects the fact that if we synthesise from the strongest
specification of a program P, we obtain a program that cannot be stronger than P.
Hence, the morphism eP provides a sort of "universal adaptor" between the program
synthesised from spec(P) and P itself.

s
S spec(P)

hS spec(s') SPEC

spec(synt(S))
spec

synt
P

s' eP

PROG

synt(S) synt(spec(P))

synt(s)

Although weaker than the existence of an inverse or a pseudo-inverse, the existence
of a left adjoint to the functor spec: PROGÆSPEC is quite a strong property.  This is
not surprising because the ability to synthesise any specification is itself, in intuitive
terms, a very strong property. In the literature, examples of synthesis of finite state
automata from temporal logic specifications can be found, both from propositional
linear temporal logic as above [85] and from branching time logic [30].  However, their
generalisation to a full systems view is difficult.  We shall in section Error! Refer-
ence source not found. that we can go a longer way in the context of formalisms
that separate "Coordination" from "Computation".

Another important property that results from the properties of reflective functors is
the following:
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7.3.8 PROPOSITION – adjunctions and reflections

1. Every reflective functor defines an adjunction (in which it plays the role of right
adjoint).

2. In every adjunction r

† 

 e  
h

| j, j is reflective with reflector r, and r is co-reflective
with co-reflector j. ®

This result allows us to derive from 7.2.9 two interesting cases of adjunctions:

7.3.9 COROLLARY

1. Let j:CÆSET be a functor. The functor u: spa(j)ÆC has for left adjoint the func-
tor that maps each C-object c to <c,ø>, and for right adjoint the functor that
maps each C-object c to <c,j(c)>.

2. The functor alph that maps PROC to SET^ by forgetting behaviours has both a
left and right adjoint. The left adjoint maps each alphabet A^ to the process
<A^,ø> and the right adjoint maps it to <A^,tra(A^)>. ®

7.3.10 COROLLARY

In any "-institution, the functor sign:THEOÆSIGN that maps theories to their un-
derlying signatures has both a left and right adjoint.  The left adjoint maps each sig-
nature to the theory <S,cS(ø)> and the right adjoint maps it to <S,gram(S)>. ®

Basically, both results tell us how to map back and forth between processes and al-
phabets, and between theories and signatures,

7.3.11 EXERCISE

Workout direct proofs for both 7.3.9 and 7.3.10, and interpret the meaning of the
natural transformations.  Check how far 7.3.10 extends to presentations and strict
presentations. ®

From 7.2.10 and 7.3.8  we get another obvious class of adjunctions:

7.3.12 COROLLARY

1. Every reflective subcategory defines an adjunction in which the inclusion functor
is the right adjoint.

2. Every co-reflective subcategory defines an adjunction in which the inclusion is
the left adjoint. ®

7.3.13 EXAMPLE – adjunctions between SET, PAR and SET^

The fact that, as seen in 3.3.11, SET is a co-reflective subcategory of PAR tells us that
the inclusion has a right-adjoint.  As also seen in 3.3.11, this right adjoint (call it +^)
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is the one that performs the traditional "elevation" of partial into total functions by
extending sets with an "undefined" element, or "bottom", that serves as image for the
elements in which the partial functions are undefined.  This construction may well
remind the reader of one of the functors over which the equivalence between PAR
and SET^ was built in 7.1.12: the one that bears the same name.  That is to say, we
have the same kind of construction – the "elevation" – being performed over two dif-
ferent categories. Are they related?  

There is a "natural" way in which every pointed set can be viewed as a (normal) set:
just forget the "added structure", i.e. the fact that it has a designated element.  Note
that this does not mean "through away the designated element", which is what the
functor –^ (the pseudo-inverse of +^ in the equivalence) does.  Going back to 3.2.1,
we are mapping pointed sets<A,^A> to the underlying set A and morphisms between
two pointed sets f:<A,^A>Æ<B,^B> to the corresponding total function f:AÆB.  This
mapping defines SET^ as a concrete category over SET.  The two elevations of PAR
are related by this forgetful functor: the elevation to SET is simply the result of for-
getting that there is a designated element in the elevation to SET^, which is cap-
tured by the following commutative diagram:

PAR

+^ +^

SET SET^

Notice that the elevation to SET^ is explicitly recorded into a structure that is added
to sets whereas the elevation to SET is merely a representation or encoding.  This
difference is well captured in the fact that it gives rise to an equivalence in the first
case but "just" a reflective functor in the second. The elevation from PAR to SET^ is
also reflective but the fact that it is a co-reflection is more interesting for the follow-
ing reason: if we complete the diagram with the adjunctions that we have already
built

PAR

–^
+^ +^

SET SET^

we can see that the functor that forgets the designated elements admits a right ad-
joint that, again, performs another kind of elevation, this time superposing a desig-
nated element to every set.  This is just the elevation of partial functions being per-
formed on total ones as a particular case.

PAR

–^
+^

+^
+^

SET SET^

Notice that we obtain a commutative diagram of adjunctions (i.e. of reflective and co-
reflective functors), but not of the functors in general: for instance, the diagram of +^
is, clearly, not a commutative one!  
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It is also important to point out, in the sequel of the remarks made in 7.1.12, that
because PAR and SET^ are equivalent, we tend to look at them as being "the same",
but they may bear quite different relationships to other categories like, in this case,
SET: for instance, the "elevations" go in opposite directions, one from PAR, the other
into SET^; one is reflective and the other co-reflective.  What is more interesting is
that these are "technical" differences: conceptually, both PAR and SET^ provide a co-
reflective representation for "normal" sets; the representations are different because,
in spite of being equivalent, the two categories offer different structures and, hence,
require different encodings of what is, essentially, the same kind of relationship.

This example also shows how diagrams of adjunctions can be useful to understand
how different domains relate to each other; they provide a kind of "roadmap" or "clas-
sification scheme" that is essential to navigate among the different structures that
one tends to find in the literature.  For instance, we can enrich the previous diagram
of adjunctions with the one that we obtained in 7.3.6:

+^ 2—

SET PAR

† 

ª SET^ SETop

+^ –^ 2—

The composition of these adjunctions gives us the well known adjunction between
SET and SETop performed by the powerset functor.

This kind of roadmap was used in [98,112] for formalising relationships between
models of concurrency like transition systems, synchronisation trees, event struc-
tures, etc, in what constitutes one of the most striking examples of the expressive
power of adjunctions.  Each such model is endowed with a notion of morphism that
captures a form of simulation as a behaviour-preserving mapping.  Typical operations
of process calculi are captured as universal constructions as exemplified in 4.3.8 for
PROC.  Reflections and co-reflections11 are used for expressing the way one model is
embedded in another: one of the functors in the adjunction embeds the more ab-
stract model in the other, while the other functor abstracts away from some aspect of
the representation.

Instead of reproducing an example of such uses of adjunctions, which on its own
would hardly capture the richness of the classification that is developed for different
kinds of concurrency models in [98,112],  we present a related kind of application: a
duality between process models and specifications.  More precisely, a duality between
PROC and linear temporal logic specifications given by THEOLTL as presented in [32] to
show how both semantics domains – theories and models – can be made part of the
same roadmap.

7.3.14 EXAMPLE – duality between processes and specifications

We start by recalling that PROC is concrete over SET^ through the forgetful functor
alph and that THEO is concrete over SET through the forgetful functor sign.  In fact,
we proved in  7.3.9 and 7.3.10 that these functors are both reflective and co-
reflective.  Moreover, we have shown in 7.3.6 that the contravariant powerset functor
2—:SETopÆSET^ is reflective.  We are now going to show that 2— can be lifted to proc:

                                                
11 Further terminological confusion arises with respect to [112] where a co-reflection is an adjunction in which

the reflective functor (the adjoint) is a full embedding, i.e. the straight generalisation of a full reflective
subcategory.
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THEOopÆPROC as a reflective functor that makes the diagram (of reflective functors)
below commute.

2—

 SET^ SETop

alph signop

PROC THEOop

proc

Let <S,F> be a theory.  The required commutativity of the diagram fixes the choice of
the alphabet for proc(<S,F>): the powerset 2S considered as a pointed set.  We are
going to choose for its behaviour the set {lŒ(2S)w | l

† 

|=F}, i.e. the least deterministic
process that satisfies the properties given by the theory.  It is not difficult to prove
that we do obtain a functor.  

If we consider now a process <A^,L>, the category <A^,L>Øproc consists of the specifi-
cations that are validated by the behaviours in L after a suitable translation (what in
6.5.9 we called generalised models).  This category has an initial object: the set of all
sentences in the language of 2A that are validated by the behaviours of L translated
by the unit of the powerset adjunction. It is the largest, not the smallest, because we
are working with a contravariant functor.  Hence, proc is indeed reflective, its reflec-
tor assigning to <A^,L> the theory <2A,{p|L;hA

† 

|=p}>.

Notice that because reflective functors preserve limits (7.2.8), colimits of specifications
are mapped by proc to limits of the corresponding processes.  This is again a form of
compositionality.  It says that composition of specifications as given by colimits of con-
figuration diagrams captures parallel composition of the corresponding processes
taking into account the interactions given by the diagram.  ®

The reader is encouraged to consult [32,33] for a wider discussion of the relation-
ships between these two categories, namely in the context of what are called cate-
gorical institutions in [87].

7.3.15 EXERCISE

1. Workout the full proof of 7.3.14.

2. Relate this result to 6.5.18.

3. Since, in the diagram of 7.3.14, signop and 2— are reflective and alph is co-
reflective, why didn't we take the composition of signop with 2— and the co-
reflector of alph to obtain an adjunction from PROC to THEOop?

4. What kind of generalisation into institutions can we hope for? ®

We would now like to extend this ability of adjunctions to relate different semantic
models of concurrency, to different specification formalisms as captured by the cate-
gories of theories defined by institutions.  For that purpose, we present in the next
section a summary of the results published in [5].
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7.4 Adjunctions in institutions

We start with an example in order to motivate the structures that are involved in
mapping between specification formalisms as captured by institutions.  

The typical temporal logics that have been used for the specification of reactive sys-
tems are based on linear time, of which the one we have been working with is only
an example.  However, sometimes, a branching time logic may be more justified.  For
instance, it is well known that verification techniques over branching time logic can
be more effective.  The expressive power of branching time logic can also be useful,
especially in relation to progress properties related to required non-determinism, like
responsiveness.  So, we would like to have ways of mapping between specifications in
these different logics that support translations back and forth between them,
through which one can take advantage of the best features of each.

As an example, consider the specification of a "user-friendly" vending machine that,
once it accepts a coin, will make a cake and a cigar available.  Notice that this is not a
property of the vending machine as specified in 3.5.6; the specification given therein
allows behaviours in which, for instance, after a coin is accepted, no cakes and no
cigars are delivered!  One could think that adding a property like (coin…F(cake⁄cigar))
would solve the problem but it is easy to see that this requirement does not capture
the availability of a cake or a cigar for the customer to choose; it requires that, in
every behaviour, the acceptance of a coin is followed by the delivery of a cigar or a
cake.  Hence, it admits as an implementation a machine that only delivers cigars!
Moreover, it forces the customer to take either the cake or the cigar among the op-
tions that are given, which does not make sense when that activity is not initiated by
the machine.  All this is because the trace-based semantics is not expressive enough
to model choice; for that purpose, branching structures are required.

A logic in which such properties can be easily expressed is the branching time logic
CTL*.  This logic is said to be branching because operators are provided that quantify
over the possible future behaviours from the current state.

7.4.1 DEFINITION – CTL* as an institution

The branching temporal logic institution CTL* is defined as follows:

• Its category of signatures is SET.

• We define two classes of propositions (the state propositions fs and the path
propositions fp) for a temporal signature S:

fs!!::=!!a!!|!!(ÿfs)!!|!!(fs…ys)!!|!!(Afp)

fp!!::=!!fs!!|!!(ÿfp) !|!!(fp…yp) !!|!!(fpUyp)

The set of branching temporal propositions gramCTL*(S) is the set of state
propositions.

A signature morphism f:SÆS' induces the translation f:gramCTL*(S)Æ
gramCTL*(S') defined as follows:

f(fs)!!::=!!f(a)!!|!!ÿf(fs)!!|!!f(fs)…f(ys)!!|!!Af(fp)
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f(fp)!!::=!!f(fs)!!|!!ÿf(fp)!!|!!f(fp)…f(yp)!!|!f(fp)Uf(yp).

• The model functor modCTL* is defined as follows:

– For every signature S, a branching S-model is a triple <W,R,V> with R a to-
tal relation on W and V:SÆ2W.

– Given a branching model M=<W,R,V> we denote by L(M) the set of all infi-
nite sequences wÆ2S  of the form l;V-1 where l:wÆW is such that
l(i)Rl(i+1) for every iŒw.  We denote by L(M,s) the subset of L(M) that is
generated by the sequences ls:wÆW such that ls(0)=s, i.e. L(M,s) con-
tains the subset of paths that begin at state s.

– Let M1=<W1,R1,V1> and M2=<W2,R2,V2> be S-models. A (p-)morphism from
M1 to M2 is a map f:W1ÆW2 such that:

(a) sR1t implies f(s)R2f(t),

(b) f(s)R2u implies the existence of tŒW1 such that sR1t and f(t)=u,

(c) sŒV1(a) iff f(s)ŒV2(a).

– Let f:S1ÆS2 be a signature morphism.  If <W2,R2,V2> is a S2-model, then
<W2,R2,f;V2> is a S1-model called the f-reduct of <W2,R2,V2>.

• The satisfaction relation is defined as follows: the truth of a S-proposition f in
M=<W,R,V> at state sŒW (which we write (M,s)

† 

|=Sf) is inductively defined as
for LTL except for the operator A for which

– (M,s)

† 

|=SAf iff, for every lsŒL(M,s), ls

† 

|=0
Sf .

The branching temporal proposition f is said to be true in M, which we de-
note by M

† 

|=Sf, iff (M,s)

† 

|=Sf at every state s of W. ®

Notice how the new operator, A, quantifies over all possible paths that start from the
current state.

The reader is invited to check that the satisfaction condition holds, i.e. prove the
following property:

7.4.2 PROPOSITION – satisfaction condition

Let f:S1ÆS2 be a signature morphism. For every MŒ|modCTL*(S2)| and fŒgramCTL*(S1),
M

† 

|=S2f(f) iff modCTL*(f)(m) 

† 

|=Sf. ®

7.4.3 COROLLARY

CTL* as defined in 7.4.1 is an institution. ®

As an example of a specification in CTL*, consider the user-friendly vending machine

specification user-friendly vending machine is
signature coin, cake, cigar
axioms beg … A(¬cakeŸ¬cigar) Ÿ A(coin ⁄ (¬cakeŸ¬cigar)Wcoin)

coin …  A((¬coin)W(cake⁄cigar))
coin … (EXcake Ÿ EXcigar)
(cake⁄cigar) …  A(¬cakeŸ¬cigar)Wcoin
cake … (¬cigar)



7. ADJUNCTIONS

160 12/9/03

The operator E is the dual of A: it expresses the existence of a path from the current
state in which the given property holds.  Notice the use of the conjunction in (coin … 
(EXcake Ÿ EXcigar)); it requires the machine to give the customer the choice; hence,
for instance, it the machine runs out of cakes, it may not accept coins even if cigars
are still available.

It is clear from the definition of CTL* that this logic "incorporates" LTL in the sense
that it can express at least as much as LTL.  A theory in LTL expresses properties
about all possible behaviours of a system taken as infinite sequences of states.  In
CTL*, this quantification can be made explicit through the operator A.  Hence, it
should be straightforward to map a theory of LTL to a theory of CTL* by qualifying
every linear proposition with A.

This syntactic transformation between the two languages respects the translations
defined by signature morphisms, i.e. is "natural" on signatures.  Indeed, it is captured
by a natural transformation:

7.4.4 DEFINITION/PROPOSITION

The family of functions aS:gramLTL(S)ÆgramCTL*(S) defined by aS(f)=Af is a natural
transformation from gramLTL to gramCTL. ®

There is also a way in which this translation can be claimed to be "correct".  Every
branching structure gives rise to a linear one in a natural way:

7.4.5 DEFINITION/PROPOSITION

Let bS map every branching model M=<W,R,V> to the linear model L(M) defined in
7.4.1.  Given any branching S-models M=<W,R,V> and M'=<W',R',V'>, and a p-
morphism f:MÆM', let bS(f) be the inclusion L(M)ÆL(M') that is induced by the proper-
ties of the morphism.  The mapping bS is a functor modCTL*(S)ÆmodLTL(S).  The family
<bS>SŒ|SIGN| defines a natural transformation modCTL*ÆmodLTL. ®

That is to say, we generate from every branching structure M the linear structure
L(M) that consists of all possible paths (runs) through M.

The syntactic and semantic transformations agree in the following sense:

7.4.6 DEFINITION/PROPOSITION

If M=<W,R,V> is a branching S-model and fŒgramLTL(S), then M

† 

|=SAf iff bS(M)

† 

|=Sf. ®

This relationship between the syntax and semantics of the given institutions allows
us to define the intended functor between the corresponding categories of theories:

7.4.7 DEFINITION/PROPOSITION

The mapping T:THEOLTLÆTHEOCTL* defined by T(<S,G>)=<S,c(AG))> is a functor. ®

By AG we are denoting the set {Af!|!fŒG} and by c the closure operator of CTL*.

This functor allows us to translate any specification (theory) in LTL to a specification
in CTL*.  This translation is "canonical" in the following sense:
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7.4.8 PROPOSITION

The functor T:THEOLTLÆTHEOCTL* is co-reflective (has a right adjoint). ®

It is not difficult to "guess" the nature of the right adjoint.  Because T computes direct
images through a, its right adjoint computes inverse images, i.e. the adjunction is
given by a generalisation to closure operators of the well known Galois connection
between direct and inverse images of sets.  The unit of the adjunction is given by the
inclusion GÕaS

-1(c(aS(G))).

7.4.9 PROPOSITION

The mapping U:THEOCTL*ÆTHEOLTL given by U(<S,G>)=<S,aS
-1(G)> is a co-reflector (right

adjoint) of T.

PROOF (of 7.4.7 and 7.4.8)

The functor U is a co-reflector of T iff for every theory <S,G> of LTL, the pair
(<S,aS

-1(c(aS(G)))>,idS) is a reflection.  Consider f:<S,G>Æ<S',aS'
-1(G')>. We have to prove

that there is a unique CTL* morphism f':<S,c(aS(G))>Æ<S',G'> such that idS;f'=f.  Unicity
is automatically guaranteed by this equation.  All that remains is the proof that f is a
theory morphism <S,c(aS(G))>Æ<S',G'> in CTL*. Let aS(G)

† 

|– Sf. We have to prove that
f(f)ŒG'.  Because aS(G)

† 

|– Sf we have f(aS(G))

† 

|– S'f(f) (a consequence of the satisfaction
condition of CTL*).  But f(aS(G))=aS'(f(G)) because a is a natural transformation.
Hence, f(f)ŒaS'c(f(G)).  On the other hand, f(G)ÕaS'

-1(G') because f was taken as a the-
ory morphism <S,G>Æ<S',aS'

-1(G')>. Hence, f(f)ŒG'. ®

The co-reflector "forgets" the branching nature of time in CTL* by retaining only
those propositions f for which Af is a theorem in CTL*, i.e. it retains those truths
that hold for every possible path.

