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Abstract

Traditionally, model checking is applied to finite-state systems and regular specifications. While re-
searchers have successfully extended the applicability of model checking to infinite-state systems, almost
all existing work still consider regular specification formalisms. There are, however, many interesting
non-regular properties one would like to model check.

In this paper we study model checking of pushdown specifications. Our specification formalism is
nondeterministic pushdown parity tree automata (PD-NPT). We show that the model-checking problem
for regular systems and PD-NPT specifications can be solved in time exponential in the system and the
specification. Our model-checking algorithm involves a new solution to the nonemptiness problem of
nondeterministic pushdown tree automata, where we improve the best known upper bound from a triple-
exponential to a single exponential. We also consider the model-checking problem for context-free
systems and PD-NPT specifications and show that it is undecidable.
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1 Introduction

One of the most significant developments in the area of formal design verification is the discovery of al-
gorithmic methods for verifying on-going behaviors of reactive systems [QS81, LP85, CES86, VW8E].
In model-checking, we verify the correctness of a system with respect to a desired behavior by checking
whether a mathematical model of the system satisfies a formal specification of this behavior (for a survey,
see [CGPOQ]). Traditionally, model checking is applied to finite-state systems, typically modeled by labeled
state-transition graphs, and to behaviors that are formally specified as temporal-logic formulas or automata
on infinite objects. Symbolic methods that enable model-checking of very large state spaces, and the great
ease of use of fully algorithmic methods, led to industrial acceptance of model-checking [BLMO01, CFFT01].

In recent years, researchers have tried to extend the applicability of model-checking to infinite-state sys-
tems. An active field of research is model-checking of infinite-state sequential systems. These are systems in
which each state carries a finite, but unbounded, amount of information, e.g., a pushdown store. The origin of
this research is the result of Miller and Schupp that the monadic second-order theory of context-free graphs
is decidable [MS85]. As the complexity involved in that decidability result is nonelementary, researchers
sought decidability results of elementary complexity. Various algorithms for simpler logics and more general
systems have been proposed. The most powerful result so far is an exponential-time algorithm by Burkart
for model checking formulas of the p-calculus with respect to prefix-recognizable graphs [Bur97b]. See
also [BS95, Cau96, Wal96, BE96, BQ96, BEM97, Bur97a, FWW97, BS99, BCMS00, KV00] and a short
summary in [ThoO1].

An orthogonal line of research considers the applicability of model checking to infinite-state specifica-
tions. Almost all existing work on model checking considers specification formalisms that define regular
sets of words, trees, or graphs: formulas of LTL, u-calculus, and even monadic-second order logic can all be
translated to automata [Biic62, Rab69, EJ91], and in fact many model-checking algorithms (for both finite-
state and infinite-state systems) first translate the given specification into an automaton and reason about
the structure of this automaton (cf., [VW86, BEM97, KVV00]). Sometimes, however, the desired behavior
is non-regular and cannot be specified by a finite-state automaton. Consider for example the property “p is
inevitable”, for a proposition p. That is, in every computation of the system, p eventually holds. Clearly,
this property is regular and is expressible as V<p in both CTL [CES86] and LTL [Pnu77]. On the other
hand, the property “p is uniformly inevitable”, namely, there is some time ¢ such that in every computation
of the system, p holds at time ¢, is not expressible by a finite automaton on infinite trees [Eme87], and hence,
it is non-regular. As another example, consider a system that handles requests and acknowledgments, and
the property “every acknowledgment is preceded by some request”. Again, this property is regular and is
expressible in LTL as (—ack)Wreq. On the other hand, consider the property of “no redundant acknowledg-
ments”, namely the number of acknowledgments does not exceed the number of requests. The technique of
[Eme87] can be used in order to show that the property is non-regular. More examples to useful non-regular
properties are given in [SCFG84], where the specification of unbounded message buffers is considered.

The need to specify non-regular behaviors led Bouajjani et al. [BER94, BEH95] to consider logics that
are a combination of CTL and LTL with Presburger Arithmetic. The logics, called PCTL and PLTL, use
variables that range over natural numbers. The variables are bound to the occurrences of state formulas and
comparison between such variables is allowed. The non-regular properties discussed above can be specified
in PCTL and PLTL. For example, we can specify uniform inevitability in PCTL as Ji . V[z : true](z =
i — p), where the 3 quantifier quantifies over natural numbers, the V¥ quantifier quantifies over computations
of the system, and the combinator [z : true] binds the variable z to count the number of occurrences of
the state formula true. Bouajjani et al. consider the model-checking problem for the logics PCTL and
PLTL over finite-state (regular) systems and over infinite-state (non-regular) systems. The logics turned



out to be too strong: the model-checking of both PCTL and PLTL over finite-state systems is undecidable.
They proceed to restrict the logics to fragments for which model-checking over finite-state systems and
context-free systems is decidable.

Uniform inevitability is clearly expressible by a nondeterministic pushdown tree automaton. Pushdown
tree automata are finite-state automata augmented by a pushdown store. Like a nondeterministic finite-state
tree automaton, a nondeterministic pushdown tree automaton starts reading a tree from the root. At each
node of the tree, the pushdown automaton consults the transition relation and splits into independent copies
of itself to each of the node’s successors. Each copy has an independent pushdown store that diverges from
the pushdown store of the parent. We then check what happens along every branch of the run tree and
determine acceptance. In order to express uniform inevitability, the automaton guesses the time 4, pushes
1 elements into the pushdown store, and, along every computation, pops one element with every move of
the system. When the pushdown store becomes empty, the automaton requires p to hold. Similarly, in
order to express “no redundant acknowledgments”, a nondeterministic pushdown tree automaton can push
an element into the pushdown store whenever the system sends a request, pop one element with every
acknowledgment, and reject the tree when an acknowledgment is issued when the pushdown store is empty.
In [P195], Peng and lyer study more properties that are non-regular and propose to use nondeterministic
pushdown tree automata as a strong specification formalism. The model studied by [P195] is empty store: a
run of the automaton is accepting if the automaton’s pushdown store gets empty infinitely often along every
branch in the run tree.

