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Introductory Remarks

» Category Theory is a theory of abstraction (of algebraic
structure).

» It had its origins in Algebraic Topology with the work of
Eilenberg and Mac Lane (1942-45).

» |t provides tools and techniques which allow the formulation
and analysis of common features amongst apparently different
mathematical /computational theories.

» We can discover new relationships between things that are
seemingly unconnected.

» Category theory concentrates on how things behave and not on
internal details.

» As such, category theory can clarify and simplify our ideas—and
indeed lead to new ideas and new results.

MGS 2015, 7-11 April, University of Sheffield, UK 2/39



Introductory Remarks

» Connections with Computer Science were first made in the
1980s, and the subject has played a central role ever since.

» Some contributions (chosen by me . ..there are many many
more) are

>

Cartesian closed categories as models of pure functional
languages.

The use of strong monads to model notions of computation
(well incorporated into Haskell).

Precise correspondences between categorical structures and
type theories (as internal languages).

The categorical solution of domain equations as models of
recursive types.

Categories for concurrent computation.

Nominal categories as models of variable binding.
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Seminar Outline
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Examples of Categories

» The collection of all sets and all functions
» Each set has an identity function; functions compose;
composition is associative.

» The collection of all elements of a preorder and all instances of
the order relation (relationships) <

» Each element has an identity relationship (reflexivity);
relationships compose (transitivity); composition is associative.

» The collection of all elements of a singleton { * } (!) and any
collection of algebraic terms with just one variable xg

» % has an identity term xp; terms compose (substitution);
composition is associative.

MGS 2015, 7-11 April, University of Sheffield, UK 4/39



Definition of A Category

A category C is specified by the following data:

» A collection ob C of entities called objects. An object will
often be denoted by a capital letter such as A, B, C...

» For any two objects A and B, a collection C(A, B) of entities
called morphisms. A morphism in C(A, B) will often be
denoted by a small letter such as f, g, h....

» If f € C(A,B) then A is called the source of f, and B is the
target of f and we write (equivalently) f: A — B.

MGS 2015, 7-11 April, University of Sheffield, UK



Definition of A Category

A category C is specified by the following data (continued):
» There is an operation assigning to each object A of C an
identity morphism ida: A — A.

» There is an operation
C(B,C) xC(A,B) — C(A,C)

assigning to each pair of morphisms f: A — B and
g: B — C their composition which is a morphism denoted by
gof:A—Corjustgf: A— C.

» Such morphisms f and g, with a common source and target B,
are said to be composable.
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Definition of A Category

A category C is specified by the following data (continued):
» These operations are unitary
idg o f = f: A— B
foida = f:A—B

» and associative, that is given morphisms f: A — B,
g: B — Cand h: C — D then

(hog)of = ho(gof).

If we say “f is a morphism” we implicitly assume that the source
and target are recoverable, that is, we can work out f € C(A, B)
for some A and B.
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More Examples

» The category Part with ob Part all sets and morphisms
Part(A, B) the partial functions A — B.

» The identity function id4 is a partial function!

» Given f: A — B, g: B — C, then for each element a of A,
(g o f)(a) is defined with value g(f(a)) if and only if both
f(a) and g(f(a)) are defined.

» Given a category C, the opposite category C°P has

> obCo? ¥ obC and CoP(A,B) = { fr | f € C(B,A) }.

» The identity on an object A in C°7 is defined to be id;p.

» If f: A — B and g°”: B — C are morphisms in C°, then
f:B— A and g: C — B are composable morphisms in C.

We define g°P o foP def (fog)rP: A— C.
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More Examples

» A discrete category is one for which the only morphisms are
identities.

» A semigroup (S, b) is a set S together with an associative
binary operation b: S X S — S, (s,s’) — s-s’. An identity
element for a semigroup S is some (necessarily unique)
element e of S such that for all s € S we have
e-s=s-e=s. Amonoid (M, b,e) is a semigroup (M, b)
with identity element e. Any monoid is a single object

. def
category C with C(, *) = M. Concrete examples are

» Addition on the natural numbers, (N, +,0).
» Concatenation of finite lists over a set A, (list(A),++,[]).
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More Examples

» Mon has objects monoids and morphisms monoid
homomorphisms: h: M — M’ is a homomorphism if
h(e) = e and h(my - my) = h(mq) - h(my) for all m; € M.
» PreSet has objects preorders and morphisms the monotone
functions; and ParSet has objects partially ordered sets and
morphisms the monotone functions.

