
7 ADJUNCTIONS

7.1 The social life of functors

Yes, even functors are entitled to have their own social lives...  And they can be quite
rich too.  In this book, we will remain at the level of what is basic and indispensable
for covering this last topic of our introduction to Category Theory: adjunctions.  For
that purpose, we will just provide a short introduction to what are normally accepted
to be "the" morphisms between functors: natural transformations.

The best way of understanding what natural transformations consist of, and can be
used for, is to look at functors as views that one has from one category into another
and formulate the properties that characterise the "preservation" of such views.

7.1.1 EXAMPLE – two views of Eiffel class specifications

We have already seen how one can look into Eiffel classes from the point of view of
temporal logic specification: this is the view that is provided through the functor spec
that we defined in 5.1.3.  This functor accounts both for the pre/post conditions of
methods and the class invariants.  However, one is often interested in a more higher-
level view of the behaviour of object classes that is concerned with the global proper-
ties that can be observed from their interfaces, typically their functions and routines.
For this particular view, the actual specification of the functionality of the methods is
of little relevance; they account for "how" these global properties are achieved rather
than just "what" they are.  Therefore, it makes sense that we define another functor
obsv: CLASS_SPECÆPRESFOLTL that offers the more abstract point of view.  Formally,
these observable properties can be defined as sentences that involve only routines
and functions.  Hence, given an Eiffel class specification e=<S,P,I> we define

obsv(e)=<S,{fŒLTL(fun(S)»rou(S))|F!

† 

|– S!f>

where F is the set of axioms of spec(e).  The reader is invited to check that this map-
ping defines a functor, i.e. that class inheritance induces an interpretation between
the corresponding global properties.

Given two such views of class specifications, how can we relate them?

Clearly, such a relationship has to be established on the basis of morphisms that, for
each class specification e, relate obsv(e) and spec(e).  By definition, observable prop-
erties are derivable from the full class properties, so there is a morphism of presenta-
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tions between each obsv(e) and spec(e).  However, in order to respect the structure
that morphisms (inheritance between class specification) induce on both views, the
way observable properties relate through inheritance must be "the same" as the full
specifications relate between them. ®

7.1.2 DEFINITION – natural transformation

Given two functors y:DÆC and j:DÆC, a natural transformation t from y to j, de-
noted by y

† 

tæ Æ æ j or t:y

† 

•æ Æ æ j, is a function that assigns to each object d of D a
morphism td:y(d)Æj(d) of C such that, for every morphism f:dÆd' of D, the following
square commutes, in which case we say that td is natural in d or that the naturality
condition holds:

td

 y(d) j(d) d

y(f) j(f) f

 y(d') j(d') d'
td'

y,j
C D

®

7.1.3 EXERCISE

Workout the example in full by defining and proving the properties of the natural
transformation. ®

The most obvious example of a natural transformation is, naturally, the identity:

7.1.4 DEFINITION – identity

Given a functor y:DÆD the identity natural transformation idy assigns to each object
d of D the identity morphism idy(d). ®

In the rest of this section, we are going to analyse some of the mechanisms and
properties that are available for using natural transformations when reasoning about
how functors relate.  The main results that we need concern the way natural trans-
formations compose and the mechanisms we have to act on them.

First, we can spell out what the dual of a natural transformation is:
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7.1.5 DEFINITION

Consider two functors y:DÆC and j:DÆC, and a natural transformation y

† 

tæ Æ æ j.
We define jop

† 

t op

æ Æ æ yop by t op
d=td. ®

Notice that a morphism jop(d)Æyop(d) in Cop corresponds exactly to a morphism
y(d)Æj(d) in C.

A useful class of operations on natural transformations is induced by functors into
the sources, or from the targets, of the categories involved.  For instance, supposing
that we have a way (functor) to relate the domain of a viewpoint to another one (say
between PRESFOLTL and PROC as shown further down – 7.3.14), it makes sense to
compose it with a natural transformation to provide a new one that extends the for-
mer to the second domain, e.g. to provide a mapping between the processes that cap-
ture the observable and the full view of object behaviour.

spec;proc

spec
proc

CLASS_SPEC PRESFOLTL PROC

obsv

obsv;proc

7.1.6 DEFINITION

Consider two functors y:DÆC and j:DÆC, and a natural transformation y

† 

tæ Æ æ j.

1. Given r:EÆD we define r;y

† 

r ;tæ Æ æ r;j by (r;t)e=tr(e).

2. Given r:CÆB we define y;r

† 

t ;ræ Æ æ j;r by (t;r)d=r(td).®

These are "external" operations on a given natural transformation.  An "internal" law
can also be defined that allow us to compose simpler views into more complex ones
in the sense that they bridge over sequences of viewpoints:

7.1.7 DEFINITION – composition

Consider three functors y,j,k:DÆC and natural transformations y

† 

tæ Æ æ j and
j

† 

næ Æ æ k.  The composition y

† 

t ;næ Æ æ k is defined by (t;n)d=td;nd. 
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td nd

 y(d) j(d) k(d) d

y(f) j(f) k(f) f

 y(d') j(d') k(d') d'
td' nd'

y,j,k
C D

®

7.1.8 EXERCISE

Prove that the composition of natural transformations is well defined, is associative
and that the identities are, indeed, units for the composition law. ®

7.1.9 DEFINITION – natural isomorphism

A natural transformations y

† 

tæ Æ æ j is said to be a natural isomorphism provided that
each td is an isomorphism, in which case y and j are said to be naturally isomorphic,
denoted by y

† 

@j. ®

7.1.10 DEFINITION – equivalence of categories

Tho categories C and D are equivalent when they admit functors y:DÆC and j:CÆD
such that y;j

† 

@idD and j;y

† 

@idC. ®

Notice that equivalence between categories is a weaker notion than isomorphism
(5.1.7).  In particular, an equivalence does not operate up to "equality" but up to
"isomorphism": for instance, given any object d of D, j(y(d)) does not need to be d but
just isomorphic to d.  Hence, to mark the fact, we do not use the term "inverse" for
qualifiying each of these functors with respect to the other but "pseudo-inverse".
This is the terminology used, for instance, in [12].

For instance, for any institution, PRES and THEO are usually not isomorphic (the
same theory may admit many presentations), but they are equivalent (all the presen-
tations that define the same theory are isomorphic).  This example shows that a
category may be equivalent to one of its strict subcategories.

7.1.11 EXERCISE

What about SPRES? ®

Another example of an equivalence concerns two categories about which we have
already highlighted many relationships in section 3 and 4:
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7.1.12 EXAMPLE – equivalence between PAR and SET^

The mappings

• –^ that removes the designated element from pointed sets and transforms
morphisms into partial functions

• +^ that adds a new element to each set and completes partial functions by
using the new element where they were undefined

define two functors whose compositions are naturally isomorphic to the identity. ®

Indeed, both categories are, basically, the "same" in the sense that one just makes
explicit the partiality by presenting the designated element.  In many applications to
Computing, namely in the modelling of system behaviour as we have been illustrating
with processes and specifications (theories), one tends to switch between one cate-
gory and the other depending on whether we wish to attribute a meaning to the
designated element, like for processes where it models steps performed by the envi-
ronment, or be less "bureaucratic" (more pragmatic) and keep it just implicit.  In fact,
this is what we did in the graphical representations of the examples of universal con-
structions on processes: to simplify the notation, we omitted the designated element
from the alphabets and represented the morphisms as partial functions. The "old"
duality between "syntax" and "semantics" also tends to play a role: for semantic do-
mains, like processes, it is useful to handle the designated element; but for syntax,
like that of the parallel design language CommUnity that we study in chapter 8, it is
often more "practical" to work instead with partial functions.  The equivalence then
tells us how we can switch between the two views.

Notice that the two categories are not isomorphic: the new element that is used to
complete a set is not necessarily the one that was forgotten when that set is ob-
tained from a pointed one.  In fact, it is interesting for the reader to come up with a
"real" definition of the functor that adds new elements to sets to make pointed sets:
which elements does it add?  Is there a "canonical" way of performing this comple-
tion?  

The fact that we do not have an isomorphism is more significant for the "social life" of
the categories themselves than for the structures that they endow internally on their
objects (which is basically the same).  We give an example of what we mean by this in
7.3.13.