The existence of the adjunction means that, in order to prove that a CTL*-theory BT
provides an interpretation (refinement) of an LTL-theory LT, it is equivalent to prove
LTÕU(BT) or T(LT)ÕBT.  For practical purposes, the inclusion T(LT)ÕBT is easier to
prove because it can be lifted to presentations.  Indeed, if we take the category
PRESLTL of the theory presentations of LTL, the adjunction between presentations
and theories (3.6.4) allows us to extend the adjunction between THEOCTL* and
THEOLTL to one between THEOCTL* and PRESLTL.  Hence, the inclusion T(LT)ÕBT can be
proved at the level of a presentation of LT.  The converse, however, does not hold
because, although there is also an adjunction between THEOCTL* and PRESCTL*, the
right adjoint does not go in the same direction as U.

The actual relationship between THEOCTL* and THEOLTL is stronger than what we
proved.  The proof above showed us that every LTL-theory <S,G> is included in
<S,aS

-1(c(aS(G)))> but, in fact, they are equal.  That is, when translated back from its
image in CTL*, an LTL-theory does not gain any theorems.  This result can be proved
by noticing that every linear structure can be generated by a branching one, i.e. the
natural transformation b consists of surjective mappings, which gives us the "faith-
fulness" of the right-adjoint (7.2.11).  We will generalise this result below but it is im-
portant to realise that this means that the translation from LTL to CTL* is "conserva-
tive", i.e. the representation of LTL in CTL* is faithful.

Notice that, in the proof above, no use was made of the syntactic transformation it-
self.  Only the fact that a is a natural transformation was used, which indicates that
the relationship between LTL and CTL* can be generalised to other institutions.
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In order to perform the generalisation, let us first analyse what in the example above
can be cast directly in categorical terms.  The basic ingredients in our example were:

• a natural transformation a:gramLTLÆgramCTL*;

• a natural transformation b:modCTL*ÆmodLTL;

• the invariance condition M

† 

|=SaS(f) iff bS(M)

† 

|=Sf.

These are exactly the ingredients found in institution morphisms [61] and institution
maps [87].

7.4.10 DEFINITION – institution morphism

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions.  An in-
stitution morphism r: iÆi' is a triple <F,a,b> where:

• F:SIGNÆSIGN' is a functor;

• a:F;gram'Ægram is a natural transformation;

• b:modÆF;mod' is a natural transformation

such that the following property (the invariance condition) holds for any signature
SŒ|SIGN|, mŒ|mod(S)| and f'Œgram'(F(S)): m

† 

|=SaS(f') iff bS(m)

† 

|='F(S)f'. ®

7.4.11 DEFINITION – institution map

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions. An in-
stitution map r: iÆi' is a triple <F,a,b> where:

• F:SIGNÆSIGN' is a functor;

• a:gramÆF;gram' is a natural transformation;

• b:F;mod'Æmod' is a natural transformation

such that the following property (the invariance condition) holds for any signature
SŒ|SIGN|, m'Œ|mod(F(S))| and fŒgram(S):bS(m')

† 

|=Sf iff m

† 

|= 'F (S)aS(f). ®

7.4.12 PROPOSITION

Through 7.4.4, 7.4.5 and 7.4.6 we have defined both a map LTLÆCTL* and a mor-
phism CTL*ÆLTL. ®

Indeed, the fact that the relationship between the two institutions is based on the
identity functor between their categories of signatures blurs the difference between
both concepts (morphism and map).

The existence of the two functors T and U between THEOLTL and THEOCTL* is also a
consequence of the existence of a map and a morphism between the two institu-
tions:

7.4.13 PROPOSITION

Let r=<F,a,b>: iÆi' be an institution map. The functor F can be extended to a func-
tor THEOiÆTHEOi' by establishing F(<S,G>)=<F(S),c(aS(G))>. ®

7.4.14 PROPOSITION

Let r=<Y,a',b'>: iÆi' be an institution morphism.  The functor Y can be extended to
a functor THEOi'ÆTHEOi by establishing Y(<S',G'>)=<Y(S'),a'S'

-1(G')>. ®
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We can now generalise the results on the adjunction between the categories of
theories of two institutions:

7.4.15 PROPOSITION

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions,
r=<F,a,b>: iÆi' an institution map and <Y,a',b'>:i'Æi a morphism such that Y is a
right adjoint of F, and, for every SŒ|SIGN|, aS=gram(hS);a'F (S) where h is the unit of
the adjunction. Then,

1. The functor U:THEOi'ÆTHEOi induced by the morphism <Y,a',b'>, is a right ad-
joint of the functor THEOiÆTHEOi' induced by the map <F,a,b>.

2. If each component of b' is surjective, i.e. if the institution morphism is sound in
the sense of [61], then the units hS, as theory morphisms, are conservative.

PROOF:

this is a direct generalisation of the proof of 7.4.9. ®

That is to say, adjunctions on signatures can be lifted to adjunctions of theories pro-
vided that the left adjoint is associated with a map and the right adjoint with a mor-
phism of institutions.  A compatibility result is required, aS=gram(hS);a'F (S), to make
sure that both the map and the morphism make, essentially, the same translations.
Notice that the invariance condition relating a and b, automatically generates a
similar property for b.  The result on "conservative" representations of one formalism
into another is also important: basically, it says that no new theorems arise when a
theory is translated from one formalism to another.

This result shows that there is a very strong relationship between institution mor-
phisms and maps, as suggested by the fact that they make use of essentially the
same transformations between languages and models.  The difference between
them, which is evident in the directions taken by the transformations vis-à-vis the
functor between the categories of signatures, can be explained more easily when we
see that they correspond to the two directions of an adjunction.  Notice that the map
takes the direction of the left adjoint while the morphism takes the direction of the
right adjoint. These directions are very much consistent with the accepted view of
maps as providing representations and morphisms projections of one institution into
another.

In fact, the result above is more general in that the existence of a map (resp. mor-
phism) and a right (resp. left) adjoint for the signature functor guarantees the exis-
tence of a morphism (resp. map) in the other direction that generates a right (resp.
left) adjoint to the theory functor:

7.4.16 PROPOSITION

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions,

1. if r=<F,a,b>: iÆi' is a map such that the functor F has a right adjoint Y, then

a) the triple <Y,a',b'> where a' is the natural transformation defined by
a'S'=aY(S');gram'(eS') and b' is the natural transformation defined by
b'S'=mod'(eS');bY(S'),is an institution morphism i'Æi.

b) the functor T: THEOiÆTHEOi' induced by the map has a right adjoint – the
functor U:THEOI'ÆTHEOI induced by the morphism, i.e.
U(<S',G'>)=<Y(S'),aY(S')

-1(eS'
-1(G'))>.
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2. if <Y,a',b'>:i'Æi is a morphism such that the functor Y has a left adjoint F, then

a) the triple <F,a,b> where a is the natural transformation defined by
aS=gram(hS);a'F (S) and b is the natural transformation defined by
bS=b'F (S);mod(hS) is an institution map from iÆi'.

b) the functor U: THEOi'ÆTHEOi induced by the morphism has a left adjoint –
the functor T:THEOiÆTHEOi' induced by the map,
T(<S,G>)=<F(S),a'Y (S)c(hS(G)))>. z

That is to say, provided that there is an adjunction between the categories of signa-
tures of two institutions, maps and morphisms between them can be defined, inter-
changeably, that provide adjunctions for the functor between the corresponding
categories of theories.

7.5 Coordinated categories

In this last section of the last chapter of Part Two and, hence, what could have been
the closing paragraphs of an Introduction to Category Theory for Software Scientists
and Practitioners, we address one of the topics that have been closest to the hearts
of the research team that has been working on CommUnity, i.e. the subject of part
three: the formalisation of the separation of concerns that is known as "Coordina-
tion".  This is both a justification for stopping here – the reader will not need any
more categorical "ammunition" to attack part three – and having gone this far – the
kind of application discussed in part three is intrinsically related to this topic and,
even if a quicker route could have been taken, everybody knows that motorways are
not the best ways for getting to know a region.

An introduction to this subject has already been given in section 5.2 as part of the
motivation for studying the behaviour of functors in relation to universal construc-
tions; the reader is invited to read it (once again) as well as, if possible, what I con-
sider to be the best introduction to "Coordination": Arbab's gem "What Do You Mean,
Coordination?" [3].  The central idea of this research area is to investigate the extent
up to which a given formalism can separate between the mechanisms that coordi-
nate the interactions that are responsible for emergent behaviour from the descrip-
tion of what in systems is responsible for the computations that ensure the func-
tionalities of the services that individual system components provide.

For instance, object-oriented systems do not go a long way in supporting that separa-
tion.  Because interactions in object-oriented approaches are based on identities [72],
in the sense that, through clientship, objects interact by invoking specific methods of
specific objects (instances) to get something specific done, the resulting systems are
too rigid to support the levels of agility required by the "just-in-time" binding mecha-
nisms of (web) services; any change on the collaborations that an object maintains
with other objects needs to be performed at the level of the code that implements
that object and, possibly, of the objects with which the new collaborations are estab-
lished.  That is to say, as beautifully put in [99], feature calling is, for interconnec-
tions, what assembly language represents for computations.  On the contrary, inter-
actions in a service-oriented approach should be based only on the description of
what is required, thus decoupling the “what one wants to be done” from the “who
does it”.  In the context of the “societal metaphor” that we have been using in the
book, it is interesting to note that this shift from “object” to “service”-oriented inter-
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actions mirrors what has been happening already in human society: more and more,
business relationships are being established in terms of acquisition of services (e.g.
1000 Watts of lighting for your office) instead of products (10 lamps of 100 Watts each
for the office).

Our introduction to section 5.2 has disclosed most of the "secrets" of the mathemati-
cal characterisation that we started to develop in [35] as a systematic study of the
nature and properties of the separation between "Computation" and "Coordination"
concerns.  Now that the reader has more categorical background, we can revisit the
motivation that has been already delivered.  Notice that we shall systematically work
with co-limits just to fix a direction of the "component-of" relationship and use it
consistently.  However, those that are more accustomed to limits can simply switch
the direction of the arrow, i.e. work in the opposite category.

• we model this separation by a forgetful functor int:SYSÆINT where the cate-
gory SYS stands for the representations (models, behaviours, specifications,
programs, …) of the components out of which systems can be put together,
and the category INT captures the “interfaces” through which interconnec-
tions between system components can be established;

• int should be faithful (5.1.7) so that morphisms in SYS (the "component-of"
relationship) do not induce more relationships between components than
those that can be captured through their underlying interfaces.  That is to
say, by taking into consideration the computational part, we should not get
additional observational power over the external behaviour of systems.  Using
the terminology that we introduced in the previous chapter, SYS is concrete
over INT.

• because we use diagrams for modelling configurations of complex systems and
colimits to obtain emergent behaviour, int should lift colimits (5.2.1): when we
interconnect system components in a (configuration) diagram, any colimit of
the underlying diagram of interfaces establishes an interface for which a com-
putational part exists that captures the joint behaviour of the interconnected
components as given by the colimit of the original diagram.  We have already
mentioned that this property expresses (non)-interference between computa-
tion and coordination: on the one hand, the computations assigned to the
components cannot interfere with the viability (in the sense of the existence
of a colimit) of the underlying configuration of interfaces; on the other hand,
the computations assigned to the components cannot interfere in the calcu-
lation of the interface of the resulting system.  For instance, we saw in 6.1.22
that split fibre-(co)complete (co)fibrations lift limits.

• it is also clear that int should preserve colimits (5.2.1): every interconnection
of system components should be an interconnection of the underlying inter-
faces, i.e. computations should not make a configuration of system compo-
nents "viable", in the sense that it admits a colimit, when the underlying con-
figuration of interfaces is not.  This is another form of the required "non-
interference".  Given that int is faithful, this means that all colimits in SYS
are concrete (6.1.9).

Lifting and preservation of colimits imply that any colimit in SYS can be computed by
first translating the diagram to INT, then computing the colimit in INT, and finally
lifting the result back to SYS, a situation that we have already encountered for PROC
through the functor alph and for the category of theories (or presentations) THEO of
any ("-)institutions through the functor sign.  In the case of processes, this means
that the set of behaviours does not interfere with the interconnections; and in the
case of theories, that interconnections are established just by name bindings.
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Both examples allow us to illustrate another intuitive property of the separation that
is not captured by those mentioned so far.  Consider, for instance, processes.  Taking
pullbacks as the most basic form of interconnection, we can notice that the "middle"
process through which we express the interconnection is "always" idle, i.e. has all
possible behaviours.  Indeed, the set of behaviours that is present in the middle
process does not interfere neither in the interconnection, which is expressed at the
level of the alphabets, nor in the calculation of the set of behaviours of the resulting
process, which is defined through the intersection of the inverse images of the sets of
behaviours of the other two component processes.  Hence, there is a sort of "canoni-
cal" middle processes: those that are idle.  Notice that their duals, the empty proc-
esses, do not make good middle processes because they do not admit any incoming
morphisms…

The same happens with theories and theory presentations: the middle object in a
pushout is "always" empty (or the closure of the empty set of axioms) because the
theorems that result from the pushout are computed from the pushout of the signa-
tures and the theorems of the other two components.  This seems to be saying that
the middle objects that we use for interconnecting components, be it for pullbacks or
pushouts, are, essentially, interfaces, which makes all the sense from the point of
view of the separation of "Coordination" from "Computation".  How can we express
this property in categorical terms?

Basically, and taking the colimit approach as exemplified by, for instance, theories,
what we want is to be able to assign to every interface C:INT a component s(C):SYS
such that, for every morphism f:CÆint(S), there is a morphism g:s(C)ÆS such that
int(g)=f.  That is to say, we want every interface C to have a “realisation” as a system
component s(C) in the sense that, using C to interconnect a component S, which is
achieved through a morphism f:CÆint(S), is tantamount to using s(C) through any
g:s(C)ÆS such that int(g)=f.  Notice that, because int is faithful, there is only one
such g, which means that f and g are, essentially, the same.  That is, sources of mor-
phisms in diagrams in SYS are, essentially, interfaces.  We would use the dual prop-
erty to characterise what happens with processes.

Such a realisation is called a discrete lift in [1], and a functor int for which every ob-
ject C:INT admits a discrete lift is said to have discrete structures.

7.5.1 DEFINITION – discrete lifts/structures

Given a concrete category j:DÆC, a discrete lift for c:C is a D-object d such that
j(d)=c and, for every morphism f:cÆj(d'), there is a morphism g:dÆd' such that j(g)=f.
The functor  (concrete category) is said to have discrete structures whenever every C-
objects admits a discrete lift. ®

The dual notion is called indiscrete lift and the functor (concrete category) is said to
have indiscrete structures.

When int lifts and preserves colimits, this property allows us to replace every "middle"
object in a configuration diagram by the discrete lift of the underlying interface: both
diagrams will have the same colimits.  For all "practical" purposes, this means that we
can use more economical graphical representations for configuration diagrams by
showing only the interfaces of the middle objects that interconnect components.
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It is easy to see that the indiscrete lift of a process alphabet A^ is <A^,tra(A^)> and the
discrete lift of a signature S is the theory <S,cS(ø)>.  They also admit their dual ver-
sions – i.e. signatures have indiscrete lifts (inconsistent theories) and alphabets have
discrete lifts (empty processes) – but these are not the ones that interest us for sys-
tem configuration: they disable rather that enable interaction!

The more attentive reader is probably having a feeling of déjà vu…  Indeed, these
(in)discrete lifts are the objects involved in the (co)reflections that define the corre-
sponding forgetful functors as (co)reflectors (see 7.3.9 and 7.3.10):

7.5.2 PROPOSITION

Every concrete category j:DÆC that has discrete structures is reflective, the reflec-
tions (i.e. the components of the unit) being identities. ®

The proof of this result is immediate once one transcribes the definition of discrete
lifts to diagrams:

idc

c                     j(d) d

j(g) g
f

j(d') d'

C D
j

Notice that, j being faithful, the co-reflections are epis (7.2.11).  Actually, this is the
property that allows us to replace the middle objects that perform interconnections
by the discrete lifts of their underlying interfaces.  Indeed, denoting by sys the reflec-
tor of int, every diagram

S
f1 f2

S1 S2

defines, by composition

sys(int(S))

eS

S
f1 f2

S1 S2

Both diagrams admit the same pushouts because, e being epi,
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sys(int(S))

eS

S
f1 f2

S1 S2

g1 g2

S'

eS;f1;g1=eS;f2;g2 implies f1;g1=f2;g2.

7.5.3 EXERCISE

Prove that both diagrams have, indeed, the same pushouts. ®

He have now all the ingredients for our proposed characterisation of the formalisms
that separate "Coordination" from "Computation":

7.5.4 DEFINITION – coordinated category

A concrete category (faithful functor) j:DÆC, is said to be coordinated  when:

• j lifts colimits

• j has discrete structures

In these circumstances, we also say that D is coordinated over C (via j). ®

We have omitted the requirement on the preservation of colimits.  This is because:

7.5.5 EXERCISE

Prove that coordinated functors preserve colimits. ®

As examples, we have already seen that theories and theory presentations of any
(")institution constitute a concrete category that is coordinated over their signatures,
and that the (dual of) PROC is coordinated over (the dual of) alphabets.  In Part Three
of the book, we will see an example related to architectural description languages,
the language CommUnity.  We end this section with a "genuine" example: a simpli-
fied version of the language Gamma [11].

Before that, we would like to point out that the properties that characterise SYS as
being coordinated over INT make SYS “almost” topological over INT.  To be topologi-
cal [1], int would have to lift colimits uniquely, which would make the concrete cate-
gory amnestic (6.1.4).  As far as the algebraic properties of the underlying formalism
are concerned, this is not a problem because every concrete category can be modified
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to produce an amnestic, concretely equivalent version.  However, and although PROC
is indeed amnestic, PRES, for instance, is not and neither is CommUnity.  This is the
"closest" characterisation we have to a "classical" mathematical structure: topological
categories abound in Mathematics and other areas of Computer Science.  In the ar-
eas related to Software Engineering, namely those in which one welcomes, or cannot
avoid, "user intervention", one tends to work "up to isomorphism" more than "up to
equality".  In the case of the lifting of colimits, this means that there can be room for
choosing between different, but isomorphic, system representations, for instance,
alternative presentations of the same theory: one tends not to care whether a given
conjunction ends up represented as aŸb or bŸa.

