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Bilattices: definitions

Pre-bilattices

A pre-bilattice is a structure B = (B, A, v,®,®) such that
(B, <, A, vy and (B, <, ®, @) are both lattices.

Bilattices

A bilattice is a structure B = (B, A, v, ®,®, —) such that
B=(B,A,Vv,®,®)is a pre-bilattice and — : B — B is a function
such that for all a, b € B:

(i) if a<; bthen —=b <; —a (anti-monotone)
(i)  if a<x bthen —a <, —b (monotone)
(i) a=-—a (involutive)

The smallest non-trivial bilattice is FOUR.
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Bilattices: definitions

Some (pre-)bilattices

- T

FOUR NINE SEVEN
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Bilattices: interpretation

An interpretation of the two lattice orders

The truth—order <; is meant to reflect the degree of truth
associated with a given sentence, while the knowledge—order <,
should reflect the degree of knowledge (or, better: of
information) associated with the sentence.

In case the elements of the bilattice are ordered pairs {a, by where
a, b are elements of two lattices (this holds for all interlaced
(pre-)bilattices), then a may be thought as intuitively representing
the evidence for (or degree of belief in) the truth of some
proposition and b as representing the evidence against (or degree of
doubt in) the truth of the same proposition.
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Bilattices: subclasses

Main sublcasses of bilattices

@ A pre-bilattice is interlaced when all the operations
{A, Vv,®,®} are monotonic w.r.t. both lattice orders.

@ A pre-bilattice is distributive when all twelve possible
distributive laws concerning {A, v,®, @} hold.

@ Interlaced pre-bilattices form a variety, and distributive
pre-bilattices are a proper subvariety of the interlaced.

@ A bilattice is interlaced (distributive) when its pre-bilattice
reduct is interlaced (distributive). Both classes are varieties,
and distributive bilattices are a proper subvariety of the
interlaced.
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Bilattices: bounded

In any bounded interlaced pre-bilattice (B, A, v,®,®,f,t, L, T) we
can define {®, P} as follows: for any a, b€ B,

a®@b=(anl)v(bal)v(anb)

a®b=(anT)v(baT)v(anb).
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Bilattices: bounded

Observation

Using the above fact, it is possible to prove that following varieties
are termwise equivalent:

1. bounded interlaced (distributive) pre-bilattices presented in the
language {A, v,®,®,f, t, L, T}

2. algebras (B, A, v,f,t, L, T) such that (B, A, v,f,t)is a
bounded (distributive) lattice and the constants L and T satisfy:

. Tvl=t

. Tal=f

iii. if Te{a, b,c}or Le{a,b,c}, then
an(bvec)=(anb)v(anc)and
av(bac)=(avb)a(avec).
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Bilattices: bounded

Observation

In particular, a bounded distributive (pre-)bilattice
(B, n,v,®,®,—,ft, L, T)
can be seen as a De Morgan algebra
(B, n,v,—,ft)
having two extra constants |, T satisfying that
. TaAal=f TvIil=t
i. T =-T 1 =-1.
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Bilattices: products

Product pre-bilattice

Let Ll = <L1, iy, I_I1> and L2 = <L2, Mz I_I2> be lattices. The
product pre-bilattice Ly ® L, = {L; x Ly, A, v,®,@®) is defined as
follows: for all (a1, a2y ,{b1, b2y € L1 x Ly,

{ay,az) A (b1, byy = {a; My by, ax L1y by)
{ar,ar)y v (b1, byy = {a; Ly by, a My by)
(a1, ap) @by, by = (a1 11 by, a» 2 by)
{ar, a2y ®{by, by = {a; Ly by, ar Lip by).

Remark: Any product pre-bilattice Ly ® L; is interlaced, and it is

distributive if and only if both L; and L; are distributive.
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Bilattices: products

Product bilattice

If h: Ly = L, is a lattice isomorphism, we define, for any
(ay,ary € Ly x Ly: —{ay,a)y = <{(h 1(a), h(a1)).
In particular, for any lattice L = (L, 1, L), the product bilattice
LOL=({LxL A, Vv,®®, —)is defined as follows: for all
(a1, a2y, (b1, byye L x L,

(ar,az) A (b1, byy ={a; M by, ar Li by)

(a1, a2) v (b1, by ={a; L by, a, M by)

(a1, a2) ®{by, by = {a; 1 by, a M by)

(a1, a2) @by, byy) = {a; L by, ar L1 by)

—{ay,ay) ={a, ar).
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Bilattices: representation