7.2 Reflective functors

Keeping the promise of writing for the community of software scientists and practitio-
ners, who are not necessarily as mathematically mature as most of the other books
on Category Theory assume, we shall abstain from the traditional introduction to
adjunctions, such as the construction of free monoïds and other mathematical struc-
tures, or Galois connections.  Instead, and besides giving examples closer to system
development, we will follow the method adopted in previous chapters, and use con-
cepts introduced about subcategories to motivate the definition of "similar" properties
of functors, based on the fact that the inclusion of a subcategory in another one de-
fines a functor.  
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The generalisation from subcategories into functors that interests us for adjunctions
concerns reflections and co-reflections.  You may wish to revisit 3.3.8–3.3.12 where
we motivated (co)reflections as defining a specialised class of "secretaries" through
which all the interactions can be factorised.  The generalisation consists, once again,
in replacing the inclusion by a functor; in a way, our secretaries become "interpret-
ers", i.e. some kind of "adjuncts" through which all the communication with the
"other side of the functor" is handled.

7.2.1 DEFINITION – reflection

Let j:DÆC be a functor.

1. Let c be a C-object.  A j-reflection for c is a C-morphism o:cÆj(d) for some D-
object d such that, for any C-morphism f:cÆj(d') where d' is a D-object, there is a
unique D-morphism f':dÆd' such that f=o;j(f') i.e. the C-diagram commutes:

o
c                     j(d) d

j(f') f'
f

j(d') d'

C D
j

2. The functor j is said to be reflective iff every C-object admits a j-reflection.  We
tend to denote functors that are reflective with the special arrow           . ®

That is to say, given an object c of C, we are looking for the "best" object of D that can
handle its relationships "across the border", i.e. with other objects of D through the
functor j.  The morphism o can be seen as the protocol that c needs to have with its
"interpreter", or the "distance" that remains to be bridged in D.

Notice that j-reflections are j-structured morphisms in the sense of 6.2.2.  The fol-
lowing proposition provides a useful characterisation of reflections:

7.2.2 PROPOSITION

1. Given a functor j:DÆC and a C-object c, the j-reflections for c are the initial ob-
jects of the category cØj.  

2. A functor j:DÆC is reflective iff, for every C-object c, the category cØj has initial
objects. ®

7.2.3 EXERCISE

Prove 7.2.2 and conclude that j-reflections for an object c are essentially unique, i.e.
two j-reflections for c are isomorphic and, if f:cÆj(d) is a j-reflection for c and h:dÆd'
is an isomorphism, then f;j(h) is also a j-reflection for c. ®
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The notion of reflector for the inclusion functor defined by a reflective subcategory
put forward in 5.1.13 can also be generalised to an arbitrary reflective functor.

7.2.4 DEFINITION/PROPOSITION – reflector

Let j: D Æ C be a reflective functor.  We define a functor r:CÆD as follows:

• every C-object c has a j-reflection arrow hc:cÆj(d).  We define r(c)=d;

• consider now a morphism h:cÆc'.  The composition h;hc' is such that the defi-
nition of j-reflection arrow for c guarantees the existence and uniqueness of
a morphism h':r(c)Ær(c') such that h;hc'=hc;j(h').  We define r(h)=h'.

hc

 c                     j(r(c)) r(c)

h j(h') h'

 c' j(r(c')) r(c')
hc'

j
C D

This functor is called a reflector for j.

PROOF

The proof is trivially generalised from the one given in 5.1.13 and is left as an exer-
cise. ®

7.2.5 DEFINITION/PROPOSITION – reflection unit

Let j:DÆC be a reflective functor and r:CÆD a reflector. The definition of r provides
directly a natural transformation idC

† 

hæ Æ æ r;j.  We call it the unit of the reflection. ®

By duality, we obtain the notion of co-reflective functor and co-reflector for a co-
reflective functor, generalising what was defined for co-reflective subcategories. We
tend to denote functors that are co-reflective with the special arrow           .

7.2.6 PROPOSITION

Let j: DÆC be a reflective functor. Every reflector r:CÆD for j is co-reflective and ad-
mits j as a co-reflector.  Moreover, given any D-object d, its r-co-reflection ed:r(j(d))Æd
satisfies hj(d);j(ed)=idj(d)

PROOF

Let d be a D-object. The universal properties of hj(d) ensure the existence and
uniqueness of a morphism ed:r(j(d)) Æd such that hj(d);j(ed)=idj(d).
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hj(d)

 j(d)              j(r(j(d))) r(j(d))

j(ed) ed

idj(d)

j(d) d

j
C D

It is easy to see that ed is, indeed, a r-co-reflection for d. Let g:r(c)Æd be a D-
morphism. We are going to prove that g=hc;j(g):cÆj(d) satisfies r(g);ed=g.  Because
there is only one morphism h:r(c)Æd such that hc;j(h)=g, we are going to prove that
r(g);ed satisfies that equation:

hc;j(r(g);ed)

= hc;j(r(g));j(ed)

=g;hj(d);j(ed) because of the properties of natural transformations

=g because of the properties of ed

hc  
 c j(r(c)) r(c)

j(g) j(r(g)) g r(g)
g

j(ed)
j(d) j(r(j(d))) d r(j(d))

hj(d) ed

j
C D

Moreover, g is the only morphism g': cÆj(d) that satisfies g=r(g');ed because the equa-
tion implies hc;j(g)=hc;j(r(g'));j(ed)=g';hj(d);j(ed)=g'. ®

7.2.7 COROLLARY

Consider a reflective functor j:DÆC and its reflector r:CÆD.

1. From proposition 7.2.6 we derive a natural transformation j;r

† 

eæ Æ æ idD that we
call the co-unit of the reflection. The two natural transformations (unit and co-
unit) satisfy

j

† 

j ;hæ Æ æ j;r;j

† 

e ;jæ Æ æ j=j  

† 

idjæ Æ æ j

r

† 

h;ræ Æ æ r;j;r

† 

r ;eæ Æ æ r=r  

† 

idræ Æ æ r

2. Every morphism f:cÆj(d) can be mapped to f=r(f);ed:r(c)Æd which is the unique
morphism r(c) Æd that makes the C-triangle commute.
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hc

c                     j(r(c)) r(c)

j(f) f r(f)
f

j(d) d r(j(d))
ed

C D
j

and every morphism g:r(c)Æd can be mapped to g=hc;j(g):cÆj(d) which is the
unique morphism cÆj(d) that makes the D-triangle commute.

ed

d r(j(d)) j(d)

r(g) g j(g)
g

r(c) c j(r(c))
hc

D C
r

These mappings define a bijection that is "natural" in C and D in the sense that
it satisfies, for every h:c'Æc and k:dÆd',

r(h);f;k=h;f;    j    (k) and h;g;j(k)=   r   (h);g;k

PROOF

We leave it as an exercise.  Notice that, for instance,

f=hc;j(f)=hc;j(r(f);ed)=hc;j(r(f));j(ed)=f;hj(d);j(ed)=f
®

Some useful properties of reflective functors are:

7.2.8 PROPOSITION

1. Reflective functors compose, i.e. if y:EÆD and j:DÆC are reflective then so is
y;j:EÆC.

2. Reflective functors preserve limits.

PROOF

Left as an exercise.  We just give a brief illustration of 2 for the case of pullbacks.  We
start with a pullback diagram in D that we translate to C.  If we now consider a com-
mutative cone <cÆj(di)>, we can lift it back to D through the reflection as a commu-
tative cone <r(c)Ædi>.  From the properties of the pullback, we are given a morphism
r(c)Æd of commutative cones that translates, once again, to C as a morphism of com-
mutative cones.  Uniqueness can be easily checked.
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d j(d)

d1 d2 j(d1) j(d2)

d' j(d')

r(c) c

j
D C

r

®

The characterisation of reflective functors provided through 7.2.2 allows us to give
examples among some of the constructions analysed in chapter 6:

7.2.9 COROLLARY

1. Let j:CÆSET be a functor. The functor u: spa(j)ÆC that forgets the SET-
component of each object (6.3.3) is both reflective and co-reflective.  The u-
reflection of any C-object c is idc:cÆu(<c,ø>) and its co-reflection is
idc: u(<c,j(c)>)Æc.

2. Consider an indexed category i:IopÆCAT.  The functor fib(i):FLAT(i)ÆI that pro-
jects objects and morphisms to their I-components (6.4.7)is reflective iff, for every
index i, i(i) has an initial object 0i(i), and is co-reflective iff, for every index i, i(i)
has a terminal object 1i(i). The fib(i)-reflection of any index i, when it exists, is
idi:iÆfib(i)(<i,0i(i)>), and its fib(i)-co-reflection, when it exists, is
idi:fib(i)(<i,1i(i)>) Æi. ®

Another obvious example of (co)reflective functors concerns, of course, (co)reflective
subcategories:

7.2.10 COROLLARY

1. If D is a reflective subcategory of a category C, then the inclusion functor is re-
flective.

2. If D is a co-reflective subcategory of a category C, then the inclusion functor is co-
reflective. ®

We can also generalise the results (3.3.10) that relate full (co)reflective subcategories
with properties of the (co)unit:
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7.2.11 PROPOSITION

Consider a reflective functor j:DÆC and let e be its co-unit.