We end this section with a brief discussion of an example borrowed from coordina-
tion formalisms: the language Gamma [11], which is based on the chemical reaction
paradigm [16].

7.5.6 DEFINITION – Gamma programs

A Gamma program P consists of:

• a signature S=<S,W,P>, where S is a set of sorts, W is a set of operation sym-
bols and P is a set of relation symbols, representing the data types that the
program uses;

• a set of reactions, each of which is of the form:

R ≡ X, t1, ..., tn Æ t’1, ..., t’m ‹ c

where

1. X is a set (of variables); each variable is typed by a data sort in S;

2. t1, ..., tn Æ t’1, ..., t’m is the action of the reaction – a pair of sets of
terms over X;

3. c is the reaction condition – a proposition over X. ®

An example of a Gamma program is the following producer of burgers and salads from,
respectively, meat and vegetables:

PROD !≡ sorts meat, veg, burger, salad
ops vprod: vegÆsalad, mprod: meatÆburger
reactions m:meat, m Æ mprod(m)

v:veg, v Æ vprod(v)

The parallel composition of Gamma programs, as defined in  [11], is a program con-
sisting of all the reactions of the component programs.  Its behaviour is obtained by
executing the reactions of the component programs in any order, possibly in parallel.
This leads us to the following notion of morphism.

7.5.7 DEFINITION – morphisms of Gamma programs

A morphism s between Gamma programs P1 and P2 is a morphism between the under-
lying data signatures such that s(P1)ÕP2, i.e., P2 has more reactions than P1. ®

In order to illustrate system configuration in Gamma, let us consider that we want to
interconnect the producer with the following consumer:



7. ADJUNCTIONS

170 12/9/03

CONS !≡ sorts food, waste
ops cons: food Æwaste
reactions f:food, f Æ cons(f)

The interconnection of the two programs is based on the identification of the food
the consumer consumes, that is, the interconnection is established between their
data types.  For instance, the coordination of the producer and the consumer based
on meat is given by the following interconnection:

sorts s

burger food

PROD CONS

Gamma is, indeed, coordinated over the category of data types:

• the forgetful functor dt from Gamma programs to data types is faithful;

• given any diagram in the category Gamma, a colimit si:(dt(Pi)ÆS)i:I of the corre-
sponding diagram in the category of data types is lifted to the following colimit
of programs si:(PiÆ<S, »sj(Rj)>)i:I;

• the discrete lift of a data type is the program with the empty set of reactions.

7.5.8 EXERCISE

Workout the full characterisation of the category of Gamma programs and prove that
it is indeed coordinated over the data types. ®
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PART THREE





8 COMMUNITY

8.1 A language for program design

CommUnity is a language similar to Unity [19] and Interacting Processes [47] that was
initially developed in [44] to show how “programs” fit into Goguen’s categorical ap-
proach to General Systems Theory. Since then, the language and the design frame-
work have been extended to provide a formal platform for testing ideas and experi-
menting techniques for the architectural design of open, reactive, and reconfigurable
systems.

One of the extensions that we have made to CommUnity since its original definition
in [44] concerns the support for higher levels of design.  At such levels of design, the
architecture of the system is given in terms of components that are not necessarily
programs but abstractions of programs – called designs – that can be refined into pro-
grams in later stages of the development process. Designs may also account for com-
ponents of the real-world with which the software components will be intercon-
nected.   Typically, such abstractions derive from requirements that have been speci-
fied in some logic or other mathematical models of the behaviour of real-world com-
ponents.

The goal of supporting abstraction is not only to address a typical stepwise approach
to software construction, but also the definition of an architectural design layer that
is close enough to the application domain for the evolution of the system to be driven
directly as a reflection of the changes that occur in the domain.  An important part of
this evolution may consist of changes in the nature of components, with real-world
components being replaced or controlled by software components, or software com-
ponents being reprogrammed in another language.

The support for abstraction in CommUnity is twofold.  On the one hand, designs ac-
count for what is usually called underspecification, i.e. they are structures that do not
denote unique programs but collections of programs.  On the other hand, designs
can be defined over a collection of data types that do not correspond necessarily to
those that will be available in the final implementation platform.  Therefore, there
are two refinement procedures that have to be accounted for in CommUnity.  On the
one hand, the removal of underspecification from designs in order to define programs
over the layer of abstraction defined by the data types that have been used.  On the
other hand, the reification of the data types in order to bring programs into the target
implementation environment.  

The choice of data types determines, essentially, the nature of the elementary com-
putations that can be performed locally by the components, which are abstracted as
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operations on data elements. Such elementary computations also determine the
granularity of the services that components can provide and, hence, the granularity
of the interconnections that can be established at a given layer of abstraction.  Nev-
ertheless, data refinement is more concerned with the computational aspects of sys-
tems than with the coordination mechanisms that are responsible for interactions
among system components.  Because the support that Category Theory can provide
to the specification of abstract data types is already well established and available in
the literature, even through books [8,28,29,75,93], we shall not address this aspect of
CommUnity in depth but, rather, concentrate on the broader architectural aspects,
giving more emphasis to refinement of designs for a fixed choice of data types and
omitting any discussion on data refinement.  

Given this, we shall assume a fixed collection of data types.  In order to remain inde-
pendent of any specific language for the definition of these data types, we take them
in the form of a first-order algebraic specification.  That is to say, we assume a data
signature <S,W>, where S is a set (of sorts) and W is a S*¥S-indexed family of sets (of
operations), to be given together with a collection F of first-order sentences specify-
ing the functionality of the operations.

A CommUnity design for a component over such a data type specification is of the
form

design P is
out out(V)
in in(V)
prv prv(V)
do []gŒsh(G) 

g[D(g)]: L(g), U(g) Æ R(g)
[]gŒprv(G) 

prv g[D(g)]: L(g), U(g) Æ R(g)

where

• V is a set (of communication channels).  A communication channel (or, simply,
channel) can be declared as input, output or private. Each channel v is typed
with a sort sort(v)ŒS that reflects the nature of the data that is exchanged
through it.

- Input channels are used for reading data from the environment of the
component.  The component has no control on the values that are made
available in such channels.  Moreover, reading a value from an input
channel does not “consume” it: the value remains available until the
environment decides to replace it.

- Output and private channels are controlled locally by the component,
i.e. the values that, at any given moment, are available on these chan-
nels cannot be modified by the environment.  Output channels allow
the environment to read data produced by the component.  Private
channels support internal activity that does not involve the environment
in any way.  We use loc(V) to denote the union prv(V)»out(V), i.e. the set
of local channels.

- In some of the earlier papers on CommUnity, we have named the ele-
ments of V variables or attributes.  The change from variables to channels
aims at reinforcing the idea that the elements of V correspond to means
that components have to communicate rather than “store” data.  This is
consistent with the “black-box” view of components that we intend to
model, which should hide the representation of the state of components
and provide only means for it to be observed.

- Channels cater for asyncronous communication between components in
the sense that reading and writing into a channel are independent op-
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erations: a value that is written on a channel will remain there, regard-
less of how many times it is read, until it is overwritten.

• G is a set (of action names).  The named actions can be either private or shared
(for simplicity, we only declare which actions are private).

- Private actions represent internal computations in the sense that their
execution is uniquely under the control of the component.  

- Shared  actions are used for synchronous interactions between the
component and the environment, meaning that their execution is also
under the control of the environment.

- The significance of naming actions will become obvious below; the idea
is to provide points of rendez-vous at which components can synchronise,
for instance as a means of ensuring that the right values are being ex-
changed through the channels.

• For each action name g, the following attributes are defined:

- D(g) is a subset of loc(V) consisting of the local channels into which exe-
cutions of the action can write.  This is what is sometimes called the
write frame of g.  For simplicity, we will omit the explicit reference to the
write frame when R(g) is a conditional multiple assignment (see below),
in which case D(g) can be inferred from the assignments.  Given a local
channel v, we will also denote by D(v) the set of actions g such that
vŒD(g), i.e. the actions that write into v.

- L(g) and U(g) are two conditions such that U(g)…L(g).  These conditions
establish an interval in which the enabling condition of any guarded
command that implements g must lie.  The condition L(g) is a lower
bound for enabledness in the sense that it is implied by the enabling
condition.  Therefore, its negation establishes a blocking condition.  On
the other hand, U(g) is an upper bound in the sense that it implies the
enabling condition, therefore establishing a progress condition. Hence,
the enabling condition is fully determined only if L(g) and U(g) are
equivalent, in which case we write only one condition.  

- R(g) is a condition on V and D(g)' where by D(g)' we denote the set of
primed local channels from the write frame of g. As usual, these primed
channels account for references to the values that the channels display
after the execution of the action.  These conditions are usually a con-
junction of implications of the form pre … pos where pre does not involve
primed channels. They correspond to pre/post-condition specifications
in the sense of Hoare.  When R(g) is such that the primed version of
each local channel in the write frame of g is fully determined, we obtain
a conditional multiple assignment, in which case we use the notation
that is normally found in programming languages.  When the write frame
D(g) is empty,  R(g) is tautological, which we denote by skip.

Notice that CommUnity supports several mechanisms for underspecification – actions
may be underspecified in the sense that their enabling conditions may not be fully
determined (subject to refinement by reducing the interval established by L and U)
and their effects on the variables may also be undetermined.  

When, for every gŒG, L(g) and U(g) coincide, and the relation R(g) defines a condi-
tional multiple assignment, then the design is called a program and the traditional
notation for guarded commands is used.  Notice that a program with a non-empty set
of input channels is open in the sense that its execution is only meaningful in the
context of a configuration in which these inputs have been connected with local
outputs of other components.  The notion of configuration, and the execution of an
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open program in a given configuration, will be discussed further below.  The behav-
iour of a closed program is as follows.  At each execution step, one of the actions
whose enabling condition holds of the current state is selected, and its assignments
are executed atomically.  Furthermore, private actions that are infinitely often en-
abled are guaranteed to be selected infinitely often.  See [76] for a model-theoretic
semantics of CommUnity.

Designs can be parameterised by data elements (sorts and operations) indicated after
the name of the component (see an example below).  These parameters are instanti-
ated at configuration time, i.e. when a specific component needs to be included in
the configuration of the system being built, or as part of the reconfiguration of an
existing system.

As an example, consider the following parameterised design:

design buffer [t:sort, bound:nat] is
in i:t
out o:t
prv rd: bool, b: list(t)
do put: |b|<bound Æ  b:=b.i

[] prv next: |b|>0Ÿÿrd Æ o:=head(b)||b:=tail(b)||rd:=true
[] get: rd Æ rd:=false 

The parameters of this design consist of the sort t of data elements that the buffer
can handle and the capacity bound of the buffer.  The buffer itself is defined over a
list with elements of t.  As already discussed, we are assuming that the data type list
is available through an algebraic specification that includes the traditional opera-
tions such as |_| returning the current size of the list, head(_) returning the first
element of the list, tail(_) returning the list after the first element, and _._ for ap-
pending an element to the end of the list.

This design is actually a (parameterised) program and the traditional notation of
guarded commands was used accordingly.  Notice in particular that the reference to
the write frame of the actions was omitted: it can be inferred from the multiple as-
signments that they perform.  As already mentioned, because we are dealing with
multiple assignments, the traditional notation involving the symbol := was used in-
stead of the logical language over channels and their primed versions.  In the case
above, this corresponds to:

R(put): b'=b.i
R(next): o'=head(b) Ÿ b'=tail(b) Ÿ rd'
R(get):  ¬rd'

This program models a buffer with a limited capacity and a FIFO discipline.  It can
store, through the action put, messages of sort t received from the environment
through the input channel i, as long as there is space for them.  The buffer can also
discard stored messages, making them available to the environment through the
output channel o and the action next.  Naturally, this activity is possible only when
there are messages in store and the current message in o has already been read by
the environment (which is modelled by the action get and the private channel rd).

In order to illustrate the ability of CommUnity to support higher-level component de-
sign, we present below the design of a typical sender of messages.

design sender[t:sort] is
out o:t
prv rd: bool
do prod[o,rd]:!ÿrd,falseÆrd'

[] send[rd]:!rd,falseÆ¬rd'
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In this design, we are primarily concerned with the interaction between the sender
and its environment, ignoring details of internal computations such as the produc-
tion of messages.  This is why the output channel o is included in the write frame of
prod but R(prod) does not place any constraint on how it is updated.  Notice that the
component sender cannot produce another message before the previous one has
been processed: after producing a message, the sender expects an acknowledgement
(modelled through the execution of send) to produce a new message.

In order to leave unspecified when and how many messages the sender will send and
in which situations it will produce a new message, the progress conditions of prod
and send are false (recall that the progress condition defines the upper bound for en-
abledness). Furthermore, the discipline of production is also left completely unspeci-
fied: the action prod includes the output channel o in its write frame but the design
does not commit to any specific way of updating the values in this channel.

From a mathematical point of view, (instantiated) CommUnity designs are structures
defined as follows.

8.1.1 DEFINITION – signatures and designs

A signature in CommUnity is a tuple <V,G,tv,ta,D> where

• V is an S-indexed family of mutually disjoint finite sets,

• G is a finite set,

• tv:!VÆ{out,in,prv} is a total function,

• ta:!GÆ{sh,prv} is a total function,

• D:!GÆ2loc(V) is a total function.

A   design in CommUnity is a pair <q,D> where q=<V,G,tv,ta,D> is a signature and D,
the body of the design, is a tuple <R,L,U> where:

• R assigns to every action gŒG, a proposition over V»D(g)' ,

• L and U assign a proposition over V to every action gŒG. ®

The reader who is familiar with parallel program design languages or earlier versions
of CommUnity will have probably noticed the absence of initialisation conditions.
The reason they were not included in CommUnity designs is because they are part of
the configuration language of CommUnity, not the parallel program design language.
That is to say, we take initialisation conditions as part of the mechanisms that relate
to the building and management of configurations out of designs, not of the con-
struction of designs themselves.

8.2 Interconnecting designs

So far, we have presented the primitives for the design of individual components,
which are another variation on guarded commands, albeit with some “twists” of origi-
nality such as the use of an interval as a specification for the enabling conditions of
commands.   The main distinguishing features of CommUnity are those that concern
design "in the large", i.e. the ability to design large systems from simpler components.
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The model of interaction between components in CommUnity is based on action syn-
chronisation and the interconnection of input channels of a component with output
channels of other components.  These are standard means of interconnecting soft-
ware components.  What distinguishes CommUnity from other parallel program de-
sign languages is the fact that such interactions between components have to be
made explicit by providing the corresponding name bindings.  Indeed, parallel pro-
gram design languages normally leave such interactions implicit by relying on the use
of the same names in different components.  In CommUnity, names are local to de-
signs.  This means that the use of the same name in different designs is treated as
being purely accidental, and, hence, expresses no relationship between the compo-
nents.

In CommUnity, name bindings are established as relationships between the signa-
tures of the corresponding components, matching channels and actions of these
components.  These bindings are made explicit in configurations.  A configuration
determines a diagram containing nodes labelled with the signatures of the compo-
nents that are part of the configuration.  Name bindings are represented as addi-
tional nodes labelled with sets representing the actual interactions, and edges la-
belled with the projections that map each interaction to the corresponding compo-
nent signatures.

For instance, a configuration in which the messages from a sender component are
sent through a bounded buffer defines the following diagram:

cable

signature(sender) signature(buffer)

The node labelled cable is the representation of the set of bindings.  (The choice of
name intends to suggest analogies with the use of physical cables as a means of in-
terconnecting mechanical or electrical components).  Because, as we have seen,
channels and action names are typed and classified in different categories, not every
pair of names is a valid binding.  To express the rules that determine valid bindings,
it is convenient to structure cable as a signature itself (just like the wires inside elec-
trical cables are coloured).  Hence, in the case above, cable consists of an input
channel to model the medium through which data is to be transmitted between the
sender and the buffer, and a shared action for the two components to synchronise in
order to transmit the data.  Because, as we have already mentioned, names in Com-
mUnity are local, the identities of the shared input channel and the shared action in
cable are not relevant: they are just placeholders for the projections to define the
relevant bindings.  Hence, we normally do not bother to give them explicit names,
and represent them through the symbol •.

The bindings themselves are established through the labels of the edges of the dia-
gram.  In the case above, the input channel of cable is mapped to the output channel
o of sender and to the input channel i of buffer. This establishes an i/o-
interconnection between sender and buffer. On the other hand, the actions send of
sender and put of buffer are mapped to the shared action of cable. This defines that
sender and buffer must synchronise each time either of them wants to perform the
corresponding action.  The fact that the mappings on action names and on channels
go in opposite directions will be discussed below.

The arrows that we are using to define interconnections between components are
also mathematical objects: they are examples of signature morphisms.

o¨•Æi
sendÆ•¨put
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8.2.1 DEFINITION – signature morphisms

A  morphism s: q1Æq 2 between signatures q1=<V1,G1,tv1,ta1,D1> and
q2=<V2,G2,tv2,ta2,D2> is a pair <sch,sac> where

• sch: V1ÆV2 is a total function satisfying:

1. sort2(sch(v))=sort1(v) for every vŒV1

2. sch(o)Œout(V2) for every oŒout(V1)

3. sch(i)Œout(V2)»in(V2) for every iŒin(V1)

4. sch(p)Œprv(V2) for every pŒprv(V1)

• sac:!G2ÆG1 is a partial mapping satisfying for every gŒG2 s.t. sac(g) is defined:

5. if gŒsh(G2) then sac(g)Œsh(G1)

6. if gŒprv(G2) then sac(g)Œprv(G1)

7. sch(D1(sac(g)))ÕD2(g)

8. sac is total on D2(sch(v)) and sac(D2(sch(v)))ÕD1(v) for every vŒloc(V1) ®

Signature morphisms represent more than the projections that arise from name
bindings as illustrated above.  A morphism s from q 1 to q 2 is intended to support the
identification of a way in which a component with signature q1 is embedded in a
larger system with signature q2. !This justifies the various constructions and con-
straints in the definition.

The function sch identifies for each channel of the component the corresponding
channel of the system. !The partial mapping sac identifies the action of the compo-
nent that is involved in each action of the system, if ever.  The fact that the two
mappings go in opposite directions is justified as follows.  Actions of the system con-
stitute synchronisation sets of actions of the components.  Because not every com-
ponent is necessarily involved in every action of the system, the action mapping is
partial.  On the other hand, because each action of the component may participate
in more than one synchronisation set, but each synchronisation set cannot induce
internal synchronisations within the components, the relationship between the ac-
tions of the system and the actions of every component is functional from the former
to the latter.  Hence, actions will be dealt with in the category PAR of partial func-
tions.  As seen in 7.1.12, this category is equivalent to the category that we used for
modelling alphabets of processes, meaning that the intuitions that we developed on
the way universal constructions capture composition can be used for CommUnity as
well.