In this paper we study the model-checking problem for specifications given by nondeterministic push-
down tree automata. We consider both finite-state (regular) and infinite-state (non-regular) systems. We
show that for finite-state systems, the model-checking problem is solvable in time exponential in both the
system and the specification, even for nondeterministic pushdown parity tree automata — a model that is
much stronger than the one studied in [PI95]. On the other hand, the model-checking problem for context-
free systems is undecidable — already for a weak type of pushdown tree automata. Note that by having tree
automata as our specification formalism, we follow here the branching-time paradigm, where the specifica-
tion describes allowed computation trees and a system is correct if its computation tree is allowed [CES86].
In Remark 4.2, we discuss the undecidability of the linear-time paradigm, and the reasons that make the
(seemingly more general) branching-time framework decidable.

In order to solve the model-checking problem for nondeterministic pushdown tree automata and finite-
state systems, we use the automata theoretic approach to branching time model checking [KVWO00]. In
[KVWO00], model checking is reduced to the emptiness problem for nondeterministic finite tree automata,
here we reduce the model checking problem to the emptiness problem for nondeterministic pushdown tree
automata. The first to show that this emptiness problem is decidable were Harel and Raz [HR94]. The
automata considered by Harel and Raz use the Biichi acceptance condition, where some states are designated
as accepting states and a run is accepting if it visits the accepting states infinitely often along every branch
in the run tree. It is shown in [HR94] that the problem can be solved in triple-exponential time. Recall that
Peng and lyer [P195] consider a simpler acceptance condition, where a run is accepting if the automaton’s
pushdown store gets empty infinitely often along every branch in the run tree. For this acceptance condition,
it is shown in [P195] that the nonemptiness problem can be solved in exponential time. Nevertheless, empty
store pushdown automata are strictly weaker than nondeterministic Biichi pushdown tree automata [P195]
and the algorithm in [P195] cannot be extended to handle the Biichi acceptance condition.

The main result of this paper is an exponential algorithm for the emptiness problem of nondeterministic
parity pushdown tree automata. Thus, apart from improving the known triple-exponential upper bound to a
single exponential, we handle a more general acceptance condition. Our algorithm is based on a reduction



of the emptiness problem to the membership problem for two-way alternating parity tree automata with
no pushdown store. We note that our technique can be applied also to specifications given by alternating
pushdown parity tree automata. Indeed, the automata-theoretic approach to branching-time model checking
involves some type of a product between the system and the specification automaton, making alternation as
easy as nondeterminism [KVVWO0O]. In Remark 4.3, we discuss this point further, and also show that, unlike
the case of regular automata, alternating pushdown automata are strictly more expressive than nondetermin-
istic pushdown tree automata.

Once one realizes that the difficulties in handling the pushdown store of the tree automaton are similar
to the difficulties in handling the pushdown store of infinite-state sequential systems, it is possible to solve
the nonemptiness problem for pushdown automata with various methods that have been suggested for the
latter. In particular, it is possible to reduce the nonemptiness problem for nondeterministic pushdown parity
tree automata to the u-calculus model-checking problem for pushdown systems [Wal01]. The solution we
suggest here is the first to suggest the application of methods developed for reasoning about infinite-state
sequential systems to the solution of automata-theoretic problems for pushdown automata. In particular, we
believe that methods based on two-way alternating tree automata [KVV00, KPV02] are particularly appropri-
ate for this task, as the solution stays in the clean framework of automata.

Finally, in order to show the undecidability result, we reduce the problem of deciding whether a two-
counter machine accepts the empty tape to the model-checking problem of a context-free system with respect
to a nondeterministic pushdown tree automaton. Intuitively, the pushdown store of the system can simulate
one counter, and the pushdown store of the specification can simulate the second counter.

The study of pushdown specifications completes the picture described in the table in Figure 1 regarding
model checking of regular and context-free systems with respect to regular and pushdown specifications.
When both the system and the specification are regular, the setting is that of traditional model checking
[CGPO00]. When only one parameter has a pushdown store, the problem is still decidable. Yet, when both
the system and the specification have a pushdown store, model checking becomes undecidable. The com-
plexities in the table refer to the case where the specification is given by a nondeterministic or an alternating
parity tree automaton of size n and index k. The size of the system is m.

\ | Regular Specifications | Pushdown Specifications \
Regular Systems || decidable; O((nm)¥) [EIS93] | decidable; ezp(mnk) [Theorem 4.1]
Pushdown Systems || decidable; ezp(mnk) [KV00] undecidable [Theorem 5.1]

Figure 1: Model checking regular and pushdown systems and specifications.

2 Definitions

2.1 Trees

Given a finite set T of directions, an T-tree isaset T' C Y* such thatifv-z € T, wherev € Yand z € T*,
then also z € T'. The elements of 7" are called nodes, and the empty word ¢ is the root of 7. For every
v € T and z € T, the node z is the parent of v-x and v - z isasuccessor of z. Ifz=x-y € Tthenzisa
descendant of y. Each node x # ¢ of 7" has a direction in Y. The direction of the root is the symbol L (we
assume that 1. ¢ T). The direction of a node v - z is v. We denote by dir(z) the direction of the node z. An
T-tree T is a full infinite tree if 7= Y*. A path = of atree T isa set # C T such that ¢ € 7 and for every



x € 7 there exists a unique v € Y such that v - z € w. Note that our definitions here reverse the standard
definitions (e.g., when T = {0, 1}, the successors of the node 0 are 00 and 10, rather than 00 and 01.

Given two finite sets T and X, a X-labeled Y-tree is a pair (T, 7) where T"isan T-treeand 7 : T' — X
maps each node of T' to a letter in . When Y and X are not important or clear from the context, we call
(T, 7) alabeled tree. A tree is regular if it is the unwinding of some finite labeled graph. More formally,
a transducer is a tuple D = (T, 3, @, qo0,n, L), where T is a finite set of directions, ¥ is a finite alphabet,
Q is a finite set of states, ¢ € @ is an initial state, n : @ x T — @ is a deterministic transition function,
and L : Q@ — X is a labeling function. We define n : T* — @ in the standard way: n(e) = go and for
xz € T*and A € T we have n(Ax) = n(n(x), A). Intuitively, a transducer is a labeled finite graph with a
designated start node, where the edges are labeled by T and the nodes are labeled by 3. A X-labeled T -tree
(Y*, ) is regular if there exists a transducer D = (Y, %, @, g0, 7, L), such that for every z € T*, we have
7(z) = L(n(x)). We then say that the size of the regular tree (Y*, ), denoted ||7||, is |Q|, the number of
states of D.

