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The aim of the course Is to provide an introduction to
the lambda calculus along with a selection of results on
'ts operational and denotational semantics.

Rather like the chassis of a bus, which
supports the wvehicle but is unseen by its
users, versions of A or CL underpin several
important logical systems and programming.

Cardone & Hindley
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http://www.paultaylor.eu/stable/prot.pdf

H. Barendregt. Lambda Calculi with Types (1993)
ftp://ftp.cs.ru.nl/pub/CompMath.Found/HBK.ps

H. Barendregt. The impact of the lambda calculus in logic and com-
puter science (1997)

ftp://ftp.cs.ru.nl/pub/CompMath.Found/church.ps

R. Cardone, J. R. Hindley. History of Lambda-Calculus and Combina-
tory Logic (2006)

http://www-maths.swan.ac.uk/staff/jrh/papers/JRHHislamWeb.pdf




SOME HISTORY

The lambda-calculus originated in order
to study functions more carefully.

Rosser

The untyped A-calculus was originally part of a
formal system proposed by Alonzo Church in

1928 with the intention of providing improved
foundations of mathematics in turbulent times.

A. Church. A set of postulates for the foundation of logic. Annals of
Mathematics 33:346-366 (1932)

A. Church. A set of postulates for the foundation of logic (second paper).
Annals of Mathematics 34:839-864 (1933)
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* Russell's paradox (1901)
1903-1995 « Godel's incompleteness theorems (1931)
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- HISTORY

Initially the A-calculus was seen as a ‘poor relative’ and was
not the primary focus of research in Church’s group.

1907-1989

S. C. Kleene and J. B. Rosser. The inconsistency of certain formal logics.
Annals of Mathematics 36: 630-636 (1935)




FUNCTION ABSTRACTION

) =R Ax(x + 1)

The A-notation turned out very successful.
Note that the function on the right is “anonymous’.

(lambda (x) (+ x 1)) fn x => x+1 fn x -> x+1
\x -> x+1 x => x+1 function (x) { return x+1; }

lambda x: x+1 e ekl Function(x) x+1




WHY LAMBDA!

e Class-abstraction [Russell and Whitehead, |91 3]
z(¢(x))
* Function-abstraction [Church, 1932]

Az (¢(x))

* Fase of printing

Az(¢(x))




UNTYPED LAMBDA-T

Let V be a countably infinite set of variables.

Al

Variables Any x € V is a A-term.
Function Application If M, N are A-terms, then (MN) is a A-term.
Function Abstraction If x € V and M is a A-term, then (Az.M) is a A-term.

| R— RR———

Notational conventions

It is common to omit brackets or A\’s on the understanding that

[ M1M2M3 SRR Mn stands fOI' (( .. ((MlMQ)M?)) o )Mn)7
e \z.M N stands for (Ax.(MN)), not ((Ax.M)N);
o \11xy---x,.M stands for (Azi.(Azs. - ( Az, . M)---)).
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Nx. fx N

Afa.f(fo)

)|

yyyx

=

(Aff(@z))(AS.f(zx))

((yy)y)x

A f(f(fx))




BINDING

e Like a quantifier in logic, A\ is a binding construct with scope that
extends over the body of the abstraction (indeed Church wrote Az (M)
instead of Ax.M).

e An occurrence of x in M is free if it is not in scope of any Ax. The
free occurrences of x in fxg(Ax.hzx)(hx) have been underlined below.

Note that there can be occurrences of x that are not free (we call them
bound).
Jel s oz ) o)

e The outermost Az in Ax.M binds only free occurrences of x in M.




FREE AND BOUND VARIABLES

A variable is free in M if it has at least one free occurrence in M. The
set of free variables of a term can be defined as follows.

fo(z) = {z}
folMN) = fu(M)U fo(N)

foa.M) = fo(M)\ {z}

By analogy we can consider bound variables.




ALPHA-EQUIVALENC

Names of bound variables are just a notational device to represent the binding
structure within terms.

Aa.a Ab.b Ac.c Ad.d Ae.e N AG.g Ah.h

Ax.frg(Az.hzz)(hx) Ax.frxg(Ay.hzy)(hx) Ny. fyg(Az.hzz)(hy)

Different variable names can be used to convey the same information about
binding. Then we talk of a-equivalent terms, written M =, N.