Input/output communication within the system is not modelled in the same way as
action synchronisation.  Synchronisation sets reflect parallel composition whereas
with i/o-interconnections we wish to merge communication channels of the compo-
nents.  This means that, in the system, channels should be identified rather than
paired.  This is why mappings on channels and mappings on actions go in opposite
directions.  We will see that, as a result, the mathematical semantics of configuration
diagrams induces fibred products of actions (synchronisation sets) and amalgamated
sums of channels (equivalence classes of connected channels).

The constraints are concerned with typing.  Sorts associated with channels have to
be preserved but, in terms of their classification, input channels of a component may
become output channels of the system in the sense that, as a default, they should
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remain open for communication with other components.  In most languages for par-
allel design, the default is to hide the communication, what in CommUnity would cor-
respond to classify the resulting channel as being private. !In our opinion, clos-
ing/hiding the channel should not be a default but a design decision that should be
performed explicitly.  Hence, in CommUnity, mechanisms for internalising communi-
cation can be applied but they are not the default in a configuration.  The last two
conditions on write frames (6 and 7) imply that actions of the system in which a com-
ponent is not involved cannot have local channels of the component in its write
frame.  That is, change within a component is completely encapsulated in the struc-
ture of actions defined for the component.

Given the ingredients out of which signatures are assembled, the proof of the fol-
lowing result is pure routine and left as an exercise:

8.2.2 PROPOSITION – category of signatures

Signatures in CommUnity together with their morphisms constitute a category that
we shall denote by c-SIGN. ®

The notation can be simplified and made friendlier by adopting features that are typi-
cal of languages for configurable distributed systems like [89].  For instance, the in-
terconnection defined before can be described as follows.

The notation should be self-explaining, a good excuse for not providing a formal defi-
nition of the graphical language that we shall be using.  Components are represented
through boxes, their channels through bullets and their actions through circles.  In-
terconnections, i.e. name bindings, are still represented explicitly but, instead of be-
ing depicted as a component, the cable is now represented, perhaps more intuitively,
in terms of arcs that connect channels and actions directly.  The direction of the arcs
is from output to input channels. Configurations in this notation are easily trans-
lated into categorical diagrams by transforming the interconnections into channels
and morphisms, something which, again, we shall abstain from formalising here.

So far, we have explained how interconnections between components can be estab-
lished at the level of the signatures of their designs.  It remains to explain how the
corresponding designs are interconnected, i.e. what is the semantics of the configu-
ration diagram once designs are taken into account.  For that purpose, we need to
extend the notion of morphism from signatures to designs.

8.2.3 DEFINITION/PROPOSITION – design morphisms

A morphism  s:P1ÆP2 of designs P1=<q1,D1> and P2=<q2,D2>, consists of a signature
morphism s:q1Æq2  such that, for every gŒG2 s.t. sac(g) is defined:

1. F 

† 

|–!(R2(g) …!    s    (R1(sac(g))))

2. F 

† 

|–  (L2(g) …     s    (L1(sac(g))))

3. F 

† 

|–  (U2(g) …     s    (U1(sac(g))))

sender o buffer
send put get

i

prod
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where F is the axiomatisation of the data type specification, 

† 

|–  denotes validity in
the first-order sense, and     s     is the extension of s to the language of expressions and
conditions.  Designs and their morphisms constitute a category c-DSGN.  This cate-
gory is concrete over c-SIGN through the obvious forgetful functor. ®

A morphism s:P1ÆP2 identifies a way in which P1 is "augmented" to become P2 so that
P2 can be considered as having been obtained from  P1 through the superposition of
additional behaviour, namely the interconnection of one or more components.  The
conditions on the actions require that the computations performed by the system
reflect the interconnections established between its components.  Condition 1 re-
flects the fact that the effects of the actions of the components can only be preserved
or made more deterministic in the system.  This is because the other components in
the system cannot interfere with the transformations that the actions of a given
component make on its state, except possibly by removing some of the underspecifi-
cation present in the component design.

Conditions 2 and 3 allow the bounds that the component design specifies for the
enabling of the action to be strengthened but not weakened.  Strengthening of the
lower bound reflects the fact that all the components that participate in the execu-
tion of a joint action have to give their permission for the action to occur.  On the
other hand, it is clear that progress for a joint action can only be guaranteed when
all the designs of the components involved can locally guarantee so.

The notion of morphism that we have just defined captures what in the literature on
parallel program design is called "superposition" or "superimposition" [19,47,71].  See
[44] for the categorical formalisation of different notions of superposition and their
algebraic properties.

The semantics of configurations is given by a categorical construction: the colimit of
the underlying diagrams.  As we have already explained in chapter 1, taking the
colimit of a diagram collapses the configuration into an object by internalising all the
interconnections, thus delivering a design for the system as a whole.  Furthermore,
the colimit provides a morphism si from each component design Pi in the configura-
tion into the new design (that of the system) – the edge of the co-cone at Pi (see
4.4.1).  Each such morphism is essential for identifying the corresponding component
within the system because the construction of the new design typically requires that
the features of the components be renamed in order to account for the interconnec-
tions.

Again, given the nature of the “ingredients”, it is not difficult to understand how
colimits of designs work: because channels are handled through total functions,
colimits amalgamate channels (4.3.2); and because actions are handled as partial
functions in the opposite direction, i.e. in the dual category, colimits operate on ac-
tions as limits and compute fibred products (4.3.8).  For instance, in the case of ac-
tions, the colimit represents every synchronisation set {g1,…,gn} of actions of the
components, as defined through the interconnections, by a single action g1||…||gn

whose occurrence captures the joint execution of the actions in the set (recall 4.3.8
and 4.4.11).  Because limits perform conjunctions of logical conditions (4.2.5), the
transformations performed by a joint action are specified by the conjunction of the
specifications of the local effects of each of the synchronised actions, i.e.
R(g1||…||gn)=    s    1(R(g1))Ÿ…Ÿ    s    n(R(gn)) where the si are the morphisms that connect the
components to the system (the edges of the co-cone).  The bounds on the guards of
joint actions are also obtained through the conjunctions of the bounds specified by
the components, i.e.
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L(g1||…||gn)=    s    1(L(g1))Ÿ…Ÿ    s    n(L(gn)) and  U(g1||…||gn)=    s    1(U(g1))Ÿ…Ÿ    s    n(U(gn)).

This way of computing colimits derives from the strong algebraic properties of the
category of designs.  More precisely:

8.2.4 PROPOSITION

The forgetful functor c-sign that maps CommUnity designs to the corresponding sig-
natures defines c-DSGN as a category coordinated over c-SIGN (7.5.4).  We shall call a
cable the discrete lift of a signature: given a signature q, the corresponding cable
dsgn(q) has q for signature and, for every action g, R(g), L(g) and U(g) are all true. ®

Summarising, colimits in CommUnity capture a generalised notion of parallel compo-
sition in which the designer makes explicit what interconnections are used between
components.  Because the category of designs is coordinated over signatures, all in-
terconnections can be performed through cables, i.e. they do not involve the compu-
tational part of components, only their "interfaces"– i/o communication through
channels and rendez-vous through action synchronisation.  We can see this opera-
tion as a generalisation of the notion of superimposition as defined in [47].

The colimit of the configuration, when it returns a closed program, can also be used
for providing an operational semantics for the system thus configured: as explained
in section 8.1, at each execution step, any action whose guard is true can be exe-
cuted, with the guarantee that private actions that are infinitely often enabled are
selected infinitely often.  Because actions of the system are synchronisation sets of
actions of the components, the evaluation of the guard of the chosen action can be
performed in a distributed way by evaluating the guards of the component actions in
the synchronisation set.  According to the semantics that we have just given, the
joint action will be executed iff all the local guards evaluate to true.  The execution of
the multiple assignment associated with the joint action can also be performed in a
distributed way by executing each of the local assignments.  What is important is
that the atomicity of the execution is guaranteed, i.e. the next system step should
only start when all local executions have completed, and the i/o-communications
should be implemented so that every local input channel is instantiated with the
correct value – that which holds of the local state before any execution starts (syn-
chronicity).  

Hence, the colimit of the configuration diagram should be seen as an abstraction of
the actual distributed execution that is obtained by coordinating the local execu-
tions according to the interconnections, rather than the program that is going to be
executed as a monolithic unit.  The fact that the computational part, i.e. the one
that is concerned with the execution of the actions on the state, can be separated
from the coordination aspects is, therefore, an essential property for guaranteeing
that the operational semantics is compositional on the structure of the system as
given through its configuration diagram.

Not every diagram of designs reflects a meaningful configuration.  For instance, it
does not make sense to interconnect components by connecting two output chan-
nels.  Indeed, we cannot guarantee that every diagram admits a colimit, meaning that
there are diagrams that have no "semantics" as configurations.
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8.2.5 DEFINITION/PROPOSITION – well-formed configurations

Let chan be the forgetful functor from c-DSGN to SET that maps designs to their un-
derlying sets of channels.  A configuration is a finite diagram dia:IÆc-DSGN together
with a subset J of |I| (the nodes that represent the components being intercon-
nected) such that:

1. For every f:iÆj in I, either i=j and f=idi; or jŒJ and iœJ and dia(i) is a cable;

2. For every iŒ|I|\J s.t. dia(i) is a cable, there exist distinct nodes j,kŒ|I| with
morphisms f:iÆj and g:iÆk;

3. If {mi:chan(dia(i))ÆV: iŒ|I|} is a colimit of dia;chan then, for every vŒV, there exists
at most one iŒ|I| s.t.  m i

-1(v)«out(Vdia(i))≠∅ and, for such i, m i
-1(v)«out(Vdia(i)) is a

singleton.

Configurations admit colimits.

We further say that a configuration nis well-formed if for every iŒ|I|\J s.t. dia(i) is a
cable, dia(i) has neither private actions nor private channels. ®

Condition 1 states that the elementary interconnections are established through ca-
bles.  Condition 2 ensures that a configuration diagram does not include cables that
are not used.  Finally, condition 3 prevents the identification of output channels.
The explicit reference to the subset J of components is necessary  because the dis-
tinction between nodes that are being used as channels and as components is a
pragmatic, not formal one: it is possible that, in a given configuration, a node is in-
tended to represent a component but, because it is still totally underspecified, it is
the discrete lift of a signature, i.e. what we have called a channel.

Well-formed configurations are such that private actions and channels are not in-
volved in the interconnections, i.e. they support the intuitive semantics we gave in
section 8.1 according to which private channels cannot be read by the environment
and that the execution of shared actions is uniquely under the control of the com-
ponent.

An example of a more complex configuration is given below.  It models the intercon-
nection between a user and a printer via a buffer.

The user produces files that it stores in the private channel w.  It can then convert
them either to postscript or pdf formats, after which it makes them available for
printing in the output channel p.

design user is
out p:ps+pdf
prv s,t: bool, w: Lowtex
do work[w,s,t]: ¬t,false Æ t'   
[] pr_ps:!¬sŸt,false Æ p:=ps(w)||s:=true
[] pr_pdf:!¬sŸt,false Æ p:=pdf(w)||s:=true
[] print:!s Æ s:=false||t:=false

user
p

print

buffer

put get

printer

rec

i o rdoc

pr_pdfpr_ps
s

work
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The printer copies the files it downloads from the input channel rdoc into the private
channel pdoc, after which it prints them.

design printer is
in rdoc:ps+pdf
prv busy: bool, pdoc: ps+pdf
do rec:!ÿbusy Æ pdoc:=rdoc||busy:=true
[] prv end_print:!busy Æ busy:=false

The configuration connects the user to the printer via a buffer as expected.  The
user "prints" by placing the file in the buffer: this is achieved through the synchroni-
sation pair {print,put} and the i/o-interconnection {p,i}.  The printer downloads from
the buffer the files that it prints: this is achieved through the synchronisation pair
{get,rec} and the i/o-interconnection {o,rdoc}.

The design of the system that results from the colimit of the configuration diagram
contains two channels that account for the two i/o-interconnections {p,i} and
{o,rdoc}, together with the private channels of the components.  At the level of its ac-
tions, it generates the following shared actions (synchronisation sets):

{print,put}, {get,rec} – these are required by the interconnections

{work}, {pr_ps}, {pr_pdf}, {work,get,rec}, {pr_ps,get,rec}, {pr_pdf,get,rec} – these
reflect the concurrent executions that respect the interconnections.

No other shared actions are possible because of the synchronisation requirements
imposed on the components.

8.3 Refining designs

The notion of morphism defined in the previous section does not capture a refine-
ment relation in the sense that it does not ensure that any implementation of the
target provides an implementation for the source.  For instance, it is easy to see that
morphisms do not preserve the interval assigned to the guard of each action.  Given
that the aim of the defined morphisms was to capture the relationship that exists
between systems and their components, this is hardly surprising.  The same holds in
languages such as CSP [68]: in the failure or ready semantics, parallel composition
does not induce refinement – P||Q is not necessarily a refinement of P – and refine-
ment cannot always be expressed as the result of a parallel composition – P may re-
fine Q and, yet, there may not exist a Q’ such that P is Q||Q’.

Because refinement is an important dimension in structuring software development,
it is only natural that we investigate ways of supporting it in a categorical setting.
This would be especially useful for analsying the way refinement and composition
can work together.  A notion of morphism can indeed be defined that captures a re-
finement relation for CommUnity designs.

8.3.1 DEFINITION/PROPOSITION – refinement morphisms

A refinement morphism s:P1ÆP2 of designs P1=<q1,D1> and  P2=<q2,D2> is a pair
<sch,sac> satisfying:



8.3 Refining designs

12/9/03 185

• sch:V1ÆTerm(V2) is a total function mapping the channels of P1 to the class of
terms built from the channels of P2 and the data type operations.  This map-
ping is required to satisfy, for every vŒV1, oŒout(V1), iŒin(V1), pŒprv(V1):

!!1. sort2(sch(v))=sort1(v)

!!2. sch(o)Œout(V2)

!!3. sch(i)Œin(V2)

!!4. sch(p)Œprv(V2)

!!5. schØ(out(V1)»in(V1)) is injective

• sac:G2ÆG1 is a partial mapping satisfying for every gŒG2 s.t. sac(g) is defined:

!!6. if gŒsh(G2) then sac(g)Œsh(G1)

!!7. if gŒprv(G2) then sac(g)Œprv(G1)

!!8. if gŒsh(G1) then s-1!
ac (g)≠∅ 

!!9. sch(D1(sac(g)))ÕD2(g)

10. sac is total on D2(sch(v)) and sac(D2(sch(v)))ÕD1(v) for every vŒloc(V1)

• for every gŒG2 s.t. sac(g) is defined:

11. F

† 

|– (R2(g)…!s(R1(sac(g))))

12. F

† 

|– (L2(g) … s(L1(sac(g))))

• for every g1ŒG1, 

13. F

† 

|– (    s    (U1(g1))!…! ⁄
sac(g2)=g1

  U2(g2))

We denote by F the axiomatisation of the data type specification,  and by 

† 

|–  the va-
lidity relation of first-order logic;     s     is the extension of s to the language of expres-
sions and conditions; and D is the extension of D to the language of expressions.

Designs and their refinement morphisms constitute a category r-DSGN.  This cate-
gory is concrete over c-SIGN through the functor r-sign that, like c-sign, projects de-
signs to their signatures. ®

A refinement morphism identifies a way in which a design P1 (its source) is refined by
a more concrete design P2 (its target).  The function sch identifies, for each input (resp.
output) channel of P1, the corresponding input (resp. output) channel of P2.  Notice
that, contrarily to what happens with the component-of relationship as captured
through design morphisms (8.2.3), refinement does not change the border between
the system and its environment and, hence, input channels can no longer be
mapped to output channels (3).  This is also why the mapping is required to be injec-
tive on input and output channels (5): identifying channels is a configuration opera-
tion to be achieved through interconnections, not a refinement step.

As for design morphisms, refinement morphisms are required to preserve the sorts of
channels (1).  As discussed at the beginning of this chapter, data refinement is a di-
mension that, for simplicity, we are deliberately ignoring in the book.

The mapping sac identifies for each action g of P1, the set s-1!
ac (g) of actions of P2 that

implements g.  This set is a "menu" of refinements that is made available for imple-
menting action g; different choices can be made at different states to take advantage
of the structures available at the more concrete design level.  This menu can be
empty for private actions, i.e. one may choose not to implement the private actions of
the more abstract design: because private actions do not intervene in interconnec-
tions, what is important is that the overall behaviour of the component as made ob-
servable through shared actions and output channels be implemented.  This is also
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why every shared action has to be implemented (8); again, such actions model inter-
action between the component and its environment, and refinement should not in-
terfere with the border between them.

The actions for which sac is left undefined (the new actions) and the channels which
are not involved in sch(V1) (the new channels) introduce more detail in the descrip-
tion of the component.  As for the "old actions", the interval defined by their blocking
and progress conditions (in which the enabling condition of any implementation
must lie) must be preserved or reduced (12 and 13).  This is intuitive because refine-
ment, pointing in the direction of implementations, should reduce underspecifica-
tion.  Hence, the lower bound cannot be weakened (12) and, contrarily to design
morphisms, the upper bound cannot be strengthened (13).  This is also the reason
why the effects of the actions of the more abstract design are required to be pre-
served or made more deterministic (11).

Notice that the forgetful functors r-sign and c-sign are essentially the same; they are
only formally different because their sources are not the same category.  Indeed, the
only difference between design and refinement morphisms at the level of signatures
is on the additional properties that refinement morphisms need to satisfy: 3, 5 and 8.

As an example, it is easy to see that sender is refined by user via the refinement mor-
phism h:senderÆuser defined by

hch(o)=p, hch(rd)=(s)

hac(pr_ps)=hac(pr_pdf)=prod, hac(print)=send

In user, the production of messages (to be sent) is modelled by any of the actions
pr_ps and pr_pdf; the messages are made available in the output channel p.  Notice
that the production of messages, that was left unspecified in sender, is completely
defined in user: it corresponds to the conversion of the files stored in w to ps or pdf
formats.