» The category of relations Rel has objects sets and morphisms
binary relations on sets; composition is relation-composition.

» The category of lattices Lat has objects lattices and morphisms
the lattice homomorphisms.

» The category CLat has objects the complete lattices and
morphisms the complete lattice homomorphisms.

» The category Grp of groups and homomorphisms.
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Examples of Functors

» Let C be a category. The identity functor id¢: C — C is
defined by id¢(A) Lf 4 on objects and id¢ (f) = f on
morphisms; so f: A — B == id¢(f): idc(A) — idc(B).

» Let (X, <x) and (Y, <y) be categories and m: X — Y a
monotone function. Then m gives rise to a functor

M: (XI SX) - (YI SY)
defined by M (x) = m(x) on objects x € X and by

M(<x) = <y on morphisms; since m is monotone,
<x:x—=x = M(<x): M(x) — M(x").
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Examples of Functors

» We may define a functor F: Set — Mon by FA &t list(A)
and Ff = map(f), where map(f): list(A) — list(B) is
defined by

map (f)({]

) &
map(f)([a, ..., a4]) =

[f(a1), ..., f(an)]
It is easy to see that map(f) is a homomorphism of monoids
» Note that F(ida) = idra

F(ida)([a1,...,an]) & map(ids)([ay,...,a,])
idiist(a) ([a1, - - ., au])
idra([a1,...,a4])
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Examples of Functors

» ...and note that F(¢go f) = Fgo Ff

F(go f)([a,..., au])
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def map(g o f)([a1, ..., an])

[(gof)(a1),.... (g0 f)(an)]
[g(f(a1)),...,8(f(an))]

map(g) ([f(a1),..., f(an)])
map(g) (map(f)([ay, ..., a4]))

= (FgoFf)(lay,...,au]).



Definition of a Functor

A functor F: C — D is specified by

» an operation taking objects A in C to objects FA in D, and

» an operation sending morphisms f: A — B in C to morphisms
Ff: FA — FB in D, such that

> F(idA) = idpA, and
» F(go f) = Fgo Ff provided g o f is defined.
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More Functor Examples

» Given a set A, recall that the powerset P(A) is the set of
subsets of A. We can define the covariant powerset functor
P: Set — Set which is given by

f:A—B — P(f)=f«: P(A) = P(B),

where f: A — B is a function and f, is defined by
£(A) K {f(a’) | a’ € A’} where A’ € P(A).

> f« is sometimes called the direct image of f.
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More Functor Examples

» We can define a contravariant powerset functor
P: Set°? — Set by setting

f’:B—>A — [ 1.P(B)—=PA),

where f: A — B is a function in Set, and the function f~1is
defined by f~1(B’) def {a € A| f(a) € B’} where
B’ € P(B).

» f* is sometimes called the inverse image of f.
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Definition of a Natural Transformation

Let F, G: C — D be functors. Then a natural transformation «
from F to G, written a: F — G, is specified by giving a morphism
xa: FA — GA in D for each object A in C, such that for any

f: A — B in C, we have a commutative diagram

XA

FA GA
Ef Gf
FB—— GB
XB

The a4 are the components of the natural transformation.
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Examples of Natural Transformations

> Recall F: Set — Mon where FA & list(A) and
F(f: A — B) % map(f): list(A) — list(B). Define a
natural transformation rev: F — F, by specifying functions
reva: list(A) — list(A) where

reoa([)) ¥ reva([an, ..., an]) = [an,..., a1

We check

(Fforeva)([a1,...,au]) [f(an),..., f(a1)]

(revp o Ff)([a1,...,a4]).

MGS 2015, 7-11 April, University of Sheffield, UK 11/39



Examples of Natural Transformations

» Let C and D be categories and let F, G, H be functors from
CtoD. Also let w: F — G and B: G — H be natural
transformations. We can define a natural transformation
Bow: F — H by setting the components to be

(,Ble)A dzefﬁAOtxA.

This yields a category D€ with objects functors from C to D,
morphisms natural transformations between such functors, and
composition as given above.
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Examples of Natural Transformations

» Define a functor Fx: Set — Set by

» (! Products) Fx(A) ot (X = A) X X on objects

» (! Products) Fx(f) def (f o —) X idx on morphisms
Then define a natural transformation ev: Fx — idg,; with
components evg: (X = A) X X — A by
eva(g, x) défg(x) where (g,x) € (X = A) X X. To see
that we have defined a natural transformation let f: A — B
and note that

(idset(f) 0 eva)(g,x) = f(eva(g ¥))
= ...(evpo Fx(f))(g, x).
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Isomorphisms and Equivalences

» A morphism f: A — B is an isomorphism if there is some
g: B — A for which fog =1idp and go f =ida.
» g is an inverse for f and vise versa.