Nominal set theory allows for an elegant formalization of a-equivalence!




ALPHA-EQUIVALENC

Any term in the a-equivalence class of M can be obtained from M by a
renaming of bound variables. The renaming must not modify the internal
binding structure (the same occurrences of variables must be bound by the
same occurrences of \’s).

RN =" NNy = NN o
Az f(AY.y) Za Ay-f(Az.y)
MOz FOg-9)) Za M-FO2-fOp.2)

JNIUHE 2, W8I0 S2g, ML




>

SRUIIN N

Bl

=

An alternative representation of binding: replace each bound occurrence of a
variable with a numerical index that indicates the exact position of its binder
relative to all potential binders (e.g. 1 means the innermost A whose scope
covers the relevant occurrence).

AT Y. Az.22(yz)

AAA31(21)

Two terms are a-equivalent if their de Bruijn representations are the same.
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o \r A\x.x =, Ax. A Y. Y Fo AT AY.T

- CLASS

Ikl =£ 2

o M. f(Ar.f(My.y)) #a Af-f(Az.f(Ay.x))

AL(A2(A1)) # AL(A2(A2))

In what follows we shall identify terms with their a-equivalence class without
+|o- Care must then be taken to ensure that
all definitions respect a-equivalence.

using the explicit notation |- -




BSETA RULE

Computation with A-terms

(Ax. M\)N — M|N/zx]

Suppose substitution is defined simply as

o I [ —

y|Njz] =y x4y
(M1 Ms)[N/jz| = (Mi[N/z| Ma[N/x|)
(My-M)[N/z| = (Ay.M[N/z|)

Then
(Az.Ay.fzy)y) 2 — (My-fyy)z — fzz

During the substitution of y for x in (\y.fxy) the substituted occurrence y
becomes captured by Ay!




CAPTURE AVOIDANCE

o I G

YN/ J T #Y
(MiM)[N/z| = (Mi[N/z] Ms|N/z))
(Ay.M)[N/z] = (Ay.M|N/z]) z#y, y & fo(lN)

Note that (Ay.fzy)|y/x] is now undefined. But there exist terms M’ such
that (A\y.fzry) =, M’ and M'[y/x] is defined. For example

(Az.frz)ly/x] = Aw. fyw).

This is no coincidence: whenever M|[N/x] is not defined, it will be possible
to find M’ =, M such that M’'|N/z] is defined. For instance, one can simply
“refresh” the bound variables in M, i.e. rename them using variable names
not occurring in M or N.

This is the notion of substitution we shall rely on in the course!




BETA-STEP

Basic (-step
(Ax. M)N —y, M'[N/x]

provided M =, M’ and M'|N /x| is defined. Note that M'[N/x| is determined
uniquely up to a-equivalence, so the above definition gives rise to a well-
defined operation on a-equivalence classes of terms.

(Az.\y. fry)y —p Aw. fyw

(Ax.M)N is called a S-redex.




ONE-ST

° R

DUCTION

We write M — 5 M’ if M’ is obtained from M by carrying out one basic (-
step inside M (one-step S-reduction). Formally, — 3; is the smallest relation
satistying the following rules.

M —y M’ M—pan M
M —p5 M’ Ax. M — 1 Ax. M’
M — /il M’ M S il M’

MN —s45 M'N NM —s 5 NM'




BSETA-R

DUCTION

o The reflexive and transitive closure of — g1, written —3, or — 3 or

i>, will be called f-reduction.

e The smallest equivalence relation containing — 3, written =g, is called
f-equality or S-equivalence.
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"RMINOLOGY

A term M is normal (in normal form) if there is no N such
that M el N.

A term M is weakly normalizing if there exists normal N
such that M —3 N. We call N a normal form of M. If
a term is not weakly normalizing, we write M A1).

A term M is strongly normalizing if there is no infinite
sequence of terms M, M5, --- such that

Wil i O




CHURCH-ROSS

-R

If a term is weakly normalizing we can reduce it to some normal form. Are
normal forms of terms determined uniquely (up to a-equivalence)? Is (-

equality a consistent theory of A-terms?