In the simplified graphical notation that we have been using, refinement is repre-
sented through bold (thick) lines:

Summarising what we have built so far, we have two categories c-DSGN (8.2.3) and r-
DSGN (8.3.1), both over the same notion of object – CommUnity design – but with
different notions of morphism, i.e. capturing different aspects of their social lives: one
tells us about their ability to relate with other designs at the same level of abstrac-
tion, and the other about the way they can be made more “concrete” by reducing the
amount of underspecification.  Furthermore, c-DSGN is coordinated over c-SIGN
through the functor c-sign (8.2.4).  As an exercise, the reader is invited to extend the
study of the structural properties of r-DSGN.  We are now interested in the way in-
terconnection relates to refinement.  

sender o

sendprod

user

pr_pdfpr_ps
s

work

print

p
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The first important property relates to the requirement that refinement should not
be based on the specificities of each particular design as far its ability to be intercon-
nected to other designs is concerned. In other words, refinement morphisms should
be such that designs that are isomorphic in c-DSGN refine, and are refined exactly
by, the same designs. This is, indeed, the case:

8.3.2 PROPOSITION

Every isomorphism in c-DSGN defines an isomorphism in r-DSGN. ®

Another crucial property is in the ability to refine a complex system from refinements
of its individual components. Consider a well-formed configuration dia of a system
with components S1,...,Sn and  refinement morphisms hi:SiÆS'i: iŒ1..j,

dia   
… …

… S1 …  Si … Sn …

h1 hi hn

S'1  S'i S'n

By composing the morphisms hi with those in  dia that originate in cables (designs of
the form dsgn(q) where q is a signature) and have the Si as targets, we obtain a new
diagram in c-DSGN that we denote dia+(hi)

dia+(hi)   
… …

… S1 …  Si … Sn …
… …

S'1  S'i S'n

This composition is possible because, c-DSGN being coordinated over c-SIGN, any
morphism s:dsgn(q)ÆSi "is" the signature morphism c-sign(s):qÆc-sign(Si); given now
a refinement morphism hi:SiÆS'i, we can compose c-sign(s) with r-sign(hi) to obtain a
signature morphism:qÆc-sign(S'i) that can be lifted back to c-DSGN as a morphism
dsgn(q)ÆS'i.

The two diagrams satisfy the following important property:

8.3.3 PROPOSITION

In the circumstances laid out above, if p:diaÆS and p':dia+(hi)ÆS' are colimits, there
is a unique refinement morphism SÆS' that is also a morphism pÆp'.
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 dia …
… S1 …  Si … Sn … S

h1 hi hn

S'1  S'i S'n

dia+(hi) …   
… S'1 …  S'i … S'n … S'

®
This property is another form of compositionality: it states that refinement of the
whole can be obtained from refinements of the parts.  Compositionality, as already
discussed in 6.2.4, is a key issue in the design of complex systems because it makes it
possible to reason about a system using the descriptions of their components at any
level of abstraction, without having to know how these descriptions are refined in
the lower levels (which includes their implementation).

This form of compositionality can be formulated more precisely in CommUnity by ex-
tending the notion of refinement to configurations much in the same way as we ex-
tended the notion of realisation to configurations of specifications in 6.2.4.

8.3.4 DEFINITION – refinement of configurations

Given two configurations dia:IÆc-DSGN and dia’:IÆc-DSGN, a refinement of dia over
dia' is an |I|-indexed family (hi:dia(i)Ædia’(i))iŒ|I| of morphisms in r-DSGN s.t., for
every f:iÆj in I, c-sign(dia(f));r-sign(hj)=r-sign(hi);c-sign(dia'(f)).

dia

dia'

1

S’2

S’1

S2

S0

S’0

S

h0

h2

h1

®
In order to ensure compositionality, i.e., that the colimit S of dia is refined by the
colimit S’ of dia’, it is necessary to further require that:

• The diagram dia’ cannot establish the instantiation of any input channel
that was left “unplugged” in dia.  That is to say, the input channels of the
composition are preserved by refinement.

• The diagram dia' cannot establish the synchronisation of actions that were
defined as being independent in dia.  

8.3.5 PROPOSITION – compositionality

Given two well-formed configurations dia:IÆc-DSGN and dia’:IÆc-DSGN over a set J
of components, and a refinement (hi:dia(i)Ædia’(i))iŒ|I| of dia over dia' such that
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1. for every v’Œin(V’i), if v’œhi(Vi) then dia’(f)(v’)œhj(in(Vj))

2. for every g’ŒG’j, if hj(g) and dia’(f)(g’) are defined then hi(dia’(f)(g’)) is also de-
fined

3. for every iŒ|I|\J, hiac is injective  

there is a unique morphism h:SÆS' in r-DSGN s.t c-sign(mi);rsign(h)=r-sign(hi);c-
sign(m’i) for every iŒ|I|, where (mi:!dia(i)ÆS)iŒ|I| and (mi:!dia’(i)ÆS’)iŒ|I’| are colimits of
dia and dia’, respectively.

1

S’2

S’1

S2 S

S0

S’

S’0 h

S

h0

h2

h1

®

An outline of the proof of this result can be found in [77].





9 ARCHITECTURAL
DESCRIPTION

9.1 Motivation

Although components have always been considered to be the fundamental building
blocks of software systems, it is in the way that the components of a system interact
that the emergence of global properties of the system resides.  With no interaction
there is no emergence of new behaviour and, therefore, no value to the system as a
whole that is not already provided through its components in isolation.  

We can safely say that most of the complexity of system construction lies in the defi-
nition of the interconnections that should regulate how components interact.  De-
signing small, encapsulated components that, through the computations that they
perform locally, provide services with certain functionalities is something that can be
mastered, without much difficulty, with existing methods and development tech-
niques.  Knowing how to interconnect components so that, from the interactions,
the global properties that are required of the system can emerge is a totally different
matter.  Most of the times, it is an error prone process.  What in the literature is
known as the “feature interaction problem” [114] is just a symptom of this difficulty:
the emergence of “strange”, “unexpected” or “undesired” behaviour from feature
composition is intrinsic to the use of methods for putting together systems from indi-
vidual features as basic units of functionality; while we compose features having in
mind the emergence of certain properties that constitute requirements on the be-
haviour of the system, it is difficult to predict which other forms of behaviour will also
emerge, namely ones that are not of interest and whose “negation” is normally omit-
ted from the requirements specification because one never thought of them being
possible…  Hence, situations like feature interaction are not problems that need to
be solved but phenomena that are intrinsic to the way we build systems and that
“just” need to be controlled.  For that purpose, we need first-class representations of
the interconnections.

This level of complexity is aggravated by the need to evolve systems.  As the world of
business in general becomes more and more aggressive and competitive, for instance
as a consequence of the impact of the Internet and Wireless Technologies, compa-
nies need their information systems to be easily adaptable to changes in the busi-
ness rules with which they operate, most of the time in a way that does not imply
interruptions to the services that they provide.  Quoting directly from [46], "… the
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ability to change is now more important than the ability to create e-commerce sys-
tems in the first place.  Change becomes a first-class design goal and requires busi-
ness and technology architecture whose components can be added, modified, re-
placed and reconfigured".  All this means that the "complexity" of software has defi-
nitely shifted from construction to evolution, and that methods and technologies are
required that address this new level of complexity and adaptability.

Software Architectures [49,90] is a “recent” topic in Software Engineering aimed at
addressing the gross decomposition and organisation of systems in which, through
so-called connectors, component interactions are recognised as being first-class de-
sign entities [99].  According to [2], an architectural connector (type) can be defined
by a set of roles and a glue specification. For instance, a typical client-server architec-
ture can be captured by a connector type with two roles – client and server – which
describe the expected behaviour of clients and servers, and a glue that describes how
the activities of the roles are coordinated (e.g. asynchronous communication be-
tween the client and the server). The roles of a connector type can be instantiated
with specific components of the system under construction, which leads to an overall
system structure consisting of components and connector instances establishing the
interactions between the components.

The similarities between architectural constructions as informally described above
and parameterised programming [55] are rather striking and have been developed in
[58] in the context of the emerging interest in Software Architectures. The view of
architectures that is captured by the principles and formalisms used in parameterised
programming is reminiscent of Module Interconnection Languages and Interface
Definition Languages [54]. This perspective is somewhat different from the one we
motivated above in the sense that, whereas they capture functional dependencies
between the modules that need to be linked to constitute a given program, we focus
instead on the organisation of the behaviour of systems as compositions of compo-
nents ruled by protocols for communication and synchronisation.

In this chapter, we show that the mathematical "technology" of parameterised pro-
gramming can also be used for the formalisation of architectural connectors in the
interaction sense.  The mathematical framework that we propose for formalising ar-
chitectural principles is not specific to any particular Architecture Description Lan-
guage (ADL).  In fact, it will emerge from the examples that we shall provide that, con-
trarily to most other formalisations of SA concepts that we have seen, Category The-
ory is not another semantic domain for the formalisation of the description of compo-
nents and connectors (like, say, the use of CSP in [2] or first-order logic in [89]).  In-
stead, it provides for the very semantics of "interconnection", "configuration", "instan-
tiation" and "composition", i.e. the principles and design mechanisms that are related
to the gross modularisation of complex systems.  Category Theory does this at a very
abstract level because what it proposes is a toolbox that can be applied to whatever
formalism is chosen for modelling the behaviour of systems as long as that formalism
satisfies some structural properties.  It is precisely the structural properties that
make a formalism suitable for supporting architectural design that we shall make our
primary focus.  However, we need some concrete language in which to illustrate and
motivate our approach.  Not surprisingly, we will use CommUnity for that purpose.
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9.2 Connectors in CommUnity

According to [2], an architectural connector (type) can be defined by a set of roles that
can be instantiated with specific components of the system under construction, and
a glue specification that describes how the activities of the role instances are to be
coordinated.  Using the mechanisms that we introduced in the previous chapter for
configuration design in CommUnity, it is not difficult to come up with a formal notion
of connector that has the same properties as those given in [2] for the language
WRIGHT:

9.2.1 DEFINITION – architectural connector

A connection consists of

• two designs G and R, called the glue and the role of the connection, respec-
tively;

• a signature q and two morphisms s:dsgn(q)ÆG,m:dsgn(q)ÆR connecting the
glue and the role.

A connector is a finite set of connections with the same glue that, together, constitute
a well-formed configuration (see 8.2.5).

G

q1   qi qn

R1   Ri Rn

The semantics of a connector is the colimit of the diagram formed by its connections.
®

For instance, asynchronous communication through a bounded channel can be
modelled by a connector ASYNC with two connections, as depicted below using the
graphical notation that we have already introduced for configurations:  

The glue of ASYNC is the bounded buffer with FIFO discipline presented in 8.1.  It
prevents the sender from sending a new message when there is no space, and pre-
vents the receiver from reading a new message when there are no messages.  The two
roles – sender and receiver – define the behaviour required of the components to
which the connector can be applied.  For the sender, we require that no message be
produced before the previous one has been processed.  Its design is the one given
already in section 8.1.  For the receiver, we simply require that it have an action that
models the reception of a message.

sender[t] o

send

buffer[t]i

put

o

get

receiver[t]i

recprod
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design receiver [t:sort] is
in i: t
do rec:!true,falseÆskip

What we have described are connector types in the sense that they can be instanti-
ated. More concretely, the roles of a connector type can be instantiated with specific
designs. In WRIGHT [2], role instantiation has to obey a compatibility requirement
expressed via the refinement relation of CSP.  In CommUnity, the refinement relation
is formalised through the morphisms defined in 8.3.1, leading to the following notion
of instantiation:

9.2.2 DEFINITION – connector instantiation

An instantiation of a connection with role R consists of a design P together with a
refinement morphism f:RÆP.

An instantiation of a connector consists of an instantiation for each of its connec-
tions. ®

In order to define the semantics of such an instantiation, notice that, as discussed in
0, each instantiation f:RÆP of a connection can be composed with m to define
m;f:qÆc-sign(P). Because the category of designs is coordinated over signatures
(8.2.4), every such signature morphism can be lifted to a design morphism
m;f:dsgn(q)ÆP.  Hence, an instantiation of a connector defines a diagram in c-DSGN
that connects the role instances to the glue.

G

q1 qi qn
m1 mi mn

R1   Ri Rn
f1 fi fn

P1   Pi Pn

Moreover, because each connection is according to the rules set for well-formed con-
figurations as detailed in 8.2.5, the diagram defined by the instantiation is, indeed, a
configuration and, hence, has a colimit.

9.2.3 DEFINITION – semantics of connector instantiation

The interconnection (configuration) defined by a connector instantiation is the dia-
gram in c-DSGN formed as described above by composing the role morphism of each
connection with its instantiation.

The semantics of a connector instantiation is the colimit of the interconnection that
it defines. ®

Because, as already argued, colimits in c-DSGN express parallel composition, this
semantics agrees with the one provided in [2] for the language WRIGHT.  In the next
section, we shall take this analogy with WRIGHT one step further.  Moreover, the
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categorical formalisation makes it possible to prove that the design that results from
the semantics of the instantiation is a refinement of the semantics of the connector
itself.

As an example, let us consider, for simplicity, a connector with one role.

s
q G

m b

R C b'
f a

a' f
P S

The meaning of the connector is given by the colimit of the pair <m,s> –
<a:RÆC,b:GÆC>.  The instantiation of the role with the component P through the
refinement morphism f is given by the colimit of <m;f,s> – <a':PÆS,b':GÆS>. We can
easily prove that there exists a refinement morphism f':CÆS, which establishes the
"correctness" of the instantiation mechanism.  This is because all the different ob-
jects and morphisms involved can be brought into a more general category in which
the universal properties of colimits guarantee the existence of the required refine-
ment morphism.  A full proof of this property can be found in [77].

As an example, consider again the connector ASYNC.   We have already seen in sec-
tion 0 that sender is refined by the design user.  Likewise, printer is a refinement of
receiver via the refinement morphism k:receiverÆprinter defined by

kch(i)=rdoc
kac(rec)=rec

In printer, the reception of a message from the input channel (named rdoc) corre-
sponds to downloading it into the private channel pdoc.  This action is only enabled if
the previous message has already been printed.

Therefore, we can instantiate the connector to connect the user to the printer asyn-
chronously:

sender o

send

receiveri

recprod

user p printerrdocwork

pr_pdfpr_ps
s

print rec
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The final configuration is obtained by calculating the composition of the signature
morphisms that define the two connections of ASYNC with the refinement mor-
phisms h,k. For instance, the channel p of user gets connected to the input channel i
of buffer because h(o)=p and o is connected to i of buffer.  The resulting configuration
is exactly the one we have already presented in section 8.2

In order to simplify the notation when making use of connectors, we will “hide the
glue and its connections to the roles, leaving just the roles visible to suggest that
they provide the “interface” of the connector:

Instantiation will be denoted as follows:

Architectural connectors are used for systematising software development by offering
"standard" means for interconnecting components that can be reused from one ap-
plication to another.  In this sense, the "typical" glue is a program that implements a
well-established pattern of behaviour (e.g. a communicationm protocol) that can be
superposed to existing components of a system through the instantiation of the roles
of the connector.  

user
p

print

  buffer
i

put

o

get

printer

rdoc

recpr_pdfpr_ps
s

work

ASYNCsender[t] receiver[t]

user printer

ASYNCsender[t] receiver[t]

sender o

send

bufferi

put

o

get

receiveri

recprod

user p printerrdocwork

pr_pdfpr_ps
s

print rec
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However, architectures also fulfil an important role in supporting a high-level descrip-
tion of the organisation of a system by identifying its main components and the way
these components are interconnected.  An early identification of the architectural
elements intended for a system will help to manage the subsequent design phases
according to the organisation that they imply, identifying opportunities for reuse or
the integration of third-party components.  From this point of view, it seems useful to
allow for connectors to be based on glues that are not yet fully developed as programs
but for which concrete commitments have already been made to determine the type
of interconnection that they will ensure.  For instance, at an early stage of develop-
ment, one may decide on adopting a client-server architecture without committing to
a specific protocol of communication between the client and the server.  This is why,
in the definition of connector in CommUnity, we left open the possibility for the glue
not to be a program but a design in general.  

However, in this more general framework, we have to account for the possible re-
finements of the glue.  What happens if we refine the glue of a connector that has
been instantiated to given components of a system? Is the resulting design a refine-
ment of the more abstract design from which we started?  More generally, how do
connectors propagate through design, be it because the instances of the roles are
refined or the glue is refined?  One of the advantages of using Category Theory as a
mathematical framework for formalising architectures is that answers to questions
like these can be discussed at the right level of abstraction.  Another advantage is
that the questions themselves can be formulated in terms that are independent of
any specific ADL and answered by characterising the classes of ADLs that satisfy the
given properties.  This is what we will do in later sections.

9.3 Examples

We now present more examples of connectors, namely some that we will need in
later sections for illustrating algebraic operations on connectors.  Their application
will be illustrated on examples related to a case study on mobility [94]: One or more
carts move continuously in the same direction on a U-units long circular track.  A cart
advances one unit at each step.  Along the track there are stations.  There is at most
one station per unit.  Each station corresponds to a check-in counter or to a gate.
Carts take bags from check-in stations to gate stations.  All bags from a given check-
in go to the same gate.  A cart transports at most one bag at a time.  When it is
empty, the cart picks a bag up from the nearest check-in.  Carts must not bump into
each other.  Carts also keep a count of how many laps they have done, starting at
some initial location.

The program that controls a cart is

design cart is
in idest: 0..U - 1, ibag: int
out obag, laps : int
prv loc: 0..U - 1, dest: -1..U - 1, initloc : int
do move: loc ≠ dest Æ  loc := loc +U 1 ||  laps := if(loc=initloc,laps+1,laps)
[] get: dest = -1 Æ  obag := ibag || dest := idest
[] put: loc = dest Æ  obag := 0 || dest := -1

where +U is addition modulo U.
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Locations are represented by integers from zero to the track length minus one. Bags
are represented by integers, the absence of a bag being denoted by zero. Whenever
the cart is empty, its destination is an unreachable location (–1), so that the cart
keeps moving until it gets a bag and a valid gate location through action get.  When it
reaches its destination, the cart unloads the bag through action put.  Notice that,
because input channels may be changed arbitrarily by the environment, the cart
must copy their values to output/private channels to make sure the correct bag is
unloaded at the correct gate.

A check-in counter manages a queue of bags that it loads one by one onto passing
carts.

design check-in is
out bag: int, dest: 0..U – 1,
prv loc: 0..U – 1, next: bool, q: list(int)
do new: q≠[] Ÿ next Æ  bag := head(q) || q := tail(q) || next := false
[] put: ÿnext Æ  next := true

Channel next is used to impose sequentiality among the actions.  In a configuration
in which a cart is loading at a gate, the put action must be synchronised with a cart’s
get action and channels bag and dest must be shared with ibag and idest, respec-
tively.

A gate keeps a queue of bags and adds each new bag to the tail.

design gate is
in bag : int
prv loc: 0..U - 1, q: list(int)
do get: q := q.bag

In a configuration in which a cart is unloading at a gate, action get of the gate must
be synchronised with the cart’s put action, and channel bag must be shared with
obag.