1. j is faithful iff, for every D-object d, ed is epi.

2. j is full and faithful iff, for every D-object d, ed is an isomorphism. ®

7.2.12 EXERCISE

Complete the constructions and proofs of  7.2.6 and 7.2.7 to get acquainted with
these newly acquired tools10. ®

                                                
10 And do have fun exploring the symmetries revealed through the diagrams, sketching the odd duality…

The more mathematically mature readers may wish to identify Galois connections in the process.

7.3 Adjunctions

The reader already acquainted with Category Theory will have noticed that we are
not only following a different path to the topic, as already justified even if it turns out
not to be that different from [1], but also departing from the standard terminology (if
one really exists) for adjunctions.  The reason is that the terminology that we are in-
troducing is a natural continuation of the one we used for subcategories (and this
one is standard, or at least it complies with [79], which comes more or less to the
same).  What we have called a j-reflection for d is called in [1] a j-universal arrow for d
(or with domain d), and a reflective functor is called therein an adjoint.  The prefix co
is used in [1] exactly in the same way so that a j-co-reflection is a j-co-universal ar-
row and a co-reflective functor is co-adjoint.  

Although we prefer the terminolgy that we introduced in the previous sections, there
are also good reasons for using the terminology introduced in [1]: adjoints and co-
adjoints arise in adjunctions.  In this section, we are going to introduce the standard
terminology on adjunctions (i.e. [79]) because it is really standard.  Adjunctions are
an intrinsic part of the vocabulary of Category Theory.  What is hardly standard is the
way to approach and define the notion of adjunction.  This is where, as authors, we
can allow ourselves a little illusion of originality.

7.3.1 DEFINITION – adjunction

An adjunction from a category  C to another category D consists of

• two functors j:DÆC and r:CÆD

• two natural transformations idC

† 

hæ Æ æ r;j and j;r

† 

eæ Æ æ idD satisfying

j

† 

j ;hæ Æ æ j;r;j

† 

e ;jæ Æ æ j=j  

† 

idjæ Æ æ j

r

† 

h;ræ Æ æ r;j;r

† 

r ;eæ Æ æ r=r  

† 

idræ Æ æ r
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We use the notation r

† 

 e  
h

| j for such an adjunction.

Given an adjunction r

† 

 e  
h

| j

• j can be called: the right adjoint, the adjoint, the forgetful functor

• r can be called: the left adjoint, the co-adjoint, the free functor

• h is called the unit

• e is called the co-unit. ®

In what concerns the terminology, the left/right classification is quite widespread;
(co)adjoints are used in [1] as already mentioned  Classifying the functors as forget-
ful/free can be every helpful when the roles that they play is obvious.  This is pre-
cisely the case of the adjunctions that result from reflective subcategories, functor-
structured categories and indexed categories as illustrated below: the (right) adjoint
usually "forgets" part of the structure of objects that the left/co-adjoint is able to
freely generate the additional structure.

An immediate example is:

7.3.2 PROPOSITION

Every equivalence defines two adjunctions. ®

It is useful to state explicitly a result about duality:

7.3.3 PROPOSITION

For every adjunction r

† 

 e  
h

| j,  jop

† 

h
op

e
op

| rop is also an adjunction (its dual). ®

And also about composition:

7.3.4 PROPOSITION

Given functors j:DÆC, r:CÆD, y:EÆD, g:DÆE, if r is a left adjoint of j and g is a left
adjoint of y then r;g is a left adjoint of y;j . ®

There are many alternative ways of characterising adjunctions.  It can even be hard
to find two books that adopt the same characterisation as the defining one.  How-
ever, they all involve, in some way or the other, but not arbitrarily, the properties
analysed in 7.2.7.  For instance,

7.3.5 PROPOSITION

An adjunction from a category  C to another category D can be obtained from

• two functors j:DÆC and r:CÆD

• a bijection between morphisms cÆj(d) and r(c)Æd that is natural in C and D.
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PROOF

Much of the proof has been sketched in 7.2.7.  We leave it as an exercise to complete
it. ®

This characterisation is useful for the following example in particular:

7.3.6 PROPOSITION

The power-set functor 2—–:SETopÆSET^  that maps every set to its powerset as a
pointed set, the empty set being the designated element, and every function to its
inverse image, defines an adjunction from SET^. to SETop.  Its left adjoint computes
power sets of proper elements (i.e. excluding the designated element) and inverse
images.

PROOF

The reader is invited to carry out the proof as it is very instructive if not challenging
due to the fact that it operates on a contravariant functor!  The natural bijection is
defined by associating functions of the form f:AÆ2B with g:BÆ2A by aŒg(b) iff bŒf(a). ®

An adjunction is a very strong relationship between two categories: it allows us to
give canonical approximations of objects in one domain with respect to the structural
properties that are captured in the other domain.  Examples of the use of adjunc-
tions abound, even in the particular aspects of Computing Science that interest us in
this book.  One that we have worked out and presented in [36] concerns the synthe-
sis of programs from specifications:

7.3.7 EXAMPLE – synthesis of programs from specifications

We have already mentioned (5.1.3) how the satisfaction relationship between pro-
grams and specifications may be captured, in certain circumstances, by a functor
spec: PROGÆSPEC that maps every program to the maximal set of properties that it
satisfies.  In such situations, we have called every morphism SÆspec(P) a possible
realisation of the specification S by the program P (6.2.1).  In this context, we have
illustrated how systems can be evolved by interconnecting components that make
new required properties to emerge (6.1.24).  We have also showed how the process of
assembling a system from smaller components, including the interconnection of new
components, can be addressed in a compositional way by addressing realisations and
not just individual specifications or programs (6.2.4).

We are now interested in incorporating into the picture the ability to synthesise pro-
grams from specifications as a means of supporting the process of compositional evo-
lution that we have been addressing and according to which the addition of a com-
ponent to a system should not require the recalculation (or the re-synthesis) of the
whole system but only of the new component and its interconnections to the previ-
ous system.  To illustrate our purpose, consider once again the vending machine
(3.5.6).  In (6.1.24), we developed the specification of a regulator and showed that,
once interconnected with the vending machine, the new system did not allow arbi-
trary sales of cigars but required the insertion of a special token before a cigar can be
selected.  Assuming that the original vending machine was implemented and run-
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ning, and that we were in possession of a realisation of the regulator, possibly by
having used the synthesis method of [85], we would like to be able to synthesise the
interconnections between the two programs (the running vending machine and the
realisation of the regulator) in order to obtain a realisation of the specification dia-
gram.

In summary, given realisations of component specifications (either obtained through
traditional transformational methods, or synthesised directly from the specifications,
or reused from previous developments), we would like to be able to synthesise the
interconnections between the programs in such a way that the program diagram re-
alises the specification diagram.  That is to say, given specifications S1 and S2 (newly)
interconnected via morphisms j1:SÆS1 and j2:SÆS2, and realisations <s1,P1>, <s2,P2>
of S1 and S2, respectively, one would like to be able to synthesise a realisation <s,P>
of S and morphisms m1:PÆP1 and m2:PÆP2 such that s;spec(mi)=ji;si (i=1,2).

S1

j1

S s1

j2

S2

s SPEC

spec(P1)

spec(P) s2

spec(P2) spec

m1 P1

P PROG
m2

P2

This general statement of what it means to synthesise interconnections makes it
clear that it is both necessary to synthesise the middle program P and the morphisms
mi that are required to interconnect the given programs.  Because, in the general
case, any object can be used in an interconnection, this suggests, rather obviously,
that a functor synt: SPECÆPROG is required that is somehow related to spec.  One
possible such relationship is for spec to be the inverse (5.1.7) of synt, but this is a
rather strong property because it would require the two categories of programs and
specifications to be isomorphic.  Clearly, if this were to be the case, we could hardly
claim that we were dealing with two different levels of abstraction.  Hence, it makes
sense to look for weaker properties of the relationship between the two functors.

