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In this paper we introduce a strong form of eta reduction called etabang that we use to
construct a confluent and normalising infinitary lambda calculus, of which the normal forms
correspond to Barendregt’s infinite eta Bohm trees. This new infinitary perspective on the set
of infinite eta Béhm trees allows us to prove that the set of infinite eta Bohm trees is a model
of the lambda calculus. The model is of interest because it has the same local structure as
Scott’s Doo-models, i.e. two finite lambda terms are equal in the infinite eta B6hm model if
and only if they have the same interpretation in Scott’s Ds-models.
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1. Introduction

In the classical finitary lambda calculus (Barendregt, 1984), one can express that the
fixpoint combinator Y (= Af.(Ax.f(zx))(Az.f(zx))) can reduce to terms of the form
M f(Ax.f(xx))(Az. f(xx))), for any n > 0, but not that Y has an infinite reduction to the to
the infinite term Af.f*, where f* is convenient shorthand for the infinite term f(f(f(...))).
In the infinitary lambda calculus, the set A of finite A-terms is extended to explicitly include
infinite terms such as Af.f“ and the notation allows for finite and infinite reductions. This
makes it possible to define the concept of Bohm tree directly in the notational framework
of the infinitary lambda calculus, in contrast to (Barendregt, 1984]) where Béhm trees are
defined with their own notational machinery.
Infinitary lambda calculus allows an alternative definition of the notion of tree as normal
form. Figure [1I| summarises the correspondences between the infinitary lambda calculi and
the trees which have been studied so far. All these calculi include a notion of |-reduction
and they are all proved to be confluent and normalising before except for the one on the
last row (Berarducci, 1996; [Kennaway et al., 1995a; [Kennaway et al., 1997; [Kennaway and
de Vries, 2003} [Severi and de Vries, 2002; [Severi and de Vries, 2011)). From any infinitary
lambda calculus which is confluent and normalising, we can construct a model of the finite
lambda calculus by defining the interpretation of a term to be exactly the (infinite) normal
form of that term (or equivalently the tree of that term).
The infinitary lambda calculi sketched in the first four rows of Figure [1| are variations of
71 = (A, —p1). By changing the L-rule, we obtain different notions of trees. If we
take the terms without head normal form as meaningless terms, then we obtain an infinitary
lambda calculus which is confluent and normalising. The normal form of a term in this calculus



P.Severi F.J. de Vries 2

Reduction Rules Normal forms

B-rule Bohm trees
1 -rule for terms without head normal form

[B-rule Lévy-Longo trees
L -rule for terms without weak head normal form

B-rule Berarducci trees
L -rule for terms without top normal form

[B-rule Parametric trees
L -rule parametrised by a set of weakly meaningless terms

B-rule 7-Bohm trees
-rule
-rule for terms without head normal form

[B-rule oon-Bohm trees
I-rule
-rule for terms without head normal form

Fig. 1. Trees as infinite normal forms

correspond to the Bohm tree of this term. The collection of normal forms of this calculus forms
a model of the lambda beta calculus, better known as Barendregt’s Bohm model
. Similarly, by reducing terms without weak head normal form to L, we capture the
notion of Lévy-Longo tree (Kennaway et al., 1995a; [Kennaway et al., 1997; Kennaway and|
and this gives rise to the model of Lévy-Longo trees. Also by reducing terms
without top head normal form to L, we capture the notion of Berarducci tree (Berarducci,
[1996; Kennaway et al., 1995a; [Kennaway et al., 1997; [Kennaway and de Vries, 2003) which
gives rise to the model of Berarducci trees.

The infinitary lambda calculi AZ1 with a L-rule parametric on a set of (weakly) meaning-
less terms encompasses the previous three cases (Kennaway and de Vries, 2003; Severi and|
. This method to construct models of the lambda beta calculus is quite flex-
ible as there is ample choice for the set of meaningless terms (Severi and de Vries, 2005a;
[Severi and de Vries, 2005b; Severi and de Vries, 2011)). Because the collection of sets of
weakly meaningless terms is uncountable, we get an uncountable class of models which are
not continuous (Severi and de Vries, 2005a)).

The infinitary lambda calculus AZ,, = (A", —>5.1,) sketched in the last but one row incor-
porates the 7-rule (Severi and de Vries, 2002). This calculus captures the notion of 7-Béhm
tree, which can be described as the eta-normal form of a Bohm tree, and gives rise to an
extensional model of the lambda calculus that has the same local structure as Coppo, Dezani
and Zacchi’s filter model D (Coppo et al., 1987)).

The last row in Figure [1| represents the contribution of this paper. The infinitary lambda
calculus )‘,%OJ_n! = (A°, —> 1) is constructed with the n!-rule, a strengthening of the n-rule.
The notion of nl-reduction is based on the observation that the explicit syntactic character-
isation of infinite eta expansions in the definition of infinite eta Bohm trees in
can be succinctly redefined as strongly converging eta-expansions in the terminology of
infinitary rewriting. The power of n!l-reduction is such that it reduces the Béhm tree of J to
I, see Figure [2l The main complication of this paper will be to prove that Ag‘ln! is confluent
and normalising. As direct consequences of this result, we will first obtain an alternative def-
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FINITE A\-TERM BOHM TREE 1n-BOHM TREE ocon-BOHM TREE
| = \z.x BT() =1 nBT(l) =1 oconBT(l) =1
1= dzy.xy BT(1)=1 nBT(1) =1 oconBT(1) =1
J=YAfry.z(fy)) BTU) = Azyo.x nBT(J) = Azyo.x oconBT(J) =1
| |
AY1.Yo AY1.Yo
| |

Ay2.y1 AyY2.41

Fig. 2. Difference between the notions of Bohm, n-Béhm and con-Bohm trees

inition of the notion of con-Béhm tree of a lambda term as its normal form in AZ, ,, which is
more compact than the one in (Barendregt, 1984; Barbanera et al., 1998; |Bakel et al., 2002)).
Second, we can show that the set of con-Bohm trees is an extensional model of the finite
lambda calculus. The model of con-Bohm trees is of interest because it has the same local
structure as Scott’s D,,-models, i.e. two finite lambda terms have the same normal form in
ALy if and only if they are equal in Do (Hyland, 1975; |Wadsworth, 1976)).

It may appear at first sight that extending an infinitary lambda calculus with 7 or 7! should
not be complicated. However, the two lambda calculi of Lévy-Longo and Berarducci trees do
not seem to accept any variations on the L-rule without losing confluence. There is a critical
pair between the 7-rule (n!-rule) and the L-rule for terms without weak head normal form:

Ax.Qx
/ X
1
The L-step follows from the fact that the term Qz has no weak head normal form. This pair
can be completed only if Az.L — | which is true only for the L-rule that equates terms
without head normal form. For a counterexample of confluence for 517 and S.1n! where the
L-rule equates terms without top normal form, we use the term Q, = Azg.(Az1.(...)x1)zo.
Similar to Q which S-reduces to itself in only one step, this term 7n-reduces to itself in only
one step. The term Q, can be obtained as the fixed point of 1 = Azy.zy. The body of

the outermost abstraction in €, is rootactive (it always reduces to a S-redex) and hence
Q, — 1 Az.L. The span

o N

1L Ax. L

Ax. L

can only be joined if Ax.l — 1.
Section [2] recalls some notions of infinitary lambda calculus and introduces the definition of
n!-reduction. Section [3|studies properties of mainly —, and —, -1 on their own. Section E|
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proves two strip lemmas for n! and S. Section [5| proves that outermost | -reduction commutes
with n!. Section 6 proves confluence and normalisation of the infinitary lambda calculus AF .
Section[7]explains in detail the connection between the infinite eta Bohm trees and the normal
forms in AZ . Section |8 shows that the set of the normal forms of A3, is an extensional
model of the finite lambda calculus.

2. Infinitary Lambda Calculus
2.1. The set AT of finite and infinite terms

Infinitary lambda calculus provides a single framework for finite lambda terms and infinite
terms. Infinite extensions of finite lambda calculus were introduced around 1994 following
similar developments in first order term rewriting initiated by Dershowitz and Kaplan (Be-
rarducci, 1996; Kennaway et al., 1997)). As starting point for this paper we are interested in
one particular extension AF of the finite lambda calculus defined in (Kennaway et al., 1997)),
namely the extension in which the normal forms correspond to the Bohm trees of (Baren-
dregt, 1984). The set AP of finite and infinite terms of AL can conveniently be defined as
metric completion of the finite terms for a suitable chosen metric. In spirit, this construction
goes back at least to Arnold and Nivat (Arnold and Nivat, 1980). The metric context will
also be used to define transfinite converging reductions.

We will now briefly recall this construction from (Kennaway et al., 1997). Throughout we
assume familiarity with basic notions and notations from (Barendregt, 1984]).

2.1 Definition [Set A, of finite lambda terms with L]: Let A} be the set of finite \-
terms given by the inductive grammar:

M:=1|z|(MaM)| (MM)
where x is a variable from some fixed countable set of variables V.

We follow the usual conventions on syntax. Terms and variables will respectively be written
with (super- and subscripted) letters M, N and x, y, z. Terms of the form (M; M) and (AzM)
will respectively be called applications and abstractions. A context C[ ] is a term with a hole
in it, and C[M] denotes the result of filling the hole by the term M, possibly capturing some
free variables of M.

2.2 Notation: We will also use the following abbreviations for terms in A :

| =Xz Q = (x.zx) z.ax
K=Xxyax Y =M.z f(zz))(Az.f(xx)))
1= Jdzyxy J=YAfzy.z(fy))
2.3 Definition [Subterm at a certain position]: Let M € A, and p be any finite se-

quence of 0, 1 and 2’s. We will use () for the empty sequence. The subterm M|, of a term
M € A at position p (if there is one) is defined by induction as usual:

M‘O:M ()‘xM)|0p:M|p (MN)|1p:M|p (MN)|2p:N|p

2.4 Definition [Depth of a subterm at a certain position]: Let M € A, . The length
L(p) of a position p is the number of 2’s in p. The depth at which a subterm N occurs in M
is the length of the position p of N in M.
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(Azyx o ) e depthO

| |
y z depth 1

Fig. 3. Graph representation of (Az.zy)z that respects our notion of depth

Figure [3 shows a graph representation of (Azy.xy)z that respects our notion of depth.
We define now the truncation of a term M at depth n as the term obtained by replacing all
subterms at depth n by L.

2.5 Definition [Truncation]: Let M € A . The truncation of M at depth n is defined by
induction on M as follows.

MY = 1 (Az.M)"tt = g Mt
J_n-i—l = | (MN)n—i-l — Mn—i—an
= o

Note that for truncating an abstraction Az.M at depth n 4+ 1, we truncate the body M at
the same depth n + 1. For the application M N, we truncate the argument N at depth n but
the operator M is truncated at depth n + 1. For example, (Az.zy)! = Az.z L.

2.6 Definition [Metric]: Let M, N € A . We define a metric on A as follows: d(M, N) = 0,
if M = N and d(M,N) =2, where m = maz{n € N| M" = N"}.

For example, if M = (x(y(zu)) and N = (z(y(zv)) then d(M, N) = 273.

2.7 Definition [Set AT of finite and infinite terms]: The set AP is defined as the met-

ric completion of the set of finite lambda terms A} with respect to the metric d.

From now on, M, N, ... will be assumed to belong to AT unless we state otherwise.

The set AT is constructed to contain all Bohm trees. For example, the term z(x(z . . .)) belongs
to AS°. It does not contain the terms Az.Az.... or ((...)z)x which are typical Lévy-Longo
or Berarducci trees (Longo, 1983} [Lévy, 1976; |Abramsky and Ong, 1993; Berarducci, 1996
Kennaway et al., 1997)).

2.8 Notation: We will also use the following abbreviations for terms in AS°:

Joo = Azyo.z(Ay1.yo(Ay2.91(-..))) Ey = Ayi.y(Ay2.91(...)) for any y € V

Note that Joo = Axyo.2E,, and Ey, = Ay1.yoEy,.

Definitions and can all be extended to infinite terms in AS° in the obvious way.
The notion of depth of the hole in C[ ] can be defined in the same way as the depth of a
subterm at a certain position (see Definition .

2.9 Definition [Prefix]: Let M, N € A?. We say that M is a prefix of N (we write M < N)
if M is obtained from N by replacing some subterms of N by L

2.2. Converging Reductions

In this section we define the notion of strongly converging reduction.

2.10 Definition [Reduction]: We call a binary relation —, on AT° a reduction relation,
if —, is closed under contexts, that is, if M —, N implies C[M] —, C[N].
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2.11 Definition [Infinitary Lambda Calculus]: Let —, be a reduction relation on AT°.
We call the pair (AY°, —,) an infinitary lambda calculus. Instead of (AT, —,), we simply
write Ap°.

For an infinitary lambda calculus A7° and ordinals o we define reduction sequences of any
transfinite ordinal length a.

2.12 Definition [Strongly Converging Reductions (Kennaway and de Vries, 2003)]:
A strongly convergent p-reduction sequence of length « (an ordinal) is a sequence
{Mg | B < a} of terms in AP such that Mg —, Mgy for all B < «, besides
M)y = limg<y Mg for every limit ordinal A < o and lim;_, d; = oo where d; is the depth of
the redex contracted at M; —, M;; for every limit ordinal A < a.

Strongly converging reduction is a key concept of infinite rewriting (Kennaway et al., 1995b;
Kennaway et al., 1997) that generalises and includes finite reduction. Intuitively, an infinite
reduction is strongly converging when the depth of the position of the application of the
reduction rules goes to infinity along the reduction sequence. Cauchy converging reduction
sequence do not behave so nicely as strongly converging reductions (Kennaway et al., 1997}
Simonsen, 2004). Hence strongly converging reduction is the natural notion of reduction to
study. This preference is reflected in the next notation.

2.13 Notation:

M —, N denotes a one step reduction from M to N;

M —, N denotes a finite reduction from M to N;

M —», N denotes a strongly converging reduction from M to N.
M —_ , N denotes equality or one step reduction from M to N.

We will sometimes write the depth of the contracted redex on top of the arrows. For example,
M » IV denotes a reduction step where the contracted redex is at depth m.