9.3.1 SYNCHRONISATION

We begin with the connector that allows us to synchronise two actions of different
components.  A plain cable would suffice for this purpose, but it is not able to capture
the general case of transient synchronisation [94].  Having already a connector for
the simpler case makes the presentation more uniform.  The glue of the synchronisa-
tion connector and the roles are the same:

with
design action is
do a: true,false Æ skip

Notice that the action has the least deterministic specification possible: its guard is
given the widest possible interval and no commitments are made on its effects.
Hence, it can be refined by any action.

action

a

action

a

action

a
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According to the colimit semantics of connectors, when the two roles are instantiated
with particular actions a1 and a2 of particular components, the components have to
synchronise with each other every time one of them wants to execute the corre-
sponding action: either both execute the joint action, or none executes.

As an example of using this connector, if we wish to count how often a cart unloads,
we can monitor its put action with a counter:

design counter is
out c:int
do inc: true Æ c := c+1
[] reset: true Æ  c := 0

According to what was defined in 9.2.2, the interconnection defined by this instantia-
tion is the following configuration:

The resulting semantics is the synchronisation of put and inc.  The following program
captures the joint behaviour of the interconnected components:

design monitored_cart is
in idest: 0..U - 1, ibag: int
out obag, laps, unloads : int
prv loc: 0..U - 1, dest: -1..U - 1, initloc : int
do move: loc ≠ dest Æ  loc := loc +U 1 ||  laps := if(loc=initloc,laps+1,laps)
[] get: dest = -1 Æ  obag := ibag || dest := idest
[] put|inc: loc = dest Æ  obag := 0 || dest := -1 || unloads := unloads+1

9.3.2 MONITORS

The counter used in 9.3.2 can be “wrapped” as the glue of a connector that offers a
role corresponding to the action to be monitored:

counter c

inc

cart

put

ibag

idestobag

move get

laps

action

a

counter c

inc

cart

put

ibag

idestobag

move get

laps

action

a

action

a

action

a
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The monitored cart results from the instantiation of the role of this connector with
the cart through the same refinement morphism as before, i.e. connecting put to a:

Indeed, the defined interconnection is the same for both instantiations.

As a connector, the counter enjoys a very interesting property.  Because inc is always
enabled, its synchronisation with put does not interfere with the behaviour of the
cart.  This can be witnessed in the guard of the joint action put|inc, which is the
same as for put: loc = dest.

Hence, we can say that the counter is monitoring the cart or that, as a connector, the
counter is a monitor.  Generically, we can characterise a monitor as a connector of
the form:

where L(a)=U(a)=true and R(a) is satisfiable for action a of monitor_body.  The output
channel c is used for transmitting the information that is being gathered about the
execution of the action that will instantiate a.  The property of non-interference with
the behaviour of the monitored component can be made more precise as follows: in
the semantics of the instantiation, the co-cone morphism that originates in the com-
ponent is “spectative” in the sense that any model of the component can be “ex-
panded” to a model of the interconnection.  The property of being “spectative”, a term
that was applied in [71] to superpositions that leave guards unchanged, has to be
formalised according to the notion of model that one is adopting for the underlying
design language.  Because we have not detailed a specific semantics for CommUnity,
we shall not expand on this issue much further.  An extensive account of this prop-
erty can be found in [44] for a trace-based semantics of CommUnity, which includes
an analysis of the relationship between “non-interference” and the notions of
“model-expansion” and “conservative extension” that have been used for first-order
logic specifications of abstract data types [104,106].

action

a

counter

inc

c

COUNTER

action

a

counter

inc

c

cart

put

ibag

idestobag

move get

laps

action

a

monitor
body

a

c
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9.3.3 SUBSUMPTION

Intuitively, synchronisation corresponds to an "equivalence" between the occurrence
of two actions: the occurrence of each of the actions "implies" the occurrence of the
other.  In many circumstances, we are interested in one of the implications.  For in-
stance, to avoid a cart colliding with a cart that is right in front of it, we only need
one implication: if the first one moves, so must the one in front.  The other implica-
tion is not necessary.  The analogy with implication also extends to the counter-
positive: if the front car cannot move, for instance because it is (un)loading a bag,
then neither can the rear one.  We call this “one-way” synchronisation action sub-
sumption.

The subsumption connector is given by the following configuration:

where the glue is now given by

component subsume is
do sync: true,false Æ skip
[] free: true,false Æ skip

Notice that although the two roles are the same, the connector is not symmetric be-
cause the connections treat the two role actions differently: the right-hand one may
be executed alone at any time, while the left-hand one must co-occur with the right-
hand one, through action sync.  Indeed, the semantics of the connector generates
the following synchronisation sets: {a1,sync,a2} and {free,a2} where a1 is a renaming
of the left-hand role action and a2 is a renaming of the left-hand role action. Hence,
action a1 can only occur together with a2 but that a2 can occur without a1.

In order to understand how subsumption works, let us detail the construction of the
semantics of the connector, starting with the corresponding diagram of signatures.
Because only actions are involved, we will take the diagram directly over pointed sets:

{a} {c} {sync,free} {c} {a}
aÆc c¨sync sync,freeÆc c¨a

component

x

monitor
body

a

c

semantics

x|a

action subsume

free

action

aa sync
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The limit of this diagram can be computed by first taking the two pullbacks:

{a} {c} {sync,free} {c} {a}

{a|sync,free} {a|sync,a|free}

And finally the middle pullback:

{a} {c} {sync,free} {c} {a}

{a|sync,free} {a|sync,a|free}

{a1|sync|a2,a2|free}

As an example of the application of this connector, consider the following instantia-
tion.

Any movement of the cart on the left implies a movement of the cart on the right.
Hence, this instantiation can be used to prevent collision when the left cart is too
close behind the right cart.

9.3.4 EXTENSION CORD

A generalisation of the subsumption and synchronisation connectors is to allow an
action to synchronise, independently, with two actions of two different programs,

action subsume

free

action

aa sync

cart

put

ibag

idestobag

move get

laps

cart

put

ibag

idestobag

move get

laps
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achieving an effect similar to an extension chord that one can use to connect two
independent devices to the same power supply.

design extension cord is
do branch1: true, false Æ skip

branch2: true, false Æ skip

If we instantiate the left-hand role with an action a1 and the right-hand role with an
action a2, and the middle role with an action b, the semantics of the interconnection,
as obtained through the colimit, is given by two synchronisation sets: {a1,branch1,b}
and {a2,branch2,b}.  Notice that action b will always occur simultaneously with either
a1 or a2 but not with both.  

This connector can be generalised to any finite number n of ramifications, giving rise
to an “n-extension cord”:

It allows for a server to be connected simultaneously, but independently, to a fixed
maximum number of clients.  Hence, a system of n-users and one consumer commu-
nicating through a buffer can be configured as follows:

action

a

action extension
cord

branch2

action

aa branch1

action

a

n-extension
 cord branchn action

a

action

a

branch1 ...... ...
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9.3.5 INHIBITION

Another basic connector type is the one that allows us to inhibit an action by making
its guard false.  This is useful when, for some reason, we need to prevent an action
from occurring but without having to reprogram the component.  Indeed, the mecha-
nism of superposition that we have used as a semantics for the application of archi-
tectural connectors allow us to disable an action without changing the guard directly
but by just inducing this effect: it suffices to synchronise the action with one that
has a false guard.

design inhibit is
do never: false Æ  skip

When the role is instantiated with an action with guard B, the result of the inter-
connection is the same action guarded by BŸfalse.  This connector can be general-
ised to arbitrary conditions with which one may strengthen the guards of given ac-
tions.  The inhibitor just has to be provided with the data that is necessary to com-
pute the condition C that will strengthen the guard, for instance through the use of
input channels through which we can select the sources of the information that will
disable the action.

action

a

inhibit

never

c

N-EXTENSION
CORD

usern

consumer

buffer

SYNC

user1
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design inhibit(C) is
in ...
do never: C Æ  skip

The result of instantiating the role with an action with guard B is the same action
guarded by BŸC.  

9.4 An ADL-independent notion of connector

The notion of connector that we presented in 9.2 can be generalised to design for-
malisms other than CommUnity.  In this section, we shall discuss the properties that
such formalisms need to satisfy for supporting the architectural concepts and
mechanisms that we have illustrated for CommUnity.

Before embarking on this discussion, we need to fix a framework in which designs,
configurations and relationships between designs, such as refinement, can be for-
mally described.

9.4.1 DEFINITION – design formalism

A formalism supporting system design consists of:

• a category c-DESC of component descriptions in which systems of intercon-
nected components are modelled through diagrams;

• for every set CD of component descriptions, a set Conf(CD) consisting of all
well-formed configurations that can be built from the components in CD.
Each such configuration is a diagram in c-DESC that is guaranteed to have a
colimit.  Typically, Conf is given through a set of rules that govern the inter-
connection of components in the formalism.

• a category r-DESC with the same objects as c-DESC, but in which morphisms
model refinement, i.e. a morphism h:SÆS' in r-DESC expresses that S' refines
S, identifying the design decisions that lead from S to S'.  Because the descrip-
tion of a composite system is given by a colimit of a diagram in c-DESC and,
hence, is defined up to an isomorphism in c-DESC, refinement morphisms
must be such that descriptions that are isomorphic in c-DESC refine, and are
refined exactly by, the same descriptions. ®

Summarising, all that we require is a notion of system description, a relationship be-
tween descriptions that captures components of systems, another relationship that
captures refinement, and criteria for determining when a diagram of interconnected
components is a well-formed configuration.

In the context of this categorical framework, we shall now discuss the properties that
are necessary for supporting Software Architectures.  A key property for supporting
architectural design is a clear separation between the description of individual com-
ponents and their interaction in the overall system organisation.  In other words, the
formalism must support the separation between what, in the description of a system,
is responsible for its computational aspects and what is concerned with coordinating
the interaction between its different components.
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In the case of CommUnity, as we have seen, only signatures are involved in intercon-
nections.  The body of a component design describes its functionality and, hence,
corresponds to the computational part of the design.   At the more general level that
we are discussing, we shall take the separation between coordination and computa-
tion to be materialised through a functor sign: c-DESCÆSIGN mapping descriptions
to signatures, forgetting their computational aspects.  The fact that the computa-
tional side does not play any role in the interconnection of systems can be captured
by requiring sign to be coordinated in the sense of Error! Reference source not
found..

Another crucial property for supporting architectural design is in the interplay be-
tween structuring systems in architectural terms and refinement.  We have already
pointed out that one of the goals of Software Architectures is to support a view of the
gross organisation of systems in terms of components and their interconnections that
can be carried through the refinement steps that eventually lead to the implementa-
tion of all its components.  Hence, it is necessary that the application of architectural
connectors to abstract designs, as a means of making early decisions on the way cer-
tain components need to be coordinated, will not be jeopardised by subsequent re-
finements of the component designs towards their final implementations.  Likewise,
it is desirable that the application of a connector may be made on the basis of an ab-
stract design of its glue as a means of determining main aspects of the required coor-
dination without committing to the final mechanisms that will bring about that coor-
dination.

One of the advantages of the categorical framework that we have been proposing is
that it makes the formulation of these properties relatively easy, leading to a charac-
terisation of the design formalisms that support them in terms of the structural prop-
erties that we have been discussing.  For instance, we have already seen that, in the
situations in which refinement morphisms map directly to signature morphisms, we
may simply put together, in a diagram of signatures, the morphisms that define the
interactions and the morphisms that establish the refinement of the component de-
scriptions.

More precisely, in the situations in which there exists a forgetful functor r-sign: r-
DESCÆSIGN that agrees with the coordination functor sign on signatures – i.e. r-
sign(S)=sign(S) for every S:c-DESC – given a well-formed configuration diagram  dia of
a system with components S1,...,Sn and  refinement morphisms hi:SiÆS'i: iŒ1..j,

dia   
… …

… S1 …  Si … Sn …

h1 hi hn

S'1  S'i S'n

we can obtain a new diagram in c-DESC and, hence, a new configuration, by com-
posing the morphisms r-sign(hi) with those in dia that originate in channels (signa-
tures) and have the Si as targets.
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dia+(hi)   
… …

… S1 …  Si … Sn …
… …

S'1  S'i S'n

In general, it may be possible to propagate the interactions between the components
of a system when their descriptions are replaced by more concrete ones even when
refinement morphisms do not map to signature morphisms.  This more general situa-
tion can be characterised as follows:

9.4.2 DEFINITION – compositional design formalism

We say that a design formalism is compositional whenever, for every well-formed con-
figuration dia involving descriptions {S1,...,Sn} and refinements morphisms {hi:SiÆS'i:
iŒ1..n}, there is a well-formed configuration diagram dia+(hi) that characterises the
system obtained by replacing the Si by their refinements and satisfies the following
correctness criterion: the colimit of dia+(hi) provides a refinement for the colimit of
dia.

    

 dia …
… S1 …  Si … Sn … S

h1 hi hn

S'1  S'i S'n

dia+(hi) …   
… S'1 …  S'i … S'n … S'

®

When we consider the specific case of the configurations obtained by direct instan-
tiation of an architectural connector, this property reflects the compositionality of the
connector as an operation on configurations.  Compositionality ensures that the se-
mantics of the connector is preserved (refined) by any system that results from its in-
stantiation. For instance, in the case of a binary connector

G

q1 q2

dia

R1   R2
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and given instantiations h1:R1ÆP1 and h2:R2ÆP2, compositionality means that the de-
scription returned by the colimit of dia is refined by the description returned by the
colimit of dia+(h1,h2).

G

q1 q2

dia+(h1,h2)

P1   P2

Likewise, compositionality guarantees that if a connector with an abstract glue G is
applied to given designs, and the glue is later on refined through a morphism h:GÆG',
the description that is obtained through the colimit of dia+h is a refinement of the
semantics of the original instantiation.  In fact, we can consider the refinement of
the glue to be a special case of an operation on the connector that delivers another
connector – a refinement of the original one in the case at hand.

9.4.3 DEFINITION – architectural school

A design formalism F=<c-DESC,Conf,r-DESC> supports architectural design, and is
called an architectural school,  iff

• c-DESC is coordinated over a category SIGN through a functor sign: c-
DESCÆSIGN

• F is compositional ®

9.5 Adding abstraction to connectors

The mathematical framework that we presented in the previous sections provides
not only an ADL-independent semantics for the principles and techniques that can
be found in existing approaches to Software Architectures, but also a basis for ex-
tending the capabilities of existing ADLs.  Until the end of this chapter, we will pre-
sent and explore some of the avenues that this mathematical characterisation has
opened, hoping that the reader will want to explore them even further, or find new
ones!

As already mentioned, the purpose of the roles in a connector is to impose restric-
tions on the local behaviour of the components that are admissible as instances.  In
the approach to architectural design outlined in the previous sections, this is
achieved through the notion of correct instantiation via refinement morphisms.  As
also seen above, roles do not play any part in the calculation of the resulting system.
They are used only for defining what a correct instantiation is.  This separation of
concerns justifies the adoption of a more declarative formalism for the specification of
roles, namely one in which it is easier to formulate the properties required of compo-
nents to be admissible instances.

In this section, we are going to place ourselves in the situation in which the glues
are designs, the roles are specifications, and the instantiations of the roles are,
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again, designs.   We are going to consider that specifications are given as a category
SPEC, e.g. the category of theories of a logic formalised as an institution – see 6.5.11
above.  We take the relationship between specifications and designs to be captured
through the following elements:

• a functor spec:SIGNÆSPEC mapping signatures and their morphisms to
specifications.

The idea behind the functor spec is that, just like, through c-desc (the left
adjoint of sign) signatures provide the means for interconnecting designs,
they should also provide means for interconnecting specifications.  Hence,
every signature generates a canonical specification – the specification of a ca-
ble.  However, it is not necessary for spec to satisfy as many structural proper-
ties as c-desc because, for the purposes of this section, we are limiting the
use of specifications to the definition of connector roles.  Naturally, if we wish
to address architecture building at the specification level, then we will have to
require SPEC to satisfy the properties that we discussed in section 9.4.

• a satisfaction relation 

† 

|= between design morphisms and specification mor-
phisms satisfying the following properties:

1. If  p:PÆP' 

† 

|= s:SÆS', then idP 

† 

|= idS and idP' 

† 

|= idS'.

2. If  p1:P1ÆP2 

† 

|= s1:S1ÆS2 and p2:P2ÆP3 

† 

|= s2:S2ÆS3 then p1;p2 

† 

|=!s1;s2

3. Let s:IÆSPEC be a diagram of specifications and p:IÆc-DESC a diagram
of designs with the same shape such that, for every edge f:iÆj in I,
pf:piÆpj 

† 

|= sf:siÆsj.  We require that, if p admits a colimit p i:piÆP, then s
admits a colimit si:siÆS such that, for every node i:I, pi

† 

|=s.

4. If idP 

† 

|= idS and r:PÆP'  is a refinement morphism, then idP' 

† 

|= idS

5. For every signature q, idc-desc(q)

† 

|= idspec(q)

The satisfaction relation is defined directly on morphisms because our ulti-
mate goal is to address interconnections, not just components.  Satisfaction
of component specifications by designs is given through the identity mor-
phisms.  The properties required of the satisfaction relation address its com-
patibility with the categorical constructions that we use, namely composition
of morphisms and colimits.  The last two properties mean that refinement of
component designs leaves the satisfaction relation invariant, and that the de-
sign (cable) generated by every signature satisfies the specification (cable)
generated by the same signature.

We have already seen in 5.1.3 that a satisfaction relation between specifications and
programs can be defined if we are able to establish a functor r-DESCÆSPEC that
maps every design to the maximum set of properties that it “satisfies”.  Intuitively,
this functor should be an extension of spec in the sense that, for every signature q,
spec(q) should be isomorphic to  spec(c-desc(q)), so we will call it spec.  In this case,
it makes sense to define

p:PÆP'

† 

|=s:SÆS' iff there exist  r:SÆspec(P) and  r’:S’Æspec(P’) s.t. r;spec(p)=s;r’
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S S’
s

r r’ SPEC

spec(P) spec(P’)
spec( p)

spec
p

P P’ c-DESC

Notice that we get idP 

† 

|= idS iff there exists  r:SÆspec(P), which is exactly how satis-
faction was defined in 5.1.3.  Moreover, properties 1-4 are obtained free from the fact
that spec is a functor.  Condition 5 is satisfied because spec(q) has been required
to be isomorphic to spec(c-desc(q)).

Given such a setting, we generalise the notion of connector as follows:

9.5.1 DEFINITION – (generalised) architectural connector

A (generalised) connection consists of

• a design G and a specification R, called the glue and the role of the connec-
tion, respectively;

• a signature q and two morphisms m:c-desc(q)ÆG, s:spec(q)ÆR in c-DESC and
SPEC, respectively, connecting the glue and the role via the signature (cable).