» A is isomorphic to B, A = B, if such a mutually inverse pair
of morphisms exists.

» Bijections in Set are isomorphisms. There are typically many
isomorphisms witnessing that two sets are bijective.

» In the category determined by a partially ordered set, the only
isomorphisms are the identities, and in a preorder X with
x,y € X we have x =2 y iff x < y and y < x. Note that in
this case there can be only one pair of mutually inverse
morphisms witnessing the fact that x = y.
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Definition of Binary Products

A binary product of objects A and B in C is specified by

» an object A X B of C, together with

» two projection morphisms 7t4: A X B — A and
tg: A X B — B,

for which given any object C and morphisms f: C — A,
g: C — B, there exists a unique morphism (f,g): C — A X B

for which

TTA 7TB

A A X B B

PN <f,g> A

(f,g): C — A X Bis called the mediating morphism for f and g.
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Examples of Binary Products

» Let (X, <) be a preorder. I € X is a lower bound of
x,y € X justincase I < x,y. u € X is a upper bound of
x,y € X just in case x,y < u.

» x €S C X is greatest in S if (Vs € S)(s < x) and is least
in Sif (Vs € S)(x <s).

» In a preorder a greatest lower bound x A y of x and y (if it
exists) is a binary product x X y of the category determined by
(X, <) with projections x Ay < xand x Ay <y. x Ayis
also called the meet of x and y.

N

x xNy vy

N4

l
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Examples of Binary Products

» The binary product of A and B in Set has

AxBE [(a,b) | AcAbEB}

with projection functions 7t4(a, b) 4ef 4 and rtg(a,b) Ll
The mediating function for any f: C —+ Aand g: C — B is

(f,8)(c) = (f(c), 8(c))-

» Inany C, if pj: P — Aj; is any product of A1 and A; then
A1 X Ay = P. All binary products are determined up to
isomorphism: Existence yields mediating morphisms
¢: A1 X A — P and ¢p: P — A1 X Ajp; uniqueness means
that ¢ and ¢ witness an isomorphism.
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Definition of Finite Products

A product of a non-empty finite family of objects (A; | i € I) in C,
where I & {1,...,n}, is specified by
» an object Ay X ... X A, (or II;c1A;) in C, and

» for every j € I, a morphism 7rj: Ay X ... X Ay — Aj in C called
the jth product projection

such that for any object C and family of morphisms
(fi: C — A; | i €I) there is a unique morphism

<f11°--/fn>: C— A1 X .o X An
for which given any j € I, we have ;o (f1,..., fu) = f;.
Note: We get binary products when I def {1,2}!
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Examples of Finite Products

» A finite product of (Aq,...,Ay) = (A;|i € 1) in Set is
given by the cartesian product A1 X ... X A, with the obvious
projection functions. Given functions (f: C — A; | i € I)

then
def

(fi oo fu)(€) = (fa(c),--., fu(c))
» In a preorder (X, <), a finite product x1 X ... X xy, if it
exists, is a meet (greatest lower bound) of (x1, ..., xy).

» A terminal object 1 in a category C has the property that
there is a unique morphism !4: A — 1 for every A € obC. It
is the finite product of an empty family of morphisms (check
this!). Such a 1 may not exist, but is unique up to isomorphism
if it does.
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Definition of Finite Coproducts

A coproduct of a non-empty family of objects (A; | i € I) in C, where
I={1,...,n}, is specified by

» an object A1+ ...+ A, (Zic1A;), together with

> insertion morphisms tji:Aj > A1+ ...+ Ay,

such that for any C and any family of morphisms (f;: A; — C | i € I)
there is a unique morphism

[fl,...,fn]:A1+...+An — C

for which given any j € I, we have [fy,..., fu] 0 tj = fj.
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Definition of Finite Coproducts

In the case that I & {1,2} we have

2 A1+ Ay L2

A1 AZ

3 [fl/fZ] ;\W

¥
C

(Compare to the diagrams for colimits later on.)
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Examples of (Co)Products

» In Set the binary coproduct of sets A7 and Aj; is given by their
disjoint union A1 W Ay, defined as the union
(A1 X {1})U(A2 x {2}) with the insertion functions

LA, t A1 = A1 WAy < Ap tig,

where 14, is defined by a; — (a1,1) for all a1 € A1, and 14,
by a; —> (az,2) for all ay € A,.