Many notions of finite lambda calculus apply and/or extend now more or less straightfor-
wardly to an infinitary lambda calculus AS°. A term M in AJ° is in p-normal form if there is
no N in A7° such that M —, N.

2.14 Definition: Let \7° = (AT, —).

/\;o is confluent if ,«— o —», C —»,0 ,&—.

Ay° is normalising if for all M € AT there exists an N in p-normal form such that M —», N.

Let o be an ordinal. A\)° is a-compressible if for all M, N such that M —», N there exists
a reduction from M to N of length at most «.

The p-normal form of M is a term N in p-normal form such that M —», N. If A7° is
confluent and normalising, it induces a total function, denoted by nf,, from AT to AS® such
that nf, (M) gives the p-normal form of M. The set of p-normal forms over AP is denoted by
nf,(AY) and the set of p-normal forms over A is denoted by nf,(A).

2.3. The Basic Reductions: 3, n, n=" and L-reductions

In this section we extend several notions of reductions on finite lambda calculus to infinite
terms. The S-reduction, denoted by — 3, is the smallest reduction on A% closed under the
[B-rule:

M. M)N — Mz :=N] ()
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The Bj-reduction, denoted by —g,, is the [-reduction restricted to head redexes, i.e.
ALy ... & (A2 P)QNy ... Ny — 3, AT1...2,.Plz = Q|Ny...Ny.
The n-reduction, denoted by —,,, is the smallest reduction on A% closed under the n-rule:
x & FV(M)
Ae.Mx — M 1

The n~*-reduction (or the n-expansion), denoted by —, -1, is the smallest reduction on AP
closed under the n~!

x & FV(M)
M — \z.Mx 7

We now define the L-rule. The variant that we will use in this paper is the one that equates

-rule:

terms that have no head normal form. The 1 -rule is necessary because the infinitary lambda
calculus with only S-reduction is not confluent. For example (Berarducci, 1996)),

B B B
g

Q

where Q = (Az.zz) z.zz, | = Az.ax and Q = (A\zl(zz))( Az (zz)).

Let M € A?. We say that M is in head normal form (hnf) if M is of the form
Axy...2n.yNy ... Ny. We say that M has a head normal form (or is head normalising) if
there exists IV in head normal form such that M —»g N. The terms Q and Az.Llx are
examples of terms without head normal form.

The 1-reduction, denoted by — |, is the smallest reduction on AS® closed under the L-rule:

M has no head normal form

M — 1

Next we define the notion of outermost 1-redex as a maximal subterm without head normal

form. For example, the term M = x((\y.Qy)z) has four L-redexes, i.e. 2, Qy, \y.Qy and
(Ay.Qy)z but only the latter is an outermost | -redex.

We will also need a variation of the 1-reduction, called L,,;-reduction, that contracts only
outermost |-redexes and which is not closed under contexts. The L ,,;-reduction, denoted
by — 1 ,.., is defined as the smallest binary relation on A such that C[M] —, ,, C[1]
whenever M is an outermost L-redex of C[M].

out

2.4. The New Reduction: n!-reduction

We will now introduce the notion of n!-rule. It is inspired by Barendregt’s con construction
on Bohm trees (Barendregt, 1984). With the current knowledge of infinite rewriting we see
that this relation <, on Béhm trees is nothing else but an alternative definition for strongly

~!reduction. For n-expansions strong convergence ensures that the expanded

converging 7
terms remain within AS® and are finitely branching.

We define the n!-rule on AT as follows:
r—»,1 N x & FV(M)

!
A MN — M 7
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where —#, 1 denotes strongly converging n-expansion. The n!-reduction, denoted by —,
is the smallest reduction on AY° closed under the n!-rule.

The n!-rule does not appear in the finite lambda calculus. Note that the original notion <,
in (Barendregt, 1984) is defined on S_L-normal forms (Béhm trees) only, while n-expansion
—#,—1 applies to any term in AT. It is easy to see that <, and —», -1 coincide on the
set of §_L-normal forms. Hence —#, -1 is an extension of <, to the set of (possible infinite)
terms containing redexes.

The strength of the new n!-reduction can be demonstrated on the Bohm tree of Wadsworth’s
term J mentioned above. The Bohm tree of J is represented by the term J,, =
Axyo.2(Ay1.yo(Ay2.41(...))). We see that Jo is of the form Axyo.xzE,, where E,, =
Ay1.9o(Ay2.y1(...)). The term E,, is the limit of a strongly converging n-expansion of the
variable yg:

Yo —rn-1 (AY1-Yoy1) —rp-1 (AY1.90(Ay2.y192)) —>p-1 ... Eyy

Therefore J, reduces to | in a single n!l-step, while J, is not even a n-redex.

2.5. The Infinitary Calculus \7°

The infinitary calculus AS® has some straightforward properties worthwhile to state on their
own which have not been stated explicitly before.

Theorem 2.1 (Confluence, normalisation and compression of 1). The infinitary
lambda calculus A° is confluent, normalising and w-compressible. Moreover, M —» |
nf (M) for all M € AT

out

Proof: Confluence follows from Lemma 26 in (Kennaway et al., 1999). Depth-first left-most
L -reduction is clearly a normalising strategy. Since the depth-first left-most strategy contracts
only outermost redexes, we have that M —»,_, nf, (M). It is not difficult to show w-
compression by adapting the proof of the compression lemma for AZ® in (Kennaway et al.,
1997)) (quite similar to our later proof of Lemma |3.4)). O

out

2.6. The Infinitary Lambda Calculus A

In this section we recall some properties of the infinitary lambda calculus A3 that will be
used later.

Theorem 2.2 (Confluence, normalisation and compression of 51 (Kennaway et al.,
1997; Kennaway and de Vries, 2003))). The infinitary lambda calculus AFL is confluent,
normalising, w-compressible and satisfies 5_L-postponement: if M —»3; N, then M —»g
Q —» 1 N for some Q € A\Y.

Corollary 2.3 (Existence of L,,,-reduction). For all M € A, we have that M —»g
N — 1w nfBJ_(M).

Proof: The previous theorem implies that for any M € AS® there has a reduction to nor-
mal form nfg, (M) in AZL- By postponement this reduction factors into M —»g N —»
nfg i (M). This implies that nfz (M) is a normal form of N in A?°. Hence, N —» , nf (N)
and nf (N) = nfg (M) by Theorem O
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Lemma 2.4 (S-reducing a prefix). Let M, N € A. If M < N and M —»g M’ then
there exists N’ such that N —»g N' and M’ < N'.

Proof: By induction on the length of the reduction sequence. O
Theorem 2.5 (Monotonicity). Let M, N € A?. If M < N then nfg, (M) < nfg (N).

Proof: Let M, N € A% such that M < N. We prove that nfg (M) < nfg, (V). By normali-
sation of S and postponement of L over (Theorem, we have that there exists M’ such
that M —»z M’ —» 1 nfgy (M). By Lemma [2.4 we have that N —»g N’ and M’ < N’
for some N'. Next we prove that for all n, (nfg (M'))™ < (nfzL(N'))™ by induction on n.
The base case n = 0 is trivial. Suppose n = h + 1. We have three cases:

Case M’ = L. Then (nfg (M’))" = L < (nfg (N'))".

Case M' =Axy...xp.y P1...Py. Then N' = Azy ... 2.y Q1...Qk%.

(nfal (M) = Axy...25.y (nfay (P)" % .. (nfsr (Pr))"
< A7y .2y (nfa (Q1)) .. (nfs (Qk))" by induction hypothesis
= (nfs (M"))"

Case M’ = Az1...2,.(Ay.R)SQ1 ... Q. Since M’ —» | nfg, (M), M’ cannot have head
normal form. Hence (nfg (M'))" = L < (nfg (N'))™.
t

Lemma 2.6 (Increasing Truncations). Let M, N € AT. If M — 3, N then for all n
there exists m > n such that nfg (M™) = nfg (N™).

[Proof in the appendix]|

Theorem 2.7 (Approximation). Let M € A%. For all n, there exists m > n such that
nfp (M™) = (nfs L (M))".

Proof: By Theorem there exists a strongly convergent reduction sequence of length w
from M to nfg (M):

M = M, —>5LM1 —>BJ_M2...nfBJ_(M)

Since this reduction sequence is strongly convergent, for all n there exists M; such that
(nfg (M))" = (M;)". By Lemma there exists m = m; > m;_1 > ... mg = n such that:
nfgr (M™) =nfgy (Mg™)
= nfar (M)

= i (M) = nf a1 (nfas (M))") = nfs. (M7)

Theorem 2.8. Let M € A%°. The following statements are equivalent:

1 There exists a head normal form N such that M —»g N.
2 There exists a head normal form N’ such that M —»g N'.
3 There exists a head normal form N” such that M —»g, N".

4 There exists a head normal form N"’ such that M L»B N

[Proof in the appendix]
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3. Properties of n!-reduction

Before we will deal with the interaction of n!-reduction with - and L -reduction in the further

sections, we will study a number of useful properties of n!-reduction and n-expansion. First

oo
n!

and )\;’10,1 are dual calculi in the sense that strongly converging n-expansion and strongly
converging n!-reduction are each others inverse (cf. Lemma . This allows us to prove that
strongly converging n!-reductions and strongly converging n~'-reductions can be compressed
to reductions of length at most w. It also permits us to prove that the steps of a strongly
converging 1~ '-reduction can be ordered according to their depth. Finally we will show in
this section that A}Y is confluent and normalising.

we show that any nl-reduction is strongly converging. Next we will demonstrate that A

3.1. Strong Convergence of n!

We will prove that any n!-reduction (and hence n-reduction) starting from a term in A is
strongly converging. This is a direct result of our choice of depth used in the metric completion
AT of Aj. The infinite term Q, is an example of a term that is not in AY. Clearly Q, n-
reduces to itself by contraction of the n-redex at its root. Therefore Q,, can perform infinitely
many n-reductions at depth zero, and hence, it is not strongly converging.

Lemma 3.1 (Strong convergence of n!). Any n!l-reduction sequence in AT is strongly
convergent.

Proof: Strong convergence of 7! reduction follows by a counting argument. For M € A,
let |M™| denote the number of abstractions in M™. The number |M™| decreases by one if
we contract an n!-redex in M at depth n and it remains equal if we contract an n!-redex at
depth m > n. Suppose by contradiction that we have a transfinite n!-reduction sequence that
is not strongly convergent, that is, suppose we have a reduction My —,;1 M; — ... in
which infinitely many reductions occur at depth n. Then infinitely many inequalities in the
sequence

M| > (M| 2 (M > ..

are strict, which is impossible. Hence the limit of the depth of the contracted redexes in any
sequence Mo —y My — 1 ... goes to infinity at each limit ordinal < «. This implies that
all nl-reduction sequences are strongly converging. O

In contrast to n!l-reduction, n-expansion need not be strongly converging. For instance the
following infinite sequence of n-expansions is not Cauchy, as the distance between any two
terms in this sequence in this sequence is always 1.

M -1 )\yo.Myo -1 )\yoyl.Myoyl -1

1

3.2. Relation between n~* and n!

Next, we will show that strongly converging n-expansion is the inverse of strongly converging

nl-reduction: (—»),,_1)_1 = —»y. In general nl-reduction may need less steps than its

inverse. For example, while an infinite number of eta expansions is necessary to reach E,
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starting from x, the reverse n!-reduction can be done in only one step.

n!

/m\

T ——— (Ay1.2y1) —— (A\y1.2Ay2.y192) ———»Es
n n
We will make frequent use of this inverse relationship. The proof of the inverse relationship
(Theorem will follow from some smaller results and w-compression lemmas for 7! and
n~!. These compression lemmas will simplify many later proofs.

Lemma 3.2 (Inverse of one step reduction). Let M, N in AT.
1 IfM 5,1 N, then N ", M.
2 If M 2, N, then N =3, 1 M.

Proof: The first statement is trivial. The second statement follows directly from the def-
initions of n! and n~! as illustrated in the next diagram. If the depth of the nl-redex in
M — 1 N is n then the 1~ !-redexes in N —#,—1 M occur at least at depth n.

C\x.PQ] —2— C[P)
w

Lemma 3.3 (Inverse reductions restricted to w-length). Let M, N in AT.

1 If M —»y N is of length at most w then N —», -1 M.
2 If M —»,-1 N is of length at most w then N —, M.

Proof: We only prove the first item using induction on the length « of the reduction sequence
from M to N. The proof of the second item is similar.

The base case a = 0 is trivial. The successor case o = n + 1 follows easily from Lemma [3.2]
and the induction hypothesis, as shown in the next diagram:

n steps 1 step
MO IH M1 Lem 32 M2
n1 71

Limit case o = w. By strong convergence, the number of steps at certain depth n is finite.
We can, then, always split the sequence by depth as follows.
>0 >1
M =My ———% My ——» M> M,=N
n:

n!

Now consider the last step occurring at depth 0 in this sequence. The position of its redex is
still present in all terms that follow Mj, including M,,. By reversing this last n!-step at depth
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0 in the limit M, we construct the following diagram:

M = M, % CPa.PQ) —— C[P] = M, —= M, = C'[P]

n
\>0 n—l 20 n—l
¥ ¥

C[A\z.PQ) %»C’ \e.P'Q)

We repeat this process for each step at depth 0 and obtain a term N; such that:

>0 >0
M - My N
! n! :
el >0 :
'> >0:ip~t
nte E

Since all steps in the nl-reductions sequence from M to N;i occur at depth greater than 0,
the terms M and N; coincide at depth 0.

Repeating the above argument on the reduction sequence M Hzl»ng Ny, we find a term Ny
such that N 2>>>,7—1 Ny and M —>>1»ng N5. Moreover, M and N> coincide up to depth 1.
In this way we can construct an n~!-reduction sequence starting from N as indicated in the
next diagram:

: >2
! >O'-,_>1 7!
o A 4
>0 >1 - >2
N oo TNy 9 N o Ng oo N,
n n n

Because the reduction sequence that start from N is strongly converging, it has a limit, say
N,,. Since each term N; coincides with M up to depth i, the limit N, of this sequence is
exactly M. O

1

Lemma 3.4 (Compression for n~' and 7!). Strongly converging reduction is w-

compressible in A>; and \°Y.
n n!