A (generalised) connector is a finite set of connections with the same glue.

An instantiation of a connection with signature q and role morphism s consists of a
design P and a design morphism p:c-desc(q)ÆP such that p

† 

|=s.

An instantiation of a connector consists of an instantiation for each of its connec-
tions.  An instantiation is said to be correct if the diagram defined by the instantia-
tion morphisms and the glue morphisms is a well-formed configuration.  The colimit
of this configuration defines the semantics of the instantiation, guaranteed to exist if
the instantiation is correct. ®

Although the generalisation seems to be quite straightforward, we do not have an
immediate generalisation for the semantics of connectors.  This is because the glue
is a design and the role is a specification, which means that a connector does not
provide us with a diagram like in the homogeneous case that we studied in section
9.2.  However, if we are provided with a specification for the glue, we can provide se-
mantics for the connector at the specification level:

9.5.2 DEFINITION – complete architectural connector

A complete connection consists of

• a design G and a specification R, called the glue and the role of the connec-
tion, respectively;

• a signature q and two morphisms m:c-desc(q)ÆG,s:spec(q)ÆR in c-DESC and
SPEC, respectively, connecting the glue and the role via the signature (cable);

• a specification S and a morphism t:spec(q)ÆS such that m

† 

|=t.  Notice that this
means that the design G satisfies the specification S.
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A complete connector is a finite set of complete connections with the same glue design
and specification.  Its semantics is given by the colimit, if it exists, of the SPEC-
diagram defined by the si and the ti. ®

Notice that we obtain the following property:

9.5.3 PROPOSITION

The semantics of the instantiation of a complete connector satisfies the semantics of
the connector. ®

An illustration of an abstract architectural school can be given in terms of a first-
order extension12 of the linear temporal logic that we studied in 3.5.  As an example,
we present below the specifications of a typical sender and receiver of messages
through a pipe.

specification pipe_sender[t:sort] is
signature o:t, eof:bool, send
axioms eof … G(ÿsend Ÿ eof)

specification pipe_receiver[t:sort] is
signature cl, eof:bool, rec
axioms cl … G(ÿrec Ÿ cl)

((eof … Geof) Ÿ (eof Ÿ ÿcl)) … (ÿrecUcl)

The specification pipe_sender accounts, through send, for the transmission of data of
sort t through a channel o.  The end of data transmission is signalled through chan-
nel eof: the axiom requires that eof be stable (remains true once it becomes true) and
transmission of messages to cease once eof becomes true.

The specification pipe_receiver accounts, through rec, for the reception of data
through the channel i.  The other means of interaction with the environment is con-
cerned with the closure of communication.  Through channel eof, a Boolean can be
received that indicates if transmission along i has ceased.  Closure of communication
is signalled in the channel cl.  The first axiom requires that cl be stable and the re-
ception of messages to cease once cl becomes true.  The second axiom expresses
that, if the information received through eof is stable, the receiver is obliged to close
the communication as soon as it is informed that there will be no more data.  How-
ever, the receiver may decide to close the communication before that.

It remains to capture the relationship between specifications and designs in Com-
mUnity.

First we notice that every design signature q can be mapped into a temporal signa-
ture by forgetting the different classes of channels and actions, as well as the write
frames of actions.  Then, we notice that part of the semantics of CommUnity designs
can be encoded in LTL:

• for every action g, the negation of L(g) is a blocking condition for its occur-
rence  (g!… L(g));

• for every local channel v, D(v) consists of the set of actions that can modify it –
⁄

gŒD(v)
g ⁄ (Xv=v))

                                                
12 The extension is straightforward: the reader is encouraged to formalise it as an exercise, for which

[38,39,66] can be consulted.
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• for every action g, the condition R(g) holds in every state in which g is exe-
cuted – .(g … t(R(g)) where t is a translation that replaces any primed variable
v' by the term (Xv);

• private actions that are infinitely often enabled are guaranteed to be selected
infinitely often – (GFU(g) … GFg)

This encoding extends to refinement morphisms, establishing a functor r-
DESCÆTHEOFOLTL, from which we can define a satisfaction relation.  Notice that the
fact that refinement of CommUnity designs is contravariant on the upper bound of
actions is crucial: refinement morphisms are liveness preserving but interconnection
morphisms are not!

In order to illustrate the generalised notion of connector in this setting, we present
below the connector cpipe,

where pipe is the design presented below.

design pipe [t:sort, bound:t] is
in i:t, scl:bool
out o:t, eof:bool
prv rd: bool, b: list(t)
do put: true Æ  b:=b.i
[] prv next: |b|>0Ÿÿrd Æ o:=head(b)||b:=tail(b)||rd:=true
[] get: rd Æ rd:=false 
[] prv sig: sclŸ|b|=0 Æ eof:=true

This design, which is the glue of the connector, models a buffer with unlimited ca-
pacity and a FIFO discipline.  It signals the end of data to the consumer of messages
as soon as the buffer gets empty and the sender of messages has already informed,
through the input channel scl, that it will not send anymore messages.

The two roles – the specifications sender and receiver introduced before – define the
behaviour required of the components to which the connector cpipe can be applied.
It is interesting to notice that, due to the fact that LTL is more abstract than Com-
mUnity, we were able to abstract away completely the production of messages in the
role sender.  In the design of sender presented in 8.1 we had to consider an action
modelling the production of messages.

We can now generalise these constructions even further by letting the connections
use different specification formalisms and the instantiations to be performed over
components designed in different design formalisms.  In this way, it will be possible to
support the reuse of third-party components, namely legacy systems, as well as the
integration of non-software components in systems, thus highlighting the role of ar-
chitectures in promoting a structured and incremental approach to system construc-
tion and evolution.

sender
o

   pipe
i

send put

o

receiver

i

get rec

eof eof

cl

eof scl
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However, to be able to make sense of the interconnections, we have to admit that all
the design formalisms are coordinated over the same category of signatures.  That is
to say, we assume that the integration of heterogeneous components is made at the
level of the coordination mechanisms, independently of the way each component
brings about its computations.  Hence, we will assume given

• a family {DSGNd}d:D of categories of designs, all of which are coordinated over
the same category SIGN via a family of functors  {dsgnd}d:D,

• a family {SPECc}c:C of categories of specifications together with a family
{specc:SPECcÆSIGN}c:C of functors,

• a family {

† 

|=s}s:S of satisfaction relations, each of which relates a design for-
malism d(s) and a specification formalism c(s).  We do not require S to be the
cartesian product D¥C, i.e. there may be pairs of design and specification for-
malisms for which no satisfaction relation is provided.

Given such a setting, we generalise the notion of connector as follows:

9.5.4 DEFINITION – (heterogeneous) architectural connector

A heterogeneous connection consists of

• a design formalism DSGNd and a specification formalism SPECc;

• a design G:DSGNd and a specification R:SPECc, called the glue and the role of
the connection, respectively;

• a signature q:SIGN and two morphisms m:dsgnd(q)ÆG,s:specc(q)ÆR in DSGNd

and SPEC, respectively, connecting the glue and the role via the signature
(cable).

An heterogeneous connector is a finite set of connections with the same glue.

An instantiation of a heterogeneous connection with specification formalism SPECc,
signature q and role morphism s consists of

• a design formalism DSGN'd’ and a satisfaction relation 

† 

|=<d’,c> between
DSGN'd’ and SPECc such that <d’,c>ŒS;

• a design P and a design morphism p:dsgnd’(q)ÆP such that p

† 

|=ss.

An instantiation of a connector consists of an instantiation for each of its connec-
tions. ®

Given that in the context of heterogeneus connectors we have to deal with several
design formalisms, providing a semantics for the resulting configurations requires a
homogeneous formalism to which all the design formalisms can be mapped.  Clearly,
because we want the heterogeneity of formalisms to be carried through to the im-
plementations in order to be able to support the integration of legacy code, third-
party components and even non-software components, this common formalism can-
not be at the same level as that of designs, and the mapping cannot be a simple
translation.  What seems to make more sense is to choose a behaviour model that
can be used to provide a common semantics to all the design formalisms so that the
integration is not performed at the level of the descriptions but of the behaviours
that are generated from the descriptions.  Indeed, when we talk about the integra-
tion of heterogeneous components, our goal is to coordinate their individual behav-
iours.  An architecture should provide precisely the mechanisms through which this
coordination is effected.





10 AN ALGEBRA OF
CONNECTORS

As argued in [86], the current level of support that Architectural Description Lan-
guages (ADLs) provide for connector building is still far from the one awarded to com-
ponents. For instance, although considerable amounts of work can be found on sev-
eral aspects of connectors [2,14,86], further steps are still necessary to achieve a sys-
tematic way of constructing new connectors from existing ones.  Yet, the ability to
manipulate connectors in a systematic and controlled way is essential for promoting
reuse and incremental development, and to make it easier to address complex inter-
actions. At an architecture level of design, component interactions can be very simple
(for instance a shared variable), but they can be very complex as well (e.g., database-
accessing and networking protocols). Hence, it is very important that we have
mechanisms for designing connectors in an incremental and compositional way, as
well as principled ways of extending existing ones, promoting reuse. This is especially
important for connectors that are used at lower levels of design because it is well
known that the implementation of complex protocols is a very difficult and error
prone part of system development.

It is not always possible to adapt components to work with existing connectors.  Even
in those cases where it is feasible, a better alternative may be to modify the connec-
tors because, typically, there are fewer connector types than components types.
Moreover, most ADLs either provide a fixed set of connectors or only allow the crea-
tion of new ones from scratch, hence requiring from the designer a deep knowledge
of the particular formalism and tools at hand.  Conceptually, operations on connec-
tors allow one to factor out common properties for reuse and to better understand
the relationships between different connector types.  

The notation and semantics of such connector operators are, of course, among the
main issues to be dealt with.  Our purpose in this section is to show how typical op-
erators can be given an ADL-independent semantics by formalising them in the cate-
gorical framework that we presented in the previous chapter.  An example of such an
operator was already given in section 9.4.  We saw how, given a connector expressed
through a configuration diagram dia

G

q1 q2

dia

R1 R2

and a refinement h:GÆG' of its glue, we can construct through  dia+h another con-
nector that has the same roles as the original one, but whose glue is now G'.
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G'

q1 q2

dia+h

R1 R2

A fundamental property of this construction, given by compositionality, is that the
semantics of the original connector, as expressed by the colimit of its diagram, is pre-
served in the sense that it is refined by the semantics of the new connector.  This
means that all instantiations of the new connector are refinements of instantiations
of the old one.  This operation supports the definition of connectors at higher levels
of abstraction by delaying decisions on concrete representations of the coordination
mechanisms that they offer, thus providing for the definition of specialisation hierar-
chies of connector types.

In this chapter we present three connector transformations that operate on the roles
rather than the glue.  Transformations that, like above, operate at the level of the
glue are more sensitive in that they interfere more directly with the semantics of the
connector to which they are applied.  Hence, they should be restricted to engineers
who have the power, and ensuing responsabilities, to change the way connectors are
implemented.  Operations on the roles are less critical and can be performed more
liberally by users who have no access to the implementation (glue).  In the last sec-
tion, we present higher-order mechanisms that can be applied to connectors to ob-
tain other connectors.  Throughout the chapter, we will be working over a fixed ar-
chitectural school F=<c-DESC,Conf,r-DESC> (see 9.4.3).

10.1 Three operations on connectors

10.1.1 ROLE REFINEMENT

To tailor general-purpose connectors for a specific application, it is necessary to re-
place the generic roles by specialised ones that can effectively act as “formal parame-
ters” for the application at hand.  Role replacement is done in the same way as ap-
plying a connector to components: there must be a refinement morphism from the
generic role to the specialised one.  The old role is cancelled, and the new role mor-
phism is the composition of the old one with the refinement morphism in the sense
discussed in section 3.
Given an n-ary connector

dia G

q1  qi qn

R1  Ri Rn

and a refinement morphism hi:RiÆ R'i for some 0 < i £ n, the role refinement operation
yields the connector
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dia+hi G

q1  qi qn

R1  R'i Rn

Notice that this operation can be applied to both abstract and heterogeneous con-
nectors.

This operation preserves the semantics of the connectors to which it is applied in the
sense that any instantiation of the refined connector is also an instantiation of the
refined one.  This is because the refinement morphism that instantiates R'i can be
composed with hi to yield an instantiation of Ri.

As an example of role refinement, consider the asynchronous connector shown pre-
viously.  This connector is too general for our luggage distribution service because
the sender and receiver roles do not impose any constraints on the admissible in-
stances.  We would like to refine these roles in order to prevent meaningless applica-
tions to our example like sending the location of the check-in as a bag to the cart.

design cart-role is
out obag: int
prv dest : -1..U – 1
do get[obag]: dest = -1 Æ  dest’ > -1
[] put: dest>-1,false Æ  obag := 0 || dest := -1

with channel rd of the sender refined by the term dest ≠ –1. The resulting connector
is

Notice that the invalid combinations are not possible because cart-role cannot be
refined with a gate or a check-in, nor is it possible to refine gate-role with a cart or a
check-in. Moreover, the obag channel of cart-role  cannot be refined by channel laps
of cart.

sender[int]
o

send

buffer[int,1]
i

put

receiver[int]
i

recprod

cart-role

putget

obag

o

get

cart-role buffer[int,1]

i

put

get

receiver[int]

i

recputget

obag o

get
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10.1.2 ROLE ENCAPSULATION

To prevent a role from being further refined, the second operation we consider, when
executed repeatedly, decreases the arity of a connector by encapsulating some of its
roles, making the result part of the glue. This operation requires that the glue and
the encapsulated role be in the same formalism.

Given an n-ary connector
G

q1  qi qn

R1  Ri Rn

the encapsulation of the i-th role is performed as follows: the pushout of the i-th connec-
tion is calculated, and the other connections are changed by composing the morphisms
that connect the channels to the glue with the morphism that connects the glue with the
apex of the pushout,  yielding a connector of arity n–1.

G*

G

q1  qi qn

R1  Ri Rn

For instance, we can obtain the action subsumption connector from the action rami-
fication one through encapsulation of the right-hand side action role::

We can also obtain a synchronisation connector through refinement of one role with
the inhibit program

action   ramify

branch1

action

a

a branch2
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and then encapsulating it

design sync-2 is
do  branch1: true Æ skip
[]  never2: false Æ  skip

Notice that the synchronisation connector obtained is not syntactically equal to the
one presented in section 3.2, but it is "equivalent" because one of the ramifications
of the bottom action a is never executed (because it is synchronized with never2) and
thus the net effect of the connector is to synchronise both actions a through
branch1.

If we now refine the left-hand branch also with inhibit

and then encapsulate it, we obtain a connector that is equivalent to inhibit.

action   sync-2

never2branch1

action

a

a

action   ramify

branch2

action

branch1

action   inhibit

never
a

a a

  inhibit

action   sync-2

never2branch1

action

never
a

a
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design inhibit-2 is
do never1: false Æ  skip
[] never2: false Æ  skip

Hence ramification can be seen as a primitive connector.

10.1.3 ROLE OVERLAY

The third operation allows combining several connectors into a single one if they
have some roles in common, i.e., if there is an isomorphism between those roles.  
The construction is as follows.

Consider an n-ary connector with roles Ri and glue G, and an m-ary connector with roles
R’k and glue G'.  The glue of the new connector is calculated as follows.  Consider the
diagram that consists of all the connections that have isomorphic roles together with the
isomorphisms, and calculate its colimit.  The apex of the colimit is the new glue.  Each
of the pairs of connections involved gives rise to a connection of the new connector.  The
role of this connection is one of the roles of the old connections; because they are isomor-
phic, it does not matter which one is chosen (in the figure, we chose R'k).  This role is
connected directly to the new glue through one of the morphisms that results from the
colimit; hence, its channel is the role signature.

G

qj qi

Rj Ri

G*

R'k

q'k

G'

Each of the connections of the original connectors that is not involved in the calculation
of the new glue, which means that it does not share its role with a connection of the

  inhbit-2

never2never1

action

a
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other connector, becomes a connection of the new connector by composing the old new
glue morphism with the colimit morphism that connects the old glue to the new one.
This is exemplified in the figure with the connection with role Rj.

This operation provides a second way of showing that synchronisation is not a primi-
tive connector in our catalogue.  We can obtain full synchronisation of two actions by
making each one subsume the other.  This is achieved by overlaying two copies of
the subsumption connector in a symmetric way: the first (resp. second) role of one
copy corresponds to the second (resp. first) role of the other copy. The diagram is

and its colimit makes all actions collapse into a single one. Hence the glue of the re-
sulting connector is isomorphic to the ‘sync’ component. Moreover, each pair of over-
laid roles results into a single one, and therefore there will be only two ‘action’ roles.
In summary, the resulting connector is the synchronisation connector.

10.2 Higher-order connectors

As explained before, it is important to have principled forms of adapting connectors to
new situations, for instance in order to incorporate compression, fault-tolerance, se-
curity, monitoring, etc.  Let us consider compression as an example.  The goal is to be
able to adapt any connector that represents a communication protocol in order to
compress data for transmission in a transparent way.  In order to give a first-class de-
scription of this form of adaptation, the kind of communication protocol modelled by
the adapted connector needs to be made more precise. We shall describe the com-
pression adaptation mechanism only for connectors that model unidirectional com-
munication protocols.

A generic unidirectional communication protocol can be modelled by the binary con-
nector Uni-comm[s]

where

action   subsume action

action

a
a
a
a
a
a

  subsume action

synca free

syncfreea

a

a
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design glue[s] is
in i:s
out o:s
do put: true,false Æ  skip
[] prv prod: true,false Æ  o:Œs
[] get: true,false Æ  skip

and sender[s] and receiver[s] are defined as before (see sections 8.1 and 9.2, respec-
tively). Notice that this glue leaves completely unspecified the way in which messages
are processed and transmitted.

Our aim is to install a compression/decompression service over Uni-comm. That is to
say, our aim is to apply an operator to Uni-comm such that, in the resulting connec-
tor, a message sent by the sender is compressed before it is transmitted through Uni-
comm and then decompressed before it is delivered to the receiver.  We shall see that
such an operator can be described by a higher-order connector where the compres-
sion and decompression algorithms are taken as parameters.  More concretely, it is
parameterised by the algebraic specification described below.

spec Xcd is Xnat +
sorts s,t
ops comp:t->s decomp:s->t

size_s:s->nat size_t:t->nat
axioms decomp(comp(x))=x, for any x:t

size_s(comp(x)) ≤ size_t(x), for any x:t

Sorts t and s represent the types of original and compressed messages, respectively.
The operation comp represents the process of compression of a single message, and
decomp the inverse process of decompression.  The size of the compressed message is
required not to be greater than the size of the original message.  At configuration
time, these data elements must be instantiated with specific sorts and operations.