2.2 Alternating two-way tree automata

Alternating automata on infinite trees generalize nondeterministic tree automata and were first introduced
in [MS87]. Here we describe alternating two-way tree automata. For a finite set X, let BT (X) be the set of
positive Boolean formulas over X (i.e., boolean formulas built from elements in X using A and V), where
we also allow the formulas true and false, and, as usual, A has precedence over V. ForasetY C X and
aformula @ € BT (X), we say that Y satisfies 6 iff assigning true to elements in Y and assigning false to
elements in X \ Y makes 6 true. For a set T of directions, the extension of T is the set ezt(Y) = YU {e, 1}
(we assume that Y N {e,1} = (). An alternating two-way automaton over X-labeled Y-trees is a tuple
A=(Z,0Q,4,q, F), where X is the input alphabet, Q is a finite set of states, § : Q@ x X — Bt (ext(Y) x Q)
is the transition function, gg € @ is an initial state, and F’ specifies the acceptance condition.

A run of an alternating automaton A over a labeled tree (Y*, 7) is a labeled tree (7)., r) in which every
node is labeled by an element of T* x @. A node in T, labeled by (z, q), describes a copy of the automaton
that is in the state ¢ and reads the node x of T*. Note that many nodes of 7. can correspond to the same
node of T*; there is no one-to-one correspondence between the nodes of the run and the nodes of the tree.
The labels of a node and its successors have to satisfy the transition function. Formally, a run (T, r) is a
3,-labeled T'-tree, for some set T of directions, where X, = T* x @ and (7}, r) satisfies the following:

1. eeTrand r(e) = (e, 9o0)-

2. Consider y € T, with r(y) = (z,q) and d(g,7(z)) = 6. Then there is a (possibly empty) set
S C ext(T) x Q, such that S satisfies 4, and for all (c,d) € S, thereisy € T'such thaty -y € T,
and the following hold:
e Ifce Y, thenr(y-y) =(c-z,¢).
e Ifc=c¢, thenr(y-y) = (z,q).
e Ifc=tfthenz =v -z forsomev € Tand z € T* and r(y - y) = (2,¢').
Thus, e-transitions leave the automaton on the same node of the input tree, and 1-transitions take it up to the

parent node. Note that the automaton cannot go up the root of the input tree, as whenever ¢ =7, we require
that z # e.



Arun (T, r) is accepting if all its infinite paths satisfy the acceptance condition. We consider here Biichi
and parity acceptance conditions [Biic62, EJ91]. A parity condition over a state set () is a finite sequence
F = {F,F,,...,F} of subsets of Q, where F; C F, C ... C F;, = Q. The number & of sets is called
the index of A. Given a run (7}, r) and an infinite path = C 7}, let inf(w) C @ be such that ¢ € inf ()
if and only if there are infinitely many y € = for which r(y) € T* x {q}. That is, inf(7) contains exactly
all the states that appear infinitely often in 7. A path 7 satisfies the parity condition F' if there is an even
1 <4 < k such that inf(7) N F; # 0 and for all j < 4, we have inf(7) N F; = (. A Biichi acceptance
condition consists of a set F; C @ and it can be viewed as a special case of a parity condition of index 3,
where F = {0, F1,Q}. Thus, a run is accepting according to the Buichi condition F} if every path in the run
visits Fy infinitely often. An automaton accepts a labeled tree if there exists a run that accepts it. We denote
by L£(.A) the set of all X-labeled trees that A accepts. The automaton A is nonempty iff £L(A) # 0.

An automaton is 1-way if it does not use e-transitions nor f-transitions. Formally, an automaton is 1-
way if for every state ¢ € @Q and letter & € X the transition §(q, o) is restricted to formulas in B (Q).
An automaton is nondeterministic if in every transition exactly one copy of the automaton is sent in every
direction in Y. Formally, an automaton is nondeterministic if for every state ¢ € @ and letter o € %
there exists some set I such that §(g, o) = Vs Aper (Si0, ). Equivalently, we can describe the transition
function of a nondeterministic automaton as § : @ x 3 — 2(@™). The tuple (q1,---,qx)) € 6(q,0) s
equivalent to the disjunct (g1, v1)A. . .A(gy|, vjy))- We use acronymsin {1,2} x{A, N} x{B, P}x{T, W}
to denote the different types of automata. The first symbol stands for the type of movement of the automaton:
1 stands for 1-way automata (we often omit the 1) and 2 stands for 2-way automata. The second symbol
stands for the branching mode of the automaton: A for alternating and N for nondeterministic. The third
symbol stands for the type of acceptance used by the automaton: B for Biichi and P for parity, and the last
symbol stands for the object the automaton is reading: W for words (not used in this paper) and 7" for trees.
For example, a 2APT is a 2-way alternating parity tree automaton and an NPT is a 1-way nondeterministic
parity tree automaton.

Theorem 2.1 Given a 2APT A with n states and index k, we can construct an equivalent NPT whose
number of states is (nk)o("’“) and whose index is linear in nk [Var98], and we can check the nonemptiness
of A in time (nk)C(%)*) [E]S93].

The membership problem of a 2APT A and a regular tree (Y™, 7) is to decide whether (T*,7) € L(.A).
As described in Theorem 2.2 below, the membership problem can be reduced to the emptiness problem.

Theorem 2.2 The membership problem of a regular tree (Y*, 7) and a 2APT A with n states and index k
is solvable in time (|7|nk)C(4)*),

Proof: According to Theorem 2.1, we construct a INPT N = (3, @, qo, d, F') that accepts the language of
A. The number of states of A is exponential in nk and its index is linear in nk. LetD = (T, %, S, s, n, L)
be the transducer generating 7, with Y = {v1,...,v4}.

Consider the NPT N’ = <{a}’ st, (QOa 30), 5,7 F) where 6((Q7 3)7 a) = {<(Qh 31)5 LR (Qda 3d)>|<QI, e
d(q, L(s)) and s, = n(s,v.)}. Itis easy to see that LIN') # 0 iff (Y*,7) € LIN). As LIN) = L(A), we
are done. Note that the number of states of N is (|7|nk)°(") and its index is linear in nk. Thus, emptiness
of N can be determined in time (|7|nk)O("%)*), O

Once we translate A to NV, the reduction above is similar the one described in [K\VWO00]. The translation
of A to A, however, involves an exponential blow up. In the full version of [KPV02] we show that the

.qd) €



membership problem for 2ABT is EXPTIME-hard. Thus, the membership problem for 2APT is EXPTIME-
complete.