It seems clear that, more than programs, synthesis must return realisations of the
given specifications.  That is to say, for every specification S, synt(S) must be provided
together with a morphism hS:SÆspec(synt(S)) that establishes synt(S) as one of the
possible realisations of S.  Hence, hS expresses a correctness criterion for synt.
Moreover, synt must respect interconnections in the following sense: given a specifi-
cation diagram d: IÆSPEC, it is necessary that the program diagram d:synt  be a reali-
sation of d through (hSi

)i:I as defined in 6.2.4, i.e. we must have, for every arrow f:iÆj in
I, Sf;hSj

=hSi
;spec(Pf). But these are the ingredients that define a natural transforma-

tion.  Hence, synt must be provided together with a natural transformation
h:1SPECÆsynt;spec.
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Consider now the synthesis of interconnections themselves.  Given an interconnec-
tion of specifications s:SÆspec(P) we should be able to synthesise s':synt(S)ÆP in
such a way that the interconnection is respected, i.e. s=hS;spec(s').  This is equiva-
lent to defining a (natural) bijection between the morphisms SÆspec(P) and the mor-
phisms synt(S)ÆP.  But this is, precisely, the property that characterises the exis-
tence of an adjunction between SPEC and PROG.  Hence, synthesis of interconnec-
tions can be characterised by the existence of a reflector (left adjoint) synt for spec.
Notice that 7.2.2 characterises the synthesis functor precisely in terms of the exis-
tence, for every specification, of a "minimal" realisation in the sense that all other
programs that implement the specification simulate it.

Notice that the co-unit of the adjunction eP:synt(spec(P))ÆP is not necessarily an
isomorphism because spec(P) may not be powerful enough to fully characterise P (we
cannot guarantee that the specification domain is expressive enough to capture the
semantics of P in full).  Hence, we are not even in the presence of an equivalence.

The direction of the co-unit reflects the fact that if we synthesise from the strongest
specification of a program P, we obtain a program that cannot be stronger than P.
Hence, the morphism eP provides a sort of "universal adaptor" between the program
synthesised from spec(P) and P itself.

s
S spec(P)

hS spec(s') SPEC

spec(synt(S))
spec

synt
P

s' eP

PROG

synt(S) synt(spec(P))

synt(s)

Although weaker than the existence of an inverse or a pseudo-inverse, the existence
of a left adjoint to the functor spec: PROGÆSPEC is quite a strong property.  This is
not surprising because the ability to synthesise any specification is itself, in intuitive
terms, a very strong property. In the literature, examples of synthesis of finite state
automata from temporal logic specifications can be found, both from propositional
linear temporal logic as above [85] and from branching time logic [30].  However, their
generalisation to a full systems view is difficult.  We shall in section Error! Refer-
ence source not found. that we can go a longer way in the context of formalisms
that separate "Coordination" from "Computation".

Another important property that results from the properties of reflective functors is
the following:
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7.3.8 PROPOSITION – adjunctions and reflections

1. Every reflective functor defines an adjunction (in which it plays the role of right
adjoint).

2. In every adjunction r

† 

 e  
h

| j, j is reflective with reflector r, and r is co-reflective
with co-reflector j. ®

This result allows us to derive from 7.2.9 two interesting cases of adjunctions:

7.3.9 COROLLARY

1. Let j:CÆSET be a functor. The functor u: spa(j)ÆC has for left adjoint the func-
tor that maps each C-object c to <c,ø>, and for right adjoint the functor that
maps each C-object c to <c,j(c)>.

2. The functor alph that maps PROC to SET^ by forgetting behaviours has both a
left and right adjoint. The left adjoint maps each alphabet A^ to the process
<A^,ø> and the right adjoint maps it to <A^,tra(A^)>. ®

7.3.10 COROLLARY

In any "-institution, the functor sign:THEOÆSIGN that maps theories to their un-
derlying signatures has both a left and right adjoint.  The left adjoint maps each sig-
nature to the theory <S,cS(ø)> and the right adjoint maps it to <S,gram(S)>. ®

Basically, both results tell us how to map back and forth between processes and al-
phabets, and between theories and signatures,

7.3.11 EXERCISE

Workout direct proofs for both 7.3.9 and 7.3.10, and interpret the meaning of the
natural transformations.  Check how far 7.3.10 extends to presentations and strict
presentations. ®

From 7.2.10 and 7.3.8  we get another obvious class of adjunctions:

7.3.12 COROLLARY

1. Every reflective subcategory defines an adjunction in which the inclusion functor
is the right adjoint.

2. Every co-reflective subcategory defines an adjunction in which the inclusion is
the left adjoint. ®

7.3.13 EXAMPLE – adjunctions between SET, PAR and SET^

The fact that, as seen in 3.3.11, SET is a co-reflective subcategory of PAR tells us that
the inclusion has a right-adjoint.  As also seen in 3.3.11, this right adjoint (call it +^)
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is the one that performs the traditional "elevation" of partial into total functions by
extending sets with an "undefined" element, or "bottom", that serves as image for the
elements in which the partial functions are undefined.  This construction may well
remind the reader of one of the functors over which the equivalence between PAR
and SET^ was built in 7.1.12: the one that bears the same name.  That is to say, we
have the same kind of construction – the "elevation" – being performed over two dif-
ferent categories. Are they related?  

There is a "natural" way in which every pointed set can be viewed as a (normal) set:
just forget the "added structure", i.e. the fact that it has a designated element.  Note
that this does not mean "through away the designated element", which is what the
functor –^ (the pseudo-inverse of +^ in the equivalence) does.  Going back to 3.2.1,
we are mapping pointed sets<A,^A> to the underlying set A and morphisms between
two pointed sets f:<A,^A>Æ<B,^B> to the corresponding total function f:AÆB.  This
mapping defines SET^ as a concrete category over SET.  The two elevations of PAR
are related by this forgetful functor: the elevation to SET is simply the result of for-
getting that there is a designated element in the elevation to SET^, which is cap-
tured by the following commutative diagram:

PAR

+^ +^

SET SET^

Notice that the elevation to SET^ is explicitly recorded into a structure that is added
to sets whereas the elevation to SET is merely a representation or encoding.  This
difference is well captured in the fact that it gives rise to an equivalence in the first
case but "just" a reflective functor in the second. The elevation from PAR to SET^ is
also reflective but the fact that it is a co-reflection is more interesting for the follow-
ing reason: if we complete the diagram with the adjunctions that we have already
built

PAR

–^
+^ +^

SET SET^

we can see that the functor that forgets the designated elements admits a right ad-
joint that, again, performs another kind of elevation, this time superposing a desig-
nated element to every set.  This is just the elevation of partial functions being per-
formed on total ones as a particular case.

PAR

–^
+^

+^
+^

SET SET^

Notice that we obtain a commutative diagram of adjunctions (i.e. of reflective and co-
reflective functors), but not of the functors in general: for instance, the diagram of +^
is, clearly, not a commutative one!  
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It is also important to point out, in the sequel of the remarks made in 7.1.12, that
because PAR and SET^ are equivalent, we tend to look at them as being "the same",
but they may bear quite different relationships to other categories like, in this case,
SET: for instance, the "elevations" go in opposite directions, one from PAR, the other
into SET^; one is reflective and the other co-reflective.  What is more interesting is
that these are "technical" differences: conceptually, both PAR and SET^ provide a co-
reflective representation for "normal" sets; the representations are different because,
in spite of being equivalent, the two categories offer different structures and, hence,
require different encodings of what is, essentially, the same kind of relationship.

This example also shows how diagrams of adjunctions can be useful to understand
how different domains relate to each other; they provide a kind of "roadmap" or "clas-
sification scheme" that is essential to navigate among the different structures that
one tends to find in the literature.  For instance, we can enrich the previous diagram
of adjunctions with the one that we obtained in 7.3.6:

+^ 2—

SET PAR

† 

ª SET^ SETop

+^ –^ 2—

The composition of these adjunctions gives us the well known adjunction between
SET and SETop performed by the powerset functor.

This kind of roadmap was used in [98,112] for formalising relationships between
models of concurrency like transition systems, synchronisation trees, event struc-
tures, etc, in what constitutes one of the most striking examples of the expressive
power of adjunctions.  Each such model is endowed with a notion of morphism that
captures a form of simulation as a behaviour-preserving mapping.  Typical operations
of process calculi are captured as universal constructions as exemplified in 4.3.8 for
PROC.  Reflections and co-reflections11 are used for expressing the way one model is
embedded in another: one of the functors in the adjunction embeds the more ab-
stract model in the other, while the other functor abstracts away from some aspect of
the representation.