The two questions can be answered in the positive thanks to the following
confluence property of — 4 (for a-equivalence classes of terms): whenever

there exists M’ such that




UNIQUENESS OF NF

e Suppose N;, Ny are normal forms and

Then, by confluence, we must have Ny =, Vs.

o If we regard normal forms as values, the A-calculus (equipped with -
reduction) can be viewed as a simple deterministic programming lan-
guage. Not all computations yield values, though.

(M.zx)(Az.22) —> 51 (A2.2Z)(AT.2%T)




CONSISTENCY OF BETA

Recall that (-equivalence was defined the smallest equivalence relation con-
taining —3;. More precisely, M =3 N iff there exist ()1, - - - , @k such that

WL = O — s ()

piiereRs8 = stands for S ——5 I or T' — 5 5. Thanks tofther@hiirchE
Rosser Theorem we can conclude that M =3 N if and only if there exists @)

such that
M N
\5\\ 7
Q

B-equivalence is consistent! For instance, Ax. \y.x #5 Az.\y.y.




CHURCH NUMERALS

Natural numbers can be represented inside the A-calculus using the idea of
function iteration.

We define the term n representing the number n as follows.

O =\ s
T N TEr
D= Ao i)

n
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PRESENTABILITY

One can use the above representation to represent numerical functions (even
partial ones).

A term M is said to represent f: N — N if

o Mn— 3 f(n) for any n € dom(f),

o M7 1 for n & dom(f).




OO

SUCCEeSsor
addition
multiplication

exponentiation

-NCO

DINGS

. Afz. f(nfx)

Aning. Afx. (nf)(nofx)

AniNo. Afx.ni(nof)x

ANing. Afx.ning fx
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e Consider g : N x N —» N X N defined by g(z,y) = (z + 1, z).

Observe that ¢"(0,0) = (n,n — 1) for n > 0.

e To encode g in the A-calculus we need to represent pairs.

e Put it all together

(M, N)

T

5

Az.zM N
Ap.p(Ary.x)
Ap-p(Azy.y)

An. ma(n M, (0,0))




CHURCH'S THESIS

The M\-definable functions turned out to coincide with known classes of (re-
cursive) functions.

A. Church. An unsolvable problem of elementary number theory. Amer-
ican Journal of Mathematics 58:345-363 (1936)

S. C. Kleene. M-definability and recursiveness. Duke Mathematical
Journal 2:340-353 (1936)

This made Church conjecture that A-definability captures the (informal) con-
cept of “effective calculability”. This is known as Church’s Thesis.




A. Church. A note on the Entscheidungsproblem. Journal of Symbolic
Logic 1: 40-41 (1936)

A. M. Turing. On computable numbers, with an application to the
Entscheidungsproblem. Proceedings of the London Mathematical Soci-
ety 42: 230-265 (1936)

A. M. Turing. Computability and A-definability. Journal of Symbolic
Logic 2:153-163 (1937)

N TSCHEIDUNGPROBLEM

1912-1954




FIXED POINTS

Let us consider the factorial function.

1 W—

EE) = { n - fact(n — 1) n >0

Note that fact is expressed in terms of fact.

Consider the function operator G : (N — N) — (N — N) defined as follows

1 n=20
G(f)(n):{ n-f(n—1)

n >0

Observe that G(fact) = fact, i.e. fact is a fixed point.

Recursive definitions can be viewed as fixed points of operators on functions!




TURING'S COMBINATOR

Does any function have a fixed point in the A-calculus? Given f, can we
always find M such that

Azy.y(rxy)
Q0

e
I

Note the following

Y= Q) f —5 QyyQQy))f —5 fF(QQf) = f(Y])

Y f is the fixed point of f: f(Yf) =5 Y f. Y is a fized-point combinator.




LAMBDA FACTORIAL

Recall that fact is a fixed point of G : (N — N) — (N — N).

1 n=20
G(f)<n):{n-f(n—1) n >0

Consider the A-term corresponding to G"

gt R [ (e il — 101 IL
Apply the fixed point combinator
AN Moo I g0 (s il — 1)) 1T

to obtain a term that represents the factorial function on Church numerals.