2.3 Pushdown tree automata

Pushdown tree automata are finite-state automata augmented by a pushdown store. Like a nondeterministic
finite-state tree automaton, a nondeterministic pushdown tree automaton starts reading a tree from the root.
At each node of the tree, the pushdown automaton consults the transition relation and sends independent
copies of itself to each of the node’s successors. Each copy has an independent pushdown store that diverges
from the pushdown store of the parent. We then check what happens along every branch of the run tree and
determine acceptance.

Letd = |Y|and T = {v1,...,v4}. Formally, a nondeterministic parity pushdown tree automaton (with
e-transitions) over infinite Y-trees (or PD-NPT for short) is P = (3, T, P, p, o, p, F'), where

e X is a finite input alphabet.

I is a finite set of pushdown symbols.

P is a finite set of states.

po € P is an initial state.

ap € I'* - L is an initial pushdown store content.
p:Px(SU{e}) x (TU{L}) — 2P*I" y2PxI") s a transition function such that for every state
p € Pand symbol A € T, we have §(p, a, A) € 2PXI) forq € &, and 6(p, ¢, A) € 20T,

Intuitively, when the automaton is in state p, reading a node z labeled by a € 3, and the pushdown
store contains a word in A - I'*, it can apply one of the following two types of transitions.

— An e-transition in §(p, €, A), where the automaton stays in node z. Accordingly, each e-transition
is a pair (p’,8) € P x I'*. Once the automaton chooses a pair (p', 3), it moves to state p’, and
updates the pushdown store by removing A and pushing S.

— An advancing transition in d(p, a, A), where the automaton splits into d copies, each read-
ing a different successor of the node x. Accordingly, each advancing transition is a tuple
{(p1,B1),---,(pa,Ba)) € (P x IT'*)% Once the automaton chooses a tuple, it splits into d
copies, the ith copy moves to the node i -  in the input tree, changes to state p;, and updates the
pushdown store by removing A and pushing g;.

We assume that the bottom symbol on the pushdown store is L. This symbol cannot be removed (so,
when we say that the pushdown store is empty, we mean that it contains only ). Every transition
that removes L also pushes it back. Formally, if (p’, ) € §(p,¢, L), then g € T* - L. Similarly, if
{(p1,P1),---»(Pd,Ba)) € 6(p,a, L), then B; € T*- L forall 1 <4 < d. The symbol L is not used in
another way.

The size |p| of the transition function is the sum of all the lengths of the words used in the function.
Formally, |p| = (E((pl,ﬂl),___,(pd,ﬂd»Ep(p,a,A)|ﬁ1| t...+ |ﬁd|) + <E(p’,ﬁ)ep(p,e,A)|ﬂ|)'

e F'is a parity condition over P.



We note that the automata defined above assume input trees with a fixed and known branching degree,
and can distinguish between the different successors of the node (say, impose a requirement only on the
leftmost successor). In many cases, it is useful to consider symmetric tree automata [JW95], which refer to
the successors of a node in a universal or an existential manner, and thus can handle trees with unknown
and varying branching degrees. While symmetry is naturally defined for alternating automata, it can also be
defined for nondeterministic automata [KVO01], and for PD-NPT.

Example 2.3 In Section 1, we mentioned the non-regular property “p is uniformly inevitable”, namely there
is some time ¢ such that p hold at time 7 in all the computations. We now describe a PD-NPT for the property.
We define P = (27}, {a}, {qo0, q1, 2}, g0, L, 8, F), where F = {{qo, q1}, {0, q1,g2}} is such that gy and
q1 has to be visited only finitely often, and the transition function is as follows.

p(q07 ¢, —L) = {(quaL)’ (q17 J—)}'
* p(q0: € a) = {(q0,00), (q1,0)},
8

qla{p}’a’) = 5(QI7®,0’) = <(QIa€)7' ) (q1a€)>'

8(q1, {p}, L) = ((g2,1),..., (g2, 1)), and
s 5(QQ’€’ L) = {(QQaJ—)}-

Intuitively, P starts reading the tree in state go with empty pushdown store. It stays in state gq taking e-
transitions while pushing a’s into the pushdown store. In some stage, P takes a nondeterministic choice to
move to state g, from which it proceeds with advancing transitions while removing a’s from the pushdown
store. When the pushdown store becomes empty, P takes an advancing transition to state ¢qo while checking
that the label it reads is indeed {p}. 0

A run of the PD-NPT P on an infinite tree (Y*, 7) isan (Y* x P x I'*)-labeled IN-tree (T, 7). A node
y € T, labeled by (z, p, ) represents a copy of P in state p, with pushdown store content «, reading node
z in (Y*, 7). Formally, r(¢) = (€,po,a0), and for all z € T, such that r(z) = (y,p, A - «) one of the
following holds.

e There is a unique successor c-z of z in T, such that r(c-z) = (y, p’, B-«) for some (p', B) € é(p, €, A).

e There are d successors 1 - z,...,d -z of z in T, such that for all 1 < ¢ < d, we have r(c- z) =
(UC ) yapo:ﬁc . Ot) for some <(p1a51)a tey (pdaﬁd» € 5(p7 V(y)’ A)

Given a path 7 C T, we define inf(n) C P to be such that p € inf () if and only if there are infinitely
many nodes y €  for which r(y) € T* x {p} x I'*. As with 2APTs, a path satisfies the parity condition
F = {F,,...,F} ifthereisaneven 1 < i < k such that inf(7) N F; # 0 and for all j < i, we have

inf(m) N F; = 0. Arun is accepting if every path = C T' is accepting. A PD-NPT P accepts a tree (T', 7) if

there exists an accepting run of P over (T, 7). The language of P, denoted L£(P) contains all trees accepted

by P. The PD-NPT P is empty if L(P) = 0.

Harel and Raz consider only the Biichi acceptance condition (PD-NBT for short) . They showed that the
emptiness problem of PD-NBT can be reduced to the emptiness problem of a PD-NBT with one-letter input
alphabet [HR94]. The parity acceptance condition is more general than the Biichi acceptance condition. The
following theorem generalizes the result of [HR94] to PD-NPT.