» Let preorder (X, <) have top and bottom elements and all
finite meets and joins (least upper bounds). Then the top of X
is terminal, the bottom of X initial, and finite meets and joins
are finite products and coproducts respectively.
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Examples of (Co)Products

» Given (X, <) and (Y, <) in ParSet, the binary product is
the cartesian product X X Y in Set, with the pointwize order
(x,y) < (x,y) iff x < x’ and y < 3/, together with the
(monotone) set-theoretic projection functions. The binary
coproduct is X WY, with (z,6) < (2/,8") iff § = &’

(6,6’ € {1,2}), and z < 2z’ (either in X or in Y).

» An initial object 0 in a category C has the property that there
is a unique morphism !4: 0 — A for every A € obC. It is the
finite coproduct of an empty family of morphisms (check this!).
Such a 0 may not exist, but is unique if it does.
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Useful “Fact” for (Co)Products

» Suppose that we have (fi: C — A; |i € {1,2}) and
6: C — A1 X Az. In order to prove that 0 = (fy, f2) it is
sufficient to show that 74, 0 0 = f; for each i.

» Suppose that we have (fi: A; = C|i€ {1,2})and
0: A1+ A, — C. In order to prove that 0 = [f1, f>] it is
sufficient to show that 8 0 14, = f; for each i.

Note: this “fact” is simply a consequence of uniqueness of
mediating morphisms. It is crucial to the proof that (co)products are
unique up to isomorphism, where both ¢ o 1 and id (from an
earlier slide) are shown to be mediating, and hence equal.
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Notation for Finite (Co)Products

» Suppose that f1: A1 — Bg and fa: Ap — By. Then

def
fi1 X fa = <f107TA1,f207TA2>:A1XA2—>31XBZ
def

fi+f: = [iB,ofi,1B,0f2]: A1+ A2 — B1+ B

and hence one can prove that

7, 0 (f1 X f2) = fiomy,
(fi+fa)ota, = tpofi

» This notation is easily extended to finite families
(Ailie{1,...,n})and (Bi |i€{1,...,n}) ...0r
indeed infinite families (A; | i € I) and (B; | i € I) where I
is any set.

MGS 2015, 7-11 April, University of Sheffield, UK 20/39



More Examples of (Co)Products

» Suppose that C has binary (co)products. The functors
B X (—), B4+ (—): C — C are defined by

f:A— A’ — idgX f:BXA—BXA’
f:A— A’ — idg+f:B+A— B+ A’

Note that it is common to write f X B instead of f X idp;
ditto +.
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More Examples of (Co)Products

» Suppose that F; and F, are objects (that is, functors) of D€
and that D has finite (co)products. Then both F; X F, and
F + F, exist and are defined pointwize. For products this

means
def

(A X EB)(§) = R X R
where ¢ is either an object or morphism of C. The projections
7t': Fi X F, — F; are defined with pointwize components
)yt A X hbA — F;A. These projections 7t* are indeed
natural transformations.
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Algebras for F: C — C

» An algebra for F is a morphism o: FI — I in C. The algebra
is initial if given any f: FX — X there is a homomorphism
f: I — X, meaning that (f is a morphism and)

(o

FI I
7 7
FX f X

and such a f is unique.
» There is a category C of algebras and algebra homomorphisms
(details omitted) in which initial algebras are initial objects.
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Algebras for F: C — C

» 14 (—): Set — Set has an initial algebra
[z,s]: 1+ N - N
where z: 1 — IN maps * to 0 and s: IN — IN adds 1. If
f:1+X =X
the function 7: IN — X is uniquely defined by
f0) = 5(x) Ex
fn+1) & ¢mHi(x) = p(F(n)
where 3?C1=eff0L1: 1— 1+ X and

¢ = foux: X — 1+ X (and hence f = [, ¢]).
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Algebras for F: C — C

» EXAMPLE: the function (4n): IN — IN which adds n, for
any n € IN, is definable as [7, s] where

1+NMN

and also (*n) &t [z, (+n)]: N — IN.
» A monoid (M, b, e) is an algebra

1+(M><M)@»M

plus the relevant equations.
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Case Study: (Haskell) Algebraic Datatypes

We shall

» Define a Haskell (recursive) datatype grammar.