Proof: First we consider )\;7’?. The proof proceeds by transfinite induction on the length
of the reduction sequence. By a general argument (Kennaway et al., 1995b; Kennaway and
de Vries, 2003) it is sufficient to prove that a sequence of length w + 1 can be compressed
into one of length w. Without loss of generality, we may suppose that we have a strongly
convergent n!-reduction sequence of length w + 1 as follows:

AIL'.M()NO T Ax. M1 Ny T} Ax. Mo Ny ﬁ»)\meNw
n! n! n! n!l
- < ¥
Mg e o PMy o P Mg o M,

Note that M; —#»,1 M,, and N; —#»,1 N, for all i. By Lemma N, —#,-1 N;. Since
Ax.M,N, is an n!-redex, we have that x —»p-1 N, Hence x —#,-1 N, —»,-1 N; and
all terms Azx.M;N; in the top row are n!-redexes. Contracting them, we obtain the terms of
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the bottom row. The reduction in the bottom row is the projection of the reduction in the
top row. This way we obtain a sequence of length w from Az.MyNy to M,,.

The proof of compression for A;‘il follows a similar pattern, but without the appeal to
Lemma [3.3] (]

Lemma |3.4] allows us to remove the conditions on length in Lemma |3.3

Theorem 3.5 (Inverse reductions). M —,; N if and only if N —, -1+ M for any
M, N in AS°.

Thus we have shown at the main result of this section that strongly converging n!-reduction

1

is the inverse of strongly converging 1~ -reduction.

3.3. Confluence of n!

In this section we will show that n!-reduction is confluent. The main ingredients of the proof
are Local Confluence and the Strip Lemma for n!.

Lemma 3.6 (Preservation of nl-redexes by n!). If Az.MN is an nl-redex and N —»,,
N’, then Az.M N’ is also an n!-redex.

In order to prove the previous lemma, one proves that:

Lemma 3.7 (Preservation of n-expansions of = after n!). If x —»,-1 M and M —»
M’, then x —, -1 M.

[Proot in the Appendix.|

Lemma 3.8 (Local n!-Confluence). Given M —,1 My and M —,; My, there exists M3
such that the following diagram holds:

MO L:) M1
n! .

nJ{n! n =,n!

M2 . '”ZT?”!”} M3
Proof: A case analysis on the relative positioning of the n!-redexes. We prove the case
when the nl-redex \y.PQ is inside the argument N of the other nl-redex \e. M N, i.e. My =
Ci[Ax.MCs[\y.PQ]]. By Lemma[3.6] C5[P] is an n-expansion of z and we can construct the
following diagram:

1A M[Calhy. PQ]] ——— Ci[ . M[Ch[P)]
O

Note that the annotation of the reduction depths in the above local confluence diagram
implies that the depth of an n!-redex in a term does not change when we contract an n!-redex
elsewhere in the term.
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Lemma 3.9 (Strip Lemma for 7!). Given a strongly converging reduction M —»,, P
and a one step reduction M —, NN, then we can construct the following diagram with
elementary local confluence tiles:

M P
n!
mJ/n! m: =,n!

Proof: By Lemma (Compression Lemma) we can assume that the sequence has length

w.
no ny no
M, M, M, Ms M,
n! : n! n! :
m{n! m =,n! m =,n! m =,n! m:=,n!
No ™ 5Ny ™y Ny ™5 Ny ?
n! n! n!

Using Lemma we can complete all the subdiagrams except for the limit case. The con-
structed reduction Ng —;1 N1 —;1 No —1 ... is strongly converging, say with limit N,,,.
Either the vertical n!-reduction My —, Ny got cancelled out in one of the applications
of Local Confluence or not. If it gets cancelled out, then, from that moment on, all vertical
reductions are reductions of length 0, implying that M, is equal to the limit N,. Or the
vertical nl-reduction My —,1 No did not get cancelled out, implying that its residual is
present in My, for all k > 0. That is, all M}, with & > 0 are of the form Cj[\x.S;T}|, where
all the Ci[ ] have the hole at the same position at depth m, and all Ny, with k& > 0 are of
the form Cj[Sk]. The limit term M, is of the form C,[ \z.S,T,] and the hole of C,, is also
at depth m. By Lemma .S, T, is an nl-redex. Contracting this redex in the limit M,
we obtain C,,[S,] which is equal to the limit N, of the bottom sequence. O

Theorem 3.10 (7!-Confluence). The infinitary calculus A%} is confluent.

Proof: Confluence of A\J¥ can be shown by a simultaneous induction on the length of the
two given coinitial nl-reductions. By compression (Lemma we may assume that these
reductions are at most of length w, so here we don’t need transfinite induction.

The induction proof makes use of so called tiling diagrams (Kennaway and de Vries, 2003),
which can be constructed using the induction hypothesis, Lemma (Local Confluence) and
Lemma (Strip Lemma). The important thing to note is that the depth of an n!-redex in
a term does not change when we contract an n!-redex elsewhere in the term.

The double limit case is more involved. In that case we can construct the tiling diagram
shown below. The induction hypothesis allows us to construct all proper subtiling diagrams.
It remains to show that the bottom row reduction and the right-most column reduction
strongly converge to the same limit.

Clearly, by the fact that all subtiles are depth preserving, both the bottom row reduction and
the right-most column reduction inherit the strong convergence property from respectively
the top row and the left-most column reductions. Using strong convergence we can show that
for any k there exists ki, ks such that for all 7 > k; and j > ko the terms M;; have the
same prefix up to depth k. Hence the limits of the bottom row reduction and the right-most
column reduction are the same.
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Alternatively, one can check that the conditions of the general tiling diagram theorem in
(Kennaway and de Vries, 2003)) are satisfied to conclude that both limits are the same.

mo

Mo 0 o Mo 1 o Mo o Mo .
no | n! no n! no n! no i n!
i i .
mo ma
M- i M- e My o M
ny | n! ni n' ni n' nin!
v v N
mo mi1
Msp - o > M- o y My M,
: mo : my :
Mg "0 Moy "1 Mg ?

O

In a similar way one can prove that strongly converging n-expansion is confluent. We skip
the proof, as we don’t need this result in this paper.

3.4. Normalisation of n!-reduction

We finish this section showing that A1°7,°—calculus is normalising in contrast to A;"}‘il—calculus
which is not normalising.

Theorem 3.11 (Normalisation of \y). The infinitary lambda calculus A%} is depth-first
left-most normalising.

Proof: Let My be some lambda term in A}7. Consider the reduction My —; My —y
Ms ... in which each M, is obtained from its predecessor M; by contracting the depth-first
left-most n!-redex in M;. By Lemma [3.1] this reduction is strongly converging. If it is finite,
then the last term is an n!-normal form. If it is infinite, then by strong convergence it has a
limit M,,. By a reductio ad absurdum M, must be an n!-normal form as well: For suppose
M, contains an n!-redex Az.PX at some position p. Then, by strong convergence, there is
an M, in the reduction that contains a subterm of the formAz.P’X’ at position p, while
all reduction steps after M,, take place at depth greater than the depth of Az.P’X’. Hence
X" —»y X, and so X —»,-1 X' by Lemma We also have that  —», -1 X, because
Az.PX is an n!-redex. Therefore z —, -1 X’. Thus Az.P’ X’ must also be an n!-redex in M,,.
Since the later reductions steps in M,, —»,1 M,, take place at greater depth than Az.P'X".
This contradicts the fact that the reduction My —# 1 M,, is depth-first left-most. O

The combination of the previous result with the confluence of n!-reduction give us uniqueness
of normal forms as corollary:

Corollary 3.12 (Uniqueness of nl-normal forms). Each lambda term in A, has a unique
n!-normal form.



P.Severi F.J. de Vries 16

4. Commutation Properties for g and 7!

In this section we will prove various instances of commutation of 5 and 7! to be used in the
proof of confluence of AF .

4.1. Local Commutation for One Step B and One Step n!

The first commutation property that we consider is local commutation for one step 5 and
one step n!.

Lemma 4.1 (Preservation of n!-redexes by ). If \z. M N is an nl-redex and N —»g N,
then Az.M N’ is also an n!-redex.

In order to prove the previous lemma, one proves that if  —, -1 NV and N —»3 N’, then
x —»,-1 N’.[Proof in the appendix.|

Lemma 4.2 (Local Commutation of 3 and n!). If My —,y M; and My —p M>, then
there exists an M3 such that the following diagram holds:

Mo —=— M,
n:

o

>m
MQ e v >~»M3
774

Proof: Suppose My can do both a g-reduction and an n!-reduction at respectively depths
n and m. We prove only one case. The S-redex is inside the expanded variable term of the
nl-redex, that is My is of the form Ci[Ax.MN] and N = Cy[(A\y.P)Q)]. By Lemma we
have that if N —5 N’ then Az.M N’ is also an n!-redex.

CiAz.MN'] -5 Co[M)]

4.2. Strip Lemma for One step 5 over n!

Next we prove the strip lemma for one step 5 over n!.

Lemma 4.3 (Strip Lemma for —3 over —»,). Given M — 3 P and M —»,; N,
then there exists @) such that:

1
M T N
mlﬁ m =p
P Q)
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Proof: The proof is similar to the proof of the strip lemma for n!. By Lemma (Compres-
sion Lemma) we can assume that the sequence has length at most w.

no ni 2
M = M, . M, , M, N M; M, =N
n : m n : :
m | mi=f m =8 mo=p m =8
>ng—1 : >ni;—1 >na—1 ~ M
No ZTheN, FUhN, LN, ’-’
7! n! -

Using Lemma [4.2] we can complete all the subdiagrams except for the limit case. Either the
vertical S-reduction got cancelled out in one of the applications of Local Confluence or not.
If it gets cancelled out, then from that moment on all vertical reductions are reductions of
length 0, implying that M, is equal to the limit N,. Or, if the vertical S-reduction did not
get cancelled out, then a residual of the S-redex in M is present in all terms Mj. Hence
My, = Ci[(Az.P;)Qy] for all kK > 0, and in all C[] the hole occurs at the same position
at depth m, so that all Ny are of the form Cy[P;]. This holds for the limit terms as well.
Contracting this residual in the limit M, gives us the limit N,,. O

Lemma 4.4 (Strip Lemma for —,, over —#g). Let X be in fLl-normal form. If
M = C[Ax.MyX]| —, C[My] = P and M —»g N, then there exists @ such that:

M a N

J(n! n!

H ¥
rrrrrrrrrrrrrrr s

[Proof in the appendix]

5. Commutation of ! and 1,

Full commutation of ! and L does not hold. Already local commutation of 7 and L goes
wrong (cf. (Severi and de Vries, 2002)) when the contracted L-redex is not outermost. Take for
instance €0 ji<— Az.Qx — Az.L. However, for proving confluence of /\g‘ln! it is sufficient that
nl-reduction commutes with L ,,;-reduction. Recall that —, _,
an outermost subterm without head normal form by L. The proof of this commutation
property then follows the familiar pattern.

is the reduction that replaces

Lemma 5.1 (Local 7!l,,,~-Commutation). If My —,1 M; and My —,, My, there
exists M3 such that

Mo%}Ml

Lout‘ln J~out n

MQ """ m'> M3

=n

[Proot in the appendix.|

Lemma 5.2 (Strip Lemma for —
M —

oue Over —»1). Given a one step reduction
N and a strongly converging reduction M —,) P, then there exists @ such

out



P.Severi F.J. de Vries 18

that:
M P
n! .
J—outln Lout n

[ Proof 1n the appendix.|

Lemma 5.3 (Strip Lemma for —,, over —» |
N and a strongly converging reduction M —» |

ue)+ Given a one step reduction M —
P, then there exists @ such that:

out

M P
J~out, B

n!J{n =,n! n
~

J~out Q

| Proof in the appendix.|

Theorem 5.4 (n!Ll,,;~Commutation). Strongly converging n!-reduction commutes with

strongly converging L, ¢-reduction: &—p0 —s S —» | 0 &—p
Proof: Similar to the confluence proof of 5! (Theorem [3.10)), but using Lemmas and
B3l instead. O

6. Confluence and Normalisation of 517!

We are now ready to prove the main results of this paper concerning confluence and normal-
isation of the infinite extensional lambda calculus A%’ , .

Theorem 6.1 (Preservation of Sl-normal forms by 7n!). If M —»,) N and M is a
B L-normal form, then N is a S1-normal form.

[Proot in the appendix.|

Theorem 6.2 (S-normalization of an 7-expansion of z). If z —#, -1 X, then z —», 1
nfg (X)

[Proof in the appendix.|

Theorem 6.3 (Projecting (Lnl-reductions onto n!-reductions via nfg,). If
M —» g1y N then nfg (M) —», nfg i (N) and the following diagram commutes:

BLn!

M, M,
ﬂLl 5Li
!
nfgL(Mo) 4n»>nf/ﬂ (Ma)

Proof: We prove for all «, that if My —» .1, M, then nfg (My) —»y nfz (M), by
induction on «.
Case o = 0. This is trivial.
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Case a = v + 1. By the induction hypothesis, we have that nfg, (My) —», nfgi (M) We
distinguish two cases depending on the last step:

1 If the last step is a JL-reduction step, we have that nfg, (M,) = nfg (M,11) by
Theorem 2.2

BLln! 8L
My L M, My
mi (TH) BLL (Thm [2:2) ml
!
nfgl(Mo) ;»}nf/ﬂ(M,;) _ nfgL(Mg_i_l)

2 If the last step is an nl-reduction step, then we first normalise the term X of the 7!-
redex in M, = C[Az.PX]. By Theorem x —,-1 nfg(X). Hence C[Az.P nfg(X)]
nl-reduces to C[P]. Then we split the S_L-reduction sequence from C[Az.Pnfg(X)] to the
normal form nfg, (M,) into a S-reduction sequence followed by a L,,¢-reduction sequence
using Theorems [2.2] and This is depicted in the following diagram:

M, T M, = Ca.PX] " C[P) = My
B (Thm
C\a.P nfg(X)] " O[P] = M, 44
BL (1H) B (Lem B
n! ¥
N1 """"""""""""" »)NQ
Lout (Thm Lout
¥
0 (Mg) oy L (M) oot (My )

Next, applying first the Strip Lemma @ for —, with —»3 and secondly the full
N L ou-Commutation Theorem we find a term @ such that nfg  (M,) —», Q and
C[P] —»py 0 —» 1, Q. Since nfg (M) is a f_L-normal form, so is @ by Theorem [6.1
Hence by the unicity of SL-normal forms in A3 implied by Theorem we find that
Q = nfpr (My41).