The higher-order connector itself, which we name Compression(Uni-comm)[Xcd], is de-
fined by

• the binary connector Compression[Xcd]

where the glue, comp-decomp[Xcd], is defined in terms of a configuration with
the following two components:

design comp[Xcd] is
in di:t
out co:s
prv v:t; rd,msg:bool
do drec: ÿmsg Æ v:=di||msg:=true
[] prv comp:ÿrdŸmsg Æ co:=comp(v)||rd:=true
[] csend:rd Æ rd:=false||msg:=false

design decomp[Xcd] is
in ci:s
out do:t
prv v:s; rd,msg:bool
do crec: ÿmsg Æ v:=ci||msg:=true
[] prv dec:ÿrdŸ msg Æ do:=decomp(v)||rd:=true
[] dsend: rd Æ rd:=false||msg:=false
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Design comp[Xcd] models the compression of messages of type t received
through di into messages of type s that are then transmitted through co.  De-
sign decomp[Xcd] models the decompression of messages of type s received
through ci into messages of type t that are then transmitted through do.

• the connector Uni-comm[s] — the formal parameter;

• the refinement morphisms

hs:sender[s]Æcomp-decomp[Xcd] and hr:receiver[s] Æcomp-decomp[Xcd]

induced, respectively, by

h*
s:sender[s]Æcomp[Xcd]

h*
s(o)=co, h*

s(rd)=rd, h*
s(comp)=prod, h*

s(csend)=send

h*
r:receiver[s]Ædecomp[Xcd]

h*
r(i)=ci, h*

r(crec)=rec

Because components comp and decomp do not interact, any component re-
fined by one of them is also refined by their composition comp-decomp[Xcd].
The corresponding induced morphisms have only to take into account the re-
naming of variables and actions that takes place in composition.

Putting the three previous pictures together we get a graphical representation of the
higher-order connector Compression(Uni-comm)[Xcd].

In summary, Compression(Uni_comm)[Xcd] has the formal parameter Uni-comm[s],
which restricts the actual connectors to which the service of compression/ decom-
pression can be applied — it requires that the actual connector models a unidirec-
tional communication protocol.  The connector Compression describes, on the one
hand, that messages sent by the actual sender are transmitted to comp; which com-
presses them; and, on the other hand, that decomp decompresses the messages it
receives and delivers the result to the actual receiver.  Finally, the two refinement
morphisms establish the instantiation of Uni-comm[s] with comp[s] in the role of
sender, and decomp[s] in the role of receiver.  In this way, the formal parameter Uni-
comm[s] is the connector used to transmit compressed messages.

Now it remains to explain the procedure of parameter passing, i.e., how the service
just described can be installed over a specific connector and how the resulting con-
nector is obtained.
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We consider again the Async connector.  In this case, it is not difficult to realize that
we may replace the formal parameter of Compression(Uni-comm)[Xcd] by Async because
this connector does model a unidirectional communication protocol. More concretely,
Async has exactly the same roles that Uni-comm and its glue is a refinement of Uni-
comm's glue.

In a more general situation, the instantiation of a higher-order connector is estab-
lished by a suitable fitting morphism from the formal to the actual connector.  Such a
morphism formulates the correspondence between the roles and glue of the formal
parameter with those of the actual parameter connector.  We will present and dis-
cuss these morphisms in more detail further down.

The construction of a new connector from the given higher-order connector and the
actual parameter connector is straightforward.  We only need to compose the inter-
connections of the buffer to sender and receiver with the refinements hs and hr that
define the instantiation of Uni-comm with comp and decomp, respectively.  For exam-
ple, variable co of comp becomes connected to the input variable i of buffer because
co corresponds to the variable o of sender which in turn is, in Async, connected to i.
The resulting configuration fully defines the connector Compression(Async)[Xcd+K]. Its
roles are sender and receiver and its glue c-buffer-d[Xcd+K] is defined in terms of a
configuration involving comp, decomp and buffer as shown below.

Summarising, we have described the installation of a compression-decompression
service over a unidirectional communication protocol as a parameterised entity that
has connectors as parameters and result and, thus, is called a higher-order connec-
tor. Then we have explained how the higher-order connector can be instantiated
with a specific connector and, finally, we showed how the resulting connector is ob-
tained.

As another example of a higher-order connector, consider the adaptation of unidirec-
tional communication protocols in order to transmit certain kind of messages (for in-
stance, error messages) to a monitoring component.  The nature of the messages that
should be transmitted to the monitoring component is taken as a parameter.  More
concretely, we define a higher-order connector that is parameterised by the following
algebraic specification:
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spec Xm is Xbool+
sorts s
ops to_monitor:s->bool

Sort s represents the type of messages, and operation to_monitor identifies the spe-
cial kind of messages that are to be monitored. We use Xbool to represent the sub-
specification of X that is concerned with the specification of booleans.

To simplify the presentation, consider that the communication with the monitoring
component is achieved by synchronous message passing.  In the more general case,
monitoring would be modelled through a higher-order connector with two formal pa-
rameters, both standing for a unidirectional communication protocol: one of them
would be used for the normal transmission of messages and the other for the trans-
mission to the monitoring component. The simpler higher-order connector that we
propose, Monitoring(Uni-comm)[Xm], consists of

• the connector Monitoring[Xm] defined by

where the glue, observer-mpass[Xm], is defined in terms of a configuration with
the following two components:

design observer[Xm] is
in i:s
out o,o*:s
prv v:s; rd,rd*,msg:bool
do rec: ÿmsg Æv:=i||msg:=true

[] obsv: ÿrdŸÿrd*Ÿmsg Æ  msg:=false || o:=v || rd:=true || o*:=v
||  rd*:=to_monitor(i) 

[] send:rd Æ rd:=false
[] send*:rd*Æ rd*:=false

design mpass[s] is
in i:s
out o:s
prv rd:bool
do rec:ÿrdÆ o:=i||rd:=true

[] send:rdÆ rd:=false

Component observer[Xm] observes the messages to be transmitted and for-
wards a copy of certain transmitted messages to a third component.  More
precisely, it sends through o the messages received in i, and sends through o*
those messages that satisfy to_monitor.  Component mpass[s] just transmits
through o the messages received in i.

The connector has three roles — sender, receiver and monitor. The role moni-
tor[s] is similar to receiver[s]:
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design monitor[s] is
in i: s
do rec: true Æ  skip

Notice, however, that the progress condition of rec is true in monitor and false
in receiver.  This means that any component that acts as monitor must be al-
ways willing to read the values that are input through i whereas the actual
receiving component may decide when and how many times it will read the
values sent to it. In this way, it is ensured that the monitoring component lis-
tens to (part of) the communication between the connected components
without affecting it.

• the connector Uni-comm[s] — the formal parameter;

• the refinement morphisms depicted below.

The notion of higher-order connector, as a connector that takes one connector as
parameter and delivers another as a result, can be defined as follows.

10.2.1 DEFINITION – higher-order connector

A higher-order connector (hoc) consists of

• a connector pC, called the formal parameter of the hoc; its roles, glue and
connections are called, respectively, the parametric roles, the parametric glue
and the parametric connections of the hoc;

• a connector C – its roles and glue are also called the roles and the glue of the
hoc;

• an instantiation of the formal parameter connector with the glue of the hoc,
i.e., a refinement morphism hi from each of the parametric roles to the glue,
such that the diagram in c-DESC obtained by composing the role morphism of
each parametric connection with its instantiation
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constitutes a well-formed configuration. ®

10.2.2 DEFINITION – semantics of a higher-order connector

The semantics of a higher-order connector is the connector depicted below.  Its roles
are the roles of C and its glue is G’, a design returned by the colimit of the configura-
tion pC+(hi). ®

For simplicity, we have imposed one single parameter to the higher-order connector.
However, the definition can be extended to the case of several parameters in a
straightforward way.



10. AN ALGEBRA OF CONNECTORS

228 12/9/03

Intuitively, the instantiation of the formal parameter of a higher-order connector can
be regarded as the replacement of a connector (the formal parameter pC) that was
instantiated to given components of a system (the glue of the hoc) by another con-
nector (the actual parameter).  In addition, the type of interconnection that pC en-
sures must be preserved. In other words, the design that results from the replace-
ment must be a refinement of the design from which we started.

Like for connectors, the instantiation of the formal parameter of a higher-order con-
nector is established via a fitting morphism from the formal to the actual parameter.
These morphisms, on the one hand, formulate the correspondence between roles
and glue of the formal with those of the actual parameter and, on the other hand,
capture conditions under which the "functionality" of the formal parameter is pre-
served.

In order to be able to use, in the design of a given system, a connector C in place of a
connector C', it is obvious that the two connectors must have the same number of
roles.  Furthermore, C' must be able to be instantiated with the same components as
C.  That is to say, every restriction on the components to which C' can be applied
must also be a restriction imposed by C.  In this way, fitting morphisms must require
that each of the roles of C' is refined by the corresponding role of C.

As shown through the connector Uni-comm, connectors may be based on glues that
are not fully developed as designs (may be underspecified).  Nevertheless, the con-
crete commitments that they make may determine, to some extent, the type of inter-
connection that the connector will ensure.  The type of interconnection is clearly
preserved if we simply consider a less unspecified glue, i.e., if we refine the glue.
Hence, fitting morphisms must allow for arbitrary refinements of the glue.

Having this in mind, we arrive at the following notion of fitting morphism:

10.2.3 DEFINITION – fitting morphism

A fitting morphism f from a connection <s1:desc(q1)ÆG1,m1:desc(q1)ÆR1> to a connec-
tion <s2:desc(q2)ÆG2,m2:desc(q2)ÆR2> consists of a pair <fG: G1ÆG2,fR: R2ÆR1> of re-
finement morphisms in r-DESC s.t. the interconnection <s1,m1>+fG of R1 with G2 is,
according to the configuration refinement CR, refined by the interconnection
<s2,m2>+fR.

A fitting morphism f from a connector C1 to a connector C2 with the same number of
connections consists of a fitting morphism f from each of C1's connections to each of
C2's connections, all with the same glue refinement fG. ®

If there exists a fitting morphism from a connector C1 to a connector C2, then we may
replace each occurrence of the connector C1 in an architectural description of a sys-
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tem by an occurrence of C2.  The compositionality of the design formalism w.r.t. the
configuration refinement CR ensures that every coordination decision made previ-
ously is preserved.

Based on fitting morphisms between connectors, we define an instantiation of a
higher-order connector.

10.2.4 DEFINITION – instantiation of a higher-order connector

An instantiation of a higher-order connector with formal parameter pC consists of a
connector CA (the actual parameter) together with a fitting morphism f:pCÆCA such
that a well-formed configuration is obtained by first composing the role morphisms of
each actual connection with the corresponding fitting component, and then with the
role instantiation.

                       

The semantics of a higher-order connector instantiation is the connector with the
same roles as C and whose glue is a design returned by the colimit of the configura-
tion CA+(fi;hi). ®

Higher-order connectors facilitate the separation of concerns in the development of
complex connectors and their compositional construction.  For instance, we have
seen that compression and monitoring can be modelled separately as higher-order
connectors.  Although we have not shown it, it is not very difficult to realize that
compression can be applied to a connector that models a unidirectional communica-
tion protocol and then monitoring can be applied to the resulting connector.

An important feature of our notion of higher-order connector is that different kinds of
functionality, modelled separately by different higher-order connectors, can be com-
bined, giving rise also to a higher-order connector.  In this way, it is possible to ana-
lyse the properties that such compositions exhibit, namely to investigate whether
undesirable properties emerge and desirable properties are preserved.

The key idea for composition of hocs is the instantiation of a hoc with a hoc. In this
section we shall present this more general form of instantiation — parameterised in-
stantiation.  So, for instance, Monitoring(Uni-comm) can be instantiated with Com-
press(Uni-comm), giving rise to the hoc Monitoring&Compress(Uni-comm) that corre-
sponds to a form of composition of Monitoring and Compress in which the messages
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are first observed, and possibly transmitted to the monitoring component, then are
compressed, and finally are transmitted via Uni-comm.

Parameterised instantiation is similar to standard instantiation:

10.2.5 DEFINITION – parameterised instantiation

A parameterised instantiation of a higher-order connector HC with formal parameter
pC consists of a higher-order connector HC’ together with a fitting morphism
f:pCÆCon’, where Con’ is the semantics of HC’, such that it is possible to extend, in a
unique way, the instantiation of pC’ with G’ to an instantiation of pC’ with the
colimit of C’+(fi;hi)iŒ1..k that connects the glues of HC’ and HC.
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In the figure below, Gnew is the colimit of C’+(fi;hi)iŒ1..k.  We have used dotted lines for
the refinement morphisms whose existence is required by the construction.

The semantics of a parameterised instantiation is the higher-order connector de-
picted below:

®

For instance, consider that we want to combine the service of compression of mes-
sages with monitoring.  We take the parameterised instantiation of Monitoring(Uni-
comm)[Xm] with Compress(Uni-comm)[Xcd] defined by the fitting morphism
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and the refinement morphism h:glue[t]Æ comp-glue-decomp[Xcd] defined by
h(i)=sc(di), h(o)=sd(do),

 h(sc
-1(drec))=put, h(sd

-1 (dec))=prod, h(sd
-1(dsend))=get

where sc: compÆcomp-glue-decomp[Xcd] and sd: decompÆcomp-glue-decomp[Xcd] are the
morphisms in c-DSGN returned by the colimit of  the diagram

This composition gives rise to the hoc Monitoring&Compress(Uni-comm)[Xcd+Xm] consti-
tuted by

• the connector Monitoring&Compress[Xcd+Xm] defined by

• the connector Uni-comm[s] — the formal parameter;

• the refinement morphisms hs:sender[s]Æobs-c-d-mpass[Xcd+Xm] and
hr:receiver[s]Æobs-c-d-mpass[Xcd+Xm] obtained by composing, at the level of
signatures, the morphisms sender[s]Æcomp[Xcd] and receiver[s]Ædecomp[Xm] of
Compression(Uni-comm)[Xcd] with the morphisms comp[Xcd]Æobs-c-d-
mpass[Xcd+Xm] and decomp[Xcd]Æobs-c-d-mpass[Xcd+Xm], respectively.  These
are given by the colimit construction.
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It is not difficult to realize this higher-order connector works as described before: first
messages are observed and possibly transmitted to the monitoring component, then
they are compressed, and finally transmitted via Uni-comm.
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design, 177
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design formalisms, 207
in CommUnity, 188
of programs relative to specifications,

112
concrete
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construct, 97. See also concrete category
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commutative, 33
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discrete
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lift, 166
structures (functor has), 166
structures (functor/concrete category
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of a functor, 85
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E

Eiffel class specification, 48
embedding, 88
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fibration, 102

cloven, 103
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general definition, 100
of a concrete category, 98

fibre-complete concrete category, 98, 106
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functor, 85
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contravariant, 86
coordinated, 168
creates colimits, 93
dual of, 85
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full, 88
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isomorphism, 88
lifts colimits, 93
nodes, 85
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reflects colimits, 93
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functor structured category, 117

G

Gamma
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programs, 169

graph, 30
category of, 30
definition, 25
dual, 29
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H

higher-order connector, 226
fitting morphism, 228
instantiation, 229
parameterised instantiation, 230

I

in(v), 174
indexed category, 124

flattening of, 124
indiscrete. See discrete (dual)
INHIBIT, 204
initial object, 62

in ANCESTOR, 64
in LOGI, 62
in PAR, 62
in SET, 62

in SET^,, 62

institution, 129
CTL, 158
defined via a split (co)fibration, 130
generalised models, 132
initial/terminal semantics, 136
map, 162
modal logics, 132
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the p-property, 136

interpretation between temporal theories.
See temporal theory: morphism of

isomorphism, 34
functor, 88
inverse, 34

isomorphism-closed full subcategory, 44

L

L(g), 175
lifts

colimits, 93
limit, 81

concrete, 100
loc(v), 174

M

monitor, 199
mono (also monic and monomorphism), 36
monoid, 38
morphism

epi (or epic), 36
inverse, 34
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mono (or monic), 36
of graphs, 28
split (mono, epi), 36

N

natural transformation, 140
(co)unit of an adjunction, 150
composition law, 141
co-unit of a reflection, 146
dual of, 141
identity, 140
natural isomorphism, 142
unit of a reflection, 145

null object, 64

O

object
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null, 64
terminal, 63
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P

PAR, 43
path in a graph, 29

pointed sets. See SET^

POWER, 43
p-property, 136
PRES, 58, 133
preserves

colimits, 93
isomorphisms, 89

PRESLTL, 54
PROC, 118
process, 118
product, 68

in LOGI, 69
in SET, 68
in SET^, 69
of categories, 38

proof systems
as graphs, 28

prv(v), 174
pullback, 75

in SET^, 76

pushout, 71
in CLASS_SPEC, 80
in SET, 71
vs. the ‘Join Semantics rule’, 81

pushouts
vs. multiple inheritance, 72

R

R(g), 175
REACH, 44
realisation

of configurations (diagrams), 113
of specifications by programs, 111

reduct
for temporal logic, 55

refinement
of configurations, 188
of designs (morphism), 184

reflection
(co)reflective functor, 144
arrow, 47
for a functor, 144
reflective subcategory, 48
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PRES and SPRES, 58
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PRES and SPRES, 58
reflector

for a functor, 145
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colimits, 93
isomorphisms, 89

S

SET, 30

SET^, 39

shape (of a diagram), 33
skip, 175
slice-category. See comma-category. See

comma-category
spa, 117
split (mono, epi), 36
split fibration, 105
SPRES, 58, 134
strict theory presentation

in a ("-)institution, 134
in a closure system, 58

subcategory, 42
co-reflective, 45
full, 43
isomorphism-closed full, 44
reflective, 48

SUBSUME, 201
sum, 66

in LOGI, 67
in PROOF, 67
in SET, 67

superposition (or superimposition), 181
SYNC, 198

T

temporal logic
presentations, 52
propositions, 51
reducts, 55
semantics, 52
signatures, 51
theories, 52

temporal theory
as a concrete category, 98
category of, 54
morphism of, 53
presentation of, 54

terminal object, 63
in ANCESTOR, 64
in LOGI, 63
in PAR, 63
in SET, 63
in SET^, 64

THEO, 58, 133
THEOLTL, 54
theory

as a split (co)fibration, 134
in a ("-)institution, 133
in a closure system, 58
in temporal logic, 54

theory presentation
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as a split (co)fibration, 134
in a ("-)institution, 133
in a closure system, 58
in temporal logic, 54

transition systems
as graphs, 27

U

U(g), 175
unit

of an adjunction, 150

Z

zero object, 64

_

"-institution, 128
presented by an institution, 130, 134