» Show that any datatype declaration D gives rise to a functor
F = Fp: Set — Set.

» Demonstrate that D can be modelled by an initial algebra
o: FI — I, where I is the set Expp of expressions of type D
(up to isomorphism).

Later on we will

» Show that the functor F preserves colimits of diagrams of the
form D: w — Set, and such colimits exist . ..

» and (hence) that F must have an initial algebra for purely
categorical reasons.
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A Recursive Datatype

» A set of type patterns T is defined by
T:=D|Unit|Int |TXT
» A datatype is specified by the statement
D:K1T1|...|Kme

» A collection of type assignments is defined inductively by the
following rules

z e Z E:T; Ei1:T1 Ey:Tp
() x Unit z :: Int K; E:: D (E,E2) = Th X T

andExpTd:ef{E | E=T }.
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Defining F from D

» The functor F is defined (as a coproduct in Set) by

def
FEFy+...+Fp,
where each Fr,: Set — Set.

» Functors Fr: Set — Set are defined by recursion on the

structure of T by setting

def .
» Fp = idse

» Frnit(g: U — V) def idi: 1 — 1 where 1 is terminal in Set
> Foo(g: U= V) ¥idy. 7z > 7

def
> FT1><T2 é FT1 X FTZ
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Defining An Initial Algebra o: FI — |

> We set | & Expp and we define

def [ ~ — def
O'Ie [K100'T1...KmOO'Tm]:F| — FT1|+---+FTmI —

where the function K;: ExpTi — | applies the constructor and
we define functions or: Frl — Exp by recursion over T as
follows

» op(E€ 1) ¥ E € Expg

> Tonie(x €1) = () € Expyy,.

» o (z € Z) déf; € Exp,,.

s orxn((e1,02) € Frl X Frl) & (o1, (1), 013 (2) ) €

ExpT1><T2
» It may be useful to note that o (¢;(e; € Fr,l)) =K; o1, (e;).
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Veritying Initiality

» Suppose that f: FX — X in Set. We have to prove that
there is a unique f such that

(o

Fpl+...+F = FI I

Ff

Fr,X+...+Fr, X =FX

f

X

f
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Veritying Initiality

> Note f: Expp — FpX; we will define f def 0p and functions
Or: ExpT — FrX

by recursion on T
» 00 (Ki Ei € Expp) = f(1:(07,(E:))) € X.
> Ounse(() € Expyyy,) Ex € 1.
> Orae(2 € Expp,,) Ez € Z

def
> 0r,x1,((Ex, E2) € Expyyop,) = (01, (E1), 01, (E2)) €

FTll X FTzl.
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Veritying Initiality

» Observe that for any T we have 81 o o = Fr60p, which follows
from an easy induction. B B
Note that by universality of coproducts fo o = f o Ff iff

fooo=foFfoy
Then for any e; € Frl

(QDOU‘OL,')(E,') = GD(Ki O’Ti(e,'))
def

=0 f(ti(0,(or,(ei)))

= f(u((Fr,0p)(ei)))

= f((Fn6p +...+ Fr,00)(1i(ei)))
d:efF (fOFBDOLi)(Ei)

The steps follow by: definition of ¢; definition of Op; the

observation; properties of +; the definition of F.
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= f(u((Fr,0p)(ei)))

= f((Fr6p+...+ Fr,0p)(ti(ei)))
def
=r (foF6pou)(e)

The steps follow by: definition of ¢; definition of Op; the

observation; properties of +; the definition of F.
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Adjunctions between Preorders

» A pair of monotone functions

l

X Y

r

is said to be an adjunction if forallx € X andy € Y,

I(x) <y <= x<r(y)

» We say that [ is left adjoint to r and that 7 is right adjoint to
I. We write [ - 7.
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Examples

> Let 1% { * } be the one element preorder. Then there are
adjunctions (L ! 4 T)

! !
1 X
1 T

X

provided that X has both top and bottom elements. For
example, for any x € X,

(1) E e <x e a < T(H)ET
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Examples

> Define A: X — X x X by A(x) & (x,x). Then there are
adjoints (V 4 A = A)

A A
X—XxX X—XxX
V A\

just in case X has all binary meets and joins: for any I € X,

A E (LD < (r,x) = 1< A(x ) Exay

» This structure corresponds to X having binary products and
coproducts.
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Adjunctions between Categories