Case oo = A. By the induction hypothesis, we have that nfg (My) —», nfg (M) for all
v <A

My — =My —— M M,
iﬁu im i/ﬂ im
nfs L (Mo) — = nfpr(M1) — = nfs1 (M2) N Znfay (M)

Since all n!-reduction sequences are strongly convergent (Theorem, the bottom reduction
sequence is strongly convergent, and hence has a limit, say N. To conclude that N is in fact
nfgi (My), it suffices to prove that for all n, N™ = (nfg (My))™.

By the Approximation Theorem we have that there exists m > n such that (My)™ —» g1
nfg i ((Mx)™) = P = (nfg (My))™. Since My — 1,y M, is strongly convergent, we have
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for some large enough ~q that for all v > ~o, (My)™ = (Mx)™. Hence, for all v > v, we have
that P = nfg (Mx)™) = nfz (M,)™) =< nfg (M,) by Monotonicity of nfz (Theorem|2.5).
Hence the terms of the bottom reduction sequence have all the same prefix P from nfz | (M,,)
onwards. Hence P is a prefix of their limit N. Therefore N™ = P"™ = (nfg (M)))".

U

Theorem 6.4 (Confluence and normalization of 51n!). The infinite extensional lambda
calculus AZ’ ,, is confluent and normalising.

Proof: We first prove confluence. Suppose My —%g1,; My and My —»g 1, M. Then
by Theorem we project these these f_Ln!l-reductions onto nfg (My) —», nfg (M) and
nfgi (Mo) —», nfz i (Msz). The n!-Confluence Theorem then gives us the term M3 such
that nfg, (M7) —», Ms and nfg; (M;) —», Ms. The following diagram illustrates this
proof.

My
BLn! 5J_ BLn!
¥
M, (ThmnfgL(MO)(Thm Moy
nfg1 (M) (Thm nfgL (M2)
&M;&

Second, normalisation of A%, follows from normalisation of 3L-reduction (Theorem
and normalisation of nl-reduction (Theorem [3.11)): given a term M we SLl-reduce first to
nfz (M) and then we n!-reduce further to nf,(nfg, (M)). O

As a consequence of the previous theorem, we have that g_Ln!- reduction is w+w-compressible.
We also have that:

Corollary 6.5 (Uniqueness of S.Llnl-normal forms). The extensional infinite lambda
calculus AZ’ ,, has unique normal forms.

7. Infinite eta Bohm trees as Normal Forms

In this section we will see that the infinite eta Bohm tree of a lambda term M denoted by
oonBT (M) is nothing else than the nl-normal form of BT (M), the Bohm tree of M, which in
turn is nothing else than nfg, (M).

We begin with the definition of Bohm tree formulated as a term in AS°. The original notion
of Bohm tree defined in (Barendregt, 1984) for finite terms applies to infinite terms as well.

7.1 Definition [B6hm trees|: Let M € AS°. The Béhm tree of a term M (denoted by
BT(M)) is defined by co-recursion as follows.

BT(M) =1 if M has no head normal form
BT(M) =Xzi...Az,.y BT(My)...BT(M,,) UM —»gAz1... Ax,.yMy... My,
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We can this read from this definition an algorithm that starting from the root of a term M
calculates the Bohm tree of M layer by layer. Since the subterms of the Bohm tree are either
a head normal form or L, it is clear that possibly infinite output BT (M) of the algorithm is
the (unique) S.L- normal form of M.

Remark 7.1. We define B6hm trees as terms in the infinitary lambda calculus and this
definition is given co-recursively. In (Barendregt, 1984) Definition 10.1.4, a Béhm tree is
defined as a function from a set of sequences or positions to a set X of labels. Up to a change
of representation, Definition [7.1]is very similar to the informal definition of B6hm trees given
in Definition 10.1.3 in (Barendregt, 1984]).

As stated before, the infinitary lambda calculus A%, = (A%, — 4. ) captures the notion of
Bohm trees as normal forms (see Figure [I]). We recall the proof of this fact in the following
theorem.

Theorem 7.2 (BShm trees as fl-normal forms). Suppose M € AS°. Then, BT(M) =
nfﬂJ_ (M)

Proof: It is easy to see that M —»pg, BT(M) and that BT(M) is in SL-normal form. It
follows from Theorem [2.2| that BT (M) = nfg, (M). O

Next we redefine the oon-construction of (Barendregt, 1984)) using the notation of strongly
converging reduction.

7.2 Definition [Infinite eta Bohm trees]: We define con on Béhm trees in BT(AT) co-
inductively as follows:

oonp(l)= L
oon(Azy ... Azpy My ... Mpy,) = ocon(Axy ... Axp_1.y My...My_1)
if 2, —#,-1 My, and x, FV(y My... Mp, 1)
ocon(AZy ... ALp—1.y My ... My1) = Azq...Axp.y con(My)...oon(M,,) otherwise

This con-construction contracts layer by layer all the n!-redexes in the Bohm tree BT(M)
of a term M, so that the result is its SLln-normal form. We may write oon(BT(M)) for
ocon(BTM).

Barendregt’s original definition in (Barendregt, 1984) Proposition 10.2.15 of the infinite eta
expansion differs slightly from the above definition.

It uses the order <, on Bohm trees instead of —, 1. To prove that our definition of infinite
eta Bohm trees coincides with the definition in (Barendregt, 1984), it suffices to prove that
the relations <, and —#,-1 coincide on 31-normal forms.

Lemma 7.3. Let M, N be in L-normal form. Then, M <, N if and only if M —, -1 N.
We leave the proof of the above lemma to the reader.

Theorem 7.4 (Infinite eta B6hm trees are S.Lln!l-normal forms). Let M € AT.
1 If M isin fL-normal form then nf, (M) = con(M).
2 nfpup(M) = oon(BT(M)).

Proof: For the first part, it is not difficult to prove that M nl-reduces to ocon(M) and
that oon(M) is in nl-normal form. By Corollary the n!-normal form is unique, hence
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ocon(M) = nfy, (M). The second part follows from Theorem [6.4] Theorem|[7.2]and the previous
part. U

8. The con-Bohm trees as a Model of the Lambda Calculus

In (Barendregt, 1984)) the Bohm trees got a role on their own, when with help of the conti-
nuity theorem it was shown that the set of Bohm trees can be enriched to become a model
of the finite lambda calculus Ag. The original definition of Bohm tree used the language of
labelled trees. In this approach, lambda terms and Bohm trees live in different worlds, be-
cause lambda terms got defined with the usual syntax definition. Using infinitary lambda
calculus (Kennaway et al., 1997) this separation is not only no longer necessary but the fact
that the Bohm trees are a model of the finite lambda calculus Ag is shown directly from the
confluence and normalisation properties of AZL- Having proved that /\%oln! is confluent and
normalising, we will show that the infinite eta Béhm trees can be made into a model of )\gfr
This is a new result that could not have been proved with a variation of continuity argument
used in (Barendregt, 1984) to prove that the Bohm trees for a model of the finite lambda
calculus. In (Barendregt, 1984) the proof that the set B = BT(A) of Bohm-like trees is a
A-model uses continuity of the context operator. However, this appeal to continuity is not
possible for con-Bohm trees, because neither the abstraction nor the application are continu-
ous (Severi and de Vries, 2005al). For instance, take Ax.y L and Az.yx. Then \z.y L < Az.yx,
but conBT (Az.yLl) = Ax.y L Ay = oconBT(Az.yz).

From the con-Bohm trees of the finite lambda terms in A we will now construct an extensional
model of the finitary lambda calculus, using the properties of A7 .

8.1 Definition: We denote the set conBT(A) of con-Bshm trees over A by Doy,
We define the model %oon as follows:

8.2 Definition: The con-Béhm model is a tuple (Do, o, Iy where D, denotes the set
oonBT(A) of con-Bohm trees over A or equivalently the set nfgi,(A) of SLn!-normal
forms of finite lambda terms, the application e : Do, X Doy — Doy, is defined by
MeN = conBT(MN) for all M,N in B, and for each map p from variables to Doy,
the interpretation [M], : Dooy — Doy is defined by [M], = conBT(M?), where M? is the
result of simultaneously replacing each free variable  in M by p(z).

8.3 Definition: Let p be a map from variables to D..,,. We define p(z := N) as a map from
variables to D, such that p(z := N)(z) = N and p(z := N)(y) = p(y) for every y # x.

We will now show that %oon is a syntactic A-model in the sense of (Barendregt, 1984),
Definition 5.3.1. and 5.3.2.

Theorem 8.1. (%0077’ o ]]) is a syntactical model of the lambda calculus, that is, it satisfies
for all p:

[2], = pla)

[MN], = [M],e[N],

[Az.M],0P =[M] pz:=p)

p| V(M) = o | FV(M) implies [M], = [M],,

if [M],(z:ep) = [N]p@:=p) for all P € Do, then [Az.M], = [Az.N],
[Azy.zy],=[Az.z],

S U W N

| Proof in the appendix.|
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9. Remarks and Future Research

Next, let us briefly compare our proofs of confluence of S1n(Severi and de Vries, 2002
and BLn! with the confluence proof of the finite fnL lambda calculus (Theorem 15.2.15(ii)
in (Barendregt, 1984): note the different notation: the symbol € is used in (Barendregt, 1984])
for L). The diagram of the latter proof is:

My

nfy(M1) L  nfy(Mo)
nf, (L)

At the heart of both proofs is confluence of fL-reduction. But what makes these proofs
different is that the proof in (Barendregt, 1984)) uses n-normal forms, whereas our proof uses
B L-normal forms. Our proof sidesteps the use of postponement of n! over 5L.

We leave it as an interesting future task to see whether proofs of confluence for finite Ag
that use complete developments can be generalised to the infinitary setting, as for example,
the older proof of Barendregt, Bergstra, Klop and Volken (Barendregt et al., 1976) and the
proof by van Oostrom (van Oostrom, 1997]).

It may be an interesting challenge to see to what extent it is possible to make confluent and
normalising | -extensions of weakly orthogonal systems, be it first or higher order.

We have now seen that the equality relations induced by D, D}, and Pw can be characterised
with help of respectively the conBohm trees, the nBohm trees and the Bohm trees, that is,
with help of the normal forms of respectively the confluent and normalising calculi /\fﬁn!,
AZLy and AZ . Which other models of the lambda calculus allow such characterisations?
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Appendix A. Omitted Proofs for the Section on Infinitary Lambda Calculus

These sections in the appendix contain all omitted proofs.
The following lemma is proved by induction on the depth of the hole in the context.

Lemma A.1l. Let C[M] € AT and d the depth of the hole in C. If n > d then (C[M])" =
C"[M"~1). Otherwise (C[M])™ = C™ is a term without a hole.

Lemma A.2. Let P,Q € A?. Then, P"[z := Q"] = (Plz := Q])".
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Proof: This is proved by induction on the lexicographically ordered pair (n,||P™|) where
[ P™| is the number of symbols of P™. Suppose n > 0 and P = P, P,. Then

Prlz=Q"] =P!w: Q"]P§71[$ = Q" by Definition
= Ple = QP = QY
= (P[r = Q])"(P2[z := Q])"~! by induction hypothesis
= (Plz = Q)" by Definition

O

[Back to Lemma [2.6l|

Proof: Suppose M = C[P] —, C[L] = N. Let d be the position of the hole in C[[]]. By
Lemma [A1] if n < d then M™ = C™ = N". Otherwise, M" = C"[P"~4] = C"[1] = N". By
Monotonicity (Theorem [2.)), we have that nfgy (M™) = nfgy (nfzL (N™)).

Suppose M = C[(Az.P)Q] — 3 C[P[z := Q]] = N. Let d be the position of the hole in C[[ ]]
and assume k =n —d > 0.

([ P)Q)? €2 PIQ] by Lemma [T
R o
CM[P*[z = Q)]
C[(Pla = Q))*] by Lemma [A.7]
(C[P[z :== Q)" by Lemma [A]

By Confluence (Theorem and Monotonicity (Theorem , we have that nfg, (M"2) =
nfai(nfar(N™)). O

We also need a variation of Lemma with Bp-reduction instead of L ,,;-reduction.

1y ry l I

Lemma A.3 (fSj-reducing a prefix). Let M, N € AT. If M < N and M —»g, M’ then
there exists N’ such that N —»g, N’ and M’ < N'.

Proof: By induction on M —»g, M’ . O
L Back to Lemma [2.8l]

Proof: (i = ii). (Kennaway et al., 1997) Suppose there exists N in head normal form such
that M —»3 N. We can assume that the length of this reduction is w by Theorem [2.2} Since
—» g is strongly convergent, we have that there exists N” such that:

r >0

M 22, N 22, N

It is easy to show that N’ is in head normal form.

(it = iii). By Theorem 2.2 M —»3 N —» 3., nfgy (M). Since N” is in head normal form,
so is nfgy (M). We truncate the normal form of M at depth 1 and apply the well-known results
on head normalisation in finite lambda calculus. By Theorem [2.7] there exists m > 1 such that
nfsl (M™) = (nfzy (M))'. Hence, nfz; (M™) is in head normal form because (nfg  (M))* is
in head normal form. By Theorem and the fact that —s 5, is strongly convergent, we
have that

M™ 2»3 P >—0>»,13 Q —» 1 nfgr (M™) = (nfg1 (M)

Since the term M™ € A is a finite A-term and the reduction M™ 2»5 P is finite, we can
now apply Theorem 8.3.11 of (Barendregt, 1984). We have that M™ —»g, N for some N
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in head normal form. By Lemma [A3] there exists N” such that M —»g, N” and N < N”.
Since N is in head normal form, so is N”.
(79 = iv) and (iv = 1) are trivial. O

Appendix B. Preservation of n-expansions of = after 7!