Instead of reproducing an example of such uses of adjunctions, which on its own
would hardly capture the richness of the classification that is developed for different
kinds of concurrency models in [98,112],  we present a related kind of application: a
duality between process models and specifications.  More precisely, a duality between
PROC and linear temporal logic specifications given by THEOLTL as presented in [32] to
show how both semantics domains – theories and models – can be made part of the
same roadmap.

7.3.14 EXAMPLE – duality between processes and specifications

We start by recalling that PROC is concrete over SET^ through the forgetful functor
alph and that THEO is concrete over SET through the forgetful functor sign.  In fact,
we proved in  7.3.9 and 7.3.10 that these functors are both reflective and co-
reflective.  Moreover, we have shown in 7.3.6 that the contravariant powerset functor
2—:SETopÆSET^ is reflective.  We are now going to show that 2— can be lifted to proc:

                                                
11 Further terminological confusion arises with respect to [112] where a co-reflection is an adjunction in which

the reflective functor (the adjoint) is a full embedding, i.e. the straight generalisation of a full reflective
subcategory.
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THEOopÆPROC as a reflective functor that makes the diagram (of reflective functors)
below commute.

2—

 SET^ SETop

alph signop

PROC THEOop

proc

Let <S,F> be a theory.  The required commutativity of the diagram fixes the choice of
the alphabet for proc(<S,F>): the powerset 2S considered as a pointed set.  We are
going to choose for its behaviour the set {lŒ(2S)w | l

† 

|=F}, i.e. the least deterministic
process that satisfies the properties given by the theory.  It is not difficult to prove
that we do obtain a functor.  

If we consider now a process <A^,L>, the category <A^,L>Øproc consists of the specifi-
cations that are validated by the behaviours in L after a suitable translation (what in
6.5.9 we called generalised models).  This category has an initial object: the set of all
sentences in the language of 2A that are validated by the behaviours of L translated
by the unit of the powerset adjunction. It is the largest, not the smallest, because we
are working with a contravariant functor.  Hence, proc is indeed reflective, its reflec-
tor assigning to <A^,L> the theory <2A,{p|L;hA

† 

|=p}>.

Notice that because reflective functors preserve limits (7.2.8), colimits of specifications
are mapped by proc to limits of the corresponding processes.  This is again a form of
compositionality.  It says that composition of specifications as given by colimits of con-
figuration diagrams captures parallel composition of the corresponding processes
taking into account the interactions given by the diagram.  ®

The reader is encouraged to consult [32,33] for a wider discussion of the relation-
ships between these two categories, namely in the context of what are called cate-
gorical institutions in [87].

7.3.15 EXERCISE

1. Workout the full proof of 7.3.14.

2. Relate this result to 6.5.18.

3. Since, in the diagram of 7.3.14, signop and 2— are reflective and alph is co-
reflective, why didn't we take the composition of signop with 2— and the co-
reflector of alph to obtain an adjunction from PROC to THEOop?

4. What kind of generalisation into institutions can we hope for? ®

We would now like to extend this ability of adjunctions to relate different semantic
models of concurrency, to different specification formalisms as captured by the cate-
gories of theories defined by institutions.  For that purpose, we present in the next
section a summary of the results published in [5].
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7.4 Adjunctions in institutions

We start with an example in order to motivate the structures that are involved in
mapping between specification formalisms as captured by institutions.  

The typical temporal logics that have been used for the specification of reactive sys-
tems are based on linear time, of which the one we have been working with is only
an example.  However, sometimes, a branching time logic may be more justified.  For
instance, it is well known that verification techniques over branching time logic can
be more effective.  The expressive power of branching time logic can also be useful,
especially in relation to progress properties related to required non-determinism, like
responsiveness.  So, we would like to have ways of mapping between specifications in
these different logics that support translations back and forth between them,
through which one can take advantage of the best features of each.

As an example, consider the specification of a "user-friendly" vending machine that,
once it accepts a coin, will make a cake and a cigar available.  Notice that this is not a
property of the vending machine as specified in 3.5.6; the specification given therein
allows behaviours in which, for instance, after a coin is accepted, no cakes and no
cigars are delivered!  One could think that adding a property like (coin…F(cake⁄cigar))
would solve the problem but it is easy to see that this requirement does not capture
the availability of a cake or a cigar for the customer to choose; it requires that, in
every behaviour, the acceptance of a coin is followed by the delivery of a cigar or a
cake.  Hence, it admits as an implementation a machine that only delivers cigars!
Moreover, it forces the customer to take either the cake or the cigar among the op-
tions that are given, which does not make sense when that activity is not initiated by
the machine.  All this is because the trace-based semantics is not expressive enough
to model choice; for that purpose, branching structures are required.

A logic in which such properties can be easily expressed is the branching time logic
CTL*.  This logic is said to be branching because operators are provided that quantify
over the possible future behaviours from the current state.

7.4.1 DEFINITION – CTL* as an institution

The branching temporal logic institution CTL* is defined as follows:

• Its category of signatures is SET.

• We define two classes of propositions (the state propositions fs and the path
propositions fp) for a temporal signature S:

fs!!::=!!a!!|!!(ÿfs)!!|!!(fs…ys)!!|!!(Afp)

fp!!::=!!fs!!|!!(ÿfp) !|!!(fp…yp) !!|!!(fpUyp)

The set of branching temporal propositions gramCTL*(S) is the set of state
propositions.

A signature morphism f:SÆS' induces the translation f:gramCTL*(S)Æ
gramCTL*(S') defined as follows:

f(fs)!!::=!!f(a)!!|!!ÿf(fs)!!|!!f(fs)…f(ys)!!|!!Af(fp)



7.4 Adjunctions in institutions

12/9/03 159

f(fp)!!::=!!f(fs)!!|!!ÿf(fp)!!|!!f(fp)…f(yp)!!|!f(fp)Uf(yp).

• The model functor modCTL* is defined as follows:

– For every signature S, a branching S-model is a triple <W,R,V> with R a to-
tal relation on W and V:SÆ2W.

– Given a branching model M=<W,R,V> we denote by L(M) the set of all infi-
nite sequences wÆ2S  of the form l;V-1 where l:wÆW is such that
l(i)Rl(i+1) for every iŒw.  We denote by L(M,s) the subset of L(M) that is
generated by the sequences ls:wÆW such that ls(0)=s, i.e. L(M,s) con-
tains the subset of paths that begin at state s.

– Let M1=<W1,R1,V1> and M2=<W2,R2,V2> be S-models. A (p-)morphism from
M1 to M2 is a map f:W1ÆW2 such that:

(a) sR1t implies f(s)R2f(t),

(b) f(s)R2u implies the existence of tŒW1 such that sR1t and f(t)=u,

(c) sŒV1(a) iff f(s)ŒV2(a).

– Let f:S1ÆS2 be a signature morphism.  If <W2,R2,V2> is a S2-model, then
<W2,R2,f;V2> is a S1-model called the f-reduct of <W2,R2,V2>.

• The satisfaction relation is defined as follows: the truth of a S-proposition f in
M=<W,R,V> at state sŒW (which we write (M,s)

† 

|=Sf) is inductively defined as
for LTL except for the operator A for which

– (M,s)

† 

|=SAf iff, for every lsŒL(M,s), ls

† 

|=0
Sf .

The branching temporal proposition f is said to be true in M, which we de-
note by M

† 

|=Sf, iff (M,s)

† 

|=Sf at every state s of W. ®

Notice how the new operator, A, quantifies over all possible paths that start from the
current state.

The reader is invited to check that the satisfaction condition holds, i.e. prove the
following property:

7.4.2 PROPOSITION – satisfaction condition

Let f:S1ÆS2 be a signature morphism. For every MŒ|modCTL*(S2)| and fŒgramCTL*(S1),
M

† 

|=S2f(f) iff modCTL*(f)(m) 

† 

|=Sf. ®

7.4.3 COROLLARY

CTL* as defined in 7.4.1 is an institution. ®

As an example of a specification in CTL*, consider the user-friendly vending machine

specification user-friendly vending machine is
signature coin, cake, cigar
axioms beg … A(¬cakeŸ¬cigar) Ÿ A(coin ⁄ (¬cakeŸ¬cigar)Wcoin)

coin …  A((¬coin)W(cake⁄cigar))
coin … (EXcake Ÿ EXcigar)
(cake⁄cigar) …  A(¬cakeŸ¬cigar)Wcoin
cake … (¬cigar)
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The operator E is the dual of A: it expresses the existence of a path from the current
state in which the given property holds.  Notice the use of the conjunction in (coin … 
(EXcake Ÿ EXcigar)); it requires the machine to give the customer the choice; hence,
for instance, it the machine runs out of cakes, it may not accept coins even if cigars
are still available.

