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Introduction

Modal four-valued logics

A number of authors have considered modal expansions of the
four-valued Belnap logic (in the language t^,_, u, perhaps
augmented with an implication Ñ), with different motivations:

S. Odintsov & H. Wansing (2003): expanding paraconsistent
Nelson logic to obtain an inconsistency-tolerant Description
Logic

G. Priest (2008): Belnap logic without implication, with
philosophical motivations

E. Sherkhonov (2008): different possible constructive (in the
sense of Nelson) modal logics
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Introduction

Modal four-valued logics

A number of authors have considered modal expansions of the
four-valued Belnap logic (in the language t^,_, u, perhaps
augmented with an implication Ñ), with different motivations:

S. Odintsov & H. Wansing (2010): the least normal modal
logic over Belnap logic (with a ’classical’ implication)

N. Kamide & H. Wansing (2011): temporal operators on
paraconsistent Nelson logic, for time-dependent and
inconsistency-tolerant reasoning.
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An example

Odintsov & Wansing’s (2010) logic BK, semantically

The logic BK is defined over the language t^,_,Ñ, ,l, t, fu, with
♦ϕ defined as  l ϕ.
The semantics of the modal operator is very similar to the classical
case: models are tuples xW ,R ,V y such that R � W 2 and

V : Fm �W Ñ 4, where 4 is the Belnap lattice

V pϕ^ ψ,wq � V pϕ,wq ^ V pψ,wq

V pϕ_ ψ,wq � V pϕ,wq _ V pψ,wq, etc.

V plϕ,wq �
�
tV pϕ, uq : wRuu.

Thus, the t^,_,Ñ, , t, fu-fragment of BK coincides with Belnap’s
logic with a ’classical’ implication.
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An example

Odintsov & Wansing’s (2010) logic BK, syntactically

The logic BK can be axiomatized by:

the axioms of classical logic in the language t^,_,Ñ, fu

strong negation axioms:

 pp _ qq Ø p p ^ qq   p Ø p
 pp ^ qq Ø p p _ qq  pp Ñ qq Ø pp ^ qq

K axioms:
plp ^lqq Ñ lpp ^ qq lpp Ñ pq

modus ponens and monotonicity rules:

p, p Ñ q

q

p Ñ q

lp Ñ lq

 p Ñ  q

 lp Ñ  lq
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An example

Odintsov & Wansing’s (2010) logic BK, algebraically

The logic BK is algebraizable with respect to BK-lattices, i.e.,
algebras xA,^,_,Ñ, ,l, f, ty such that xA,^,_,Ñ, , f, ty
is a bounded N4-lattice and

(E1) paÑ bq Ñ a ¨ a

(E2) la ^lb ¨ lpa ^ bq

(E3) lpaÑ aq � lpaÑ aq Ñ lpaÑ aq

(E4) laÑ f ¨© ♦paÑ fq

(E5) ♦aÑ f ¨© lpaÑ fq

(Q1) if a ¨ b, then la ¨ lb

(Q2) if  a ¨  b, then  la ¨  lb

where a ¨ b abbreviates aÑ b � paÑ bq Ñ paÑ bq.
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An example

BK-lattices as twist-structures

Any BK-lattice A can be represented as a twist-structure over a
modal algebra, i.e.:

B � xB ,^,_, ,l,♦, 0, 1y is a modal Boolean algebra

B' � xB � B ,^',_',Ñ', ',l', x0, 1y, x1, 0yy

l'xx , yy � xlx ,♦yy

A is a subalgebra of B' and π1pAq � B .
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Bilattices

Modal bilattice logics

Odintsov & Wansing’s (2010) approach can be
straightforwardly generalized to define, for instance, bilattice
logics with modalities that are conservative over the Arieli &
Avron (1996) “logic of logical bilattices” with implication

the algebraic models of such logics are going to be bilattices
with modal operators (whose properties are determined by the
logical axioms and rules).
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Bilattices

Bilattices with modal operators

Some possibilities:

1 bilattices xB ,^1,_1,^2,_2, pÑ, q,ly corresponding to
twist-structures over modal Boolean algebras (or over weaker
algebras with monotone operators)

2 bilattices where (one of) the two lattice reducts xB ,^1,_1y,
xB ,^2,_2y is an algebra (for instance, a distributive lattice)
with modal operators.
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Bilattices

(1) As twist-structures with modal operators

The bilattice will have to satisfy properties such as:
if a ¨© b, then la ¨© lb
if  a ¨©  b, then  la ¨©  lb

if l1,♦1 correspond to
�

1,
�

1, then one can define

l2a � pl1a ^1 pl1a _2 ♦1aqq ^2 p♦1a _1 pl1a _2 ♦1aqq

♦2a � p♦1a ^1 pl1a _2 ♦1aqq ^2 pl1a _1 pl1a _2 ♦1aqq

which will correspond to
�

2,
�

2.
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Bilattices

(2) Focusing on one of the lattice reducts

We can build on the known results on lattices with modal
operators (e.g., Priestley duality-Kripke semantics) and this is
going to be straightforward if the bilattice is bounded
(90-degree lemma)

if the modal operators are compatible with the relation ¨©,
then we can represent the ’modal bilattice’ as a twist-structure
and we get the properties of (1) as well.
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