CURRY'S COM

BINATOR

s =N (s il (i i ()|

Observe that

Yf=pf(YF)

This time we do not have Y f — 5 f(Y f)!




MGS COMBINATOR

T = Xabc- - - xyz.z(midlands graduate school rulez)

Observe that




SCOT T NUMERALS

) = \zy.z
n Axy.y(Axy.y(Ary.x))

3 = day.yOQay.yOsy.y(Azy.z)))




SOME ENCODINGS

SUCCESSOor AN, AZY. Yyn
predecessor MO EL ()

conditional AN.AZY. N T Y




UNDECIDABL

PROBLEMS

e Is a given term weakly normalizing?

e Is a given term strongly normalizing?
e Does M — 3 N hold?

e Does M =5 N hold?




=X TENSIONALITY

Extensionality is a fundamental property of functions.

Mx = Nx
i—i

z & fu(M) U fo(N)

But it is not reflected in the current system (based on [-equality alone).
Observe that the following rule cannot be derived in general.

MZCZQ Nx
M =4 N

v & fu(M) U fu(N)

Can you see cases in which it can?

To incorporate extensionality, one could admit the rule given above or, equiv-
alently, add the n-law.

A Mx =M @ ol




- [A-REDUCTION

Basic n-step (z € fu(M)):

e My —, M

Like for —}, we can define:

e a one-step fn-reduction (—p,1) by allowing —, and —, inside
terms and not only at the outermost level;

e [n-reduction (—>p,) as the symmetric and transitive closure of —g3,1;

e [n-equality (=g,) as the smallest equivalence relation containing — g, .

=g, satisfies the extensionality principle. Suppose Mz =g, Nz, where z &
v(M) U fu(N). Then Axz. Mz =4, Ax.Nz. Because \xe.Mx =3, M and
f ( ) Bn A1

AL.N% =g, N, we can conclude M =g, N.




FURTH

R LAWY

How about adding the following law?

== R

Equating any different Sn-normal forms M, N leads to inconsistency!

Bohm’s Theorem: There exists a context C' such that

ClM] =g, x

C[N] — e U

A closed (fv(M) = () term M has a head normal form (is solvable) if M =g
ATy Tp.x;---. If a term has a normal form, then it has a head normal
form. Equating unsolvable terms does not lead to inconsistency.




TYPES

In the untyped A-calculus application is unconstrained. Terms can even be
applied to themselves! This flexibility turns out to be a source of computa-
tional expressiveness. In what follows we shall impose constraints on the use
of application, using types.

Let G be the set of ground types. For the time being, let G = {o}.

e Any A € G is a type.

o [f A and B are types, sois A — B.




P

D LAMBDA CALCULUS

A. Church. A formulation of the simple theory of types. Journal of
Symbolic Logic 5: 56-68 (1934)

H. B. Curry. Functionality in combinatory logic. Proceedings of the
National Academy of Science 20: 584-590 (1934)

L — —SR—




PRE-TERMS

In order define typed terms, we slightly modify the previous definition of
A-terms and add type annotations to A-abstractions.

Variables Any x € V is a pre-term.
Function Application If M, N are pre-terms, then (M N) is a pre-term.
Function Abstraction If x € V, M is a pre-term, A is a type

then (A\z*.M) is a pre-term.

As before we shall identify a-equivalent pre-terms, i.e. we consider a-equivalence
classes (even though we shall not write |- - - |, explicitly).

Pre-terms are candidates for typed terms. Next we define when a pre-term
can become a typed term. This will be the case if it can pass a typing test.




TYPING

Typing judgments have the form
x1:A1, - X A FE M A
where
o .V
o Ay,---,A,, A are types
e M is a pre-term.
One can think of the left-hand-side of the judgment (called the context) as

a typing declaration for variables that might occur freely in M.

Indeed, the following invariant will be maintained: fo(M) C {zq,- -, x,}.
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xy: A,

= e Al — g5 I = B o A

,$nZAn|_CEiIAi

I = AR ¢ 5

B g AL = ke B

I
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PROPERTIES

Uniqueness: If ' - M : Aand ' = M : B then A = B.