By postponing the ! (or the n!) steps at greater depth, we can re-order the steps in an 7!

(or an n!) reduction sequence by increasing order of depth.

1 1

-steps at greater depth). Let j < 4. Then, an 5~
L_reduction step at depth j, that

Lemma B.1 (Postponing 7~
reduction step at depth ¢ can be postponed over an 1~
is:

M, %}MQ
: n

n—l ] n—llj
~

M; > My
n

Proof: Suppose M = C[P] L>,r]—1 C[\z.Px]. Since j < i, the n~'-redex at depth j occurs
either in C or in P but it cannot occur in . We have that

C[P] %1> ClAz.Px]

: n
n i nillj
~

Cl [P/} o i1> Cl [)\xp/x]
n

As a consequence of the previous lemma, we obtain:

Lemma B.2 (Sorting n~!-reduction sequences by order of depth). If M —p-1 N,

then there is either a finite reduction
0 1 2 n—1
M = Mo a»n—l Ml H}n—l Mg 4»7771 ~-~Mn—1 4»7,71 Mn =N
or an infinite reduction
0 1 2
M = My — -1 My —p-1 Mo — Pyl ...M,=N

Lemma B.3 (Postponing 7!-steps at greater depth). Let j < i. There are only two
possible situations that can occur when we postpone an 7!-reduction step at depth i over an
nl-reduction step at depth j:

M, *U‘ M, My —>Z| Moy
. n! .ol
P . R .
ntij n!lj - n!lj
v~ Ty
1
M3 ""n"'>M4 M4

Proof: The situation of the second tile occurs when the term M7 contains a term Az.PQ at
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depth j and the n!-redex at depth 7 is inside Q:

Crz.PQ) 7 Chz.PQ']

g s
RO
Ty

C[P]

We know that @’ is an infinite n-expansion of z and we have to show that so is Q. Since Q’
is obtained from @ by applying only one step of n!-reduction, by Lemma we can reverse
the reduction from @ to Q'. Hence x —#,-1 Q" —», -1 Q. O

As a consequence of the previous lemma, we obtain:

Lemma B.4 (Sorting 7!-reduction sequences by order of depth). If M —»,) N,
then there is either a finite reduction

M = My =5y My =5 My 250 ... My "=, M, = N
or an infinite reduction
M = My 5y My =5 My 25, ... M, =N
If z —», -1 M then not all abstractions in M have to be n!-redexes. For example,

r —,-1 Ayz.(Mu.oEy B )E, = M

The first abstraction Ay is not an n!-redex. In spite of this, it is possible to undo all the n~1-

steps by doing only a finite number of steps of 1! at depth 0. This is proved in the following
lemma which will be used to prove Commutation of 5 and n!.

Lemma B.5 (Inverting the expansion of a variable). If z —», 1+ M, then M L»ng x
and there is a single free occurrence of x in M at depth 0.

Proof: By Theorem x —,—1 M implies that M —», x. By Lemma (Compression
Lemma) and Lemma (Sorting by order of depth), we have that there is either a finite
reduction

0 1 2 -1
M = My —y My —p My 5, ... M,y =5, M, =N =2z
or an infinite reduction
0 1 2
My, —Fn! M, —np! My —*n! ..M,=N==z

In both cases, the following case analysis allows us to conclude that M; = z.

1 If Mj is a variable, then the rest of the reduction sequence from M7 onwards is empty
and My = z.

2 Suppose M; = (PQ). Then all n!-reducts from N; are applications (including N). This
contradicts the fact that N is a variable.

3 Suppose M; = Az.P. Then either all reducts from N; are abstractions (including N) or
this abstraction disappears because it is contracted by an n!-redex. Neither case is possible.
The first option contradicts the fact that IV is a variable. The second option contradicts
the fact that in the reduction from M; to N we contract only redexes at depth strictly
greater than 0.

O
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Local Confluence and the Strip Lemma for n! depend on the following lemma that says that
n!l-redexes are preserved by certain n!-reduction sequences.

Lemma B.6. If 2 <%, N =5 1 M and M s, M’, then N =5, 1 M.

Proof: Assume x <—n»n71 N 2»7771 M and M L},ﬂ M’. We will now show that N 2»7771
M.

From depth considerations it follows that the abstraction of the nl-redex contracted in
M —,y M’ got created after N in the reduction z ﬂ»,rl N 2»>7771 M n—m M’. Since
n~! does not change the depth of any subterm, once the n!-redex is created, its depth remains
fixed. By omitting the n-expansion step that created the abstraction of the n!-redex plus all
the subsequent n-expansions from y to ), we construct the reduction sequence at the bottom:

<n >n

T~y N —" s C'[P'] — s C"[Ay. P'y] - i
n K IR n
- R = M

The more general statement of the lemma follows by repeated application of the above.
O

Theorem B.7 (Preservation of 7-expansions of z after n!). If + —», -+ M and
M —, M’, then x —», -1 M'.| Back to Lemma [3.6}|

Proof: By compression of n!-reduction we may assume that the reduction M —»,; M’ is
at most w steps long. By Theorem [B.2] this reduction sequence can be sorted. Two possible
situations can arise:

Case M —»,; M’ is finite. We illustrate the proof for a sequence of length 3.

l‘ . . > . MO (: M)

%Ng 77777777 ST > M3 (: M/)

By Lemma we have x —»,—1 M;. By Lemma there exists N7 such that x L»n—l

>0

N; —#,-1 M;. By Lemma m we have that Ny >—O>» -1 M. Hence we get = L»nfl

n
Ny >—0»>,771 Ms. By Lemma there exists Ns such that x L»nfl Ny L>>7771 Ny 41»7771
M. Again by Lemma we have that No A»nfl Ms. Once more by Lemma there
exists N3 such that x L»n* Ny L>>,771 Ny i»n—l N3 >—2>»,771 Ms;.

Case M —»,y M’ has length w. By repeated application of the previous argument, we can
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construct the diagonal sequence as shown in the following diagram:

O . — . - ) — My (=M)
n n n n
.0
n'lo
Tty l
g 1 2
Ny o S Ly . w My
Tem n- n
!
_1,_7771 n.il
N2 :, 71 """" » o T 71 o »}ltﬁQ
e i :

A¥
N, =M, (=M

By construction, the diagonal sequence is strongly convergent and has a limit, say N,,. It is
easy to see that the limits M, and N, are the same, because for all £ we have Ny4q and
Mj+1 have the same truncation to depth k. O

Appendix C. Preservation of n-expansions of x after g

For the proof of local commutation, we need to prove preservation of n!-redexes under [-
reduction. The proof follows the same pattern as the proof of preservation of n!-redexes
under n!-reduction (Lemma [3.6]).

Lemma C.1. Itz =%, .+ N =%, 1+ M and M =55 M’ then N =3, 1 M’

Proof: Assume z &)n—l N ﬁ»)n—l M and M Zim M'. We will show N 2»%;*1 M'. Since
n~! does not change the depth of any term, once the $-redex is created, its depth remains
fixed. There are only two ways in which n-expansions can create a f-redex:

1 The application of the S-redex is created before its abstraction in the n-expansion. This
happens as follows:

>n

v N =% C'[P'Q =5 C'[(My.P'y)Q)) ClOw.P)Q =M
! ! T o ﬂlzn
Py = Q) = M
Since P'y —, 1 P and Q' —,-1 Q and y & FV(P’), we have that
P'Q = (P'y)ly = Q'] —», Ply:=Q)]

2 The abstraction in the S-redex gets created before its application in the n-expansion.
This happens as follows:

>n

v s N —5 C'Dy. P') —5 C'[\2. (. P)2] = Clrz.(\y.P)Q] = M
n n

n 7 n

nt PO Ply=Q) = M’
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Since P" —#,-1 P and z —, -1 @, we have that
Ay.P' =4 Az.P'[y = z] —»,-1 Az.Ply := Q)]
O

Theorem C.2 (Preservation of 7-expansion of = by ). If  —», -+ M and M —»p
M’, then x —, -1 M'.| Back to Lemma [4.1]|

Proof: By strong convergence, we can assume that the S-reduction sequence is of the form

My 2»5 M, i»g Ms .... Now we can proceed similarly as in the proof of Theorem
while exploiting Lemmas and instead. O

Appendix D. Strip lemma for one step 7! over infinitely many 5’s

The full strip lemma for 8 over 5! is harder than the strip lemma for 7! over 5 (see Lemma
. The difficulty lies in the fact that, due to overlap, the residuals of an 7! redex are
not always immediately 7! redexes themselves. We illustrate this with an example. Consider
M = (Az.2X)Q, where x —#, -1 Ay1y2y3.2y12y3 = X and @ is some arbitrary term. What
are the residuals of the nl-redex Az.zX in M after contracting the S-redex (A\z.2X)Q? We
have that

M= (Az2X)Q —p 2(A1y2y3-Qu1Y2Y3)
—rnt 2(AY1Y2.Qy1y2)
— 2(Ay1.Qy1)
—n! 2Q

Only the first of these consecutive n!-redexes is readily present in Ay;yays.Qyiy2ys. From
the next two redexes only their A’s are present in Ayiy2ys3.Quy1y2ys. These lambda’s are 7!-
redexes “in waiting”. The residuals in Ay1y2ys3.Qy1y2y3 of the original nl-redex Az.zX will
be the three abstractions Ays.Quiy2ys3, Ay2y3.Quiy2ys and Ay1y2ys.-Quiy2ys in spite of the
fact that not all of them are n!-redexes. We make this precise with underlining. To track the
residuals of Ax.zX, we will not only underline the A of Az.zX but also all the X’s in X, i.e.
(Ar.2X)Q where X = \y1 A\y2 A\y3.2y1y2Y3-

To simplify matters a bit, we will not do this in full generality. Instead we will do this only
with nl-redexes of the form A\xz.M N where N is an n-expansion of x which is in 81-normal
form, because such expansions have a straightforward format:

Lemma D.1. If z —»,-+ X and X is in Sl-normal form, then X is of the form
AY1...Yn.xY7...Y,, where x # y;, yi —»,—1 Y; and Y; is in S1l-normal form for each
1<i<n.

n

Proof: Thereduction steps in x —#,; X can be sorted by depth with Lemma@ so that we
may assume without loss of generality that + —, X is of the form x L»n—l X, >—O»'>17—1 X.
Because X is a f1-normal form, X7 must be of the form Ay; ... y,.zy1 ... ¥y, as can be shown
with a proof by induction on n: if the expansions steps at depth 0 would be executed at other
positions than the sequence of positions that leads to Ay; ... Yn-zy1 . . . Yn a S-redex would be
introduced and all further terms in the sequence would contain a S-redex, contradicting the
normal form of the final term X.

Now, because the deeper reductions in X3 >—O>»,]—1 X do not alter the left spine of X7, it
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follows that also X must be of the shape Ay; ...yn.xY71...Y, where y; —»
in f1-normal form for each 1 <i < n.

n-1 Y; and Y] is

O

In the proof of the restricted strip lemma for one step n! over 5 we will employ the underlining
technique of (Barendregt, 1992)) to track the residuals of n!-redexes of the particular form
Ar.PX where X is an r-expansion of z in f1-normal form. To introduce this technique in
the infinitary setting, we extend the set A to AT which will contain underlined terms of the
following form only: o

Ay Ay MYy LY,
where Y; € AT is in fLl-normal form, Y; is an n-expansion of y; and Y; is obtained by
underlining all As in Y;. for all 1 < ¢ < n.

D.1 Definition [Family of sets &, for x € V]: We define a family of sets £, on = € V by
simultaneous induction:

Xo=z|dey.. AepaXy ... X,

where X; G%for alll1 <i<n.

D.2 Definition [Set A of underlined finite lambda terms with L]: We define the
set AL of underlined finite A-terms by induction:

M:au=1|z|(MaM)| (MM) | Ay ... Ae, MX; ... X,
where x € V, x; & FV(M) and X; €&, forall 1 <i<n.
The metric d on A can be easily extended to terms in A; and in each of the &,.

D.3 Definition [Sets of underlined finite and infinite terms]|: 1 Let x € V. The set
& is the metric completion of the set £, with respect to the metric d.
2 The set AP is the metric completion of the set of underlined finite lambda terms Ay
with respect to the metric d.

Now we are ready to define underlined 7!- and SB-reduction.
D.4 Definition: 1 Let —y be the smallest binary relation on AT containing the rule
Xeé&r x g FV(M) |
A MX - M L

and closed under contexts.
2 Let — 3 be the smallest binary relation on A containing the following rule:

(Az.P)Q — Plz = Q] (B)
and closed under contexts.

The definition of — 3 is correct in the sense that A is closed under underlined S-reduction:
one sees easily that X[z := Q] € A% holds for any X € £° and any Q € AY.

We will frequently use situations where X; € EX and z; ﬂV(M) for all 1 < i < n, in which
case we have the reductions: o
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and

Ar1 Az . A, MX1 Xs ... X))@ = Ao Ar,. M X, [1:= Q] X2... X,
We will denote the union of — 4 and —p by —3p.
As in the finitary setting we need mechanisms to remove the underlining;:
D.5 Definition [Removing underlinings]: Let M € AY.

1 We define | M| € AT as the result of removing all the underlinings in M.
2 We define (M) € AT as the result of contracting all n!-redexes from M by co-recursion

as follows.
plz) ==
p(PQ) = »(P)p(Q)
p(Az.P) = Az.o(P)
oAz . Az, MX: ... X,) = p(M)

Note that (M) is in nl-normal form for all M € AT.
For example, p((Az.zX)l) = 2zl where X = A\y1 Ay Ays.zy1y2ys.

Lemma D.2.

I If X €&F then z —», -1 [X].