» Let L: C — D and R: D — C be functors. L is left adjoint
to R, written L - R, if given any objects A of C and B of D
we have

» a bijection between morphisms LA — B in D and A — RB
in C, that is, between C(LA, B) and D(A, RB),

f:LA— B g:A— RB
f:A— RB g:LA— B

» this bijection is natural in A and B: given morphisms
¢: A" - AinC and ¢: B— B’ in D we have

pofolp =Rypofog andfor (Rpogogp)" =¢ogolLg.
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Examples of Adjunctions

» The forgetful functor U: Mon — Set taking a monoid to its
underlying set, and the functor list(—): Set — Mon taking
a set to finite lists over the set, are adjoints:

list(—) 11U

So there is a natural bijection between Mon(list(A), M) and
Set(A, UM)

f:list(A) - M g:A— UM
f:A— UM g: list(A) - M

MGS 2015, 7-11 April, University of Sheffield, UK 32/39



Examples of Adjunctions

> This is given by
g:A— UM —

[a1,...,a,) — g(a1)...g(a,)

g: list(A) T e M,
and
folist(A) — M —  Foa S gy
» Note that

f(ar) ... f(an)
f(laa]) .- f([an]) = f([aa]++... ++[an])

It is an exercise to verify that § = g and that this bijection is
natural.
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Examples of Adjunctions

» For a fixed set A, the functor (—) X B: Set — Set has a
right adjoint B = (—): Set — Set. If c: C — C’ then

B = c: B= C — B = C’ where (B=>c)(6)d§fco(-)

f:AXB—C

FE N aAb.f(a,b): A— B=C
§:A—-B=C

~ def

g = A(a,b).g(a)(b): AXB—C

It is immediate that we have a bijection; naturality is an
exercise. Having products and such a “function structure” is
known as cartesian closure.
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Examples of Adjunctions

» The diagonal functor A: Set — Set X Set taking a function
f:A— Bto (f,f): (A,A) — (B,B) has right and left adjoints
IT and X taking any morphism (f1, f2): (A1, A2) — (B, Bz) of
Set X Set to

def
f1 X fz = (f1 o 7TA1,f2 o 7'L'A2>: A1 X Ay — By X By and

def :
fi+ f = [tB, © f1,1B, © f2]: A1+ Az — By + B; respectively,
where the bijection for IT is

(f,g) 1 (maom,mpom) :AC —> (A,B)

(f.8)

déf(f,g) m :C —II(A,B)

> If we replace Set by any category C with (co)products, defining
A: C — C x C analogously, everything still works.
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CCCs via Adjunctions

Let C be a category with finite products. Existence of a right adjoint R
to the functor (—) X B: C — C for each object B of C, is equivalent to
C being cartesian closed.
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CCCs via Adjunctions

Let C be a category with finite products. Existence of a right adjoint R
to the functor (—) X B: C — C for each object B of C, is equivalent to
C being cartesian closed.

(=) Given an object B of C set B= C def R(C) for any object C of C.

Given a morphism f: A X B — C we define A(f): A — (B=C) to
be the mate of f across the given adjunction. The morphism

ev: (B=C)xB—C

is the mate (idg_c) of the identity idg—c: (B = C) — (B = C).
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CCCs via Adjunctions

Let C be a category with finite products. Existence of a right adjoint R
to the functor (—) X B: C — C for each object B of C, is equivalent to
C being cartesian closed.

Next, we need to show that ev o (A(f) X idg) = f. This follows
directly from the naturality of the adjunction; we consider naturality in A
and C at the morphisms A(f): A — (B = C) and id¢c: C — C:

idB:>C 1 ev
R(idc) o idgc o A(f) —= A(f) = idcoevo (A(f) x idp)

We let the reader show that A(f) is the unique morphism satisfying the
latter equation.
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CCCs via Adjunctions

(<=) Conversely, let B be an object of C. We define a right adjoint to
(—) X B denoted by B = (—), by setting

c:C—C — B=cZA(coev): (B=C) = (B= ')
for each morphism c: C — C’ of C (this matches our earlier definition —
check). We define a bijection by declaring the mate of f: A X B — C
to be A(f): A — (B = C) and the mate of g: A — (B = C) to be

§% evo (g xidg): AxB— C.
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CCCs via Adjunctions

It remains to verify that we have defined a bijection which is natural in
the required sense. We only check one part of naturality. Let
a: A’ — A and c: C — C’ be morphisms of C. Then

evo ((A(coev)oA(f)oa) Xid) =
evo (A(coev) X id) o (A(f) X id) o (a X id) =
coevo (A(f) Xid)o (a xXid) =
co fo(axid)
implying that A(co fo (a X id)) = (B = c) o A(f) oasince C is a
CCC.