It is clear from the definition of CTL* that this logic "incorporates" LTL in the sense
that it can express at least as much as LTL.  A theory in LTL expresses properties
about all possible behaviours of a system taken as infinite sequences of states.  In
CTL*, this quantification can be made explicit through the operator A.  Hence, it
should be straightforward to map a theory of LTL to a theory of CTL* by qualifying
every linear proposition with A.

This syntactic transformation between the two languages respects the translations
defined by signature morphisms, i.e. is "natural" on signatures.  Indeed, it is captured
by a natural transformation:

7.4.4 DEFINITION/PROPOSITION

The family of functions aS:gramLTL(S)ÆgramCTL*(S) defined by aS(f)=Af is a natural
transformation from gramLTL to gramCTL. ®

There is also a way in which this translation can be claimed to be "correct".  Every
branching structure gives rise to a linear one in a natural way:

7.4.5 DEFINITION/PROPOSITION

Let bS map every branching model M=<W,R,V> to the linear model L(M) defined in
7.4.1.  Given any branching S-models M=<W,R,V> and M'=<W',R',V'>, and a p-
morphism f:MÆM', let bS(f) be the inclusion L(M)ÆL(M') that is induced by the proper-
ties of the morphism.  The mapping bS is a functor modCTL*(S)ÆmodLTL(S).  The family
<bS>SŒ|SIGN| defines a natural transformation modCTL*ÆmodLTL. ®

That is to say, we generate from every branching structure M the linear structure
L(M) that consists of all possible paths (runs) through M.

The syntactic and semantic transformations agree in the following sense:

7.4.6 DEFINITION/PROPOSITION

If M=<W,R,V> is a branching S-model and fŒgramLTL(S), then M

† 

|=SAf iff bS(M)

† 

|=Sf. ®

This relationship between the syntax and semantics of the given institutions allows
us to define the intended functor between the corresponding categories of theories:

7.4.7 DEFINITION/PROPOSITION

The mapping T:THEOLTLÆTHEOCTL* defined by T(<S,G>)=<S,c(AG))> is a functor. ®

By AG we are denoting the set {Af!|!fŒG} and by c the closure operator of CTL*.

This functor allows us to translate any specification (theory) in LTL to a specification
in CTL*.  This translation is "canonical" in the following sense:
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7.4.8 PROPOSITION

The functor T:THEOLTLÆTHEOCTL* is co-reflective (has a right adjoint). ®

It is not difficult to "guess" the nature of the right adjoint.  Because T computes direct
images through a, its right adjoint computes inverse images, i.e. the adjunction is
given by a generalisation to closure operators of the well known Galois connection
between direct and inverse images of sets.  The unit of the adjunction is given by the
inclusion GÕaS

-1(c(aS(G))).

7.4.9 PROPOSITION

The mapping U:THEOCTL*ÆTHEOLTL given by U(<S,G>)=<S,aS
-1(G)> is a co-reflector (right

adjoint) of T.

PROOF (of 7.4.7 and 7.4.8)

The functor U is a co-reflector of T iff for every theory <S,G> of LTL, the pair
(<S,aS

-1(c(aS(G)))>,idS) is a reflection.  Consider f:<S,G>Æ<S',aS'
-1(G')>. We have to prove

that there is a unique CTL* morphism f':<S,c(aS(G))>Æ<S',G'> such that idS;f'=f.  Unicity
is automatically guaranteed by this equation.  All that remains is the proof that f is a
theory morphism <S,c(aS(G))>Æ<S',G'> in CTL*. Let aS(G)

† 

|– Sf. We have to prove that
f(f)ŒG'.  Because aS(G)

† 

|– Sf we have f(aS(G))

† 

|– S'f(f) (a consequence of the satisfaction
condition of CTL*).  But f(aS(G))=aS'(f(G)) because a is a natural transformation.
Hence, f(f)ŒaS'c(f(G)).  On the other hand, f(G)ÕaS'

-1(G') because f was taken as a the-
ory morphism <S,G>Æ<S',aS'

-1(G')>. Hence, f(f)ŒG'. ®

The co-reflector "forgets" the branching nature of time in CTL* by retaining only
those propositions f for which Af is a theorem in CTL*, i.e. it retains those truths
that hold for every possible path.

The existence of the adjunction means that, in order to prove that a CTL*-theory BT
provides an interpretation (refinement) of an LTL-theory LT, it is equivalent to prove
LTÕU(BT) or T(LT)ÕBT.  For practical purposes, the inclusion T(LT)ÕBT is easier to
prove because it can be lifted to presentations.  Indeed, if we take the category
PRESLTL of the theory presentations of LTL, the adjunction between presentations
and theories (3.6.4) allows us to extend the adjunction between THEOCTL* and
THEOLTL to one between THEOCTL* and PRESLTL.  Hence, the inclusion T(LT)ÕBT can be
proved at the level of a presentation of LT.  The converse, however, does not hold
because, although there is also an adjunction between THEOCTL* and PRESCTL*, the
right adjoint does not go in the same direction as U.

The actual relationship between THEOCTL* and THEOLTL is stronger than what we
proved.  The proof above showed us that every LTL-theory <S,G> is included in
<S,aS

-1(c(aS(G)))> but, in fact, they are equal.  That is, when translated back from its
image in CTL*, an LTL-theory does not gain any theorems.  This result can be proved
by noticing that every linear structure can be generated by a branching one, i.e. the
natural transformation b consists of surjective mappings, which gives us the "faith-
fulness" of the right-adjoint (7.2.11).  We will generalise this result below but it is im-
portant to realise that this means that the translation from LTL to CTL* is "conserva-
tive", i.e. the representation of LTL in CTL* is faithful.

Notice that, in the proof above, no use was made of the syntactic transformation it-
self.  Only the fact that a is a natural transformation was used, which indicates that
the relationship between LTL and CTL* can be generalised to other institutions.
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In order to perform the generalisation, let us first analyse what in the example above
can be cast directly in categorical terms.  The basic ingredients in our example were:

• a natural transformation a:gramLTLÆgramCTL*;

• a natural transformation b:modCTL*ÆmodLTL;

• the invariance condition M

† 

|=SaS(f) iff bS(M)

† 

|=Sf.

These are exactly the ingredients found in institution morphisms [61] and institution
maps [87].

7.4.10 DEFINITION – institution morphism

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions.  An in-
stitution morphism r: iÆi' is a triple <F,a,b> where:

• F:SIGNÆSIGN' is a functor;

• a:F;gram'Ægram is a natural transformation;

• b:modÆF;mod' is a natural transformation

such that the following property (the invariance condition) holds for any signature
SŒ|SIGN|, mŒ|mod(S)| and f'Œgram'(F(S)): m

† 

|=SaS(f') iff bS(m)

† 

|='F(S)f'. ®

7.4.11 DEFINITION – institution map

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions. An in-
stitution map r: iÆi' is a triple <F,a,b> where:

• F:SIGNÆSIGN' is a functor;

• a:gramÆF;gram' is a natural transformation;

• b:F;mod'Æmod' is a natural transformation

such that the following property (the invariance condition) holds for any signature
SŒ|SIGN|, m'Œ|mod(F(S))| and fŒgram(S):bS(m')

† 

|=Sf iff m

† 

|= 'F (S)aS(f). ®

7.4.12 PROPOSITION

Through 7.4.4, 7.4.5 and 7.4.6 we have defined both a map LTLÆCTL* and a mor-
phism CTL*ÆLTL. ®

Indeed, the fact that the relationship between the two institutions is based on the
identity functor between their categories of signatures blurs the difference between
both concepts (morphism and map).

The existence of the two functors T and U between THEOLTL and THEOCTL* is also a
consequence of the existence of a map and a morphism between the two institu-
tions:

7.4.13 PROPOSITION

Let r=<F,a,b>: iÆi' be an institution map. The functor F can be extended to a func-
tor THEOiÆTHEOi' by establishing F(<S,G>)=<F(S),c(aS(G))>. ®

7.4.14 PROPOSITION

Let r=<Y,a',b'>: iÆi' be an institution morphism.  The functor Y can be extended to
a functor THEOi'ÆTHEOi by establishing Y(<S',G'>)=<Y(S'),a'S'

-1(G')>. ®
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We can now generalise the results on the adjunction between the categories of
theories of two institutions:

7.4.15 PROPOSITION

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions,
r=<F,a,b>: iÆi' an institution map and <Y,a',b'>:i'Æi a morphism such that Y is a
right adjoint of F, and, for every SŒ|SIGN|, aS=gram(hS);a'F (S) where h is the unit of
the adjunction. Then,

1. The functor U:THEOi'ÆTHEOi induced by the morphism <Y,a',b'>, is a right ad-
joint of the functor THEOiÆTHEOi' induced by the map <F,a,b>.