2 Let X be a fL-normal form. If x —#, -1 X then X € Sﬁ where X is the result of
underlining all abstractions in X.

Proof: 1 Suppose X € £2°. It is not difficult to show that X = Ay; ... Ayn.2Y1... Y, and
Y, € Eﬁ forall 1 <3 §n7using Deﬁnition and We consider the n~!'-reduction
sequence: T —#p—1 AY1 ... \Yn. Y1 . .. Yn. We repeat a similar argument for each Y; with
1 < i < n as we did for X. This process can be repeated ad infinitum to obtain an
n~Ll-strongly converging reduction sequence from z to | X|.

2 Suppose ¥ —#,-1 X. We construct a Cauchy sequence M;, Ms, ... of terms in &,
whose limit is X using Lemma By construction the limit X is an element of £2°.
The first term M; in this sequence is  which belongs to &,. By Lemma . we have
that X = Ay; ... Ayp.2¥1... Y, and y; —»,-1 Y} for each 1 < ¢ < n. The second term
M> of the sequence is A\y1 ... Ayn.TY1 ... Yn Which belongs to £,. We repeat this process
to construct all the terms in the sequence. The limit of this sequence is X and it belongs
to £5° by Definition

O

Lemma D.3. If M —», N, then [M| —», |N].

Proof: This is proved by induction on the length of the reduction sequence. We only prove
it for a reduction sequence of length 1. Suppose Ax.MX —y M. Then, X € &y” and
x & FV(M). By Lemma i), we have that x —»,-1 | X| and hence, A\x. M X —,; M. O

The next lemma is a straightforward consequence of the definition of ¢.
Lemma D.4. Let X € £°. Then ¢(X) = =.

Lemma D.5. Let M € /\;1o Then, there exists a reduction of length at most w such that
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Proof: Contraction of the n!-redexes using a depth-first left-most strategy gives a reduction
M —»y (M) of length at most w. O

Lemma D.6 (¢ on substitutions). Let M, N € AT. Then, p(M[z := N]) = o(M)[z :=
p(N)]-

Proof: We prove that (o(M[z := NJ))" = (e(M)[z := ¢(N)])™ for all n by induction on
(n,m) where n is the depth of the truncation and m is the number of abstractions and
applications in M at depth n. O

Lemma D.7 (o on one step 3). Let M € AP.

1 If M 55 N then (M) =5 o(N).
2 If M —g N then p(M) = ¢(N).

Proof: In both cases, we proceed by induction on the pair (n,m) where n is the depth of
the redex in M and m is the number of abstractions and applications in M at depth n.

1 Suppose n = 0. Then, M = (Az.P)Q O—>5 Plz := Q] = N and we apply Lemma
The case n > 0 follows by induction hypothesis.

2 The case n > 0 follows by induction hypothesis. Suppose n = 0. Since the only occurrence
of 1 in (A\xg... Az, MoX;1 X5 ... X,,) is in X1, we have that:

—)E (AQ?Q...ASL’n.MoXl[QEl = Q]XQXH)
= N

Since X1 = Ayp ... yp-m1Y1... Yy € £, we have that:

(M) = (Az1...A2,.MpX;...X,,)Q by definition of ¢
= ¢(Mo)p(Q) by definition of ¢
= o(Mo)z:1[z1 = »(Q)]
= p(N)p(X1)[z1 := p(Q)] by Lemma [D-4]
= o(N)p(Xi[z :=Q)) by Lemma

O

The function ¢ does not preserve truncations, i.e. w(M™) # @(M)™. For example, take
M = dz.y(Az.xz). We will define a notion of quasi-truncation which is preserved by ¢.
The quasi-truncation of a term at depth n truncates the term at depth n except for the
n-expansions X in an n!-redex.

D.6 Definition [Quasi-truncation]: We define quasi-truncation of M at depth n by in-
duction on the lexicographically ordered pair (n,m) where m is the number of abstractions
and applications at depth n:

[L]" iR
[M]° = 1
=]+ = @
e M|+ = Az [M]H!
{MN]n—&-l — [M]"'H[N]n

Aml .. .Axk.MXl . ..X;C}n = AIl . .A(I}k.[M]nXlXQ . ~-ch
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For example, take M = Mz.y(y(y...))(Az.xz). Then M! = Aryll and [M]! =
Az.yL(Az.xz). Note that ([M]")" = M™ for all M € AP. The function ¢ preserves quasi-
truncations:

Lemma D.8 (Preservation of quasi-truncations). ¢([M]™) = o(M)".

Proof: This is proved by induction on (n,m) where n is the depth of the truncation and m
is the number of abstractions and applications in M at depth n. O

Lemma D.9 (¢ on many (-steps). Let M € AT If M —»pp N has length at most w,
then (M) —» 3 @(N).

Proof: We prove it by induction on the length of M — g N. The finite case follows from
Lemmal[D.7] We prove the case when the length is w. The following diagram can be constructed
by repeated applications of Lemma [D.7] Since ¢ preserves the depth of the contracted redex,
we have that the bottom sequence is strongly convergent and the limit exists which is P.

no ny na

M = MO Ml M2 .. Mw =N
BB BB BB
(M) " (M) e T Pl

It remains to prove that P = ¢(M,,). By strong convergence, there exists ny such that for
all n > ng, (M,)* = (M,)* and (p(M,))* = P*. Now [M,]*F = [M,]* because[M,]* and
[M,]F are obtained from (M,,)* and (M,)* by adding terms of the form X € £° which are
in B-normal form. We have o

Pk = (p(M,))* by strong convergence
= ¢([M,]¥) by Lemma

([M]F) because [M,]* = [M,]*
= (¢(M,))* by Lemma [D-§]

[Back to Lemma 4.4l

Proof: Let X be an 7-expansion of x such that X is a f1l-normal form. Suppose M =
C[A\x.MpX]. In order to track the residuals of this n!-redex, we consider the term M’ =
ClAx.MpX] where X is the result of underlining all abstractions in X. Then X € £ by

Lemii). The reduction M —g N is lifted to M" —» gz N'. Using Lemmas
D.9

and [D.9] we obtain the following diagram:

B

M = C[Ax.MyX] N
n! M = Cl(Ax.MyX] = N’
J
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Appendix E. Commutation properties of 5 and n~!

In this section we will study some precise commutation properties of 3 and 7. We need
these properties to prove that n-expansions of head normal forms again have a head normal
form. As a consequence nl-reduction preserves L ,,;-redexes, which plays a crucial role in the
proof of the commutation property for n! and 1,,; in Section

E.1. Strip Lemmas for one step By over n~!

In this subsection we concentrate on the strip lemmas for one step S-reductions that takes
place at depth 0 over n-expansion. There is a slight complication, because n-expansions can
create S-redexes as shown by the next example.

(Az.2?)l —— (Ay.(Az.2°)y)l —— (A\y.(A\z.(A\z.2¥)2)y)]

n n
QJ ’

I_reduction sequence, we have created two extra S-redexes which should be

In the above n~
contracted to get a common reduct. These extra B-redexes are of a special nature, for which

we will introduce the notion of Sy-reduction.

E.1 Definition [Sy-reduction]: We will introduce the notation M — g, N for the situation
where M is of the form C[(Az.P)Q] and N is of the form C[P[z := Q]], while the hole [ ] in
C[] occurs at depth 0 and the variable x occurs at depth 1 and exactly once in P.

Note that — g, is a restricted form 0—>5.

Examples of Sg-redexes are: (Az.yx)l, (Az.y(Az.zz))l and (Azy.y(xK))l. Non-examples are
(Azx.zy)l and (Az.yzz)l, as in the former the variable = does not occur at depth 1 and in the
latter the variable x occurs twice.

The next diagram shows the usefulness of this restricted form of S-reduction in the context

1 1

of a strip lemma of one-step 8 over n~ " -reduction. Consider the n~"-reduction sequence

(Az.2)l —», -1 (Ay1y2-(Ae.x¥)(Az.y12)y2)l = N. Then,

(Az.a)l —»n(’)l (Ay1y2.(Az.z®)y1y2)l ﬁ]: (Ay1y2-(Az.z¥)(Az.y12)y2)l
Jﬁo Jﬁo
B Ay2.(Az.z¥)lys —:> Ay2.(Az.x¥)1yq
n
w 0 w 1 w
I - > (Ay2.1%y2) — »(Ay2.1%ys2)
7 7

Lemma E.1 (Local Commutation for one step 3, and one step 17 '). Given
My —y,-1+ My and My —p, My, there exists M3 such that either one of the following
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diagrams hold:

My % Ml My T?l) M,
Bo

Bo (1) ﬁo Bo (2) ]\\/7
| .

M, ;Ll> ]\23 M, AZ?,

Proof: A term My in A can contain a Bp-redex (Ay.P)Q at depth 0 and an n~!-redex N
at depth m in exactly one of the following situations:

1 The Bo-redex (A\y.P)Q and the n~1l-redex N are not nested, i.e. My = C[(\y.P)Q, N].
This results in an instance of Diagram (1).

2 The fBy-redex is inside the n~!-redex, that is My is of the form C;[N], where N =
C2[(Ay.P)Q]. This case results in an instance of Diagram (1) too.

3 The n~!-redex is part of the body of the abstraction \y.P of the Bg-redex, i.e. P — 1
P’. Since =1 does not affect the depth of the variable y, (A\y.P’)Q remains a [o-redex
and we have

Cl(\y-P)Q] —=— Cl(\y-P)Q)

K :
50\[ Bo:

which is an instance of Diagram (1).
4 The n~!-redex is part of the argument ) of the Sy-redex. This results in the following:

ClOw-P)Q) = Cl(-P)Q]

ﬁol Bo

which corresponds to Diagram (1). Since the variable y occurs only once in P, we need
only one n~1-step from Ply := Q] to Ply := Q’]. And because the depth of this variable
is 1, the depth of that n~!-redex in Ply := Q] is m.

5 Only if m = 0, the n~!-redex coincides with the abstraction A\y.P of the Sp-redex, that
is My is of the form C[NQ] where N = \y.P.

Clny.P)Q] —>— C[(Am.(Ay.P)x)Q]

Bo
5 ClOw-P)Q)
.
ClPly = Q)+ v C[Ply = Q]

The above is an instance of Diagram (2).
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Lemma E.2 (Strip Lemma for — 3, over —, -1 at m > 0).

>0
M - P
50l Bo
n

1_reduction se-

Proof: By Lemma (Compression Lemma), we can assume that the n~
quence has length at most w. If the length is finite, then the result follows by repeated
application of Diagram (1) of Lemma Diagram (2) does not apply as the n-expansions

are performed at depth greater than 0. When the length is w we construct the diagram:

My —=— My —— M, — Ms o Mo
n : n n :

Jﬁo fo Bo o ”

Ng -y Ny -2y Ny %y Ny ’
n- n m

Using Diagram (1) of Lemma we can complete all the subdiagrams except for the limit
case. Since the n-expansions are performed at depth greater than 0, all M with k > 0 are
of the form Cy[(Az.P)Q%], where all the C[ | have the hole at the same position at depth
0, and all P, have exactly one occurrence of z at depth 1. The limit term is of the form
Cu[(Az.P,)Q.]. The hole of C,, occurs also at depth 0 and z occurs only once in P, and at
depth 1 because n-expansions do not introduce variables and the existing variables remain at
the same depth. Hence, the residual remains a fp-redex in the limit. Contracting this redex
in the limit M, reduces to C,[P,[z := Q]] which is equal to the limit N, of the bottom
sequence. O

1

E.2. Strip Lemma for one step B at depth 0 over n~" reduction

We will now prove the strip lemma of O—>5 with —, -1 using the results of the previous
subsection.

Lemma E.3 (Local Commutation of 0—>5 and —»,-1). Given My ~, -1 M; and
My 0—>ﬁ Mo, there exists M3 such that one of the following diagrams hold:

My —= M, Momﬁio]vh MO%Ml
n : n n :
:  Bo
ol 1 08 o8 @ 08 o8 & N
: 05
MQ """ 71> M3 M2 - 71>-»M3 M2 M3
n n

Note the extra information in Diagram (3): the first step of constructed down reduction in
Diagram (3) is a Sy-reduction.
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Proof: A term M, can contain a S-redex (Ay.P)Q at depth 0 and an n~!-redex N at depth
m. A case analysis leads to the following exhaustive list of possible positions of S-redex and
the n~!-redex relative to each other:

1 The B-redex (A\y.P)Q and the n~!-redex N are not nested, i.e. My = C[(\y.P)Q, N].
This case leads to Diagram (1).

2 The B-redex is inside the n~!l-redex, that is My is of the form Cj[N], where N =
Cy[(Ay.P)Q)]. This case leads to Diagram (1).

3 The n~!-redex is part of the body of the abstraction Ay.P of the S-redex. This case
leads to Diagram (1).

4 The n~'-redex is part of the argument @) of the S-redex. This case can only happen if
m > 0 and it results in an instance of Diagram (2).

ClOw-P)Q) ——Z—— Cl(w-P)Q]
%o 5o
CIPly = Q) =7 »ClPly = Q1)

If the variable y occurs infinite times in P, then we need w-steps to get Ply := Q'] from
P[y := Q]. If there is some occurrence of y at depth 0, then there will be some 1!
in Ply := Q] at depth m — 1.

5 The 1~ '-redex coincides with the abstraction \y.P of the 3-redex, that is My is of the
form C[NQ)] where N = A\y.P. If this happens, M must be 0. It leads to the following
instance of Diagram (3):

-redex

Cl(\y.P)Q] ———=— C[(A\z.(Ay.P)z)Q)]

Bo

ol s ClOw-P)Q]
0:8

OlPly = QI v OLPly 2= Q]

Note that in the first step on the right vertical line, the contracted outermost [-redex
that got created by the n-expansion is a [p-redex. Again note the informative role of Sy
in the formulation of the lemma.

O
The previous local commutation lemma generalises to a finite strip lemma of O—>3 over

H}nfl.

Lemma E.4 (Finite Strip Lemma of O—>5 at depth 0 over —, -1 at depth 0). Given
a one step reduction M O—)g P and a finite reduction M i»nq N, then there exists @) and
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Qo such that:

M ° N
p=
Bo
0|8 Qo
0:p8
Pl @
.-

Proof: By inducti
tion step.