Weakening: If ' - M : A,y ¢ 1" and BisatypethenI',y: B+ M : A.
Substitution: If ' - N: BandT',x: B+ M : Athen ' - M|N/x| : A.
Subject Reduction: I I' - M : Aand M —3, N then I' = N : A.

Type inference I: There exists an algorithm that, given I' and pre-term
M, decides whether there exists A such that I' v M : A and returns
such A.

Type inference II: There exists an algorithm that, given an untyped term
M, decides whether M can be annotated with types so that for the

resultant pre-term M’ there exist I' and A such that I' - M’ . A.
There are ways to infer the most general such A (principal type).




WEAK NORMALIZABILITY

In the untyped A-calculus it is undecidable whether a term is weakly normal-
izing, i.e. whether it reduces to a normal term. This changes dramatically
with types: all terms have a normal form.

Some useful definitions.

e The degree of a type is defined by

dilold — 0
d(A— B) = 1+ max(d(4),d(B))

e The degree of a redex (Az”.M)N is the degree of the type of Az. M.

e The degree of a term is equal to the highest degree of a redex occurring
in 1t.




A NORMALIZATION ROUTIN

Given a term I' = M proceed as follows.

e Let d be the degree of M.

e Consider all redexes of degree d in M and pick from among these a
redex

---()\xA.M’)N’---

such that all redexes in M’ and N’ have degree less than d, i.e. inner-
most redex of the highest degree.

e [ire it!
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WHAT'S HAPPEN

---()\xA.M’)N’---

Thanks to our choice (innermost), there is now one fewer redex of
degree d.

There may be new redexes, but their degree will be that of the type of
M’ or N', both of which are strictly smaller than d.

The procedure can be iterated until there are no redexes of degree d
left.

The whole routine can be repeated for the resultant term. Note that
the degree of the term will now be strictly smaller than d. This implies
termination.




ONE-STEP BOUNDS

The length of a term is defined as follows.

g —
AT = LR ) < R
[(Ax. M) = 1+1(M)

Let M be a term whose degree is d. There exists a term M’ of degree strictly
smaller than d such that:

o M — 3 M’ in at most I(M) steps,

o [(M') <L g




UPPER BOUNDS

Let 2™ represent the following tower of exponentials

2m

94

with n occurrences of 2.

Suppose M has degree d.

1. Its normal form has length QZ(M).
(M)
1

2. Its normal form can be reached in 22_ steps.

These bounds can be matched. S-reduction is not elementary (Statman)!




STRONG NORMALIZABILITY

Weak normalizability was initially regarded as more interesting, as it was all
one needed to demonstrate consistency. In the context of computers, strong
normalizability becomes a safety guarantee.

In the untyped A-calculus it is undecidable whether a term is strongly
normalizing. This also changes with types: all typed terms are strongly
normalizing. It is not so easy to come up with a proof of this fact.

Exercise: Try a naive inductive proof to see what happens!




REDUCIRILITY (TAIT)

We define reducibility sets Red4 as follows.

Red, =BV B Mo, MiS stronglhmermalizegt
e [ () | T-M:A->B
(TUA,MN) € Redg for all (TUA,N) € Reds }

Then it is not hard to show that
o If (I', M) € Red then M is strongly normalizing.
e For all ', if (x : A) € I then (I',xz) € Reda.




STRONG NORMALIZABILITY

By induction on the structure of M one can show the following.

Given x7 : A1, - ,xn : Ay B M : A if (T, N;) € Redy, for any
i=1,--- ,n then (I, M[Ny/x1, - , Np/x,]) € Redy.

By setting NV; = x; we finally arrive at:
if ' - M : A then (I', M) € Red.

Since being in Red implies strong normalizability (previous slide), we can
conclude that any term is strongly normalizing.




REPRESENTABILITY

Church numerals can be typed. Let us write m for Af°~°.Az°. f*(x) and
observe that
Fn:(o—0)— (0— 0).

Let us write N for (0 — 0) — (0 — 0). As in the untyped case, we can define
a notion of representability for (total) numeric functions:

- M:N—..-—N-—=N

&
represents f : N*¥ — N iff
Mn_1 n_kzﬁn f(nlj... ,nk:)
for all (ny,---,ng) € N*. In the untyped case we could represent all recur-

sive functions in the same way. Now only the extended polynomials can be
represented (Schwichtenberg).