The steps above are: categorical properties of X; cartesian closure of C;
cartesian closure again.

MGS 2015, 7-11 April, University of Sheffield, UK 33/39



CCCs via Adjunctions

It remains to verify that we have defined a bijection which is natural in
the required sense. We only check one part of naturality. Let
a: A’ — A and c: C — C’ be morphisms of C. Then

evo ((A(coev)oA(f)oa) Xid) =
evo (A(coev) X id) o (A(f) X id) o (a X id) =
coevo (A(f) Xid)o (a xXid) =
co fo(axid)
implying that A(co fo (a X id)) = (B = c) o A(f) oasince C is a
CCC.

The steps above are: categorical properties of X; cartesian closure of C;
cartesian closure again.

MGS 2015, 7-11 April, University of Sheffield, UK 33/39



CCCs via Adjunctions

It remains to verify that we have defined a bijection which is natural in
the required sense. We only check one part of naturality. Let
a: A’ — A and c: C — C’ be morphisms of C. Then

evo ((A(coev)oA(f)oa) Xid) =
evo (A(coev) X id) o (A(f) X id) o (a X id) =
coevo (A(f) xXid)o (axXid) =
co fo(axid)
implying that A(co fo (a X id)) = (B = c) o A(f) oasince C is a
CCC.

The steps above are: categorical properties of X; cartesian closure of C;
cartesian closure again.

MGS 2015, 7-11 April, University of Sheffield, UK 33/39



CCCs via Adjunctions

It remains to verify that we have defined a bijection which is natural in
the required sense. We only check one part of naturality. Let
a: A’ — A and c: C — C’ be morphisms of C. Then

evo ((A(coev)oA(f)oa) Xid) =
evo (A(coev) X id) o (A(f) X id) o (a X id) =
coevo (A(f) Xid)o (a xXid) =
co fo(axid)
implying that A(co fo (a X id)) = (B = c) o A(f) oasince C is a
CCC.

The steps above are: categorical properties of X; cartesian closure of C;
cartesian closure again.

MGS 2015, 7-11 April, University of Sheffield, UK 33/39



Colimits

» Given a diagram D: I — C, a colimit for D is given by an object
col;DI of C together with a family of morphisms
(t1: DI — colyDI | I € 1) such that for any &: I — J in T we
have tj o Da = 17. This data satisfies: given any family
(hi: DI — C | I € 1) such that hj o Da = hy, there is a unique
morphism ¢: colfDI — C satisfying ¢ o 11 = hy for each object I
of I (and hence ¢ = [k | I € 1)

DI DJ
(,\ ,/»\
h[ COlIDI h]
¢,
C C C

» Binary coproducts arise from the discrete category I det {1,2}.

MGS 2015, 7-11 April, University of Sheffield, UK 34/39



Colimits

» Let D: w — C; suppose that i < i+ 1 is a typical morphism
in w. Then a colimit diagram, if it exists, can be taken as

D(L!
...D(i) (Si1) D(i+1)...
hi 7 oliD(i) i h(it1)
P,
C C C

where for any given functions h;: D(i) — C commuting with
the functions D(<}, ), a unique such ¢ exists.

This fact follows, since ;o D(S;) = h; for a general

morphism S; (where i < jin w) is immediate.
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Colimits

» It is a fact that Sef has all (small) colimits.
» It is a fact that a colimit for A: w X w — C exists if and only

if a colimit for A’: w — C where A’ (i € w) def A(i,1) exists,
and when they (both) exist they are isomorphic, that is

coli A (k) = col; yA(i, )

Further (exercise: define the diagrams that give rise to the
colimits below .. .)

col;(col;A(i,j)) = colj(col;A(j, 1))

and all of the above colimits are isomorphic.
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Left Adjoints Preserve Colimits

Let D:1I — C,and L: C — D and L 1 R for some R. Then
L(coliDI) = col;LDI

and is witnessed by [L(tpr) | I € I]: col;LDI — L(col;DI). It

suffices to show that L(col;DI) is a colimit for LD: I — D.