1

on on the finite length of the ™" -reduction sequence. We show the induc-

M — Nl N
n n :
Bo (Lem. [E.1) Bo
¥ 0 ¥
Qo R
K E
0|8 (1H) ‘=80
0: B (Lem. 6
(1),(3)
B
0 > 0 g
P o W R rQ

The top right square follows from a repeated application of Lemma In the bottom right
square we apply Diagram (1) and (3) of Lemma Note that Diagram (2) does not apply

because 3 and n~!

Next we prove the strip lemma for one step 5 reduction over many step n~-.

are performed at the same depth. O

1

Lemma E.5 (Strip Lemma for 0—>ﬁ over —, -1 at depth greater than 0). If M O—)g
P and M >—0»>,771 N, then there exists @) such that:

M = N
K :

oiﬁ 0:p
N ~

P T »Q
n

Proof: Similar to Lemma using Lemma Diagrams (1) and (2). O
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Lemma E.6 (Strip Lemma for 3 at depth 0 over 7 !). Given a one step reduction
LY g P and a strongly converging reduction M —, -1 IV, then there exists ) such that:

M — N
n :

OJB 0 B

T
n

Proof: By Lemma we can assume that the n~!-reduction sequence is of the form
M L»nq My >—O»'>n—1 N. The proof is sketched in the following diagram.

0 >0
M T My T N
n- n- :
Bo (Lem. [E:2) Bo
¥ >0 ¥
0| f (Lem. 4D o
n ;
08 (Lem. 0 B
P R S Q)
n n

E.3. Commutation properties for restricted 8 reduction and n-expansion

In this subsection we will consider a particular instance of S-reduction in order to deal with
the p-redexes created by n-expansions from truncated head normal forms. For example,

Arxll — 10 Ay (Aol L)y
Arxll — -1 Az (Ay.oLly) L

In the first example, we see that the argument of the S-redex that we have created is a
variable, while in the second example the argument is L.

In fact we will define two instances of S-reduction, called respectively 3,-reduction, and Sy -
reduction in order to deal with B-redexes created by n-expansions starting from a head normal
form.

E.2 Definition [§, and Sy -reductions]: Let C[ ] be a context with the hole at depth 0.
1 We define f,-reduction by C[(Az.P)Q] —p, C[Plr := Q]] if either @ = y for some
variable y or Q = L.
2 We define fy-reduction by C[(Az.P)Q] — 3, C[P[z := Q]] if Q is an n-expansion of
either some variable y or L.
Note that M — g, N implies M —3,, N implies M 0—>5 N for all M, N € AY.
For example, (Az.z*)L and (Az.z*)y are [,-redexes and also Sy -redexes while the terms
(Az.2¥)(Az.Lz) and (Az.2¥)(Az.yz) are Sy-redexes but they are not §,-redexes.
We defined By because 3, and n~! do not commute if the n~!-step is performed at depth
greater than 0. The following diagram can be completed because the right vertical line is a
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By -step.
(Az.zl)y fll) Az.zl)(Az.yz2)
n :
YL ,,7,19 ey (Azayz) L

n

Lemma E.7 (Local Commutation of 8, and n~! at depth 0). If My —,-1» M; and
My — 3, M, then there exists an M3 such that one of the following diagrams holds:

My % M1 My %) Ml
B, (1) 6v Bv (2) J\\/f

Proof: Suppose My can do both a 3,-redex (\y.P)Q at depth 0 and n~!-redex N at depth
0. The only possible situations in which this can happen are:

1 The B,-redex (A\y.P)Q and the n~!-redex N are not nested, i.e. My = C[(\y.P)Q, N].
This case leads to Diagram (1).

2 The B,-redex is inside the n~l-redex, that is My is of the form C;[N], where N =
C3[(Ay.P)Q)]. This case leads to Diagram (1).

3 The n~'-redex is part of the body of the abstraction Ay.P of the 3,-redex. This case
leads to Diagram (1).

4 The 1~ '-redex can not be part of the argument Q of the 3,-redex, because the n~!-redex
occurs at depth 0.

5 The n~!-redex coincides with the abstraction Ay.P of the f3,-redex, that is My is of the
form C[NQ] where N = \y.P.

Cl0y-P)Q) — 25— ClOw. (- P))Q)]
B,

b ClOw-P)Q)

This case leads to Diagram (2). Note that C[(Az.(Ay.P)x)Q] contains a (,-step and a
Bo-step. The Bp-reduction contracts the outermost redex created by the n-expansion and
the §,-reduction contracts the innermost one.

O

Later we will need a sort of strip lemma of 3, over n~! where the right vertical line is a
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By -step. For example,

(Ax.zv)L ﬁ (Az.zv)(Ay.Ly)

18 Ay, Ly)

nt

For the bottom horizontal line, we will define a parallel reduction called n; !-reduction which
replaces some of the variables and L’s in a term by their n-expansions.

E.3 Definition [Parallel 7, !-reduction]: We define 7, '-reduction on A as follows:
M =, N if N is obtained from M by replacing each variable x by a term X such
that x —,-1 X and each L by a term B such that 1 —», -1 B.

For example, Az.y 1l lx =, -1 Ax.yB1 B X where X = A\z.xz, By = Ax. Lz and By = Az. L X.
Note that the variable y has been replaced by itself, i.e. it has not changed.

Lemma E.8. If M, =, -1 M, and M; —g, Mo, then there exists a term M; such that:

My > M,
My :
Jﬁﬂ Bv
M2 o _1> M3
My

Proof: Suppose My = C[(Az.P)Q] and (A\z.P)Q is a B,-redex. Then Q is either a variable
y or L. The following diagram can be completed

Clra.P)Q) == C'[(%.P)Q

ClPlr= Q> O = Q')
Clearly C[(Ax.P")Q'] —p, C'[P'[z := Q']]. Since Q@ —», -1 @', either y —», 1 Q' or
L —»,-1 Q" and (A\z.P")Q’ is a By-redex.
Next we show that C[P[z := Q]] =, -1 C'[P'[z := Q']]. Note that P’ is obtained from P
by replacing some of the variables or L’s by their n-expansions. Suppose that x has been
replaced in P by its n-expansion. There are now two options for Q:
1If Q =y then Pz := Q] = Plz :=yJand y = Q —», -1 Q. We replace y by X[z := Q'].
We have that y —», -1 X[z := Q'] because 2 —»,-1 X and y —», 1 Q'
2 If Q = L then Plz := Q] = Plr := 1] and L = Q —»,-1 Q'. We replace all
the L’s of Pz := L] obtained from substituting z by L by X[z := Q’]. We have that
L —»,-1 X[z := Q'] because x —, -1 X and L —», 1 Q"
d

Appendix F. Preservation of Head Normalisation by 7! and 5!

In this section we prove that the property “having a reduction to head normal form” is
preserved both by n! and n~!. Both properties will be used in the proof of local commutation
of n! and L ;.
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F.1. Preservation of head normalisation by n!

Lemma F.1. If M —»,; N and M is a head normal form, then N is a head normal form
as well.

Proof: The reduction M —,; N can be sorted by Lemma @ so that it starts with a
finite number of reductions at depth 0 followed by deeper reductions. Clearly each of the
depth 0 reductions preserves the head normal form. And the remaining deeper reductions
can not alter the left spine of the resulting normal form. O

Theorem F.2 (Preservation of Head Normalization by n!). If M —»,; N and M has
a head normal form, then so does N.

Proof: Suppose M has a S-reduces to a head normal form H. Then it has a finite S-reduction
to head normal form as well by strong convergence. By repeated application of Lemma [4.3]
we construct the diagram:

M ——»N
n

ﬁl(Lcm 5

¥

H- w»H'

By Lemma[F.1} H' is in head normal form. d

Using the above theorem, we can prove the following result:

Theorem F.3 (Preservation of fl-normal forms by n!). If M —»,; N and M is a
B L-normal form, then N is a S1-normal form.

[Back tol6.11]

Proof: Using Theorem [3.5] it is equivalent to prove that if N —», -+ M and N is not a
B L-normal form then M is not a B1-normal form. Suppose that N —#, -+ M and N is not
a fL-normal form. We have two cases:

1 Suppose N is not a f-normal form. Then N has a subterm that is a S-redex. It is easy
to show by induction on the length of the n~!-reduction sequence that, if N — -1 M
and N contains a S-redex then so does M.

2 Suppose N is not a l-normal form. Then, N = C[P] for some P that has no head
normal form. Then, there exists Py and Cy such that M = Co[Fy] and P —, -1 Py. By
Theorem Py —#, P. By Theorem P, does not have head normal form. But
that implies that M contains a 1-redex.

O

F.2. Preservation of head normalisation by n~"

This is more involved than for n! because of the obvious complication that when M —, -+ N
and M is in head normal form, then N may not be in head normal form. Consider as an
example of this the head normal form xPQ which n~!-reduces to the term (\y.xPy)Q. The
latter term is not a head normal form itself. However, in this case as well in the general case,
there is a further S-reduction to head normal form.
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Lemma F.4 (Head normalization of n-expansions of a variable). Let z, y1, ..., y, be
all different variables. If # —, -1 X then X —%g, Ay1...y,.2Y1...Y,, where y; —» Y;
and = does not occur free in Y; for 1 <1i¢ <n.

n—1

Proof: First we consider a special instance of the lemma. Suppose that z L}nfl X. By in-
duction on the length of this reduction, it follows that X —»3, Ay1 ... yn.2y1 ... y,. Because,

if the length is zero, we are done, and if the length is non-zero, then x L»n—l X4 0—>,7_1 X.
Now, by induction hypothesis we get X1 —»g, H1 = Ay1 ... Yn.TY1 ... Yn, so that, with by a
repeated use of Lemma we obtain the diagram:

0 0
n oo :

Hi 2 >N
=n :
- =60
H,

We distinguish four type of positions where an n-expansion at depth 0 can be performed in
Hll
1 at the position of the subterm zy;...y,. Then N is the head normal form
AY1 .. YnZ.TY1 - .- Ynz and Ho = N.
2 between two applications. Then N = Ayp...yn.(A2.2Y1 ... Yi2)Yit1-.-Yn, SO that
N — 8 H, and Hy = H;.
3 before an abstraction. Then N = Ay1 ... y;2.(AYit1 ... Yn.TY1 ... Yn)Z, so that N —g,
H1 and H2 = Hl.
We are now ready for the general case. Assume z —»,-1 X. By Lemma we can assume

that this 7~ !-reduction is of the form z L»n—l X1 >—O»>n_1 X. By the above, there exists
some H; such that X1 —»5, H1 = Ay1...Yn.TY1 ... Yn. Then with a repeated use of Lemma
we obtain the diagram:

0 >0
xr - Xl — X
n : n :
Bo Lem. Bo
v o v
>
Hy 70 wHy
n

1

Since all the redexes in the bottom 7~ "-reduction occur at depth greater than 0, H» is a head

normal form of the form Ay; ...y,.2Y1...Y, where y; —, 1 Y; for all 1 <i <mn. 0

The previous lemma has an important consequence: we do not need the L-rule to obtain the
B-normal form of an n-expansion of a variable.

Back to Theorem 16.2l]

Proof: Suppose x —#,-1 X. Then by Lemma X has a finite S-reduction to a head
normal form Ay ...y,.xY7 ...Y,, where y; —»p-1 Y] for each 1 <4 < n. We can now repeat
Lemma and S-reduce all the Y;’s to head normal forms Az;...z2n,.9:21 ... Z,,. And we
can continue the same process on the Z;. In every step of this process we reveal a new layer
of the B-normal form of X. In this way, we construct a strongly converging S-reduction from
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X to its f-normal form nfg(X). Hence, X —wg nfg(X). By Theorem we have that
T —»>7]71 nf,g(X). O

Lemma F.5 (Head normalization of applications of 7-expansions of x). If x —», 1
X, then XN; ... Ny, is head normalising for any Ni,..., N € AT, and x occurs free as head
variable in XNy ... Nj.

Proof: Suppose z —,-1 X. By Lemma [F.4, X —»5 Ay1...ym.2Y1... Yy, where y; # =
and y; —,-1 Y; for all 1 <4 < m. We have two cases:

1 Case m < k. Then,
XNl...Nk —»R (Aylymxylym)NlNk
—»g Y . Y Npg1 ... Ng
where Y;* = Yi[y; := N,] for all 1 <i <m.
2 Case m > k. Then,

XNyp...Ng —»B (Ay1---ym-IY1-~-Ym)N1-~-Nk
—38 AYht1 - Ym- 2 Y Y Y,
where Y;* = Y;[y; := N;] for all 1 <i < k.
O
The n-expansions of a variable only create Sp-redexes but the n-expansions of an arbitrary
head normal form may also create (,-redexes. For example, if H = Az.zP then, we have
several cases depending on where the n-expansion in H is performed:
1 In the subterm zP, i.e. N = Azz.xzPz. Then N is in head normal form.
2 Between applications, i.e. N = Az.(Az.2z)P. So we have N — g, H.
3 Before the abstraction, i.e. N = Az.(Az.xP)z, in which case N —g3, H.
The combination of 5y and 3, (or By ) does not have nice commuting properties with respect
to n-expansions of head normal forms. In order to prove head normalisation of n-expansions

of an arbitrary head normal form H, we will consider the truncation of H at depth 1. Because
then n-expansions can create only By -redexes in such truncations.

Lemma F.6 (Head normalization of n-expansions of truncated hnf). Let H =

A1l L0 IfH L»,]—l M then there exists H' such that M —»g, H’' and
H=Xry...2y1...Yn.2L... Ly1 ...y, where y; # x for all 1 <1 < m.

Proof: This is proved by induction on the length of the reduction. We prove the successor
case. Suppose H L»n—l My 0_>n*1 Ms. By induction hypothesis, there exists H; in head
normal form such that My —s» 3, H;. By a repeated use of Lemma@we obtain the following
diagram:

0 0
H—" My —2— M,
n : n

ﬁv Lem. [E7 : Bo

~ ~
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By induction hypothesis, H1 = Ax1...Tm¥Y1---Yn- L ... Ly1 ...y, where x # y; for 1 <i <
n. We distinguish 4 type of places where the n-expansion in H; can take place:

1 at the subterm L ... Ly;...y,, ie.
N=Axy...xpy1-. YnzxLl .. Ly o yp2.