Representation theorem

Let B = (B, A, v,®,®) be an interlaced (pre-)bilattice. Then:
@ there are two lattices L; and L, such that B~ L; ®L;
@ B is distributive iff both L; and L, are distributive

@ Con(B) = Con({B, A, Vv)) = Con({B,®, ®))

the lattice Con(B) is isomorphic to Con(L;) x Con(L,)

@ if B is a bilattice, then L; = L, and Con(B) = Con(L,).
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Bilattices: representation

Representation theorem

One way to prove the representation theorem is to use (one of) the
bounds to make projections as follows:

a|—><avT,aAT>
Li={aeB:a> T} Q&
Ly={aeB:a<; T},®,®)

U. Rivieccio (UOB) Priestley duality for bilattices 2 March, 2011 13 /38



Brouwerian bilattices: definition

Definition (Bou-Jansana-R.)

A Brouwerian bilattice is an algebra B = (B, A, v,®,®, D, —)
such that (B, A, v,®,@®, —) is a bilattice and B satisfies:

(Bl) (x>x)>y~y
(B2) x>(y>2)~(xAy)oz~(x@y) >z
(B3) (xvy)ozx(x22)Aly>2)~ (x@y) >z
(B4) xA((x>y)>(x®y)) ~x

(85) —(x>y) >z~ (xn—y) >z

An implicative bilattice is a Brouwerian bilattice that additionally
satisfies: ((x Dy) D x) D x ~ x D x.

U. Rivieccio (UOB) Priestley duality for bilattices 2 March, 2011 14 / 38



Brouwerian bilattices: representation

Product Brouwerian bilattice

@ Let L =L, m,11,—) be Brouwerian lattice (i.e. a Heyting
algebra that need not have a bottom element)

@ LOL={xL, A, Vv,® D D —)is the Brouwerian bilattice
whose bilattice reduct is defined as before and for all
di, d2, b17 b2 € L,

(a1, @) 2 by, bp) := (a1 — by, a1 1 by).

Representation theorem

For any Brouwerian bilattice B = (L x L, A, v,®,®, D, —)
@ B = L®L for some Brouwerian lattice L

@ Con(B) = Con(L).
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Brouwerian bilattices: bounded

@ Any Brouwerian bilattice B has a maximum w.r.t. <, defined
by T=(a>a)®—(a>a)

@ the underlying pre-bilattice of a Brouwerian bilattice is
distributive.

An N4-lattice is a {A, v, D, —, f,t}-subreduct of a bounded
Browerian bilattice.

(Any N4-lattice can be embedded into a bilattice product HOH
where H is a Heyting algebra).
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Brouwerian bilattices: bounded

As before
A bounded Brouwerian bilattice

<BJ /\7 v7®7®7 DJ _|7f7 t? J‘J —|—>
can be seen as an N4-lattice
<87 Ny VvV, D, _'7f7t7 J—a T>

having extra constants | and T such that

@ (B, A,v,—,f t, 1, T)is a bounded bilattice

@ [ of=f and L o1 =1t.
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Towards duality

We can then hope to extend known results on Priestley duality for
© bounded distributive lattices

© bounded distributive lattices with an involutive negation (aka
De Morgan algebras)

© Heyting algebras
to, respectively,
© bounded distributive pre-bilattices

© bounded distributive bilattices

© bounded Brouwerian bilattices.
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Priestley duality (Distributive lattices)

Priestley spaces

A Priestley space is a structure X = (X, 7, <) such that
Q (X,<)is a poset
@ (X,7)is a compact (Hausdorff) space

© for all x,y € X with x € y, there is a clopen up-set U s.t.
x € Uand y¢ U (X is totally order-disconnected).

The distributive lattice of a Priestley space

Denoting by D(X') be the set of clopen up-sets of X', we have that
(D(X),n,u,F, X) is a bounded distributive lattice.
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Priestley duality (Distributive lattices)

The Priestley space of a distributive lattice

Let D be a bounded distributive lattice and X (D) the set of prime
filters of D.

@ Define, for all ae D, ®(a) :={Pe X(D):ac P}

@ the topology 7 given by the sub-base

{®(a) :ae D} U {X\®(a): a€ D}.

@ Then (X(D),7,<) is a Priestley space
e ¢: D= D(X(D)).

Conversely, for any Priestley space X', X = X(D(X)).
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Priestley duality (Distributive lattices)

@ PS is the category having as objects Priestley spaces and as
morphisms continuous order-preserving maps.