LD«

LDI LDJ
< N
A \
%) K
h] L(COIIDI) h]
¢
\
X X X
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Left Adjoints Preserve Colimits

LD«
LDI LDJ

< N\

h] L(COZIDI) h]
3

A\
X X X

Suppose that Jif = hj o LD«x. We need to show there is a unique
¢ as above.
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Left Adjoints Preserve Colimits

D DJ

D«
I
%,4

h[ COl[DI h]
P,
RX —— RX —— RX

But
hy = hjo LDa = h; = hjo LDa = hj o Da

where the final equality follows by naturality.
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Left Adjoints Preserve Colimits

D DJ

D«
I
XA

h[ COl[DI h]
P,
RX —— RX —— RX

Therefore there is p with p o tp; = hy. Define

¢ def p: L(coliDI) — X
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Left Adjoints Preserve Colimits

LD«
LDI LD]

< A

h[ L(COIIDI) h]
3

A\
X X X

Hence, again using naturality,

def — -
¢OL(£D1) :epOL(lDI) :pOLDIZhIIh[
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Existence of Initial Algebras

Suppose that F preserves colimits of the form D: w — C and that
C has an initial object 0. Define

D(i <i+1) % Fity: Fio — Fi+10 for i € w. Then

def . fop . . .
| = col;Di (if it exists) is an initial algebra for F.
. . def . .
Since F preserves colimits and | = col;Di we can define o: FI — |

FFilx

FF'0 FFi*1p
4 v
Lit1 FIo Y Lit2
o,
| | |

where 0o Fit; = 141.
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Existence of Initial Algebras

Let f: FX — X. Define fo &1x: 0 — X and fiy1 = fo Ff..
Certainly f1 0 Fllx = fiolx = fo and for i > 1 we have inductively

. def . . def
fi+10P1!X é fOFinPl!XszP(inFI 1!x) :foni—l :e fi

and hence f exists where f o 1; = f;.

Fio X g
fi =" fit1
fy
X X X
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Existence of Initial Algebras

We now have o o Fi; = ti11; and fiq1 d:effo FF; (which implied
fit1 = fiya 0 F'Tly) yielding fo; = fi

Fitliy = FFilx

FF0 - FFit1p
fit2
v :
X X X

The equality follows since
foooFiy=fiy1 foFfoFi=foF(fot)=foFfi= fit1
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Datatype Initial Algebra, Categorically

Suppose that a functor F: Set — Set is defined by a grammar
F =P | F X F | F+ F where P preserves colimits of diagrams
D: w — Set. Then so too does F. This follows by induction.
Suppose that F, G preserve such colimits.

o
[¢]
-~

(F X G)(col;Di) (Fcol;Di) x (Gcol;Di)
(col;FDj) X (col;GD1)
col;((col;DFj) X DGi)
col;(col;(DFi X DGj))
coly(DFk X DGk)

The steps follow by: induction on F and G; (col;FDj) X (—) has
a right adjoint so preserves colimits; (—) X DGi also has a right

adjoint; the earlier fact that a colimit for A: w X w — C and

A': w — C where A’ (k) def A(k, k) are isomorphic.
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Datatype Initial Algebra, Categorically

Suppose that a functor F: Set — Set is defined by a grammar
F =P | F X F| F+ F where P preserves colimits of diagrams
D: w — Set. Then so too does F. This follows by induction.
Suppose that F, G preserve such colimits.

[N
)
=N

(F 4+ G)(col;Di) (Fcol;Di) 4+ (Geol;Di)
(col;FDi) + (col;GDj)

col;(DFi + DGi)

R 1R I

The first step follows by induction on F and G; the second step can
be proven directly from the definition of a colimit (coproduct).

Hence any such F preserves D: w — Set colimits.
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Datatype Initial Algebra, Categorically

It follows from this, plus the fact that identity functors and constant
functors preserve colimits of diagrams D: w — C for any C, that
the datatype functor

FYF +. ..+ Fp : Set — Set

preserves colimits of shape D: w — Set. Since in fact Set has all
colimits, by purely categorical reasoning it has an initial algebra
c: Fl — L.
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Mini Project

Find out what nominal sets are, and learn the basic properties of the
category Nom (of nominal sets and finitely supported functions)
such as finite products and coproducts. Follow this up by learning
what a nominal algebraic datatype is. Then see if you can construct
an initial algebra model of expressions for such a datatype, proving
the relevant properties, and further show that initial algebras exist
for purely categorical reasons, much as we did in these slides for
(ordinary) algebraic datatypes.
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