Then, N is in head normal form and Hy, = N.
2 between two applications, i.e.

N=Xxy. .. xpyr . yn-Azxl. .o L2) Lo Lyy . yn.

Then, N —g, H; and Hy = H;.
3 before one of the \y;, e.g.

N=MXz1...xpy1 . Yiz.(AYig1 - Ynx Lo Lyr oo oyn)z.

Then, N —3, Hy and Hy = H;.
4 before one of the Az;, eg. N = Axy...2;2.(ACig1 . Z¥1 - Yn-®Ll ... Lyr ... yn)2.
Then, N —g, H; and Hy = H;.

O

Lemma F.7 (Parallel n-expansions). Let N € AP be the truncation of some term at
depth 1. If N —, -1 Mo =5,-1 My then My =, + M.

Proof: Assume that N = M! for some M in AT and suppose N L»n—l My. Then both N
and My have only subterms at depth 1 that are either a variable or 1. Suppose further that
My Lo»nfl M. Since these n-expansion steps are performed at depth 1 or deeper, we find
that each subterm at depth 1 in M; is an n-expansion of a subterm at the same position in
Mjy. Hence, M, ==t M. U

Lemma F.8 (Approximation for n~'). If M —», -1 N then there is a P such that
M! —#,—1 P where N < P=<N.

Proof: By Lemma we can assume that the n~!-reduction sequence has at most length
w and by Lemma we can assume it is sorted by increasing order of depth. Suppose the
reduction sequence is finite, i.e.

M =My "%, My 2,20 My ™25, -0 0020 M,y

We construct a reduction sequence from M?' of the form:

Nm

M' =Py P P S Py

such that (M;)! < P, < M; for all 0 < i < m by induction on m.
The case m = 0 is trivial. Next consider the successor case m = k + 1. So, suppose M =
My —p-1 My = C[N] n—k>n71 Mk+1 = C’[)\xNa:]
We have two possibilities depending on the depth of the n~!-step:

1 Suppose the depth ny of the n~l-step is 0, i.e. M = My L»,]—l M, = C[N] 0—>,7

C[A\x.Nx] = My 1. By induction hypothesis, (My)! < Py < M. Since (M)' < P, and
the hole in C occurs at depth 0, we have that there exist N7 and Cy such that P, = C1[V]

—1
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where C! < Cy and N' < N;. Since P, < M}, we also have that C; < C and N; < N.
By setting Py+1 = C1[Ax.Niz], we have that:

Pk = Cl [Nl] 0_%771 Cl [)\Ile] = Pk+1

where (My41)! = CYAz.N'1] < C1[Az.N1x] = Ppyy < CAz.Nz] = Myy1.

2 Suppose the depth ny of the n~'-step is greater than 0. Then M = M, S&)n—l My, =
C[N] n—k>n_1 M1 = C[Az.Nz]. Since P, = My, (by induction hypothesis), Py, is obtained
from M}, by replacing some of its subterms by 1. We have two possibilities:

(a) A subterm of M}, containing N is replaced by L in Py, i.e. M = C[N] = C'[C"[N]]
and P, = Cj[L] for some Cf such that C] < C’. We set P11 = P, = C}{[L]. Note
that we also have that (M**+1)! = (M})! because the position of the hole in C' occurs
at depth ny greater than 0. Hence, (Mjy1)! = (My)! X Py = Py = Ci[1] =
C'[C"[Ax.Nz]] = C[Az.Mz] = Mgy1.

(b) Otherwise, My = C[N] = C’'[C"[N]] and P, = C1[N] = C{[C{[N1]] where C] < C’,
C{ < C"”, Ny = N and the holes of C’ and C occur at depth 1. By setting Py41 =
Cy[Ax.Ni1zx], we have that:

Pk = Cl [Nﬂ ni)n—l Cl [)\leilJ] = Pk+1

By induction hypothesis, (My)! < P, and C''[L] = (My)! = P, = Cj[C}[N1]].
Hence C'' < Cf. Hence, (My41)* = (M)t < C"'[1] = Ci[CY[Ax.N1z]] = Pey1 =
C[)\{,CNQL'] = Mk+1.

Finally consider the limit case. Suppose we have a strongly convergent reduction of length w:
M =My ™%, My 25,00 My ™25, 0 ... M,

By induction, we can construct the infinite reduction that performs the n-expansions at the
same depth:

M =P P2 P P,

The above sequence is strongly convergent and hence, it has a limit P,,.

We first prove that (M,,)! < P,. There exists ng such that for all n > ng, (M,)* = (M,,)! and
(P,)! = (P,)!. By induction, (M,)* < P,. Hence, (M,)* = (M,)! < (P,)! = (P,)! 2 P,.
We prove that P, < M, by showing that (P,)* < (M,)* for all k. For any k, there exists
no such that for all n > ng, (M,)* = (M,)* and (P,)* = (P,)*. By induction, P, < M,,.
Hence, (P,)* = (P,)F < (M,)* = (M,)*. O

Lemma F.9 (Head normalization of n-expansions of hnfs). If H is a head normal
form and H —#, -1 M, then M is head normalising.

Proof: Let H = Axy...2,.yNi ... Ni. We consider the truncation H! = Az ... 2,91 ... L
of H at depth 1. If H —»,-1 M then there exists M; < M such that H' —»,-1 M; by
Lemma We will show that M; is head normalising. By Lemma we can assume that
the n~!-reduction is of the form H* L»T]—l My >—O»>,7—1 M;. By Lemma m we have that
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My ==t M. By Lemma we have that My —»g, Hy and Hj is in head normal form.

0
H! ————» Mo = My
n : My :
Lem. B Lem. [E8 By
¥ ¥
Hy s s >N
Mo :
Bo
<
Hy

Suppose Hy = A\y1 ... yn.2P1 ... P. Then N = Ay ... 4. ZQ1 ... Q) where z —», 1 Z and
Py —»,1 Q; for 1 <i <[. By Lemma [['.5] we have that N is head normalising. Hence M;
is also head normalising. By monotonicity of nfg, , we have that nfg, (M7) < nfg, (M) and
hence, if M; is head normalising, so is M. O

Theorem F.10 (Preservation of head normalization by 1~ '). Let M —», -+ N.If M
has a head normal form, so does N.

Proof: Suppose M [S-reduces to a head normal form H. By Lemma , M L»B H. Then,

M ——»N
. ,

B O(Lem,BéO

By Lemma [F.9] @ has a head normal form. O
As a consequence of the above theorem and Theorem we have the following:

Corollary F.11 (Preservation of l-redexes by n!). Let M —»,y N. If M does not
have a head normal form, neither does N.

The fact that the n-expansions of a variable do not contain subterms without head normal
form does not necessarily follow from Theorem ?7?7. Actually, in order to prove that fact, we
will need the following theorem:

Theorem F.12 (Preservation of subterm head normalization by 77 !). Let M — 1
N. If all subterms of M are head normalising then all subterms of N are head normalising
too.

Proof: We prove it by induction on the length of the reduction sequence. First we consider
the one step case. Suppose M = C[P] —, -1 C[Az.Px] = N and all subterms of M are head
normalising. Let @) be a subterm of N at position q. We do a case analysis:

1 @ is a subterm of \z.Px.

(a) @ = x. This case is trivial.

(b) @ = Pux. Since P is a subterm of M, we have that P is head normalising, i.e.
P —»5 Mj...yp.zP1 ... Py. Hence Q = Px —»p A\y2...yp.(2P1 ... Py)[y1 := ] is
also head normalising.
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(¢) @ = Az.Px. This case is similar to the previous case.
(d) @ is a subterm of P in N, then so it is in M as well, and therefore head normalising.

2 (J is not an subterm of Az.Pz. Then at the same position ¢ we find a possible different
subterm @’ in M. By assumption @’ is head normalising.

(a) P is a subterm of Q" then Q" —,-1 @ and hence by Theorem we see that Q
is head normalising.
(b) P is not a subterm of Q' then Q = @', and so Q is head normalising.

Hence we have found that all subterms of N are head normalising.

For any finite reduction M —, -1 N we have that, if all subterms of M are head normalising,
then so are all of N. By n~!-compression Lemma the remaining situation we have to
consider is a reduction M —, -1 N of length w. So consider a subterm @ of N at some
depth n. By strong convergence there is M —, -1 C[Q'] —»,-1 N so that Q" occurs at
depth n in C[Q'] and Q" —#,,-1 Q. Assuming that all subterms of M are head normalising,
it follows from induction hypothesis that all subterms of C[Q’] are head normalising, in
particular )'. Again, by Theorem we find that @ is head normalising. O

Corollary F.13 (Preservation of 7!-redexes by L1). If z —»,-1+ N then N does
not contain any subterm without head normal form. Hence, if Az.M N is an n!-redex and
M. MN —s | Ax.M’N’ then N = N’ and Az.M'N’ is an nl-redex.

Appendix G. Omitted Proofs for the Commutation of 7! and 1,

[Back to Lemma [5.1l

Proof: Suppose My can do both a | ,,;-reduction and an n!-reduction. Out of the potentially
five relative positions of these two redexes only three are actually possible:

1 The L,u¢-redex U and the n!-redex Ax.M N are not nested, i.e. My = C[U, \x.M N].
We have to show that if U is the outermost redex of My = C[U, Az.M N] then U is
also outermost in M; = C[U, M]. Using Theorem U cannot be a subterm of a term
without head normal form. This results in the following diagram.

MO L|) M1
n! .

Loutln Loutim
&

My ™ M
n!

2 The 1, -redex is inside the first term of the nl-redex, that is My is of the form
C1[Ax.Co[U]N]. Using Theorem similarly to the previous case, we can show that
U is outermost in My = C1[C2[U]]. This results in the same diagram as the previous case.
3 The n!-redex is inside the L,,;-redex. Corollary [F.11] and Theorem [F-2) ensure that the
contracted term is still a 1,,;-redex. This results in the following diagram.

Clv) 2 C[U]

Lout\t’l Lout n
~
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4 The 1 ,,s-redex is inside the expanded variable term of the n!-redex, that is M is of the
form Cy[Az.MC5[U]]. This option is impossible by Corollary

5 The L,y¢-redex is the body of the nl-redex, that is My is of the form C;[Ax.U], where
U = M N. This possibility is excluded because U would not be an outermost |-redex.

O
[Back to Lemma 15.2l|
Proof: By Lemma (Compression Lemma), we can assume that the sequence has length
w.
Mo — = My — = My —— M; M,
mJLm M Lou mélm M Lou ™ Lous
Ng - >]§7,1 ————————— >§2 ————————— > ]\73 2

Using Lemma [5.1] we can complete all the subdiagrams except for the limit case. All the M
are of the form Cy[Uy] with the hole at the same position at depth m. The subterm Uy is an
outermost |-redex in My. All other Uy are terms without head normal form by Corollaries
and The limit term is of the form C,[U,,] and the hole of C,, occurs also at depth
m. By Corollary [F.11] U, does not have head normal form and by Theorem [F-2] it cannot
be a subterm of a term without head normal form and, hence, it is a L,,;-redex. Contracting
this redex in the limit M, reduces to C,[L] which is equal to the limit N, of the bottom

sequence. O
[Back to Lemma 15.3ll
Proof: By (Compression Lemma we can assume that the length of the sequence is w.
no ny no
M, M M. M. M
O o T o TR T B «
mJn' m . =n! m =t m =7 m: =7
no ~ n ~ na ~ ~
Ng <y N > No T > N3 ?
J~out Lout J~out

Using Lemma [5.1] we can complete all the subdiagrams except for the limit case. Either the
vertical n!-reduction got cancelled out in one of the applications of Local Commutation or
not. If it gets cancelled out, then from that moment on all vertical reductions are reductions
of length 0, implying that M, is equal to the limit N,. Or the vertical n!-reduction did not
get cancelled out, implying that its residual is present in My for all £ > 0. That is all My
with k& > 0 are of the form Cy[Az.S,Tk], where all the C[ | have the hole at the same position
at depth m, and all N with k& > 0 are of the form C%[Sk]. The limit term is of the form
C,[Ax.S,T,] and the hole of C,, occurs also at depth m. By Corollary Az.S, T, is an
nl-redex. Contracting this redex in the limit M, reduces to Cy,[S,] which is equal to the limit
N, of the bottom sequence. Il

Appendix H. Omitted Proof on con-Béhm tree as a Lambda Model

[ Back to Lemma I8.1ll

Proof: First a remark: note that, because (Az.M)? = \z.MP*=%) we have [Az.M], =
0onBT (Az. MPE=2)),
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1 [2], = conBT(2?) = conBT(p(z)) = p(z), as p(z) € Doy
2 We have that
[MN], = oonBT((MN)”)
= oonBT(MPNP)
oonBT (conBT(M?)oonBT(N*)) by Theorem [6.4]
conBT([M],[N1,)
= [M]pe[N],
3 For arbitrary P in ’%oon we have that
[Ae.M],eP = oconBT([Ax.M],P)
= 0onBT (conBT (Az. MP(#:=2)) P)
= 0onBT((Az.MP*=2)) P) by Theorem [6.4]
= conBT(MP@=2)(==P)) Ly B_reduction and Theorem [6-4
= [M]ar) | |
4 p| FV(M) = p' | FV(M) implies M? = M? , hence conBT(M?) = conBT(M?'), and
so [M], = [M],.
5 Similar to the proof of 18.3.10.i in (Barendregt, 1984):
VP e %OOUHM]]/J(Q::P) = [[N]]p(a::P)
[[M]]p(a::x) = [[Nﬂp(x:x)
conBT (MP@=2)) = conBT (Nr(@=2))
oonBT (Az.oonBT (MP@=2))) = conBT (Az.conBT(N=))) by Theorem [6.4]
oonBT (Az. MP#=2)) = 0onBT (Az. N*(*=2)) by Theorem [6.4]
oconBT ((Az.M)P) = conBT ((Az.N)?)
[Az.M], = [Az.N],
6 Since \xy.zy — Az.xz, we have that conBT((Azy.zy)?) = conBT((Az.z)”) and there-
fore [Azy.zy], = [Az.x],.

P4 e
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