@ DL is the category having as objects bounded distributive
lattices and as morphisms algebraic bounded lattice
homomorphisms.
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Priestley duality (Distributive lattices)

Functors

@ For any X € PS, we have that D(X') € DL.

@ For X, X' e PS and f: X — X', define
D(f): D(X") — D(X) as D(f)(U) := f~1(U) for all
Ue D(X").

@ For any D € PS, we have that X(D) € PS.

@ For D,D’ € DL and h: D — D’, define X(h): X(D’) — X(D)
as X(h)(P) := h Y(P) for all P € X(D').

vy

Equivalence

The categories PS and DL are dually equivalent via functors D and
X.
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Priestley duality (Distributive pre-bilattices)

Filters and ideals on pre-bilattices

In a bounded pre-bilattice (B, <, <x), we can consider subsets
F < B that are

(1) lattice filters of both <; and <,
(2) filters of <; and ideals of <j
(3)

)

(4

ideals of <; and filters of <,
ideals of both <; and <.

We shall focus on <;-filters.

Proposition

Any prime <,-filter is either (1) or (2).
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Priestley duality (Distributive pre-bilattices)

Filters and ideals on pre-bilattices

Let B =L; ® Ly, where Ly, L, are bounded distributive lattices.
Define:

° B) := {F € B : F is a <;<filter}

Fi(
@ F»(B):={F < B: F is a <, filter and <,-ideal}

@ X(B):={P < B:Pis a prime <,filter}
@ Xi(B):= Fi(B) n X(B)
@ X3(B) := F»(B) n X(B)

Then,

o 71(B) = F(Ly) and Xi(B) = X(Ly)
o 7»(B) = Z(Ly) and Xo(B) = X(L%P)
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Priestley duality (Distributive pre-bilattices)

The Priestley space of a distributive pre-bilattice

Let B =(B, A, Vv, f,t, L, T) be a bounded distributive pre-bilattice
and X(B) the set of prime <,-filters of B. Then

@ d(a):={PeX(B):ae P}
® X(B) = Xi(B) U Xo(B), where
X.(B) := {P e X(B) : P is a prime <,-filter}
X,(B) = {P e X(B) : P is a prime <j-ideal}.
® Xi(B) n X:(B) = &
o X,(B) = &(T) and X(B) = &(L).
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Priestley duality (Distributive pre-bilattices)

The Priestley space of a distributive pre-bilattice

Let B =(B, A, Vv, f,t, L, T) be a bounded distributive pre-bilattice
and X(B) the set of prime <,-filters of B. Then

@ d(a):={PeX(B):ae P}
® X(B) = Xi(B) U Xo(B), where
X.(B) := {P e X(B) : P is a prime <,-filter}
X,(B) = {P e X(B) : P is a prime <j-ideal}.
® Xi(B) n X:(B) = &
o X,(B) = &(T) and X(B) = &(L).
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Priestley duality (Distributive pre-bilattices)

If B=L;®L,, then

@ the subspace (X;(B), 7, <) is homeomorphic to the Priestley
space of Ly

@ (X3(B), T, <) is homeomorphic to the Priestley space of L5".

4
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Priestley duality (Distributive pre-bilattices)

Pre-bilattice spaces

Define a pre-bilattice space to be a tuple X = (X, 7, <, X;, Xp) s.t.:
@ (X, 7,<)is a Priestley space

@ X;, X5 € X are clopen up-sets such that
XlﬁXQZQ and X1UX2 = X.

A pre-bilattice function f: X — X' is a continuous order-preserving
map such that f(X;) € X] and f(X;) < X.

Proposition

Denoting by D(X) the set of clopen up-sets of X', we have that
(D(X),n,u,, X, X1, X is a bounded distributive pre-bilattice
and, for any bounded distributive pre-bilattice B,

B = (D(X(B)),n, v, d, X(B), X1(B), Xz(B)).
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Priestley duality (Distributive pre-bilattices)

For any pre-bilattice space X', X = (X(D(X)), d(X1), P(X2)).

Priestley duality extends to a duality between:

@ pre-bilattices with {A, v,f,t, T, 1 }-homomorphisms as
morphisms

@ pre-bilattice spaces with pre-bilattice functions as morphisms.

o

U. Rivieccio (UOB) Priestley duality for bilattices 2 March, 2011 29 / 38



Priestley duallty (De Morgan algebras)

De Morgan algebras

A De Morgan algebra is a bounded distributive lattice
(A, A, v,—,f, t) with a unary operation —: A — A that satisfies:

@ x<y iff -y < —x

@ ——Xx =X.