2. If each component of b' is surjective, i.e. if the institution morphism is sound in
the sense of [61], then the units hS, as theory morphisms, are conservative.

PROOF:

this is a direct generalisation of the proof of 7.4.9. ®

That is to say, adjunctions on signatures can be lifted to adjunctions of theories pro-
vided that the left adjoint is associated with a map and the right adjoint with a mor-
phism of institutions.  A compatibility result is required, aS=gram(hS);a'F (S), to make
sure that both the map and the morphism make, essentially, the same translations.
Notice that the invariance condition relating a and b, automatically generates a
similar property for b.  The result on "conservative" representations of one formalism
into another is also important: basically, it says that no new theorems arise when a
theory is translated from one formalism to another.

This result shows that there is a very strong relationship between institution mor-
phisms and maps, as suggested by the fact that they make use of essentially the
same transformations between languages and models.  The difference between
them, which is evident in the directions taken by the transformations vis-à-vis the
functor between the categories of signatures, can be explained more easily when we
see that they correspond to the two directions of an adjunction.  Notice that the map
takes the direction of the left adjoint while the morphism takes the direction of the
right adjoint. These directions are very much consistent with the accepted view of
maps as providing representations and morphisms projections of one institution into
another.

In fact, the result above is more general in that the existence of a map (resp. mor-
phism) and a right (resp. left) adjoint for the signature functor guarantees the exis-
tence of a morphism (resp. map) in the other direction that generates a right (resp.
left) adjoint to the theory functor:

7.4.16 PROPOSITION

Let i=<SIGN,gram,mod,

† 

|=> and i'=<SIGN',gram',mod',

† 

|= '> be institutions,

1. if r=<F,a,b>: iÆi' is a map such that the functor F has a right adjoint Y, then

a) the triple <Y,a',b'> where a' is the natural transformation defined by
a'S'=aY(S');gram'(eS') and b' is the natural transformation defined by
b'S'=mod'(eS');bY(S'),is an institution morphism i'Æi.

b) the functor T: THEOiÆTHEOi' induced by the map has a right adjoint – the
functor U:THEOI'ÆTHEOI induced by the morphism, i.e.
U(<S',G'>)=<Y(S'),aY(S')

-1(eS'
-1(G'))>.



7. ADJUNCTIONS

164 12/9/03

2. if <Y,a',b'>:i'Æi is a morphism such that the functor Y has a left adjoint F, then

a) the triple <F,a,b> where a is the natural transformation defined by
aS=gram(hS);a'F (S) and b is the natural transformation defined by
bS=b'F (S);mod(hS) is an institution map from iÆi'.

b) the functor U: THEOi'ÆTHEOi induced by the morphism has a left adjoint –
the functor T:THEOiÆTHEOi' induced by the map,
T(<S,G>)=<F(S),a'Y (S)c(hS(G)))>. z

That is to say, provided that there is an adjunction between the categories of signa-
tures of two institutions, maps and morphisms between them can be defined, inter-
changeably, that provide adjunctions for the functor between the corresponding
categories of theories.

7.5 Coordinated categories

In this last section of the last chapter of Part Two and, hence, what could have been
the closing paragraphs of an Introduction to Category Theory for Software Scientists
and Practitioners, we address one of the topics that have been closest to the hearts
of the research team that has been working on CommUnity, i.e. the subject of part
three: the formalisation of the separation of concerns that is known as "Coordina-
tion".  This is both a justification for stopping here – the reader will not need any
more categorical "ammunition" to attack part three – and having gone this far – the
kind of application discussed in part three is intrinsically related to this topic and,
even if a quicker route could have been taken, everybody knows that motorways are
not the best ways for getting to know a region.

An introduction to this subject has already been given in section 5.2 as part of the
motivation for studying the behaviour of functors in relation to universal construc-
tions; the reader is invited to read it (once again) as well as, if possible, what I con-
sider to be the best introduction to "Coordination": Arbab's gem "What Do You Mean,
Coordination?" [3].  The central idea of this research area is to investigate the extent
up to which a given formalism can separate between the mechanisms that coordi-
nate the interactions that are responsible for emergent behaviour from the descrip-
tion of what in systems is responsible for the computations that ensure the func-
tionalities of the services that individual system components provide.

For instance, object-oriented systems do not go a long way in supporting that separa-
tion.  Because interactions in object-oriented approaches are based on identities [72],
in the sense that, through clientship, objects interact by invoking specific methods of
specific objects (instances) to get something specific done, the resulting systems are
too rigid to support the levels of agility required by the "just-in-time" binding mecha-
nisms of (web) services; any change on the collaborations that an object maintains
with other objects needs to be performed at the level of the code that implements
that object and, possibly, of the objects with which the new collaborations are estab-
lished.  That is to say, as beautifully put in [99], feature calling is, for interconnec-
tions, what assembly language represents for computations.  On the contrary, inter-
actions in a service-oriented approach should be based only on the description of
what is required, thus decoupling the “what one wants to be done” from the “who
does it”.  In the context of the “societal metaphor” that we have been using in the
book, it is interesting to note that this shift from “object” to “service”-oriented inter-
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actions mirrors what has been happening already in human society: more and more,
business relationships are being established in terms of acquisition of services (e.g.
1000 Watts of lighting for your office) instead of products (10 lamps of 100 Watts each
for the office).

Our introduction to section 5.2 has disclosed most of the "secrets" of the mathemati-
cal characterisation that we started to develop in [35] as a systematic study of the
nature and properties of the separation between "Computation" and "Coordination"
concerns.  Now that the reader has more categorical background, we can revisit the
motivation that has been already delivered.  Notice that we shall systematically work
with co-limits just to fix a direction of the "component-of" relationship and use it
consistently.  However, those that are more accustomed to limits can simply switch
the direction of the arrow, i.e. work in the opposite category.

• we model this separation by a forgetful functor int:SYSÆINT where the cate-
gory SYS stands for the representations (models, behaviours, specifications,
programs, …) of the components out of which systems can be put together,
and the category INT captures the “interfaces” through which interconnec-
tions between system components can be established;

• int should be faithful (5.1.7) so that morphisms in SYS (the "component-of"
relationship) do not induce more relationships between components than
those that can be captured through their underlying interfaces.  That is to
say, by taking into consideration the computational part, we should not get
additional observational power over the external behaviour of systems.  Using
the terminology that we introduced in the previous chapter, SYS is concrete
over INT.

• because we use diagrams for modelling configurations of complex systems and
colimits to obtain emergent behaviour, int should lift colimits (5.2.1): when we
interconnect system components in a (configuration) diagram, any colimit of
the underlying diagram of interfaces establishes an interface for which a com-
putational part exists that captures the joint behaviour of the interconnected
components as given by the colimit of the original diagram.  We have already
mentioned that this property expresses (non)-interference between computa-
tion and coordination: on the one hand, the computations assigned to the
components cannot interfere with the viability (in the sense of the existence
of a colimit) of the underlying configuration of interfaces; on the other hand,
the computations assigned to the components cannot interfere in the calcu-
lation of the interface of the resulting system.  For instance, we saw in 6.1.22
that split fibre-(co)complete (co)fibrations lift limits.

• it is also clear that int should preserve colimits (5.2.1): every interconnection
of system components should be an interconnection of the underlying inter-
faces, i.e. computations should not make a configuration of system compo-
nents "viable", in the sense that it admits a colimit, when the underlying con-
figuration of interfaces is not.  This is another form of the required "non-
interference".  Given that int is faithful, this means that all colimits in SYS
are concrete (6.1.9).