X TENDED POLYNOMIALS

Let us fix a set Vy = {ny,ns,---} of (numeric) variables (for constructing
polynomials). The set of extended polynomials is the smallest set £ satisfying
the rules below.

nEVN Pl,PQES Pl,PQEg Pl,PQ,Pg,Gg

BIE=C ncf (PL+P) e (P-P)eé& ifzero( Py, P, P3) € £

The ifzero function is defined by: ifzero(m, mg, m1) = { mg m=70
e >0
Examples
L (o =5 Gk )

PR iitzeno(ng = na, 0, ng - (1 + 1))




ALTERNATIVES

The previous notion uses the type N for representing both the arguments and
the result. A more general notion is possible. Let

Nas=(A— A) - (A— A)
SURIEC =W have = Af* 2z f%(z) 1N o

One can use different A’s for arguments and the result. This turns out to
extend the class of functions that can be represented, e.g. predecessor and
exponentiation become representable. Equality and substraction are not,
though.

S. Fortune, D. Leivant, M. O’'Donnell. The Expressiveness of Simple and
Second-Order Type Structures. Journal of the ACM 30(1): 151-185 (1983)




LOWER BOUN

i — N e RN

Note that

MAATA =8y (nm)A
Consider the big terms:

bigA,n—l—l o bigA—>A,n§A

Then big,, , is of degree n + 2, length linear in n, and

ol = (e

B
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Many undecidable problems were associated with the untyped A-calculus.
Here are some problems that are have proved hard to solve in the typed case.

Unification: Suppose 21, - - -

., = M, N. Do there exist terms ()1, -- , @,

such that M[Q1/x1,- -+ ,Qn/Tn] =gy N|Q1/T1,* ; Qn/Tn]?

Matching: Same as above except that N must be closed.

Unification is undecidable (Goldfarb).
able (Stirling). Curiously, it is undecidable when =g, is replaced with =g

(Loader).

Matching (for G = {o}) is decid-




MODELS

The typed A-calculus can be given a natural set-theoretic interpretation,
consistent with our intuition about functions.

e Fach type A will be interpreted by a set, written [A].

e FEach term-in-context I' = M : A will be interpreted by a function,
written [’ F M : A]. Let I' ={x1: A1, --- , 2, : An}-
— The domain of the function will be [A;] x --- x [A,].
— Its codomain will be [A].

x stands for the Cartesian product of sets. Note that a closed term
= M : A will be interpreted by a function in 1 — [A], i.e. an element

of [A].




SET-THEORETIC MODEL

To get off the ground with the interpretation, we need an assignment of sets
to all ground types, e.g. [o] = {0,1,2,3}. Starting from sets [A] for any
A € G, we can interpret the remaning types inductively by

[A— B] = [A] = [BI,

where = stands for the set-theoretic function space, i.e. the set of all func-
tions from [A] to [B].

Let I’ = {3?1 : Al?"' y L An}? (a’la"' 7an) = [[Al]]xx[[An]] and a € [[A]]
The interpretation of terms is defined by induction on the structure of their
typing derivations as follows.

sl - . AL -z Alle,: L an) = a;
o I M N] (@1, - ,a,) = ( [T E M](ay,--: ,a,) ) [ = Nl(ar, ars
SEEIN G V] (@1, - ,0,) )(a)=[F,z: A E M| (el - aa)




SOUNDNESS

IfT - M,N:Band M =g, N, then [[ - M : B]=[I - N : B].

How about the converse? Consider the following cases.

L. [o] = 1%}
% el =Sl

Slc — N

Different Church numerals are not n-equivalent, so for the converse to hold
[IN] must be infinite.




COMPLETENESS

We write [[' - M| x for [I' = M] obtained by setting [o] = X.

Friedman: If [' F M|y =[I' F N]y then M =35, N.

Bloslcimi = AV o o = [T E N ) for all n'e NiithenSVAESHSES




DEFINABILITY

If [o] is finite, so is [A] for any type.

e Suppose [o] ={0,1}. Then the set [o — o] = {0,1} ={ 0,1} has four
elements. What can [F M : 0 — o] be?

e The only normal form (with respect to 4n) at this type is Az°.x, which
is interpreted by the identity function.

e The other three elements are not A-definable, i.e. they are not inter-
pretations of any terms.