Relation with bilattices

The {A, v, —,f, t}-reduct of any bounded distributive bilattice is a
De Morgan algebra. Conversely, any bilattice can be seen as a De
Morgan algebra having two extra constants |, T satisfying that

i TAl=fFf TvLIl=t
i. T =-=T 1 =—1.

v
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Priestley duallty (De Morgan algebras)

De Morgan algebras

Let A be a De Morgan algebra and P € X(A) a prime filter. Define:
@ —P:={aeA:—-aeP}
@ g(P):= A\—P.

Then:

@ —P is a prime ideal
@ g(P) is a prime filter

@ g: X(A) - X(A) is an order-reversing involution,
. 2 -
1.e. g = Idx(A).
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Priestley duallty (De Morgan algebras)

The Priestley space of a De Morgan algebra

For any De Morgan algebra A,
@ (X(A),7,<) is a Priestley space

@ g: X(A) - X(A) is an order-reversing homeomorphism s.t.
g2 = Idx(A)

o &: A= (D(X(A)),n,u,— T X(A)), where

~U = X(A)\g(U)

for any U € D(X(A)).
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Priestley duallty (De Morgan algebras)

De Morgan spaces

A De Morgan space to is a tuple X = (X, 7, <, g) such that
@ (X, 7,<)is a Priestley space

@ g: X — X is an order-reversing homeomorphism s.t. g2 = idy.

Proposition

For any De Morgan space X, X = (X(D(X)), g). Priestley duality
extends to a duality between:

@ De Morgan algebras with {A, v, —, f, t}-homomorphisms as
morphisms

@ De Morgan spaces with De Morgan functions as morphisms,
i.e. monotonic and continuous functions that commute with g.
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Priestley duality (Distributive bilattices)

The Priestley space of a distributive bilattice
For any distributive bilattice B = (B, A, v, —,f, t, T, L),

(1) (<X(B),T,<, X1(B), X2(B)) is a pre-bilattice space
(2) <X(A),7,g <) is a De Morgan space

(3) g(X1(B)) = Xz(B)

(4) ®: B=(D(X(B)),n,u, =, &, X(B), Xi(B), Xo(B)).

Bilattice spaces

We define X = (X, 1, <, g, X1, Xo) to be a bilattice space if it
satisfies (1) to (3).

A bilattice function f: X — X’ is a De Morgan function that
satisfies f(X1) € X].
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Priestley duality (Distributive bilattices)

For any bilattice space X, X = (X(D(X)), g). Priestley duality
extends to a duality between:

@ bilattices with {A, v, —,f,t, T, L}-homomorphisms as
morphisms

@ bilattice spaces with bilattice functions as morphisms.
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Priestley duality (Brouwerian bilattices)

Heyting spaces

A Heyting space is a Priestley space X = (X, 7, <) such that, for
any open O € 7, the down-set O| is also open.

A Heyting function is a continuous monotone map f: X — X’ such
that, for any open O € X’,

f(0l) = (F(O)!

The Priestley space of a Brouwerian bilattice
For any Brouwerian bilattice B = (B, A, v, >, —,f,t, T, L),

(1) <X(B),7,<,g,X1(B), Xa(B)) is a bilattice space
(2) {X1(B),7,<) is a Heyting space

We take this as definition of Brouwerian bilattice space.
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Priestley duality (Brouwerian bilattices)

Brouwerian bilattice spaces

Given a Brouwerian bilattice space X = (X, 7,<, g, X1, X3) and
U,V < X, define:

Us V= (X\[(L\V)n XiJl) U (Xe\ (g(UN\V)).

Then
<D(X)7 n, Y, 2, _'7®7X7X17X2>

is a Brouwerian bilattice.
Moreover, for any Brouwerian bilattice B,

®: B =(D(X(B)),n,u,>,—, & X(B), Xi(B), Xz(B)).

Conversely, any Brouwerian bilattice space X" is homeomorphic to
X(D(X)).
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Priestley duality (Brouwerian bilattices)

Brouwerian bilattice functions

Define a Brouwerian bilattice function to be a bilattice function
f: X — X’ such that f: X; — X{ is a Heyting fuction, i.e. for any
open O € X/,

FHO N X[J)) n Xy = [F 1O n X)L N X

| A\

Duality
We obtain thus a duality between:

@ Brouwerian bilattices with {A, v, D, —, f, t}-homomorphisms
as morphisms

@ Brouwerian bilattice spaces with Brouwerian bilattice functions
as morphisms.
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