Lifting and preservation of colimits imply that any colimit in SYS can be computed by
first translating the diagram to INT, then computing the colimit in INT, and finally
lifting the result back to SYS, a situation that we have already encountered for PROC
through the functor alph and for the category of theories (or presentations) THEO of
any ("-)institutions through the functor sign.  In the case of processes, this means
that the set of behaviours does not interfere with the interconnections; and in the
case of theories, that interconnections are established just by name bindings.
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Both examples allow us to illustrate another intuitive property of the separation that
is not captured by those mentioned so far.  Consider, for instance, processes.  Taking
pullbacks as the most basic form of interconnection, we can notice that the "middle"
process through which we express the interconnection is "always" idle, i.e. has all
possible behaviours.  Indeed, the set of behaviours that is present in the middle
process does not interfere neither in the interconnection, which is expressed at the
level of the alphabets, nor in the calculation of the set of behaviours of the resulting
process, which is defined through the intersection of the inverse images of the sets of
behaviours of the other two component processes.  Hence, there is a sort of "canoni-
cal" middle processes: those that are idle.  Notice that their duals, the empty proc-
esses, do not make good middle processes because they do not admit any incoming
morphisms…

The same happens with theories and theory presentations: the middle object in a
pushout is "always" empty (or the closure of the empty set of axioms) because the
theorems that result from the pushout are computed from the pushout of the signa-
tures and the theorems of the other two components.  This seems to be saying that
the middle objects that we use for interconnecting components, be it for pullbacks or
pushouts, are, essentially, interfaces, which makes all the sense from the point of
view of the separation of "Coordination" from "Computation".  How can we express
this property in categorical terms?

Basically, and taking the colimit approach as exemplified by, for instance, theories,
what we want is to be able to assign to every interface C:INT a component s(C):SYS
such that, for every morphism f:CÆint(S), there is a morphism g:s(C)ÆS such that
int(g)=f.  That is to say, we want every interface C to have a “realisation” as a system
component s(C) in the sense that, using C to interconnect a component S, which is
achieved through a morphism f:CÆint(S), is tantamount to using s(C) through any
g:s(C)ÆS such that int(g)=f.  Notice that, because int is faithful, there is only one
such g, which means that f and g are, essentially, the same.  That is, sources of mor-
phisms in diagrams in SYS are, essentially, interfaces.  We would use the dual prop-
erty to characterise what happens with processes.

Such a realisation is called a discrete lift in [1], and a functor int for which every ob-
ject C:INT admits a discrete lift is said to have discrete structures.

7.5.1 DEFINITION – discrete lifts/structures

Given a concrete category j:DÆC, a discrete lift for c:C is a D-object d such that
j(d)=c and, for every morphism f:cÆj(d'), there is a morphism g:dÆd' such that j(g)=f.
The functor  (concrete category) is said to have discrete structures whenever every C-
objects admits a discrete lift. ®

The dual notion is called indiscrete lift and the functor (concrete category) is said to
have indiscrete structures.

When int lifts and preserves colimits, this property allows us to replace every "middle"
object in a configuration diagram by the discrete lift of the underlying interface: both
diagrams will have the same colimits.  For all "practical" purposes, this means that we
can use more economical graphical representations for configuration diagrams by
showing only the interfaces of the middle objects that interconnect components.
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It is easy to see that the indiscrete lift of a process alphabet A^ is <A^,tra(A^)> and the
discrete lift of a signature S is the theory <S,cS(ø)>.  They also admit their dual ver-
sions – i.e. signatures have indiscrete lifts (inconsistent theories) and alphabets have
discrete lifts (empty processes) – but these are not the ones that interest us for sys-
tem configuration: they disable rather that enable interaction!

The more attentive reader is probably having a feeling of déjà vu…  Indeed, these
(in)discrete lifts are the objects involved in the (co)reflections that define the corre-
sponding forgetful functors as (co)reflectors (see 7.3.9 and 7.3.10):

7.5.2 PROPOSITION

Every concrete category j:DÆC that has discrete structures is reflective, the reflec-
tions (i.e. the components of the unit) being identities. ®

The proof of this result is immediate once one transcribes the definition of discrete
lifts to diagrams:

idc

c                     j(d) d

j(g) g
f

j(d') d'

C D
j

Notice that, j being faithful, the co-reflections are epis (7.2.11).  Actually, this is the
property that allows us to replace the middle objects that perform interconnections
by the discrete lifts of their underlying interfaces.  Indeed, denoting by sys the reflec-
tor of int, every diagram

S
f1 f2

S1 S2

defines, by composition

sys(int(S))

eS

S
f1 f2

S1 S2

Both diagrams admit the same pushouts because, e being epi,
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sys(int(S))

eS

S
f1 f2

S1 S2

g1 g2

S'

eS;f1;g1=eS;f2;g2 implies f1;g1=f2;g2.

7.5.3 EXERCISE

Prove that both diagrams have, indeed, the same pushouts. ®

He have now all the ingredients for our proposed characterisation of the formalisms
that separate "Coordination" from "Computation":

7.5.4 DEFINITION – coordinated category

A concrete category (faithful functor) j:DÆC, is said to be coordinated  when:

• j lifts colimits

• j has discrete structures

In these circumstances, we also say that D is coordinated over C (via j). ®

We have omitted the requirement on the preservation of colimits.  This is because:

7.5.5 EXERCISE

Prove that coordinated functors preserve colimits. ®

As examples, we have already seen that theories and theory presentations of any
(")institution constitute a concrete category that is coordinated over their signatures,
and that the (dual of) PROC is coordinated over (the dual of) alphabets.  In Part Three
of the book, we will see an example related to architectural description languages,
the language CommUnity.  We end this section with a "genuine" example: a simpli-
fied version of the language Gamma [11].

Before that, we would like to point out that the properties that characterise SYS as
being coordinated over INT make SYS “almost” topological over INT.  To be topologi-
cal [1], int would have to lift colimits uniquely, which would make the concrete cate-
gory amnestic (6.1.4).  As far as the algebraic properties of the underlying formalism
are concerned, this is not a problem because every concrete category can be modified
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to produce an amnestic, concretely equivalent version.  However, and although PROC
is indeed amnestic, PRES, for instance, is not and neither is CommUnity.  This is the
"closest" characterisation we have to a "classical" mathematical structure: topological
categories abound in Mathematics and other areas of Computer Science.  In the ar-
eas related to Software Engineering, namely those in which one welcomes, or cannot
avoid, "user intervention", one tends to work "up to isomorphism" more than "up to
equality".  In the case of the lifting of colimits, this means that there can be room for
choosing between different, but isomorphic, system representations, for instance,
alternative presentations of the same theory: one tends not to care whether a given
conjunction ends up represented as aŸb or bŸa.

We end this section with a brief discussion of an example borrowed from coordina-
tion formalisms: the language Gamma [11], which is based on the chemical reaction
paradigm [16].

7.5.6 DEFINITION – Gamma programs

A Gamma program P consists of:

• a signature S=<S,W,P>, where S is a set of sorts, W is a set of operation sym-
bols and P is a set of relation symbols, representing the data types that the
program uses;

• a set of reactions, each of which is of the form:

R ≡ X, t1, ..., tn Æ t’1, ..., t’m ‹ c

where

1. X is a set (of variables); each variable is typed by a data sort in S;

2. t1, ..., tn Æ t’1, ..., t’m is the action of the reaction – a pair of sets of
terms over X;

3. c is the reaction condition – a proposition over X. ®

An example of a Gamma program is the following producer of burgers and salads from,
respectively, meat and vegetables:

PROD !≡ sorts meat, veg, burger, salad
ops vprod: vegÆsalad, mprod: meatÆburger
reactions m:meat, m Æ mprod(m)

v:veg, v Æ vprod(v)

The parallel composition of Gamma programs, as defined in  [11], is a program con-
sisting of all the reactions of the component programs.  Its behaviour is obtained by
executing the reactions of the component programs in any order, possibly in parallel.
This leads us to the following notion of morphism.

7.5.7 DEFINITION – morphisms of Gamma programs

A morphism s between Gamma programs P1 and P2 is a morphism between the under-
lying data signatures such that s(P1)ÕP2, i.e., P2 has more reactions than P1. ®

In order to illustrate system configuration in Gamma, let us consider that we want to
interconnect the producer with the following consumer:
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CONS !≡ sorts food, waste
ops cons: food Æwaste
reactions f:food, f Æ cons(f)

The interconnection of the two programs is based on the identification of the food
the consumer consumes, that is, the interconnection is established between their
data types.  For instance, the coordination of the producer and the consumer based
on meat is given by the following interconnection:

sorts s

burger food

PROD CONS

Gamma is, indeed, coordinated over the category of data types:

• the forgetful functor dt from Gamma programs to data types is faithful;

• given any diagram in the category Gamma, a colimit si:(dt(Pi)ÆS)i:I of the corre-
sponding diagram in the category of data types is lifted to the following colimit
of programs si:(PiÆ<S, »sj(Rj)>)i:I;

• the discrete lift of a data type is the program with the empty set of reactions.

7.5.8 EXERCISE

Workout the full characterisation of the category of Gamma programs and prove that
it is indeed coordinated over the data types. ®