Theorem 2.4 The emptiness problem for a PD-NPT P with n states, index k, and input alphabet ¥, is
reducible to the emptiness problem for a PD-NPT P’ with n - || states and index k& that has a one-letter
input alphabet.

Note that since our automata have e-transitions, we cannot use the classical reduction to one-letter input
alphabet [Rab69]. For a nondeterministic tree automaton ' = (3, P, po, p, F'), Rabin constructs the au-
tomaton N = ({a}, P, po, p', F) such that for every state p € P we have p'(p,a) = U,cx p(p,0). Thus,
P’ guesses which of the input letters o € ¥ labels the node and chooses a state in p(p, o). For automata
with e-transitions, we have to make sure that successor states that read the same node guess the same label
for the node, and we augment the automaton P’ with a mechanism that remembers the guessed input letter.

3 The Emptiness Problem of PD-NPT

In this section we give an algorithm to decide the emptiness of a PD-NPT. According to Theorem 2.4, we
can restrict attention to PD-NPT with one-letter input alphabet. We reduce the emptiness of a PD-NPT with
one-letter input alphabet P to the membership of a regular tree in the language of a 2APT A. The idea
behind the construction is that since the one-letter tree is homogeneous, the location of a copy of P in the
input tree is not important. Accordingly, when a copy of .A simulates a copy of P, it does not care about the
location on the input tree, and it has to remember only the state of the copy and the content of the pushdown
store.

It is easy for a copy of A to remember a state of P. How can .A remember the content of the pushdown
store? Let I" denote the pushdown alphabet of 7P. Note that the content of the pushdown store of P corre-
sponds to a node in the full infinite T'-tree. So, if A reads the tree I, it can refer to the location of its reading
head in I'* as the content of the pushdown store. We would like .A to “know” the location of its reading head
in T'*. A straightforward way to do so is to label a node x € T'* by x. This, however, involves an infinite
alphabet, and results in trees that are not regular. Since P does not read the entire pushdown store’s content
and (in each transition) it only reads the top symbol on the pushdown store, it is enough to label z by its
direction.

Let (I'"*, 7..) be the T" labeled I'-tree such that for every z € T'*, we have 7.(z) = dir(z). Note that
(I, 7.) is aregular tree of size |I'| 4+ 1. We reduce the emptiness of a one-letter PD-NPT to the membership
problem of (I'*,7.) in the language of a 2APT. Given a PD-NPT P we construct a 2APT A such that
L(P) # 0 iff (T*,7.) € L(A). The 2APT memorizes a control state of the PD-NPT as part of its finite
control. When it has to apply some transition of P, it consults its finite control and the label of the tree
(T, 7). Knowing the state of P and the top symbol of the pushdown store, the 2APT can decide which
transition of P to apply. Moving to a new state of P is done by changing the state of the 2APT. Adjusting
the pushdown store’s content is done by navigating to a new location in (I'*, 7..).

Theorem 3.1 Given a one-letter PD-NPT P = ({a},T, P, po, ag, p, F') with n states and index k, there
exists a 2APT A with n - |p| states and index k such that L(P) # 0 iff (T*, 7.) € L(A).

As before, letd = |T|and T = {v1,...,vq}. Formally, giventhe PD-NPT P = ({a},T, P, po, o, 6, F),
we construct the 2APT A = (T, Q, g0, 7, F"), where

e () = P x tails(d) where tails(d) C I'™* is the set of all suffixes of words z € T* for which one of the
following holds.



— There are states p,p1,...,pq € P, words B1,...,84 € I'*, and a letter v € T such that
<(p17ﬂ1)’ R (pdaﬂd» € (5(]7,’)’,0/) and z = IBZ forsome 1 <4 <d.
— There are states p,p’ € P and a letter v € T" such that (p’, z) € §(p, €,7).

- T = Q.
Intuitively, when A visits a node x € T'* in state (p,y), it checks that P with initial configuration

(p,y - =) accepts the one-letter Y-tree. In particular, when y = ¢, then P with initial configuration
(p, ) needs to accept the one-letter Y-tree.

States of the form (p, ¢) are called action states. From these states .4 consults ¢ in order to impose
new requirements on (I'*,7.). States of the form (p,y), for y € I'T, are called navigation states.
From these states .A only navigates downward ¥ to reach new action states.

e go = (po, ag). Thus, in its initial state A checks that P with initial configuration (m, cg) accepts the
one-letter Y-tree.

e The transition function 7 is defined for every state (p, z) € P X tails(§) and A € T as follows.

d

V o a))] v [ V A, @, 6:)

(t,a)é&(p,e,A) ((tl 5/81)v--’(tda/Bd))e(s(Ssa:A) i=1
- n((p, B - a),A) = (B, (p, o))

Thus, in action states, .A reads the direction of the current node and applies a transition from §. In
navigation states, .A needs to go downward to B - «, SO it continues in direction B.

- n((p’ 6),A) =

e F' = F x {e}. Note that only action states can be accepting states.

We show that .A accepts (I'*, 7.) iff P accepts the one letter Y-tree. Let (T*,7,) denote the labeled tree
such that for all z € T*, we have 7,(z) = a.

Claim 3.2 L(P) # 0iff (T, 7.) € L(A).

Proof: We have to work with four different trees. We have a PD-NPT P and a 2APT A, each has an input
tree and a run tree. We introduce a special notation as follows.

1. Let’ "~ = (Y*,7,) denote the input tree read by P.
2. Let Tf = (I'*, 7,.) denote the input tree read by A.
3. Let (TTPD .7 ") denote the run tree of P and its labeling.

4. Let <TTA,7‘A> denote the run tree of A and its labeling.

Assume first thatTiPD € L(P). Then, there exists an accepting run (TTPD,TPD) of P on TiPD. Given
7" and (7", "), we have to construct an accepting run tree (T"",7") of A on T;". Consider a node
zeT " labeled by 7”7 (z) = (y, (p,7)). Recall that z stands for a copy of 7 in state p with pushdown
store content -y, reading node y € TiPD. We associate with z anode ' € TTA labeled by (7) = (v, (p,€)).



Recall that =’ stands for a copy of A is in state (p, €), reading node v € TiA. Both nodes are labeled by the
state p of P. The pushdown store content of P is the location of A in TiA.