In general it is undecidable whether a function is A-definable, a surprising
result due to Loader.




CARTESIAN-CLOSED CAT'S

The set-theoretic interpretation and the associated soundness result are in-
stances of a more general category-theoretic interpretation in Cartesian Closed
Categories, i.e. categories with products and function spaces. The typed A-
calculus can itself be organized into such a category.

e Objects are types.
e Morphisms are terms.

A morphism between A and B is a =g,-equivalence class
of x : A+ M : B. The identity morphism is defined by
Fe A -z A

e Composition is substitution.

Any (standard) interpretation of the typed lambda calculus in a cartesian
closed category can be factorized through the syntactic interpretation above.




CURRY-HOWARD

Let us consider a few selected terms and their types.

Term Type
Nt 7 A— A
Azt ) yB.z A— (B— A)
Ao s B0 A8 Al aa(yz) | (A= (B—=C)) = (A= B)— (A—C))

Think of — as implication in propositional logic. Are the types tautologies?




LOGIC OF TYPING

Let us revisit the typing rules, but with terms erased.

Pz < 1)

Ala'” 7An 5 Az

U= A — & I A
| B e s

A
= A — 5

The rules turn out to correspond to provability in (implication-only) intu-
ittonistic logic, which is a proper subset of classical logic.




CORRESPONDENC

LOGIC PROGRAMMING
intuitionistic logic A-calculus
formulas types
proofs terms
simplification reduction
provability inhabitation

Can be useful in both directions!




PEIRCE'S LAW

A = ((a« — ) — a) — « is provable in classical logic. Let us see through
the lens of the A-calculus whether it is provable in intuitionistic logic. For a
change we need to set G = {«, 8}.

e Assume that A is provable in intuitionistic logic. Then there exists a
term M such that = M : A. Hence, there exists a Sn-normal term M
such that - M : A.

SEVElSt have the shape Az'® 952 N e o (o — Si= o SNEN
N must then be of the form x(), where z = @) : « — 3. Thus, () must
have the shape A\y“.R and

zhillel =00 o @ s TR

Is this possible with R in normal form?




APPLI

D LAMBDA CALCUL

We saw that the internal notion of representability in the typed A-calculus
is rather weak. But, of course, we would like to have typed languages that
are Turing-strong. What can we do?

Types: introduce “meaningful” ground types

Terms: allow ground values and primitive operations as constants

Reduction: add suitable reduction rules




PCF

Ground types

G = {nat}
Constants
n &N
— n : nat - succ : nat — nat - pred : nat — nat

- ifzeros : nat — (A — (A — A)) F Y a:(A—>A) > A




SETA RECAP

Basic rule

(Ax. M)N — M|N/z]
Contextual rules

M — M’ M — M’ M — M’
Ax.M — dz. M’ MN — M'N NM — NM'

A basic step can be made anywhere inside the term (this will be restricted
in what follows in favour of the leftmost-outermost strategy).




CALL-BY-NAME EVALUATION

Basic rules

pred 0 — 0
pred (n+1) — n
SLEE M —— el

ifZGI’OA 0 MO Ml e MO
ifZGI’OA (TL—I— ].) My M, — M,y

(A M)N — M|N/zx]
YAM R M(YAM)
Contextual rules
M — M’ M — M’ M — M’
pred M — pred M’ succ M — succ M’ ifzeroy M — ifzeroy M’
M — M’

MN — M'N




CALL-BY-VALUE EVALUATION

Let V stand for n, Ax.M or Y_,B.

Basic rules

pred 0 — O
pred (n+1) — n
SRt —=>= 71 I |

ifZGI’OA 0 MO M, — MO
ifZGI’OA (’I?,—|— 1) MO M, — M

(Az. M)V — M[V/x]
Yo,V — M4V (YugV)z

Contextual rules

M — M’ M — M’ M — M’
pred M — pred M’ succ M — succ M’ ifzeroy M — ifzeroy M’
M — M’ M — M’ M — M’

NN === SN VM — VM’ MO