We prove by induction that we can build (Tf,rA) in such a way. We start from the root € € T:DD
labeled by 7" (€) = (e, (po, a)). The root e € TTA is labeled by 7 (¢) = (e, (po, ag)). The behavior of
the 2APT is deterministic until it reaches the next action state. Thus, there is some z’ € T:; labeled by
" (2') = (o, (po, €)) Which serves as the base case for the induction.

Givenanode z € TTPD labeled by * " (z) = (y, (p, A - @)), by the induction assumption it is associated
with a node 2’ € 7" labeled by 7" (z') = (A - , (p, €)).

Suppose z has one successor c- z labeled by (c-z) = (y, (9, B-)), that resulted from the transition
(»',B) € 6(p, e, A). Then there is a disjunct (1, (p’, 8)) € n(p, A). We add c-z’ to TTA, the unique successor
of #/, and label it 7 (¢ - ') = («, (p', B)). Obviously, this satisfies 7. Again the behavior below ¢ - 2/ is
deterministic until reaching a node z - z’ € T:; labeled by (z-2')=(B-a,(p,e)).

Suppose = has d successors ¢; - z,...,cq -z € T, labeled by " (¢; - z) = (yi, (i, B; - @), that
resulted from the transition ((p1, 51),---, (P4, Ba)) € d(p,a, A). Then there is a disjunct /\le(T, (pi, Bi))
inn(p,A). Weadd ¢y - 2/,...cq -z’ t0 T:; as the successors of 2/, and label them 7 (¢; - ') = (v, (ps, B)).-

Obviously, this satisfies 5. The behavior of each path below g - ' is deterministic until reaching some node
A A
zi-x' €T labeled by 7 (2 - ') = (B; - «, (pi €)).

We have to show now that (TTA,rA) is accepting. Take an infinite path # C TTA. Clearly, = visits
infinitely many action states. Every action state and the node it labels, is associated by the construction with
a node in TTPD. It is quite clear that this sequence of nodes in TTPD forms a path ' C TTPD. Hence if 7’
satisfies F', it is also the case that  satisfies F.

Assume now that A accepts (I'*, 7.). There exists an accepting run (Tf,rA) of Aon (I, 7). We
construct an accepting run (Tf’D,rPD) of P on TiPD. We convert the set of nodes in T:; labeled by action
states of A to the tree TTPD. We update the location of P in T* according to the number of successors of
each action state. One successor matches an e-move and d successors match a forward move.

Formally, we assume by induction that every node =’ € TTA labeled by r* (z') = (a, (p, €)) is associated
with some node z € TTPD labeled by (z) = (y, (p, ) for some node y € TiPD. As before the root € of
TTA is labeled by 7 (¢) = (e, (po, a)). It has some descendant 2 € T:; labeled by 7 (z') = (ao, (po, €)).
We label the root e € TTPD by 7" (€) = (¢, (po, ). This serves as the induction base.

Given some node z' € Tf labeled by 7" (') = (A - a, (p,€)), by induction assumption there is a node
zeT " labeled by r™” (z) = (y, (p, A - ).

Suppose z' has one successor ¢ - ' labeled by (c-z') = (a, (p, B)), that resulted from the disjunct
(1, (p', B)) that appears in n(p, A). Again, there is some descendant z - 2’ of ¢ - 2’ that is an action state
labeled by r(z - &') = (8 - @, (p', €)). We know that (p', ) € §(p,e, A), we add ¢ -z to T" ", a unique
successor of z, and label it r*” (c - z) = (y, (p', 8- a)). Note that c - z and z read the same node y € TZ.PD.

Suppose z’ has d successors ¢1 - @', ...,cq- ' € TTA labeled by rA(ci -z") = (a, (ps, Bi)), that resulted
from the disjunct A%, (1, (s, B:)) in n(p, A). Each one of the nodes ¢; - =’ has a descendant z; - ', that is
labeled by the action state r(z; - z') = (8 - «, (pi, €)). We know that ((p1,51),---, (pd, Ba)) € 6(p,a, A).
We add ¢; - z,...cq- zt0 T~ as the successors of z, and label them 7" (¢; - ) = (v; - y, (pi, i - ).
Obviously, this satisfies 4.
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Again every path in TTPD is associated with the action states along a path in TTA. We conclude that

(""", 7" has to satisfy F. [

T

Combining Theorem 3.1 with Theorems 2.2 and 2.4, we get the following.

Corollary 3.3 The emptiness problem for a PD-NPT with n states, index &, and transition function p can
be solved in time exponential in nk - |p|.

Remark 3.4 Harel and Raz [HR94] show that the emptiness of stack automata on infinite trees is also de-
cidable. Stack automata can read the entire contents of the stack but can change the content only when
standing on the top of the stack. They give a doubly exponential reduction from the emptiness problem
of stack automata to the emptiness problem of pushdown automata. As their emptiness of pushdown au-
tomata is triple exponential, it induces a five fold exponential algorithm for the emptiness of stack automata
on infinite trees that use the Biichi acceptance condition. Thus, our emptiness algorithm induces a triple
exponential algorithm for the emptiness of Biichi stack automata. We believe that the reduction used in
[HR94] for Biichi stack automata can be extended to parity stack automata and furthermore that using our
techniques, the emptiness of parity stack automata can be solved in less than triple exponential time. ]

4 Model-Checking Pushdown Specifications of Finite-State Systems

The model-checking problem is to decide whether a given system S satisfies a specification P. In this section
we consider the case where the system is finite state and the specification is a PD-NPT. In order to solve the
model-checking problem we combine the system with the PD-NPT and get a PD-NPT whose language is
empty iff the system satisfies the specification.

We use labeled transition graphs to represent finite-state systems. A labeled transition graph is a quadru-
ple S = (W, Act, R, wo), where W is a (possibly infinite) set of states, Act is a finite set of actions,
R C W x Act x W is a labeled transition relation, and wy € W is an initial state. We assume that the
transition relation R is total (i.e. for every state there exists some action a and some state w’ such that
R(w,a,w')). When R(w, a,w"), we say that w’ is an a-successor of w, and w is an a-predecessor of w’.
For a state w € W, we denote by S¥ = (W, Act, R, w), the system S with w as its initial state. A finite-state
system is given as a labeled transition graph with a finite set of states. The unwinding of S from state w € W
induces an infinite tree I5. Every node of the tree T's is associated with some state w’ € W, the root of T's
is associated with state w. A node z € T's associated with w’ € W has |[{w" | Ja € Act s.t. R(w',a,w")}|
successors, each associated with a successor w” of w’ and labeled by the action a such that R(w’, a, w").
The root of T's is labeled by L ¢ Act. As R is total, T's is infinite. We say that a system S satisfies a tree
automaton P over the alphabet Act if Ts is accepted by P.1

The unwinding of a finite labeled transition graph S results in a regular tree. In order to determine
whether S satisfies P, we have to solve the membership problem of regular trees in the language of a PD-
NPT. We reduce the membership problem to the emptiness problem by a construction similar to the one in
the proof of Theorem 2.2. Thus, we construct a PD-NPT that either accepts T's or is empty, and then check
its emptiness.

1Thereisasdlight technical diffi culty asin our formalism PD-NPT run on trees with a uniform branching degrees, while labeled
transition graphs are not required to have auniform outdegree. Thisdiffi culty can befi nessed by allowing automata on non-uniform
trees, as, for example, in [KVVWO0O].
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Theorem 4.1 Given a finite labeled transition graph S with m states and a PD-NPT P with n states,
index k, and transition function p, the model-checking problem of S with respect to P is solvable in time
exponential in mnk - |p|.

GivenaPD-NPTP = (247 T, P, py, a, p, F) and a finite labeled transition graph S = (W, Act, R, w),
we construct the PD-NPT P’ = ({b},T', P x Act x W, (po, L, wy), ag, p, F') that is the product of the two.
The states of P’ consists of triplets of states of P, actions of S, and states of S. The acceptance condition
F'is F x Act x W, where we replace each set F; € F by the set F; x Act x W. The transition function
p' maps a triplet (p, a, w) to all the e-successors of p tagged again by a and w and to all the “a-successors”
of p tagged by successors of w and the actions taken to get to them. For technical convenience, we assume
that the branching degree of S is uniform and equivalent to the branching degree of the trees that P reads.
Modifying the algorithm to systems with nonuniform branching degree is not too complicated. Formally,
we have the following.

o 0((p,a,w),e, A) = {{(¢/, a,w), ) | {p, ) € p(p,€, A)}.

<<p17 al)a R <pda CEd)) € p(pa a, A) and
o p,((paaaw)ab,A) = <<(p1aa’1,w1),a1>7'"a<(pdaadawd)aad>> {(w,alawl)a'“a(waadawd)}
is the set of transitions from w

It is not hard to see that P’ accepts some tree iff P accepts T's, the unwinding of S.

Remark 4.2 By having PD-NPT as our specification formalism, we follow here the branching-time paradigm
to specification and verification, where the specification describes allowed computation trees and a system
is correct if its (single) computation tree is allowed. Alternatively, in the linear-time paradigm, the specifica-
tion describes the allowed linear computations, and the system is correct if all its computations are allowed.
When the system is nondeterministic, it may have many computations, and we have to check them all.
Thus, while model checking in the branching-time paradigm corresponds to membership checking, model
checking in the linear-time paradigm corresponds to checking language containment.

Pushdown specification formalisms are helpful also in the linear-time paradigm [SCFG84]. For exam-
ple, one can use pushdown word automata to specify unbounded LIFO buffers. Nevertheless, since the
containment problem of regular languages in context-free languages is undecidable [HMUOQ], using push-
down word automata as a specification formalism leads to an undecidable model-checking problem even for
finite-state systems.

The branching-time paradigm is more general than the linear-time paradigm [Lam80, Pnu85] in the sense
that we can view a (universally quantified) linear-time specification as a branching-time specification. This
does not contradict the fact that model checking of pushdown specification is decidable in the branching-
time paradigm. Indeed, a translation of a nondeterministic pushdown word automaton that recognizes a
language L into a nondeterministic pushdown tree automata that recognizes the language of all the trees
derived by L (that is, trees all of whose paths are in L) is not always possible. For cases where such a
translation is possible (in particular, when the pushdown word automaton is deterministic), linear model
checking is decidable. This is reminiscent of the situation with dense-time temporal logic, where model
checking with respect to linear-time specifications is undecidable, while model checking with respect to
branching-time specifications is decidable, cf. [ACD93]. L]

Remark 4.3 Unlike the case of regular tree automata, it can be proved that alternating pushdown automata
are strictly more expressive than nondeterministic pushdown automaton. For example, it is easy to define a
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pushdown alternating automaton over words that recognizes the non-context-free language {a’b’c’ : i > 1}.
Indeed, the automaton can send two copies, one for comparing the number of a’s with 4’s, and one for
comparing the number of b’s with ¢’s. A similar argument shows that alternating pushdown tree automata
are stronger than nondeterministic pushdown tree automata.

On the other hand, as studied in [KVWO00], the membership problem for alternating automata is not
harder than the one for nondeterministic automata. This observation does not change when pushdown au-
tomata are involved. In particular, it is easy to extend Theorem 3.1 to alternating automata (without changing
the blow up), and to extend the model-checking algorithm described above to the stronger framework of al-
ternating pushdown automata. L

5 Model-Checking Pushdown Specifications of Context-Free Systems

In this section we show that the decidability results of Section 4 cannot be extended to context-free systems.
We show that the model checking problem for context-free systems is undecidable already for pushdown
path automata, which are a special case of pushdown tree automata.

We first define context-free systems and pushdown path automata. Again we use labeled transition
graphs. This time with an infinite number of states.

A rewrite system is a quadruple R = (V, Act, R, zo), where V' is a finite alphabet, Act is a finite set of
actions, R maps each action a to a finite set of rewrite rules, to be defined below, and 5 € V* is an initial
word. Intuitively, R(a) describes the possible rules that can be applied by taking the action a. \We consider
here context-free rewrite systems. Each rewrite rule is a pair (4, z) € V' x V*. We refer to rewrite rules in
R(a) as a-rules.

The rewrite system R induces the labeled transition graph G = (V*, Act, pr, zo), Where (z,a,y) €
pr if there is a rewrite rule in R(a) whose application on z results in y. In particular, when R is a context-
free rewrite system, then pr(A - y,a,z - y) if (A,z) € R(a). A labeled transition graph that is induced by
a context-free rewrite system is called a context-free graph.

Consider a labeled transition graph G = (S, Act, p, s¢). A nondeterministic pushdown path automaton
on labeled transition graphs is a tuple P = (Act, T, P, §, po, g, F'), where T, P, pgy, and o are as in
nondeterministic pushdown automata on trees, Act is a set of actions (the automaton’s alphabet), and ¢ :
PxActxT' — 2P*I™ jsthe transition function. We consider the simpler case where F is a Biichi acceptance
condition. Intuitively, when P is in state p with A - « on the pushdown store and it reads a state s of G,
the automaton P chooses an atom (p’, 8) € d(p, a, A) and moves to some a-successor of s in state p’ with
pushdown store 3 - c.. Again we assume that the first symbol in o is L, and that | cannot be removed from
the pushdown store.

Like a run of a nondeterministic pushdown automaton on words, a run of a path automaton over a labeled
transition graph G = (S, Act, p, so) is an infinite word in (S x P x IT*)¥. A letter (s, p, ), describes that
the automaton is in state p of P with pushdown store content « reading state s of G. Formally, a run is an
infinite sequence (9, po, @), (s1,P1,@1),- .- € (S x P x I'*)¥ as follows.

e s5q isthe initial state of G, py is the initial state of P, and «y is the initial pushdown store content.

e For every ¢ > 0 there exists some a € Act such that s;11 is an a-successor of s; and if a; = A - «
then (pi_|_1, ,3) S (5(]),', a, A) and a1 =B o
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A run r is accepting if it satisfies the acceptance condition. The graph G is accepted by P if there is an
accepting run on it. We denote by £(P) the set of all graphs that P accepts.

We use PD-NBP (pushdown nondeterministic Biichi path automata) as our specification language. We
say that a labeled transition graph G satisfies a PD-NBP P, denoted G = P, if P accepts G.

Theorem 5.1 The model-checking problem for context-free systems and pushdown path automata is unde-
cidable.

Proof: It is well known that the termination problem of a two-counter machine is undecidable [Min67].
We show that we can reduce the problem of whether a two-counter machine terminates to the problem of
whether a context-free graph satisfies a PD-NBP.

We first define two-counter machines. A two counter machine is M = (S, —, Ecc, Fre;), Where S is a
set of states, and Fi.. C S and F,.; C S are disjoint sets of accepting and rejecting states, respectively. We
assume that once M reaches an accepting or rejecting state, it loops there forever. A configuration of M is
atriple (s, c1,c2) € S x IN x IN, indicating the state of the machine and the values of the two counters. The
transition function —: S x {zero, not_zero} x {zero,not_zero} — 25*{inc.decidle}x{inc,dec;idle} mapg 5
representation of a configuration (where the values of the counters are replaced by flags indicating whether
they are equal to zero) into possible transitions of the machine, where an action involves a move to a new
state and possible updates (increase or decrease) to the counters. We write (s,v1,v2) — (s,d1,ds) for
(s',dy,d2) € (s,v1,v9).

In order to simulate the two-counter machine by the context-free system and the PD-NBP, we use the
state of the context-free system (a word in V*) to maintain the value of the first counter, and we use the
pushdown store of the PD-NBP to maintain the value of the second counter. In order to simulate the two
counters, we have to be able to check whether each counter is zero or not, increase each counter, and decrease
each counter. Handling of the second counter (maintained by the pushdown store of the path automaton) is
straightforward: the path automaton can check whether its pushdown store is empty or not, can push one
letter into the pushdown store, and can pop one letter from the pushdown store.

Handling of the first counter (maintained by the state of the context-free system) is a bit more compli-
cated. The context-free system S has V' = {a, L}, and its initial state is L. The rewrite rules of S are
such that all the reachable states of S are in ¢* - L. The system S has five possible actions (which are
also read by the PD-NBP P): push, pop, idle, empty_push, and empty idle. From the state 1, the system
S may apply the actions empty push and empty idle, thus signaling to the specification that its counter
is zero. From a state in V™ - L, the system S may apply the actions push, pop, or idle. The value of
the first counter is simulated by the (number of a’s in the) location of the PD-NBP P on the context-free
graph. In order to apply a transition of M from a configuration in which the first counter equals zero, P
tries to read the actions empty _push or empty idle. In order to increase the first counter, P reads the action
push (or empty_push). Decreasing the counter and leaving it unchanged is similar. The path automaton P
memorizes the state of M in its finite control. It accepts if it gets to an accepting state of M.

More formally, the context-free system is S = ({a, L}, Act, T, L), with Act as described above, and
the following rewrite rules.

e T(empty_push) = (L,a.Ll). Signal that the counter is zero and add « to the state.
e T(empty_idle) = (L, L). Signal that the counter is zero and leave the state unchanged.

e T'(push) = (a,aa). Signal that the counter is not zero and add a to the state.
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e T'(pop) = (a,¢€). Signal that the counter is not zero and remove a from the state.

e T(idle) = (a,a). Signal that the counter is not zero and leave the state unchanged.

The path automaton P mimics the two-counter machine. Formally, P = (Act,{a}, S, 4, s0, L, Face U
F,;), where the transition function ¢ is induced by the transition relation — of M as follows. If (s, v, v2) —
(s',d1,ds) then (', ) € 6(s,a, A), where

e If v; = empty, then a € {empty_push, empty_idie}. Otherwise, a € {push, pop,idle}.
o |f vy = empty, then A = 1. Otherwise A = a.

e If di = inc then a € {empty push,push}, if di = dec then a = pop, and if d; = idle then
a € {empty_idle,idle}.

o If do = inc, then a € {aa,al}, if dy = dec, then a = ¢, and if dy = idle, then « € {a, L}.

It is not too difficult to see that Gs |= P iff M terminates. U

We note that path automata are indeed weaker than tree automata. Indeed, a PD-NBT can simulate a PD-
NBP by sending copies in accepting sinks to all directions but the direction to which the PD-NBP chooses
to go. It follows that the model checking problem for context-free systems and PD-NPT is also undecidable.

6 Conclusions

We consider the model-checking problem for specifications given by pushdown tree automata. We describe
an exponential-time algorithm for model checking a finite-state system with respect to a PD-NPT. The
algorithm consists of a reduction to the emptiness problem of PD-NPT. The best upper bound known for
the emptiness problem is triple exponential, and we improved it to a single exponential. We also show that
model checking a context-free system with respect to a PD-NPT specification is undecidable.
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